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Abstract: Recently, Brychkov et al. established several new and interesting reduction formulas for
the Humbert functions (the confluent hypergeometric functions of two variables). The primary
objective of this study was to provide an alternative and simple approach for proving four reduction
formulas for the Humbert function . We construct intriguing series comprising the product of two
confluent hypergeometric functions as an application. Numerous intriguing new and previously
known outcomes are also achieved as specific instances of our primary discoveries. It is well-
known that the hypergeometric functions in one and two variables and their confluent forms occur
naturally in a wide variety of problems in applied mathematics, statistics, operations research,
physics (theoretical and mathematical) and engineering mathematics, so the results established in
this paper may be potentially useful in the above fields. Symmetry arises spontaneously in the
abovementioned functions.

Keywords: hypergeometric function; confluent hypergeometric function; Humbert functions; Ap-
pell’s functions; reduction formula; integral representation
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1. Introduction

The generalized hyper geometric function ,F; is defined by [1,2]:

ay, ..., ap () (al) (ﬂ) Zn
F, 4 = Ml \PIn = (1)
ptq by o) b, ngo(bl)n...(bq)n n!

where (a), denotes the well known Pochhammer symbol (or the shifted or the raised
factorial, since (1), = n!) defined for any complex number (a # 0) by

- T(a+n)
e el

a(a+1)..(a+n—-1) ;neN
1 ;n=0 @)
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It is interesting to mention here that symmetry occurs in the numerator parameters
ay,ay, ..., 4y and also symmetry occurs in the denominator parameters by, b, . . ., by of the
generalized hypergeometric function

a], ceey ap
kg rZ
bi, ..., by

That means that every reordering of the numerator parameters ay, ay, ..., a, of the gener-
alized hypergeometric function provides the same function, and every reordering of the
denominator parameters by, by, . .., by of the generalized hypergeometric function produces
the same function.

Additionally, the Humbert function i, (confluent form of the well-known Appell
function of two variables) is defined by the following series [3,4]:

© k-m
Wy (a1; Br, Bos21,22) = Z Z 01 )k+mZ12h o

(
k=0 m:OW’

which converges absolutely at any z,z, € C.

For some elementary relations between the Humbert function ¢, and the generalized
hypergeometric function, we refer to [5,6]. Additionally, it is to be noted here that the
symmetry occurs naturally in the denominator parameters ;1 and S,.

The integral representation of the Humbert function ¢, is given by:

1 o - -
Pa(a;c,csx,y) = @/0 Y ;xt | oFy / syt | dt. 4)
C C

The following expression for the Humbert function 1, is given by Makano [7]:

(@) o™ . —-m, —m—c+1 .
20 ’

(¢)mm! o

©)

IS

o0
Po(ae,d;w,z) =)

m=0

On the other hand, the classical Kummer summation theorem for the series > F; is given
by [1,2]:

a, b r(1+4a)r(i+a-0)
2F =1 | = n : (6)
14+a—b 1“(1+a)1"<1+§a—b>

By employing (6), Bailey [8] obtained the following two interesting results involving
the product of two generalized hypergeometric functions viz.

2
oF1 ix | ob i—x | = obs < | @)

(9}
(o}
o
~
NI—
o
~
Nl—
(o}
NI

and

oF1 ;x | ob ;—x | = oFs ;=

+
+7C(2—C) 0F3|: ;—sz . 8)
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In 2011, Rakha and Rathie [9] established the following generalizations of the classical
Kummer summation theorem (6) in the most general form for any i € Z viz.

a, b 2‘“1‘(%)1’(b—i)1’(1+a—b+i)
2h) ‘ = 1 1:, 1 1 1
i (_1>rr(§a—b+§i+§r+§) o
) ey ed)
38— 5ttar+3

r=0

and

a, b 27T (3)T(1+a—b+i)
»F =1 | = , .
14+a—b—i F(%a—b+%z+%>r(%a—b+%z+1>

i /i rl"(%a—b—%i—i—%r—f—%)
% 2 7 (=1) 1 1: 41 1
r=0 F(Qaf§z+§r+§)
Clearly, for i = 0, the results (9) and (10) reduce to (6).

Very recently, by employing (9) and (10), Rathie et al. [10] established the following
general results involving product of generalized hypergeometric functions viz.

