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Abstract: In this investigation, we first establish new quantum Hermite-Hadamard type integral
inequalities for s-convex functions by utilizing newly defined T;-integrals. Then, by using obtained
inequality, we establish a new Hermite—-Hadamard inequality for coordinated (s1,s)-convex func-
tions. The results obtained in this paper provide significant extensions of other related results given
in the literature. Finally, some examples are given to illustrate the result obtained in this paper. These
types of analytical inequalities, as well as solutions, apply to different areas where the concept of
symmetry is important.

Keywords: Hermite-Hadamard inequality; quantum integrals; s-convex functions; fT;-integral;
o Tz-integral

1. Introduction

The Hermite-Hadamard inequality discovered by C. Hermite and ]. Hadamard (see,
e.g., [1,2], p. 137) is one of the most well established inequalities in the theory of convex
functions with a geometrical interpretation and many applications. These inequalities state
thatif 7 : I — R is a convex function on the interval I of real numbers and ¢, p € I with

o < p, then
P

;(”P> < L/HTWS 7o)+ 7o), 1)
2 o—0 2
g

Over the years, a large number of studies have focused on finding trapezoid and
midpoint type inequalities that provide boundaries to the right and left sides of inequal-
ity (1), respectively. Dragomir and Agarwal first considered the trapezoid inequalities for
differentiable convex mappings in [3] whereas Kirmaci first proved the midpoint inequal-
ities for differentiable convex mappings in the paper [4]. In [5], Sarikaya et al. extended
the inequalities (1) to the case of Riemann-Liouville fractional integrals and the authors
also established some corresponding fractional trapezoid type inequalities. What’s more,
Sarikaya obtained fractional Hermite-Hadamard inequalities and fractional trapezoids
in the case of the functions with two variables in [6]. In [7], Dragomir proved Hermite—
Hadamard type inequalities for coordinated convex functions R?. For some other related
papers on Hermite-Hadamard type inequalities for convex functions and other kinds of
convex classes, please refer to [8-27].

The concept of s-convexity is defined as follows:

Definition 1 ([28]). Let I be a s-convex set. A function F : I — R is said to be a s-convex
function, if

F(Go+(1-0)p) <CF(0)+ (1-8)°Flp) @)
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forallo,p € I, and for ¢ € [0,1], s € (0,1]. If the inequality in (2) is reversed, then F is said to
be s-concave.

Dragomir and Fitzpatrick [29] used this class of functions and proved the following
Hermite-Hadamard inequality:

P
s1p(0tp 1 F(o) + F(p)
2 }'< - )gp_U!f(r)drgm. 3)

Definition 2. A function F : A C R? — R will be called coordinated (s1, s, )-convex functions
on A, if the following inequality

FEt+(1=8gAu+(1=Mo)) < FNA2F(Gu)+8(1-A)?F(1,0)

+(1=0)A2F (g u) + (1 -8 (1= A)2F (g 0)

holds for all {,A € [0,1], s1,s2 € (0,1] and (&, u), (t,w), (g, u),(c,w) € A, where A is bi-
dimensional real interval.

Here, if we puts; = 1and s, = 1, then coordinated (s1, s»)-convexity reduces to
coordinated convexity.

In recent years, by using the concept of s-convexity, several papers have been devoted
to Hermite-Hadamard inequalities for functions of one and two variables. For some of
them, please refer to [29-36].

2. Quantum Calculus

In this section, we summarize some required definitions of quantum calculus and
important quantum integral inequalities. For for information about the related results, one
can refer to the papers [37-44]

2.1. g-Integrals and Related Inequalities

Set the following notation (see [38]):
The [n]; is set of integers and expressed as

[n}q:%:l+q+q2+ ...... q”_lwithqe(o,l).

