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Abstract: In this article, we consider the one-dimensional transport equation with delay and advanced
arguments. A maximum principle is proven for the problem considered. As an application of the
maximum principle, the stability of the solution is established. It is also proven that the solution’s
discontinuity propagates. Finite difference methods with linear interpolation that are conditionally
stable and unconditionally stable are presented. This paper presents applications of unconditionally
stable numerical methods to symmetric delay arguments and differential equations with variable
delays. As a consequence, the matrices of the difference schemes are asymmetric. An illustration of
the unconditional stable method is provided with numerical examples. Solution graphs are drawn
for all the problems.
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1. Introduction

Many researchers have focused on the theory of delay differential equations (DDEs)
in recent years, to cite a very few [1–3]. Only a few researchers, however, concentrated on
delay partial differential equations. We know that computing the exact solutions of DDEs
are difficult. Therefore, suitable and efficient numerical methods are required to solve such
equations. These problems arise in various fields of engineering and science, for example
mathematical modeling in control theory, mathematical biology, and climate models [4,5].
Stein [6] gave a differential–difference equation model incorporating stochastic effects due
to neuron excitation, and later [7], he generalized the model to deal with the distribution
of postsynaptic potential amplitudes. The numerical solution of mixed initial boundary
value problems for hyperbolic equations will be studied using finite difference methods.
The goal of this paper is to develop a technique for calculating the total error of a finite
difference scheme that takes into account initial approximations, boundary conditions,
and the interpolation approximation. The authors Kapil K. Sharma and Paramjeet Singh
used the numerical methodologies of Forward Time Backward Space (FTBS) and Backward
Time Backward Space (BTBS) to solve hyperbolic delay differential equations [8–12]. Finite
difference methods are useful when the functions being handled are smooth and the
difference decreases rapidly with the increasing order, as discussed in [13,14]. Numerical
methods for partial differential equations have been well studied in the literature, to
cite a few [15–20]. Numerical treatments and convergence analysis for ordinary delay
differential equations and hyperbolic partial differential equations have been studied in
the literature [21–25]. For the hyperbolic, parabolic, and elliptical differential equations,
the maximum principles were extensively studied in [26,27]. The maximum principle for a
modified triangle-based adaptive difference scheme for hyperbolic conservation laws was
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addressed in [28]. The iterative method presented by Avudai Selvi and Ramanujam [29]
can be applied to the problem considered in the paper. The convergence iterates with a
suitable initial guess can be studied by the results given in [30–32].

The paper is organized as follows: The problem under consideration is given in
Section 2. Section 3 presents the maximum principle and its consequence. Section 4 presents
the propagation of discontinuities and bounds of the derivative of the solution. The condi-
tional and unconditional stable finite difference methods with linear interpolations and
their consistency are given in the Section 5. Numerical stability results and the convergence
analysis of the proposed methods are given in Section 6. A variable delay differential
equation is presented in Section 7. Section 8 presents the numerical illustration. The paper
is concluded in Section 9.

2. Problem Statement

Motivated by the works of [9–11], we consider the following problem: Find the
function u ∈ C(D̄) ∩ C(1,1)(D) such that

Lu :=
∂u
∂t

+ a
∂u
∂x

+ bu(x, t) + cu(x− δ, t) + du(x + η, t) = 0, (x, t) ∈ D, (1)

u(x, t) = φ1(x, t), (x, t) ∈ [−δ, 0]× [0, T], (2)

u(x, t) = φ2(x, t), (x, t) ∈ [x f , x f + η]× [0, T], (3)

u(x, 0) = u0(x), x ∈ [0, x f ]. (4)

where a(x, t) ≥ α > 0, b(x, t) ≥ β ≥ 0, γ ≤ c(x, t) ≤ 0, η ≤ d(x, t) ≤ 0, D = (0, x f ]×
(0, T], δ, η are delay arguments such that δ ≤ x f and η ≥ 0, x f = mδ, η = nδ for some
positive integers m and n. Further, the functions a, b, c, d, f , φ1, φ2, and u0 are sufficiently
differentiable on their domains. The above Equation (1) can be written as

Lu :=


∂u
∂t + a ∂u

∂x + bu(x, t) + du(x + η, t) = −cφ1(x− δ, t), (x, t) ∈ [0, δ]× (0, T],
∂u
∂t + a ∂u

∂x + bu(x, t) + cu(x− δ, t) + du(x + η, t) = 0, (x, t) ∈ (δ, x f − η]× (0, T],
∂u
∂t + a ∂u

∂x + bu(x, t) + cu(x− δ, t) = −dφ2(x + η, t), (x, t) ∈ (x f − η, x f ]× (0, T],

(5)

u(0, t) = φ1(0, t), t ∈ [0, T], u(x, 0) = u0(x), x ∈ [0, x f ], u(x f , t) = φ2(x f , t). (6)

Note: If c(x, t) = d(x, t) and η = δ, then the above differential equation is said to have
symmetric delay arguments [33].

3. Stability Analysis

In this section, we present the maximum principle and the stability result of the above
Problem (4) and (5).

Theorem 1. [Maximum Principle] Let ψ ∈ C(D̄) ∩ C(1,1)(D) be any function satisfying Lψ ≥
0, (x, t) ∈ D, ψ(0, t) ≥ 0, t ∈ [0, T], ψ(x, 0) ≥ 0, x ∈ [0, x f ]. Then ψ(x, t) ≥ 0, for all
(x, t) ∈ D̄.

A consequence of the above theorem is the following stability result.