(10)

1 1 1
r=0 1"(2—0—27—71
c+dr+di—-1, 1-1r4li
2
X oF5 ’_XT

c—l—%i, %c—i—%i—&—%, c—l—%i—l, c—l—%i

s (et

X 2Fs ;=% |, D

5 Je4+si+y, gc+i+l, c+3i, c+di+;
where
r(3)r(c+ira—c—i)
ki = r(1 *C)F(C+%i)F(c+%i %>,
and
—2F( )T(c+i)l"(—c—i)x
ky =

1
2
I'(1 _C)F(C+%i)r(c+%+ %),
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oF1 ;x| ob ;—x
c c—i
i il"(c+%r—%i—%)
=k} 1, _1:.1
S\ T n)
c+%r %z—%, %—%r—l—%z
X2F5 1_%2
fo detd e-di o- -}
, 1, 1
i/ T(c+§r—§z)
+k4x2< >(—1)f
r=0 \" (%T—%Z)
c—ﬁ—%r—%z, 1—%1’—1—%1
X oFs ;—%2 ,
b derdh derl ood eoied
where
F(% I'(c—1i)
ks = 1; 1.1\
F(c—zz)r(c—iz—z)
and
2r(4)r(e—i)
ks = 1 1: 1
cl’(c—iz>r(c—§1+§>
ohf ;x| ob ;—x
c 2—c+i
(_Z)izi:( )r<i>r<1—§c+§r+§i>
L) r F(l—%c%—%r—%i)
1, 1—%c+%i+%r, %c—l—%i—%r .
X3F6 /_XZ
lo derh bk Bl d-derdi 3-derd
4 . 1., 1,,1;,3
N 4(—2)ix i( 1)r<i>r(—zc+27+21+2)
((+De2—c+i) = r F(—%C+%r—%i+%)
1, —le+di+dir+3, le+li-lr+d i
X 3Fg ’_XT

1.,1 1 1; 1,,3 3_1.,1; 1;
5C+ 5, c+1, 5i+1, lt5, 53 —3C+3i, 2— 50+ 51

(12)
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o ;x| ob ;=X
c 2—c—i
:(_2)1‘2(1')
— \r
r=0
1., 1: 1 1. 1:.1
5¢+5i—5r, 1—35c—5i+35r .
X 2F5 ’_XT
1 1 1.1 1,1 3_1. 1:
2 26 26+t3 1—3c—350 53— 303l
@) iy (i
+ - 1+r—i—c
cQ—c—QE%r( )
3_ 1. 1:,.1, 1_,.1.,1: 1
5 —5C— 351+ 51 5+ 50+351— 57 ,
X 2Fs =5 (14)
3 1.1 1 31, 1; 1, 1:
2 it ¢tL 3—3c—31, 2—5c— 3

Remark 1. Fori = 0, the results (11) or (12) reduce to (7) and the results (13) or (14) reduce to (8).

In 2017, by employing result (5) and with the help of (9) and (10), Brychkov, et al. [5]
established the following four interesting and general reduction formulas for the Humbert

function .

1. Forc#0,—-1,-2,...andn=0,1,2,..., the following result holds true:
(—1)”22C+”—21"(c) n e
;G 72, — = 71
Po(a;c,c+n;z,—2) T(2c ) kgo( ) &
1 —k+1 k-1
(2c+n— 1)F(c + k++’1> 50 5 B, S
x k—n+1 4F5 ’_22
r(=52) Lo, S, crngl oy
4azl“<c+k+—”) %' 3+1 nTik"'lf C"‘nTJrk
2 ) 2
+ k—n 4F5 ;T2
(C+”)F(T> 5, ol oy o+ 4, o+t
= A (15)
2. Forcc—n#0,-1,-2,...andn =0,1,2,..., the following result holds true:
22672 (c — ) L (n
Po(a;c,c—myz,—z) = 2 Z( )
[(2c—n) ZF\k
1 —k+1  k—n-1
(20—n—1)F(c+ kng) 5 T, e 2
x k—n+1 4F5 '_Zz
r(=47) bos o oof o+l
Jrélazl"(c+ k_T”>
er (i52)
ol 441, k41, o4k
4Fs ; —2*
3 1 -1
S ST e
=N (16)
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3. Forc#0,-1,-2,...andn =0,1,2,..., the following result holds true:

n!