Jackson derived the g-Jackson integral in [37] from 0 to p for g € (0,1) as follows:
p oo
| F@a =0 -qp ¥ a"Flog")
n=0

provided the sum converges absolutely. The g-Jackson integral in a generic interval [, p]
was given by in [37] and defined as follows:

0 0 o
/ F(r)dyt = / F(1)dyT — / F(1)dgT
o 0 J0
The quantum integrals on the interval [c, p] is defined as follows:

Definition 3 ([39]). Let F : [o, p] — R be a continuous function. Then, the q,-definite integral
on [0, p] is defined as

[7@0 i =0 -0) ¥ " Flg'+ (1= 0) @

for T € [o,p].
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1+gq

In [45], Alp et al. proved the corresponding Hermite-Hadamard inequalities for
convex functions by using g,-integrals, as follows:

Theorem 1. If F : [0, p] — R be a convex differentiable function on [0, p] and 0 < q < 1. Then,
g-Hermite—-Hadamard inequalities

0
qo+p 1 qF (o) + F(p)
F(1+q)§p_a(7/.7:(r) iy < TG )

On the other hand, Bermudo et al. gave the following new definition of quantum
integral on the interval [c, p].

Definition 4 ([46]). Let F : [0, p] — R be a continuous function. Then, the q°-definite integral
on [0, p| is defined as
e o0
/ F(G) Pdyl = (1=q)(p—1) ) q"F(q"t+ (1 —4")p)
T n=0
for T € [o,p].

Bermudo et al. proved the corresponding Hermite-Hadamard inequalities for convex
functions by using g°-integrals, as follows:

Theorem 2 ([46]). If F : [0, p] — R is a convex differentiable function on [o,p] and 0 < g < 1.
Then, q-Hermite—Hadamard inequalities

P
o+qp 1 F(o)+4qF (p)
f(1+q)§p_og/]-"(f) e ©)

From Theorems 1 and 2, one can write the following inequalities:

Corollary 1 ([46]). For any convex function F : [0, p] — Rand 0 < q < 1, we have

)+]—'<U+qp> < pia{/p}‘(r) odgT +/pf(*r) PdyT }<}'(U)+f(P) @)

144

and

p p
f(“;p> < z(pl_g){./ F() oyt + [ F(x) vdyr } < M. ®)

In [47], Latif defined g,,-integral for functions of two variables and presented important
properties of this integral. In [48], Alp and Sarikaya proved quantum Hermite-Hadamard
inequalities for co-ordinated convex functions. On the other hand, Budak et al. [49] de-
fined the g4, qg and g%-integrals for functions of two variables and they also gave the
corresponding Hermite-Hadamard inequalities for these newly defined integrals.

2.2. Ty-Integrals and T,-Hermite-Hadamard Inequalities

In this subsection, we summarize the definitions and some properties of the T;-Integrals.
Alp and Sarikaya defined the following new version of quantum integral, which is
called ,Tj-integral.
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Definition 5 ([42]). Let F : [o,p] — R be function. For T € o, p]

7o) otfs = EUC=D 14 ) ¥ g+ (1-q00) - Flo)| O

n=0

Se— o

where 0 < g < 1.

Theorem 3 (,T;-Hermite-Hadamard [42]). Let F : [0, p] — R be a convex function on [, p]
and 0 < q < 1. Then, we have

0
+ 1 Flo)+ F
]__(02 P) < ﬁ/]:(T) adg’f < M (10)

In [43], Kara et al. introduced the following generalized quantum integral, which is
called P Ty-integral.

Definition 6 ([43]). Let F : [o,p] — R be a function. For T € [o,p],

A+q) Y " F@o+(1—q") - F@)| a1

[ 7y rags = 0=0)e=0)
pa 2q n=0

where 0 < g < 1.

Theorem 4 (°T;-Hermite-Hadamard). Let F : [0, 0] — R be a convex function on [c, p] and
0 < g < 1. Then, we have

p
c+p F(o)+ F(p)
]-"( ) . U/]:T Pd; T ST (12)

g

Kara and Budak defined Tq—integrals for two-variables functions, as follows

Definition 7 ([44]). Suppose that F : [, p] % [0,d] C R? — R is a function. Then, the following
ooTy 8Ty, 5T, and P T -integrals on [0, p] X [0, d] are defined by

<|(1+q)1+0) & T qiqiF(gip+ (1—q!)o,qid + (1— q)a) (13)

n=0m=0

~(1+q2) L a5 F (e a5'd +(1-45)e)