Theorem 2. [Stability result] Let ψ ∈ C(D̄) ∩ C(1,1)(D) be any function, then

|ψ(x, t)| ≤ C max{max
t
|ψ(0, t)|, max

x
|ψ(x, 0)|, sup

(x,t)∈D̄
|Lψ(x, t)|}, for all (x, t) ∈ D̄.
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4. Propagation of Discontinuities and Derivative Bounds

Following the procedure of [21], the propagation of the discontinuities of the solution
are presented in this section. Let us consider the differential Equations (1)–(3). It is assumed
that φ(0, t) = u(0, t), t ∈ [0, T]. Differentiate the equation partially with respect to x, then

lim
x→(x f−η)−

auxx = −uxt((x f − η)−, t)− ax((x f − η)−, t)ux((x f − η)−, t)

− bx((x f − η)−, t)u((x f − η)−, t)− b((x f − η)−, t)ux(η
−, t)

− dx((x f − η)−, t)u(x−f , t)− d((x f − η)−, t)ux(x−f , t)

= −uxt((x f − η)−, t)− ax((x f − η)−, t)ux((x f − η)−, t)

− bx((x f − η)−, t)u((x f − η)−, t)− b((x f − η)−, t)ux(η
−, t)

− dx((x f − η)−, t)u(x−f , t)− d((x f − η)−, t)ux(x−f , t)

and

lim
x→(x f−η)+

auxx = −uxt((x f − η)+, t)− ax((x f − η)+, t)ux((x f − η)+, t)

− bx((x f − η)+, t)u((x f − η)+, t)− b((x f − η)+, t)ux((x f − η)+, t)

− dx(x+f , t)u((x f − η)+, t)− d(x+f , t)ux((x f − η)+, t)

= −uxt((x f − η)+, t)− ax((x f − η)+, t)ux((x f − η)+, t)

− bx((x f − η)+, t)u((x f − η)+, t)− b((x f − η)+, t)ux((x f − η)+, t)

− dx((x f − η)+, t)u(x+f , t)− d((x f − η)+, t)φ2,x(x+f , t)

and

auxx = −uxt − axux − bxu− bux − cxu(x− δ, t)− cux(x− δ, t)

lim
x→δ−

auxx = −uxt(δ
−, t)− ax(δ

−, t)ux(δ
−, t)− bx(δ

−, t)u(δ−, t)− b(δ−, t)ux(δ
−, t)

− cx(δ
−, t)u(0−, t)− c(δ−, t)ux(0−, t)

= −uxt(δ
−, t)− ax(δ

−, t)ux(δ
−, t)− bx(δ

−, t)u(δ−, t)− b(δ−, t)ux(δ
−, t)]

− cx(δ
−, t)φ(0−, t)− c(δ−, t)φ1,x(0−, t)

and

lim
x→δ+

auxx = −uxt(δ
+, t)− ax(δ

+, t)ux(δ
+, t)− bx(δ

+, t)u(δ+, t)− b(δ+, t)ux(δ
+, t)

− cx(δ
+, t)u(0+, t)− c(δ+, t)ux(0+, t)

= −uxt(δ
+, t)− ax(δ

+, t)ux(δ
+, t)− bx(δ

+, t)u(δ+, t)− b(δ+, t)ux(δ
+, t)]

− cx(δ
+, t)φ(0+, t)− c(δ+, t)ux(0+, t).

Hence, a((x f − η)−, t)uxx((x f − η)−, t) 6= a((x f − η)+, t)uxx((x f − η)+, t)
and a(δ+, t)uxx(δ+, t) 6= a(δ−, t)uxx(δ−, t). These points x f − η, x f − 2η, x f − 3η, . . . and
δ, 2δ, 3δ, . . . are primary discontinuities [21].

Derivative Estimates

From the given differential Equations (1)–(3), one can obtain the following bounds on
the derivative.

Lemma 1. The solution u(x, t) of (1)–(3) satisfies the following estimate∣∣∣ ∂i+ju
∂xi∂tj (x, t)

∣∣∣ ≤ C, 0 ≤ i + j ≤ 2.
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5. Finite Difference Methods

This section presents a mesh selection procedure and finite difference methods for
the above stated Problem (4) and (5). In the subsequent sections, we use the following: U j

i

denotes the numerical solution at the mesh point (xi, tj), and a(xi, tj) = aj
i , b(xi, tj) = bj

i ,

c(xi, tj) = cj
i , d(xi, tj) = dj

i .

5.1. Mesh Points

Let N and M be the number of mesh points in [0, x f ] and [0, T], respectively. Define
∆x = mδ/N and ∆t = T/M. Then, the mesh Ω̄N,M is defined as Ω̄N,M = {(xi, tj)|i =
0, 1, · · · , N, j = 0, 1, · · · , M}, where xk = k∆x and tk = k∆t.

5.2. Conditionally Stable Finite Difference Method with Piecewise Linear Interpolation

The Forward Time Backward Space (FTBS) finite difference scheme with piecewise
linear interpolation for the above Problem (5) and (6) is as follows:

LN,M
1 U j

i : = D+
t U j

i + aj
i D
−
x U j

i + bj
iU

j
i + dj

i

[
U j

plp(xi + η) + U j
p+1lp+1(xi + η)

]
= −φ1(xi − δ, tj), (xi, tj) ∈ (0, δ]× [0, T], (7)

LN,M
1 U j

i : = D+
t U j

i + aj
i D
−
x U j

i + bj
iU

j
i + cj

i

[
U j

klk(xi − δ) + U j
k+1lk+1(xi − δ)

]
+ dj

i

[
U j

plp(xi + η) + U j
p+1lp+1(xi + η)

]
= 0, (xi, tj) ∈ (δ, x f − η)× [0, T], (8)