k=0
(2c+n— 1)r(’”% + 1)
X
Pt +)
L T R
5Fs ; —2*
+1 +1 — —c+3
e . A S S A
4azr<n7C~£k+3>
+
k—c—n+1
dn+1ﬂ270+nﬂ(4i%Lg
+1 +n—k+1 —ctk+3
1/ aT/ %—i_l/ £ }’lz 7 L 62
x 5Fe ;—22
R e I B T e
= As. (17)

4. Forc2—c—n#0,-1,-2,...andn =0,1,2,..., the following result holds true:

Po(a;¢,2—c—mn;z,—z) =27" i <Z)

k=0
+1 +n—k  k=n—
A e i it
4F5 ;—22
1 4 ct1 1—¢ctn 3—c—n
27 2 7 7 2
a+1 a4 c+n—k+1 k—n—c+3
2a(c—k+n—1)z 2 2 2 2 )
T ern—2) 45 i
3 +1 3—c— +
A I ST
= Ay (18)
If ¢ = 0, the result (15) or (16) reduces to:
a atl
2/ 2
h(a;c,c;x,—x) = ,F s—x2 . 19
3
c 4 c+1
2 2

Moreover, the following interesting series containing the product of a confluent hyper-
geometric function available in the literature [2] can be obtained by (19):

a+1
- k (@ ok atk atk T2
Y. (-1 x* 1k ;x| 1k ;—x | =28
k=0 %,

KD btk btk b,

NI

;—=x2 . (20)
bt1
2
The rest of the paper is organized as follows. In Section 2, we provide another method
for proving the results (15) to (18). As an application of these results, in Section 3, we
shall establish the explicit expressions of the following general series identities containing
product of confluent hypergeometric functions of the form for any i € Z viz.

(a)

a+k a+k

= a)k 2k
Yo (DR ;x| 1k ;=X
= k)b + i) btk b+k+i
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(b)
0 +k +k
Yo (—1)F @ _ o 1F1 ' ;x| 1R ' ;—X
P A U b+k b+k—i
(0
- tk +k
Y (—1)k (@) % F ’ x| 1F ’ L x
= A A b+k b—2+k+i
(d)
%) 61+k ﬂ+k
Y (—Df (@) — xRy ;x| 1k ;—x
s ROk -b i) b+k b—24k—i

And, in Section 4, we shall discuss several interesting special cases of our main findings.

2. Derivations of the Results (15) to (18) by Another Method

In this section, we shall establish results (15) to (18) by another method. In order to
reach result (15), we proceed as follows. In result (15), we replace x by xt and then multiply
both sides by e~ #*~! and, interesting with respect to ¢ in the interval [0, c), we have:

r=0 1—'(% + %7’— %Z
c+ir+3i—3 -3+
X 2F5 ;—% dt
%, %c—l—%z, %c+%i+%, c—i—%z 3 c+%z
i i F<c+ %74‘ %Z) )
rraetar () [Fe
=0 r(ir—4i) /o
c—l—%r—i—%i, 1—%1’4—%1’
X oFs ;—X2 |t (21)
Lo erdith derkien ok crdivd
Now, if we denote the left-hand side of (21) by Sy, then:
- _
S :/ e 'R ;xt | oFy ;—xt | dt
0 c c+i

Expressing both (F; as series, we change the order of integration and series (which is
easily seen to be justified due to the uniform convergence of the series in the interval [0, 0);
evaluating the gamma integral and making use of identity (2) and finally summing up the

double series, we have:

Sy =T(a) Pa(a;c,c +i;x, —x).

(22)
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Next, if we denote the right-hand side of (21) by 55, and then we have:

Sy = AL} + B, (23)

242
X oF5 ;—% dt,
1 1 1; 1., 1:,1 1, 1 1;
5/ 5C+ 31, 5¢+31+5, c+31—35, c+31
and
(o]
12:/ et
Jo
1, 1: 1, 1:
ct+isr+35i, 1—35r+3i .
X oF5 ;—% dt
3 1.,1:,1 1 1; 1; 1.1
37 5¢t+g5it+5, zc+g5i+1, c+3i, c+5it+5

Evaluation of I;: Expressing »F as a series, changing the order of integration and summa-
tion, evaluating the gamma integral and using the identities (2) and

(i) ()

then, after some simplification, summing up the series, we obtain:

1 1 1 1 1 1 1 1 1

ja, ja—f—z, C+§r+jl_§, z—jr‘i‘jl )
Il :F(a) 4F5 ;—X

1 1 1 1 1 1 1 1 1

3, 3¢+ 31, 5C+ 51+ 3, ct+s3i—3, C+3i

Evaluation of I;: Proceeding on similar lines as in the case of evaluation of I, it is not
difficult to see that:

lard  der1 crdith d-bk
L= aF(a) 4Fs I._x2
3, de+divd, Lewlitl,  c+di, et divd
Finally, upon substituting the expressions for A, B, I; and I in (23) and equating (22)
and (23), we obtain our first result, (15). In exactly the same manner, results (16) to (18)

can be established. We, however, prefer to omit the details. We conclude this section by
remarking that the application of results (15) to (18) is given in the next section.