~(Ltq) X i F (i + (1—gi)o.d) + Fo.d)|,



Symmetry 2022, 14, 870 5o0f 14
o d p
| [ F(& )%l sodl
AN
_ (=q1)(1—=g2)(p—0)(d—0)
40192
|+ m)(A+a) B L atar F(aie+ (1-ai)o.age+ (1-aq3)d)  (4)
~(+a) ¥ g Fleare+ (1 -a7)d)
—(+q) a7 (ale+ (1—qi)o.e) + Fle.0)|,
o d
| [ F(&s)dlspdl &
o e
_ (=q)(1—-g2)(p—0)(d—0)
40102
< |(tq)A+a) & 2 qigs F(gio+ (1-gi)pqid+(1-q3)e)  (15)
~(+0) ¥ g F(ogid+ (1-a3)e)
~(1+q1) Z 91 F (qic+ (1—qf)p,d) + F(0,d)
and
P d
| [ F(&s)dlspdl &
v
_ (=q)(1—g2)(p—0)(d—0)
40192
< | (L4 q1)(1+q2) Z Z iy F(qio + (1—qi)p,95'¢ + (1 - 45)d) (16)
—(1+qz)m§Oqz’"f(U,qze+(1—qz) )
~(Ltq) X i F(gie+ (1 -ai)e.0) + F(@ 0],
respectively.

Kara and Budak proved the corresponding Hermite-Hadamard type inequalities for
these Tj-integrals. In this paper, we generalize the results proved in the papers [42-44] for
s-convex functions.

3. Generalized Quantum Hermite Hadamard Inequalities

In this section, we establish new T, Hermite-Hadamard type integral inequalities for
s-convex and coordinated (s1, s2)-convex functions.

Theorem 5. Let F : [0,p] — R be a s-convex functions with s € (0,1]. Then, we have the
quantum following Hermite—Hadamard inequality

s tTP T T
2?( . ) < o= U{/ 7) od r+/ 7) Pl } (17)

F0)+ 7o) | (ag ~1+9) +61

IN

where g € (0,1) and
1
o= [ (1-2) odfe.
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Proof. Since F is s-convex, we have

Ft+(1-¢)g) <&F (1) +(1-8)°F(g).

For ¢ = %, we can write

F(T56) < ZATE), -

Considering T = p+ (1 — ¢)oand ¢ = o + (1 — &)p, in (18), we get
s+t
27(T52) < Fp+ (1-0)0) + 7o + (1~ Dp).
By ,T;- integrating with respect to & over [0, 1], we have

2Sf(‘72“’) /01 Oqugg/()l]:(Cp+(1— dTe;+/ (o +(1=&)p) odl .

From Definitions 5 and 6, we have

! T, _ 1-4
| Feora-op e = 7

(1+4) ioq"ﬂq"a (- g"p) - f(a)]
= pia Upf(T)quTT

and

[ Feora-gmes = 11
0 1 2q

0
= L /]—"(T) gd;’r.

p—0Jo

(1+49) i)qnf(q”p +(1—q")o) - F(p)]

Thus, we can write

ZSF(U;P)SP_U[/ ngT—F/ pdT:|

and the first inequality (17) is proved.
To prove the second inequality, we use the s-convexity, we have

Flo+ (=00 <TF(p)+(1-8)F(o)
F(Eo+(1-38)p) <TF(@)+ (1 -8 F(o)

Thus,

FEp+ A=)+ F(o+(1-¢)p) <[F(o)+ F(p)][¢"+ (1-2)’] (19)

By taking ,Ty-integral of (19) on [0, 1] and by using Definitions 5 and 6, we have

= UU ngT—i—/ PdT}

o)+ 7@ [ odfe+ [ 1= ole]

IN

IN

F)+ 7o) |5 (g —1+9) +61
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Thus, the proof is accomplished. [

Remark 1. In Theorem 5, if we take the limit as ¢ — 1, then the inequality (17) becomes the
inequality (3).