LN,M
1 U j

i : = D+
t U j

i + aj
i D
−
x U j

i + bj
iU

j
i + cj

i

[
U j

klk(xi − δ) + U j
k+1lk+1(xi − δ)

]
= −φ2(xi + η, tj), (xi, tj) ∈ [x f − η, x f ]× [0, T]. (9)

where D+
t U j

i =
U j+1

i −U j
i

∆t
, D−x U j

i =
U j

i −U j
i−1

∆x
,

lk(x) =
xk+1 − x

∆x
and lk+1(x) =

x− xk
∆x

. Rewrite Scheme (7)–(9) as

U j+1
i =(1− aj

iλ− bj
i ∆t)U j

i + aj
iλU j

i−1 − ∆tcj
i

{
φ1(xi − δ, tj), i ≤ ν,

[U j
klk(xi − δ) + U j

k+1lk+1(xi − δ)], i > ν

− ∆tdj
i

{
φ2(xi + η, tj), i ≥ ζ,

[U j
plp(xi + η) + U j

p+1lp+1(xi + η)], i ≤ ζ,

where ν and ζ are the largest and smallest integers, respectively, such that xν − δ ≤ 0 and
xζ + η ≥ x f .

5.3. Backward Time Backward Space Finite Difference Method with Piecewise Linear Interpolation

The Backward Time Backward Space (BTBS) finite difference scheme with piecewise
linear interpolation for the above Problem (5) and (6) is as follows:

LN,M
2 U j

i : = D−t U j
i + aj

i D
−
x U j

i + bj
iU

j
i + dj

i

[
U j

plp(xi + η) + U j
p+1lp+1(xi + η)

]
= −φ1(xi − δ, tj), (xi, tj) ∈ (0, δ]× [0, T], (10)

LN,M
2 U j

i : = D−t U j
i + aj

i D
−
x U j

i + bj
iU

j
i + cj

i

[
U j

klk(xi − δ) + U j
k+1lk+1(xi − δ)

]
+ dj

i

[
U j

plp(xi + η) + U j
p+1lp+1(xi + η)

]
= 0, (xi, tj) ∈ (δ, x f − η)× [0, T], (11)

LN,M
2 U j

i : = D−t U j
i + aj

i D
−
x U j

i + bj
iU

j
i + cj

i

[
U j

klk(xi − δ) + U j
k+1lk+1(xi − δ)

]
= −φ2(xi + η, tj), (xi, tj) ∈ [x f − η, x f ]× [0, T]. (12)
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where D−t U j
i =

U j
i −U j−1

i
∆t

. Rewrite Scheme (10)–(12) as

U j
i =(1 + aj

iλ + bj
i ∆t)−1

[
U j−1

i + aj
iλU j

i−1

− ∆tcj
i

{
φ1(xi − δ, tj), i ≤ ν,

[U j
klk(xi − δ) + U j

k+1lk+1(xi − δ)], i > ν

− ∆tdj
i

{
φ2(xi + η, tj), i ≥ ζ,

[U j
plp(xi + η) + U j

p+1lp+1(xi + η)], i ≤ ζ

]
,

where ν and ζ are the largest and smallest integers, respectively, such that xν − δ ≤ 0 and
xζ + η ≥ x f .

Note: The matrices of the above two difference schemes are asymmetric.

5.4. Consistency

Following the arguments of [10,11], we prove the consistency of the proposed schemes.

Lemma 2. Scheme (7)–(9) is consistent.

Proof. Consider Scheme (7)–(9). Let ej
i = u(xi, tj)−U j

i , then

LN,M
1 ej

i = D+
t ej

i + aj
i D
−
x ej

i + bj
i e

j
i − cj

i

{
0, xi − δ ≤ 0,

ej
klk(xi − δ) + ej

k+1lk+1(xi − δ), xi − δ > 0,

− dj
i

{
0, xi + η ≤ x f ,

ej
plp(xi − δ) + ej

p+1lp+1(xi + η), xi + η > x f ,

= LN,M
1 u(xi, tj)− Lu(xi, tj)

=

(
D+

t −
∂

∂t

)
u(xi, tj) + aj

i

(
D−x −

∂

∂x

)
u(xi, tj)

+ cj
i

{
0, i ≤ ν,
[u(xk, tj)lk(xi − δ) + u(xk+1, tj)lk+1(xi − δ)]− u(xi − δ, tj), i ≥ ν + 1,

+ dj
i

{
0, i ≥ ζ,
[u(xp, tj)lp(xi + η) + u(xp+1, tj)lp+1(xi + η)]− u(xi + η, tj), i ≤ ζ + 1,

|LN,M
1 ej

i | ≤ C(∆x + ∆t)

Therefore, |LN,M
1 ēj

i | ≤ C(∆x + ∆t) → 0 as ∆x → 0 and ∆t → 0, where C is con-
stant.

Lemma 3. Scheme (10)–(12) is consistent.
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Proof. Consider Scheme (10)–(12). Let ej
i = u(xi, tj)−U j

i , then

LN,M
2 ej

i = D−t ej
i + aj

i D
−
x ej

i + bj
i e

j
i − cj

i

{
0, xi − δ ≤ 0,

ej
klk(xi − δ) + ej

k+1lk+1(xi − δ), xi − δ > 0,

− dj
i

{
0, xi + η ≤ x f ,

ej
plp(xi + η) + ej

p+1lp+1(xi + η), xi + η > x f ,

= LN,M
2 u(xi, tj)− Lu(xi, tj)

=

(
D−t −

∂

∂t

)
u(xi, tj) + aj

i

(
D−x −

∂

∂x

)
u(xi, tj)

− cj
i

{
0, i ≤ ν,
[u(xk, tj)lk(xi − δ) + u(xk+1, tj)lk+1(xi − δ)]− u(xi − δ, tj), i ≥ ν + 1,

− dj
i

{
0, i ≥ ζ,
[u(xp, tj)lp(xi + η) + u(xp+1, tj)lp+1(xi + η)]− u(xi + η, tj), i ≤ ζ + 1,

|LN,M
2 ej

i | ≤ C(∆x + ∆t)

Therefore, |LN,M
2 ēj

i | ≤ C(∆x + ∆t) → 0 as ∆x → 0 and ∆t → 0, where C is con-
stant.