3. General Series Identities Containing the Product of Confluent
Hypergeometric Functions

In this section, we shall establish the following four general series identities containing
the product of confluent hypergeometric functions asserted in the following theorem.

Theorem 1. For any i € Zy, the following results hold true.
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- (a) a+k a+k
Z(—l)kibkxﬂ( 1H ;x| 1k ;=X | = A, (24)
k=0 (B)ib + D)y b+k b+k+i

where A1 is the same as the right-hand side of (15).
o (a) a+k a+k
2:(—4)k““‘7f“‘*x2k1Fi ;x| 1k ;x| =4y, (25)
= O btk btk—i

where Ay is the same as the right-hand side of (16).

a+k a+k
;X 1F ;=X = A3, (26)

b+k 2—b+k+i

- (a)
LV ame S s h

where As is the same as the right-hand side of (17).

a+k a+k
;X 1F1 ,—X = A4, (27)

b+k 2—b+k—i

D‘l)kk!(b)k((za)kb 5, A

where Ay is the same as the right-hand side of (18).

Proof. In order to establish the first general series identity (24) asserted in the theorem, we
proceed as follows. Denoting the left-hand side of (24) by S, we have:

a+k a-+k
;x | 1R ;=X

b+k b+k+i

)%ﬁ g

Ms

Expressing both confluent hypergeometric functions as series, we have after some arrangement:

-y ¥

m=0n=0k

-1 k+n( ) (a+k)m(a)k(a+k)nx2k+’”+”
“( kk' b)(b+ k) (b+1)e(b+k+i),min!

Mz

using the identity
(@)k(a+K)m = (@)ksm,

we have:

S = i i i (—1)k+n(a)k+m(a)k+nx2k+m+n

m=0n=0 k=0 (@) k! (D) (b + 1)y ym!n!

Now replacing m by m — k and n by n — k and using the result [[9], equ.(1), p.56]

Y Y ALK =Y Y Atk — ),

we have

vy (=1)"(a)m(a)nx™ "
S = m;g);) & @)kt (B)m (b + 1)n(m — k)1 (n— k)
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Now if we use the identities

(=D"(@)m
()m—n = (1—a—m)y,
and
m—mn)! = (=1)"m!
( ) (*m)n ’

we have, after some simplification:

1 (@) (@) 2T ) () (=)

b+i)ymnt = (a)ik!

(
m(

Ry,
=L L

Summing up the inner series, we have:

& Ry @@ [T
S=L Y Q)UHiMmM!zﬁ[ '11

m

Using Gauss’s summation theorem

provided Re(c —a — b) > 0, and using identity (2), we have:

2 & (—)™M(a)mgn(a)pxm
S_”ZZ:;OEO (b)m(b—ti)nm!n!

and, using definition (3), we have:

S =1n(a;c,c+i;x,—x)
Finally, using result (15), we easily arrive at the right-hand side of our first general series
identity (24).

In exactly the same manner, the other series identities (25) to (27) can be established. [

4. Corollaries

In this section, we shall mention some of the very interesting special cases of our four
general series identities (24) to (27).

Corollary 1. In (24) or (25), if we set i = 0, we obtain a known series identity (20) available in the
literature.

Corollary 2. In (24), if we take i = 1,2; we obtain the following results:

™ a+k a+k
Y (D @ 1h1 ix |1k ;=X
im0 RO+ b+k bt k+1
= »F3 ,‘—x2 + —F; }_xz ’
z b b 1 b 1 b(b+1) b+1 b 1 b+3
7 §+ i/ §+ + 7 §+ 7 T
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and
00 a+k a+k
Y ( 1) , (@) DRy ;x| 1R ;—x
i RO(b 2 b+k b+k+2
%r % 2ax %’ %+ 1 5
;—X

Pl I LS
b(b+2) b+1, b+3, L42

b+1, 5+1, §+3
Similarly, other results can be obtained.