Theorem 6. If F : [0, p] X [0,d] — R is coordinated (s1,sy)-convex functions on A with sq,s; €
(0,1], then we have the following inequalities:

S1+82 U+p Q_'_d
2 ]—'( b ot ) 0)
2%2 P o+d o+d\ ,.r )
< —— P
< gl 7 (o) e [ 7(o 457 e
27 U*P d T )
—_— , dr d
o e)(/f( g)Q g+/ < o) i
<
+// ngd codl T
p d p
+// gdr+// nggd]
1 ( 1+q > ]
< —14+q)+0©
= (p—a) {ch([sm]qz =)
0
x[/v[}"(fg)—k}'rd T+/ (t,0) —i—]—"Td)]d ]
1 1 14q1 ) :|
tor—— | (o —14q | +©
2(d — o) {2171 ([51 + ﬂq] o !
d
x{g (0,¢) + F(p,c) q2g+/ (0,¢) + F(o,¢)" ng]
< [F(o,0) + F(o,d) + F(p,0) + F(p,d)]
1+ 42 ) ]
x 2 14| +0
{2112 ( [s2 +1]g, 72 2
1 14q4 ) }
—(— A —14+q ) +0],
[2971 ([51 +1]q o !
where q1,42 € (0,1), fo (1—¢)% Odglgand@z:fol(l—é’)SZOdgzﬁ.

Proof. Let g7 : [0,d] — R ,g:(¢) = F(1,¢) is sp-convex function on [g,d]. By using the
inequality (17) for the interval [o,d] and g, € (0,1), we have

. +d 1
(25 = stk st

< 7o)+ F@) [%(ﬂ”ﬁq “14q) +04),
- 227 (7, 50) < Sy Fre) edl+ [ Fir,c)tdlc] o
< [Fre)+ Frd) |k (i —1+0) + €]
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forall T € [0, p]. By Ty, integration of inequality (21) on [c, o] for g1 € (0,1), we get

252 pr( Qer)o_d

Ry Y A S T TR )
< oo (et — 1+ 0) + @
JEIF(T,0) + F(r,d)] od] 7.
Similarly, by fTj, integration of inequality (21) on [c, p] for q; € (0,1), we get
2 [P F (v ) edl T
= W[fpf F(7,6) g Pdd v+ [f [} F(x,6)Udf,Pdl 7] (23)

1 1 14qg
7 | (il —1+0) + o
JE1F(t,0) + F(r,d))Pd] .

On the other hand, the function g : [0,d] — R, g¢(7) = F(7,¢) is s;-convex function
on [o, p]. By using the inequality (17) for the interval [o, p] and g1 € (0,1), we have

o+ 1 e (2
fa(722) < i faions]
< [F(0)+ F(p)] {1 (”‘h “1+ q1> + @1},
- qu [S] + 1],71
ie.,
291 P(%ﬂ,t;) < %[prrggd T+ [PF(t,¢) Pdglr} o0
2
< [Flo,6) + Fo,o)l |y (ot 1+ 0) +01]
forall ¢ € [o,d]. By ,Tj, integration of inequality (24) on [, d] for g, € (0,1), we get
251 f F(UJFPIQ) quzg
d
< ot o JE @) edf i + [ 2 F(T 0 Py o] o
1 L 1+ql _
< @l (miy —10) o)
d
Jo 1 F(0.¢) + Flp,¢)lodg,c.
Similarly, by T, integration of inequality (24) on [o,d] for g2 € (0,1), we get
251 f .F(U+p,€) ddng
S G d Q) [f Jy F(t,6) odf T g6 +f Js F(t,0) Pdg T ddng} (26)
<

T {ﬁ ( [sfiﬁ,l —1+ 41) + ®1]

JEF(,6)+ Flo,0)] Ydlg.
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By adding (22), (23), (25) and (26), we get

(pz—sza){/a d ( Q+) / ( )Pd;r} 27)
g A3 e 50

(0—0) d e[// (T,6) oddgy 6 o, ”// ¢)dl codl T
// (T,6) gdg,cPdy r+// F(z,6)dl P ]

<p—a> {222 ([sﬁﬁz ! ”2> *G’z]

X Uap[]-"(’r,g) + F(t,d)] Vdglr—{— /:[}'(T,Q) + F(t,d)] Pd;lr]

1 1 14q4 > ]
=l —1+q ) +0O
d—0) [qu ([s1 +1], n !