6. Numerical Stability Results

In this section, first, we consider Scheme (7)–(9).

Lemma 4. If ‖aλ‖+ ∆tθ′ ≤ 1, where θ
′
= max{‖b‖, 2‖c‖, 2‖d‖}, then Scheme (7)–(9) is stable.

Proof. The difference equations defined in (7)–(9) can be written in the following vec-
tor equation:

Ūn+1 =
n+1

∏
k=1

An+1−kŪ0 +

(
B̄n +

n

∑
l=1

l

∏
k=1

An+1−k B̄n−l

)
− ∆t

(
C̄n +

n

∑
l=1

l

∏
k=1

An+1−kC̄n−l

)

− ∆t

(
D̄n +

n

∑
l=1

l

∏
k=1

An+1−kD̄n−l

)
,
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where

AT
n =



Ψn
1 an

2 λ 0 · · · 0
−∆tcn

ν+1×
l1(xν+1 − δ)

· · · 0

0 Ψn
2 an

3 λ · · · 0
−∆tcn

ν+1×
l2(xν+1 − δ)

· · ·
...

0 0 Ψn
3 · · · 0 0 · · · −∆tcn

N×
lk(xN − δ)

0 0 0 · · · 0
... · · · −∆tcn

N×
lk+1(xN − δ)

...
...

... · · ·
... 0 · · · 0

0 0 0 · · · an
ν λ 0

−∆tdn
1×

l1(x1 + η)
0 0 · · · Ψn

ν an
ν+1λ · · · 0

−∆tdn
1×

l2(x1 + η)
0 0 · · · 0 Ψn

ν+1 · · · 0

0 0 0 · · ·
... 0 · · · 0

0 0 0 · · · −∆tdn
ν×

lp(xν + η)
0 · · · an

Nλ

0 0 0 · · · −∆tdn
ν×

lp+1(xν + η)
0 · · · Ψn

N



Ūn = (Un
1 , · · · , Un

N)
T , B̄n = (an

1 λUn
0 , 0, · · · , 0)T , Ψn

i = (1− aj
iλ− ∆tbj

i)

C̄n = (cn
1 φl(x1 − δ, tn), cn

2 φl(x2 − δ, tn), · · · , cn
ν φl(xν − δ, tn), 0, · · · , 0)T ,

D̄n = (0, · · · , 0, dn
1 φ2(x1 + η, tn), dn

2 φ2(x2 + η, tn), · · · dn
ν φ2(xν + η, tn))

T ,

Let A∗ = max
n
‖ An ‖, B∗ = max

n
‖ B̄n ‖≤ ‖a‖|λ|‖Ū0‖, C∗ = max

n
‖ C̄n ‖, and D∗ = max

n
‖

D̄n ‖, then ‖ ∏n+1
k=1 An+1−k ‖≤ ∏n+1

k=1 ‖ An+1−k ‖= A∗
n+1

and

‖ Ūn+1 ‖ ≤‖
n+1

∏
k=1

An+1−k ‖‖ Ū0 ‖ +
(
‖ B̄n ‖ +

n

∑
l=1
‖

l

∏
k=1

An+1−k ‖‖ B̄n−l ‖
)

+ ∆t

(
‖ C̄n ‖ +

n

∑
l=1
‖

l

∏
k=1

An+1−k ‖‖ C̄n−l ‖
)

+ ∆t

(
‖ D̄n ‖ +

n

∑
l=1
‖

l

∏
k=1

An+1−k ‖‖ D̄n−l ‖
)

≤ A∗
n+1 ‖ Ū0 ‖ +B̄∗ + C1 A∗

n
B̄∗ + ∆t

(
C∗ + C2 A∗

n
C∗
)
+ ∆t

(
D∗ + C3 A∗

n
D∗
)

≤ A∗
n+1 ‖ Ū0 ‖ +‖aλ‖ ‖ Ū0 ‖ +C1 A∗

n+1‖aλ‖ ‖ Ū0 ‖ +∆t
(

C∗ + C2 A∗
n
C∗
)

+ ∆t
(

D∗ + C3 A∗
n
D∗
)

≤‖ Ū0 ‖
(

A∗
n+1

(1 + C1‖aλ‖) + ‖aλ‖
)
+ ∆t C∗(1 + C2 A∗

n
) + ∆t D∗(1 + C3 A∗

n
).

If ‖aλ‖+ ∆tθ′ ≤ 1, then A∗ ≤ 1 and ‖aλ‖ < 1. Hence the proof.