Corollary 3. In (25), if we take i = 1,2; we obtain the following results:

00 a+k a+k
Y. (-1)F , (@) 4R ;x| 1k ;=X
i Kb =1 btk bik—1
%’ % 2 ax %’ %+1
= oF ;X b6 —1) 2F3
b_ ]-/ %/ %"’% b, %, %
and
00 a-+k a+k
Y (1) (@) 4 Fy ix |1k ;=X
k=0 K(b)i(b = 2)k b+k b+k—2
5 . 2ax 5hoog+1
— b p b1 | b2 25 b 1
b-1, 3 3+3 b-1, 3+

Similarly, other results can be obtained.

Corollary 4. In (26) or (27), if we set i = 0, we obtain the following results:

00 a-+k a+k
Z(‘l)ki, (@) R ;x | 1R ;=X
= b+k 2 btk
a a+1 atl g
v 5 | 20x(1—b) S
—2b L oba1 31 " b(2—-10) 2hs 3 b
2tz 3 gb 3 2tL
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Corollary 5. In (26), if we take i = 1,2, we obtain the following results:

i(_l)k¢x2k . a+k . a+k -
~ KOG -ty A ’

k=0 b+k 3—-b+k
. 55+
=@=b)ak 3 b1 3_1 ot | Z(1=b)ahs 3 b b a
2 2tz 3 gb oo 273
r a_ 1 a
22— b)x 1, 441, 4+1 .
+ (B-0b) 3F ;—X
- 3 b1 5_b
L2 3 2t 373
(1, 3+3, §+1
— r 272 2
+ a(l b b)x 31:4 /_x2 ’
3 b b
L 2/ 27 2 + 1/ 2 — 2
and
o (@) a+k a+k
k 2k . —
Y (-1 RO 4= D) 1F1 ;x| 1k ;=X
k=0 b+k 4—-b+k
1
2 ]'/ %/ a;
:(2*5) 3F, ,—x2
3 b1 5_1
2, 3, gtz 37— 2b
1
L5 5
—(1-b(3—1)) sk ; —x?
3 b 1
2/ 27 27 2— jb
a1 a2
20-p)@-nE-bhax [ 2T 2 o
3b(4 - b) o 2 5 b 1. 3 b ’
’ 27 2 + ’ -2
a1 g
b 3Fy ;X
5 b, 1 5_b
2, 3 3tz 373
Similarly, other results can be obtained.
Corollary 6. In (27), if we take i = 1,2, we obtain the following results:
00 (ll) a +k a +k
Y (-Df xR ;x| 1k ;=X
~ k! (D)i(1 = b)i
k=0 b+k 1-b+k
1 1
1 %' % ) 1 %' % +3 )
52k pmxt |+ 52k ;=X
1 b b 1 b1 1_b
o 1-3 3t 3173
1 1
ax %-FQ, %—9—1 , ax %'i‘j/ %-0—1 )
— g2 A a8 ;x|
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and
00 a+k a+k
k (a)x 2k _
Y (—1) x* 1k ;x| 1k ;=X
k(D) (—Db)x
k=0 b+k —b+k
1 1
1 %' % ) 1 %/ %“’“ 2 )
=52k pTX | 52k ;=X
1 b1 1_%b 1 b b
2/ 27T 2 2732 Y 2
1 1
ax %+j/ %4‘1 , ax %'i‘j, %-0—1 ,
+?2F3 ;= +?2F3 ;X

Similarly, other results can be obtained.

5. Concluding Remark

In the beginning of the paper, we have provided another method for the derivation
of the four reduction formulas for the Humbert functions obtained recently by Brychkov
et al. Our method of derivation is simpler than the method given by Brychkov et al.
Next, we applied these results to obtain four general results for the series involving the
product of two confluent hypergeometric functions. In the end we mentioned known as
well as new special cases of our main findings. The hypergeometric functions in one and
two variables and their confluent forms occur naturally in a wide variety of problems in
applied mathematics, statistics, operations research, theoretical and mathematical physics
and engineering mathematics, as well as applications in such diverse fields as mechanics
of deformable media, communications engineering, perturbation theory, theory of heat
conduction, integral equations, theory of Lie algebra and Lie groups, decision theory, theory
of elasticity and statistical distributions theory. Therefore, the results established in this
paper may be potentially useful in the abovementioned areas.
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