<[ [0+ Fpol vl [0 + Foe) e

IA

IN

This completes the proof second and third inequality in (20). From left side of inequal-
ity (17), we have

2T 00 < SR+ [ OG0t oo

and

zslf(‘7+p Q+d>_ 1 U ]__(,Q-i-d /
2 2 p—0

qlT:| . (29)

Using (28) and (29) in (27), we get first inequality of (20). Now from right side of inequal-

ity (17), we have
1 o o
= [ /H F(z,0)dl T+ /g F(z,0Pdl v (30)

+/ (1,d)od ~c+/ F(z,d) dT]

IN

[F(o,0) +F(p,0) + F(o,d) + F(p,d)]
1 1444
| (et ~1+m) e

and

(de) [/Qd F(o,6)od 2€+/ (o, g)dd{hg (31)

IN

[F(o,0) + F(p,0) + F(o,d) + F(p,d)]

1 144> > }
X|———— -1+ + O, |.
{2’12 <[52+1}q2 72 ?
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Using (30) and (31) in (27), we obtain the last inequality of (20).
Thus, the proof is accomplished. [

Corollary 2. If we take the limit q1,q2 — 17 in Theorem 6, then the inequality (20) becomes the
following Hermite—Hadamard inequality for coordinated (s1, s, )-convex functions

sasm-2 (0P etdY 2 /P etd
2 ]—'< ) s |ap=o 0.7-' T dr (32)

251 d_(o+p
Tid— /e f( 2 'g>d4

1 Y d
m /U /Q F(t,6)dgdt

IN

IN

T I { [1Fo+ f(r,d)]dr}

S ae oo+ Fleol

F(o,0)+ F(o,d)+ F(p,0)+ F(p,d)
(s14+1)(s2+1) '

<

Remark 2. If we take s1 = sp = 1 in Corollary 2, then (32) reduces to ([7], Theorem 1).
4. Applications
In this section, we give some applications to illustrate our main outcomes.

Example 1. Define the function F(t) = t2on [0,1]. Applying Theorem 5 with q = s = %, we

have
(TP V2 (1) 1
2 27 \2) T 22
! /p}'(r) dTT—l-/p]:(T)pdTT :/l 72 OdTT—i—/l 1t =0714
(o—0) /o o - 1 0 3 0 3 '
and
1/ 1+g
Flo)+ F(p)] | —1 6
7o)+ 7o) 5 (G —1+9) +61
L3 1, 32 1 64134
23, 2 T 2@v2-1) 20 16
= 1.515

Hence, the result is verified.

Example 2. Define a function F : A — R F(t,¢) = t>¢2 if A € [0,1] x [0,1]. Applying
Theorem 6 with q; = gp = %, and s1 = sy = %, we have
11 1
d (2’2) B

sitsy (TP @HdN o1y
2 ]-"< > o 22

N—=
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(p o) d ") {// (1,¢) dngg T+// ngdngnglr
+// (1,¢) ol cPdT r+// Fr,¢)dl cp?, ]

//T2god Godl r+//
[ Lot [

25 25 25
196 T 196 T 196 196
25
E/

1 1 14q>
= —1+
2(p—0) [Zqz ([Sz<+iuqz

x[/ﬁf’[ (t,0) + F(x,d)]od! r+/ (7, 0) + F(t,d))f dglr}

1 1
n ([ +q1

1
2(d o) [2‘11 s1+1lg

0,1
14 2

Q

(12v2+3)(2v2+3)
642 —32

3vV2 1), 6v2+3V3
22v2-1) 2 16

21 T
d ‘71T

21 14T
dng dqlr

2) el

51
g@ 2

3V3

5
7

—1+E]1> —|—®1:|

g+/ (0,6) + Flo,¢))" ng}
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[F(0,0) + F(o,d) + F(p,0) + F(p,d)]
1/ 1 1/ 1
|z (it 1) o g (Rt —1+m) e
(12v2+3) (2v2+v3) ] [ (12v2+3) (2v2+ V3)
641/2 — 32 64+/2 — 32

= 2423
Hence, the result is verified.

5. Conclusions

In current work, some new quantum Hermite-Hadamard-type inequalities for s-
convex and coordinated (sy, s)-convex functions by utilizing the T;-integrals are obtained.
We also presented some examples which satisfied our main outcomes. It is also shown
that some classical results can be obtained by the results presented in the current study
by taking the limit ¢ — 1. It is a novel and fascinating problem that the researcher will be
able to obtain similar inequalities in their future work for various types of convexity and
coordinated convexity.
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