Lemma 5. If ‖ aλ
Ψ ‖ + ∆tθ′ ≤ 1, where θ

′
= max{‖b‖, 2‖c‖, 2‖d‖}, Ψ = (1 + aλ + ∆tb)−1,

then Scheme (10)–(12) is unconditionally stable.
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Proof. The difference equations defined in (10)–(12) can be written in the following vec-
tor equation:

Ūn =
n−1

∏
k=0

An−kŪ0 +

(
B̄n +

n−1

∑
l=0

l−1

∏
k=0

An−k B̄n−l

)
− ∆t

(
C̄n +

n−1

∑
l=0

l−1

∏
k=0

An+1−kC̄n−l

)

− ∆t

(
D̄n +

n−1

∑
l=0

l−1

∏
k=0

An+1−kD̄n−l

)
,

where

AT
n =



Ψn
1 an

2 λ 0 · · · 0
−∆tcn

ν+1×
l1(xν+1 − δ)

· · · 0

0 Ψn
2 an

3 λ · · · 0
−∆tcn

ν+1×
l2(xν+1 − δ)

· · ·
...

0 0 Ψn
3 · · · 0 0 · · · −∆tcn

N×
lk(xN − δ)

0 0 0 · · · 0
... · · · −∆tcn

N×
lk+1(xN − δ)

...
...

... · · ·
... 0 · · · 0

0 0 0 · · · an
ν λ 0

−∆tdn
1×

l1(x1 + η)
0 0 · · · Ψn

ν an
ν+1λ · · · 0

−∆tdn
1×

l2(x1 + η)
0 0 · · · 0 Ψn

ν+1 · · · 0

0 0 0 · · ·
... 0 · · · 0

0 0 0 · · · −∆tdn
ν×

lp(xν + η)
0 · · · an

Nλ

0 0 0 · · · −∆tdn
ν×

lp+1(xν + η)
0 · · · Ψn

N



Ūn = (Un
1 , · · · , Un

N)
T , B̄n = (an

1 λUn
0 , 0, · · · , 0)T , Ψn

i = (1 + aj
iλ + ∆tbj

i)
−1,

C̄n = (cn
1 φl(x1 − δ, tn), cn

2 φl(x2 − δ, tn), · · · , cn
ν φl(xν − δ, tn), 0, · · · , 0)T ,

D̄n = (0, · · · , 0, dn
1 φ2(x1 + η, tn), dn

2 φ2(x2 + η, tn), · · · dn
ν φ2(xν + η, tn))

T ,

Let A∗ = max
n
‖ An ‖, B∗ = max

n
‖ B̄n ‖≤ ‖ a

Ψ
‖|λ|‖Ū0‖, C∗ = max

n
‖ C̄n ‖, and

D∗ = max
n
‖ D̄n ‖, then ‖ ∏n−1

k=0 An−k ‖≤ ∏n−1
k=0 ‖ An−k ‖= A∗

n
.
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‖ Ūn ‖ ≤‖
n−1

∏
k=0

An−k ‖‖ Ū0 ‖ +
(
‖ B̄n ‖ +

n−1

∑
l=0
‖

l−1

∏
k=0

An−k ‖‖ B̄n−l ‖
)

+ ∆t

(
‖ C̄n ‖ +

n−1

∑
l=0
‖

l−1

∏
k=0

An−k ‖‖ C̄n−l ‖
)

+ ∆t

(
‖ D̄n ‖ +

n−1

∑
l=0
‖

l−1

∏
k=0

An−k ‖‖ D̄n−l ‖
)

≤ A∗
n ‖ Ū0 ‖ +B̄∗ + C1 A∗

n
B̄∗ + ∆t

(
C∗ + C2 A∗

n
C∗
)
+ ∆t

(
D∗ + C3 A∗

n
D∗
)

≤ A∗
n ‖ Ū0 ‖ +‖ aλ

Ψ
‖ ‖ Ū0 ‖ +C1 A∗

n‖ aλ

Ψ
‖ ‖ Ū0 ‖ +∆t

(
C∗ + C2 A∗

n
C∗
)

+ ∆t
(

D∗ + C3 A∗
n
D∗
)

≤‖ Ū0 ‖
(

A∗
n
(1 + C1‖

aλ

Ψ
‖) + ‖ aλ

Ψ
‖
)
+ ∆t C∗(1 + C2 A∗

n
) + ∆t D∗(1 + C3 A∗

n
).

If ‖ aλ
Ψ ‖+ ∆tθ′ ≤ 1, then A∗ ≤ 1 and ‖ aλ

Ψ ‖ < 1. Hence the proof.

Convergence Analysis

Theorem 3. Let u and U j
i be the exact solution and numerical solution defined by (1)–(3) and

(7)–(9), respectively. Then, |u(xi, tj)−U j
i | ≤ C(N−1 + M−1), for all i, j.

Proof. Let ej
i = u(xi, tj)−U j

i , uI(xi, tj) = u(xk, tj)lk(xi − δ) + u(xk+1, tj)lk+1(xi − δ),
uI I(xi, tj) = u(xp, tj)lp(xi + η) + u(xp+1, tj)lp+1(xi + η) where k ≥ 0, p ≥ 0 such that
xi − δ ∈ (xk, xk+1), xi + η ∈ (xp, xp+1) and T(xi, tj) = LN,M

1 u(xi, tj)− Lu(xi, tj). Then,

T(xi, tj) = (L− LN,M
1 )u(xi, tj)

= (
∂

∂t
− D+

t )u(xi, tj) + a(xi, tj)(
∂

∂x
− D−x )u(xi, tj)

+ c(xi, tj)

{
0, i ≤ ν,
u(xi − δ, tj)− uI(xi, tj), i > ν

+ d(xi, tj)

{
0, i ≥ ζ,
u(xi + η, tj)− uI I(xi, tj), i ≤ ζ

|T(xi, tj)| ≤ |(
∂

∂t
− D+

t )u(xi, tj)|+ |a(xi, tj)||(
∂

∂x
− D−x )u(xi, tj)|

+ |c(xi, tj)||u(xi, tj)− uI(xi, tj)|
+ |d(xi, tj)||u(xi, tj)− uI I(xi, tj)|
≤ CN−1 + CM−1 + CN−2 ≤ CN−1 + CM−1.

Note that ej
0 = 0, for all j, e0

i = 0, for all i and |LN,M
1 ej

i | ≤ CN−1 + CM−1. We have

|ej
i | ≤ CN−1 + CM−1, for all i, j. Hence the proof.

Theorem 4. Let u and U j
i be the exact solution and numerical solution defined by (1)–(3) and

(10)–(12), respectively. Then, |u(xi, tj)−U j
i | ≤ C(N−1 + M−1), for all i, j.
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Proof. Let ej
i = u(xi, tj)−U j

i , uI(xi, tj) = u(xk, tj)lk(xi − δ) + u(xk+1, tj)lk+1(xi − δ),
uI I(xi, tj) = u(xp, tj)lp(xi + η) + u(xp+1, tj)lp+1(xi + η) where k ≥ 0, p ≥ 0 such that
xi − δ ∈ (xk, xk+1), xi + η ∈ (xp, xp+1) and T(xi, tj) = LN,M

2 u(xi, tj)− Lu(xi, tj). Then,

T(xi, tj) = (L2 − L)u(xi, tj)

=

(
D−t −

∂

∂t

)
u(xi, tj) + a(xi, tj)

(
D−x −

∂

∂x

)
u(xi, tj)

+ c(xi, tj)

{
0, i ≤ ν

u(xi − δ, tj)− uI(xi, tj), i > ν

+ d(xi, tj)

{
0, i ≥ ζ

u(xi + η, tj)− uI I(xi, tj), i ≤ ζ

|T(xi, tj)| ≤
∣∣∣∣(D−t −

∂

∂t
)u(xi, tj)

∣∣∣∣+ |aj
i |
∣∣∣∣(D−x −

∂

∂x
)u(xi, tj)

∣∣∣∣
+ |cj

i ||u(xi − δ, tj)− uI(xi, tj)|+ |d
j
i ||u(xi + η, tj)− uI I(xi, tj)|

≤ CN−1 + CM−1 + CN−2 ≤ CN−1 + CM−1.

Note that ej
0 = 0, for all j, e0

i = 0, for all i and |LN,M
2 ej

i | ≤ CN−1 + CM−1. We have

|ej
i | ≤ CN−1 + CM−1, for all i, j. Hence the proof.

7. Variable Delay Problem and Finite Difference Method

Method (10)–(12) presented in the article can be applied to the variable delay differ-
ential equation. Motivated by the works [34,35], we consider a variable delay differen-
tial equation,

Lu :=
∂u
∂t

+ a
∂u
∂x

+ bu(x, t) + cu(x− δ(x), t) + du(x + η(x), t) = 0, (x, t) ∈ D, (13)

u(x, t) = φ1(x, t), (x, t) ∈ [ζ1, 0]× [0, T], (14)

u(x, t) = φ2(x, t), (x, t) ∈ [x f , ζ2]× [0, T], (15)

u(x, 0) = u0(x), x ∈ [0, x f ], (16)

where the functions a, b, c, d satisfy the conditions stated in Section 2 and x − δ(x) ≤ 0,
x + η(x) ≥ x f . ζ1 = min{infx∈[0,x f ]

x − δ(x), 0} and ζ2 = max{supx∈[0,x f ]
x + η(x), x f }.

From Theorem 2 one can prove that the solution is stable, if it exists.
A finite difference method for the above Problems (10)–(12) is as follows:

LN,M
3 U j

i : = D−t U j
i + aj

i D
−
x U j

i + bj
iU

j
i + cj

iU
I(xi, tj) + dj

iU
I I(xi, tj) = 0, (17)

U j
0 = φ1(0, tj), tj ∈ [0, T], U0

i = u0(xi), xi ∈ [0, x f ] (18)

where

U I(xi, tj) =

{
φ1(xi − δ(xi), tj), if xi − δ(xi) ∈ [ζ1, 0],

U j
klk(xi − δ(xi)) + U j

k+1lk+1(xi − δ(xi)), if xi − δ(xi) ∈ [xk, xk+1],

U I I(xi, tj) =

{
φ2(xi + η(xi), tj), if xi + η(xi) ∈ [x f , ζ2],

U j
plp(xi + η(xi)) + U j

p+1lp+1(xi + η(xi)), if xi + η(xi) ∈
[
xp, xp+1

]
,

lk, lk+1, lp, lp+1 are piecewise linear interpolating polynomials. Similar to Lemmas 2 and 5
and Theorem 3, one can prove the consistency, stability, and convergence of the above
Method (17) and (18). An illustrating numerical example is given in the next section.
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Algorithm for the Scheme (17) and (18)

In this section, we present the algorithm to solve the variable delay problem:

1. Define the mesh points xi and tj with mesh sizes ∆xi and ∆tj.
2. Let the time level t = tj, j = 1.
3. If xi − δ(xi) = xk and xi + η(xi) = xp for some k, p, then

U j
i = (1 + aj

i
∆tj
∆xi

+ bj
i ∆tj)

−1

[
U j−1

i + aj
i

∆tj
∆xi

U j
i−1 − ∆tjc

j
iU

j
k − ∆tjd

j
iU

j
p

]
.

4. If xi − δ(xi) = xk for some k and xp < xi + η(xi) < xp+1 for some p, then

U j
i = (1 + aj

i
∆tj
∆xi

+ bj
i ∆tj)

−1

[
U j−1

i + aj
i

∆tj
∆xi

U j
i−1 − ∆tjc

j
iU

j
k − ∆tjd

j
i [U

j
plp(xi + η(xi)) +

U j
p+1lp+1(xi + η(xi))]

]
.

5. If xk < xi − δ(xi) < xk+1 for some k and xi + η(xi) = xp for some p, then

U j
i = (1+ aj

i
∆tj
∆xi

+ bj
i ∆tj)

−1

[
U j−1

i + aj
i

∆tj
∆xi

U j
i−1−∆tjc

j
i [U

j
klk(xi− δ(xi))+U j

k+1lk+1(xi−

δ(xi))− ∆tjd
j
iU

j
p

]
.

6. If xk < xi − δ(xi) < xk+1 and xp < xi + η(xi) < xp+1, then apply scheme

U j
i = (1+ aj

i
∆tj
∆xi

+ bj
i ∆tj)

−1

[
U j−1

i + aj
i

∆tj
∆xi

U j
i−1−∆tjc

j
i [U

j
klk(xi− δ(xi))+U j

k+1lk+1(xi−

δ(xi))− ∆tjd
j
i [U

j
plp(xi + η(xi)) + U j

p+1lp+1(xi + η(xi))]

]
.

7. Increment j = j + 1, and go to Step 2.

8. Numerical Examples

Three examples are given in this section to illustrate the numerical methods presented
in this paper. We use the half mesh principle to estimate the maximum error.

EN,M = max
i,j
| U j

i (∆x, ∆t)−U j
i (∆x/2, ∆t/2) |, 0 ≤ i ≤ N, 0 ≤ j ≤ M

where U j
i (∆x, ∆t) and U j

i (∆x/2, ∆t/2) are the numerical solution at the node (xi, tj) with
mesh sizes (∆x, ∆t) and (∆x/2, ∆t/2), respectively. Graphs of the numerical solutions,
the numerical solution at different time levels, and the maximum pointwise error plots
are drawn.

Example 1. Consider the following first-order hyperbolic delay differential equation.

∂u
∂t

+ a(x, t)
∂u
∂x

+ bu(x, t) + c(x, t)u(x− δ, t) + d(x, t)u(x + η, t) = 0, (x, t) ∈ (0, 2]× (0, 1], (19)

u(x, t) = 0, (x, t) ∈ [−δ, 0]× [0, 1], u(x, t) = 0, (x, t) ∈ [x f , x f + η]× [0, 1], (20)

u(x, 0) = x exp(−(4x− 1)2/4)(2− x), x ∈ [0, 2], (21)

a(x, t) =
1 + x2

1 + 2tx + 2x2 + x4 , b = 2, c(x, t) = −1
2

, d(x, t) = −1
2

.

Case 1: In this case, δ = 1, η = 1 (symmetric delay arguments). Due to the presence of the
delay term, an additional wave propagation occurs in the solutions. Numerical
solutions are plotted in Figures 1 and 2, and for different time levels, the solution
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curves are plotted in Figures 3 and 4. The maximum pointwise error using the
conditional method is given in Table 1, and for unconditional method, the errors
are given in Tables 2 and 3.

Case 2: In this case, it is assumed that δ = 0.5, η = 0.5 (symmetric delay arguments). The
numerical solution is plotted in Figure 5, and the numerical solution at different
time levels is presented in Figure 6.

Case 3: In this case, it is assumed that δ = 1, η = 0.5 (asymmetric delay arguments). The
numerical solution is plotted in Figure 7, and the numerical solution at different
time levels is presented in Figure 8.

Figure 1. The surface plot of the U–numerical solution of Example 1 for Case 1 using FTBS.

Figure 2. The surface plot of the U–numerical solution of Example 1 for Case 1 using BTBS.
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Figure 3. U–numerical solution of Example 1 at different time levels for Case 1 using FTBS.
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Figure 4. U–numerical solution of Example 1 at different time levels for Case 1 using BTBS.

Figure 5. The surface plot of the U–numerical solution of Example 1 for Case 2 using BTBS.
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Figure 6. U–numerical solution of Example 1 at different time levels for Case 2 using BTBS.

Figure 7. The surface plot of the U–numerical solution of Example 1 for Case 3 using BTBS.
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U - Numerical Solution at Different Time Level
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Figure 8. U–numerical solution of Example 1 at different time levels for Case 3 using BTBS.

Table 1. Case 1: Maximum error for Example 1 using the conditional method.

N and δ = 1, η = 1

M ↓ 64 128 256 512 1024

64 2.0649 × 10−2 2.1038 × 10−2 5.9393 × 1018 5.3383 × 1046 1.5500 × 1097

128 9.2118 × 10−3 7.4438 × 10−3 7.2246 × 10−3 5.8331 × 1040 1.5500 × 1097

256 4.3848 × 10−3 3.3665 × 10−3 2.6185 × 10−3 2.4920 × 10−3 3.2166 × 1085

512 2.1422 × 10−3 1.6116 × 10−3 1.1954 × 10−3 9.0767 × 10−4 8.6369 × 10−4

1024 1.0591 × 10−3 7.8936 × 10−4 5.7472 × 10−4 4.1630 × 10−4 3.1311 × 10−4

Table 2. Case 1: Maximum error for Example 1 using the unconditional method.

N and δ = 1, η = 1

M ↓ 64 128 256 512 1024

64 1.4105 × 10−2 8.0063 × 10−3 4.4119 × 10−3 2.3598 × 10−3 1.2313 × 10−3

128 7.4588 × 10−3 4.3432 × 10−3 2.4755 × 10−3 1.3759 × 10−3 7.4200 × 10−4

256 3.8463 × 10−3 2.2792 × 10−3 1.3388 × 10−3 7.7517 × 10−4 4.3698 × 10−4

512 1.9545 × 10−3 1.1713 × 10−3 7.0246 × 10−4 4.2111 × 10−4 2.4858 × 10−4

1024 9.8540 × 10−4 5.9423 × 10−4 3.6097 × 10−4 2.2166 × 10−4 1.3595 × 10−4

Table 3. Case 3: Maximum error for Example 1 using the unconditional method.

N and δ = 1, η = 0.5

M ↓ 64 128 256 512 1024

64 1.9072 × 10−2 1.3116 × 10−2 8.2844 × 10−3 4.8425 × 10−3 2.6635 × 10−3

128 1.0195 × 10−2 7.2773 × 10−3 4.8242 × 10−3 2.9639 × 10−3 1.7046 × 10−3

256 5.2854 × 10−3 3.8622 × 10−3 2.6482 × 10−3 1.7010 × 10−3 1.0281 × 10−3

512 2.6931 × 10−3 1.9944 × 10−3 1.3964 × 10−3 9.2669 × 10−4 5.8580 × 10−4

1024 1.3597 × 10−3 1.0140 × 10−3 7.1846 × 10−4 4.8675 × 10−4 3.1818 × 10−4

Example 2. Consider the variable delay differential Equations (13)–(16).

where a(x, t) =
1 + x2

1 + 2tx + 2x2 + x4 , b(x, t) = 2, c(x, t) = − 1
2 d(x, t) = − 1

2 , δ(x) = e−x,

η(x) =
√

x. Figures 9 and 10 respectively present the numerical solution and the numerical
solution at different time levels.
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Figure 9. U–numerical solution of Example 2 at different time levels using BTBS.
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Figure 10. U–numerical solution of Example 2 at different time levels.

Example 3. Consider the following first-order hyperbolic delay differential equation.

∂u
∂t

+ a(x, t)
∂u
∂x

+ bu(x, t) + c(x, t)u(x− δ, t) + d(x, t)u(x + η, t) = 0, (x, t) ∈ (0, 2]× (0, 1], (22)

u(x, t) = t− t2 + x(2− x)2, (x, t) ∈ [−δ, 0]× [0, 1], (23)

u(x, t) = x(2− x)2, (x, t) ∈ [x f , x f + η]× [0, 1], (24)

u(x, 0) = x exp(−(4x− 1)2/4)(2− x), x ∈ [0, 2], (25)

a(x, t) =
1 + x2

1 + 2tx + 2x2 + x4 , b = 2, c(x, t) = −1
2

, d(x, t) = −1
2

.

Figure 11 represents the numerical solutions of this problem.

Figure 11. U–numerical solution of Example 3 at different time levels using BTBS.
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9. Conclusions

In this article, we considered a one-dimensional transport equation with delay and
advance arguments. The maximum principle and stability results were proven for the
problem considered. Two finite difference methods with piecewise linear interpolation
were suggested for Problem (1)–(3). We proved that the methods are consistent and
convergent of order one in space and time. One of the methods is conditionally stable,
and the other one is unconditionally stable. The finite difference method with linear
interpolation has some advantages. If x f 6= rδ, then one has to divided the interval
[0, x f ] into N sub-intervals with different mesh sizes. If xk ≤ xi − δ ≤ xk+1 and xp ≤
xi + η ≤ xp+1, then one has to apply the interpolation of U j

k, U j
k+1 and U j

p, U j
p+1 to

approximate u(xi − δ, tj) and u(xi + η, tj). Numerical examples are given to illustrate
the theoretical findings. The maximum pointwise errors of the examples are given in
Tables 1–4. From Table 1, one can see that Method (7)–(9) is conditionally stable, and from
Tables 2–4, Method (10)–(12) is unconditionally stable. The newly proposed finite difference
schemes with interpolation for the hyperbolic equation works not only for the constant
delay and advanced arguments, but also for the variable arguments. As an application
of the unconditionally stable method, a method for the variable delay equation is given
in (17)–(18). A numerical example for variable delay equation is given in Example 2. The
numerical solution and time level graphs are plotted in Figure 9 and Figure 10, respectively.
The proposed method is applicable to the linear equation. The same method can be applied
to some class of nonlinear equations after linearizing the given problem into a linear
problem. Further, the proposed interpolation technique can be extended to the parabolic
equation with delay arguments. As discussed in [10], for fixed δ and an increasing value of
η, the impulse moves towards the left, whereas for the fixed η and increasing value of δ,
the impulse moves towards the right; see Figures 12 and 13.

Table 4. Maximum error for Example 3 using the unconditional method.

N and δ = 1, η = 1

M ↓ 64 128 256 512 1024

64 1.7895 × 10−2 1.0976 × 10−2 8.5561 × 10−3 7.1527 × 10−3 6.1156 × 10−3

128 9.6501 × 10−3 6.1582 × 10−3 5.0506 × 10−3 4.4504 × 10−3 3.9743 × 10−3

256 5.0361 × 10−3 3.3007 × 10−3 2.8264 × 10−3 2.6236 × 10−3 2.4722 × 10−3

512 2.5753 × 10−3 1.7170 × 10−3 1.5124 × 10−3 1.4658 × 10−3 1.4578 × 10−3

1024 1.3027 × 10−3 8.7668 × 10−4 7.8569 × 10−4 7.8413 × 10−4 8.1491 × 10−4
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Figure 12. U–numerical solution of Example 1 at different time levels δ = 1 and η = 0.5, 0.6, 0.7.
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Figure 13. U–numerical solution of Example 1 at different time levels η = 1 and δ = 0.5, 0.6, 0.7.
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