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Given a structured object E of any sort, a symmetry is a mapping of the object = onto
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published maps and institutional affil- ~ In [1], Sain established the idea of left symmetric and right symmetric points in Banach

iations. spaces (recall that an element 71 € E is known as left symmetric if i1 g implies {_L gh for

all { € B, whereas an element 7 € E is known as right symmetric if { L g implies 1L g(

for all { € E. Hence, an element /1 € E is a symmetric point if 7 is both left symmetric and
- right symmetric).

Let (5, .||) be a normed linear space. For any two elements 7, in &, I is said
to be orthogonal to { in the sense of Birkhoff-James [2], written i1 p(, if and only if
[|n]] < ||+ AZ|| for all A € R. Birkhoff-James orthogonality is related to many important
geometric properties of normed linear spaces including strict convexity, uniform convexity
and smoothness.
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Let C be a nonempty, closed and convex subset of a real Banach space E. If E* is a dual
of E, then the mapping | : E — 2E" defined by the following:

J(m) = {n* € E: (n,n*) = 1|, |[1] = 1"}, ©)

is known as normalized duality mapping.

Let T : C — C be a nonlinear mapping. We will denote the set of all fixed points of T by
F(T). The set of common fixed points of finite family of mappings {S,}N,, {T.}N,: C —C
will be denoted by F = NX, (F(S;) N F(T;)), where N € N (the set of natural numbers).

Definition 1. A self mapping T on C is said to be L-Lipschitizian, if for all i, { € C, there exists a
constant L > 0 such that the following is the case:

ITh —T¢|| < L{|A — |, 2
where L is known as Lipschitz constant.

Definition 2. A mapping T is known as ®r-enriched Lipschitizian (or (b, @r)-enriched Lips-
chitizian) if for all h,{ € C, there exists b € [0, +-00) and a continuous nondecreasing function
®r: RT — R, with (0) = 0, such that the following is the case.

(7 — ) + Th = TZ|| < (b+1)Pr ([ —Z]). ©)

Remark 1. In special case, where b = 0, then the (b, ®1)-enriched Lipschitizian mapping T is
known as ®r-Lipschitzian; if b = 0 and ®1(r) = Lr, for L > 0, then T is known as Lipschitzian
mapping with L as the Lipschitz constant. In particular, if b = 0, &1(r) = Lr and L = 1, then the
(b, ®1)-enriched Lipschitizian mapping T is known as nonexpansive mapping on C.

1

Now, ifb >0and 4 = ——
b+1

following:

, then 0 < ¢ < 1. In this case, inequality (3) becomes the

1 1
- _ _((=— < _
I(5-1)r+0Tn—((5-1)c+0T¢)| < G+ 1)@r(lln -],
and, hence, we obtain the following.
(1 =9)h+8Th — (1 = 8)¢ +8TC)|| < (b+1)9Pr (|| = El))- )
Inequality (4) can be written as follows:

[Toh — Toll| < e®r ([ — 1)), ©)

where ¢ = (b+1)% and Ty = (1 — 0)I + OT. Note that the mapping Ty is Pr-Lipschitizian
in the sense of Hicks and Kubecek [3].

Remark 2. Every Lipschitz mapping is automatically ®r-Lipschitzian but the converse impli-
cations may not be true (see [3] for more details). Moreover, every ®r-Lipschitz mapping is a
(0, @1)-enriched Lipschitz mapping. Note that if D1 (r) = r, then (5) reduces to the following:

I Toh — Tl || < el = Cll, (6)

and it is known as b-enriched nonexpansive mapping. The concept of b-enriched nonexpansive
mapping was established by Berinde [4] as a generalization of an important class of mapping known
as nonexpansive mapping. Apart from being an obvious generalization of the contraction mapping
(and its connection with monotonicity method), nonexpansive mapping belongs to the first class of
nonlinear mapping for which fixed-point theorems were obtained by utilizing geometric properties
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instead of the compactness conditions. This class of mapping could also be seen in applications as
transition operators for initial value problems of differential inclusion, accretive operators, monotone
operators, variational inequality problems and equilibrium problems. Several generalizations of
nonexpansive mappings in different directions have been studied by different researchers in the
current literature; see, for instance, Refs. [5-13] and the references therein. Note that, in particular
that, if Ot is not necessarily nondecreasing and satisfies @1 (r) < r for r > 0, then T is known as a
nonlinear contraction on C.

Example 1. Let T : R — R be defined by the following.

Th=\/|h|,  forall h € R.

Consider &1 (r) = \/r,r > 0. Clearly, Ot is continuous and nondecreasing. First notice that
the mapping T is subadditive. Suppose that h,{ € R. Then, we have the following.

(T(h+¢))* = [n+{]

< (/I ++/le1?

= (Th+TQ)>
Utilizing the subadditivity of T, we obtain the following.
Th = T¢| < T(h —¢) = @r(|1 = ¢]).

Thus, T is ®r-Lipschitizian (or (0, ®1)-enriched Lipschitizian) mapping with Ot as the
Dr-function. Now, suppose that T is Lipschitizian with constant L > 0. Then, for all i, { € R with

{ =0andh # 0, we have Th < L|h|. Hence, forall i # 0, L > \/1|ﬂ Letting h — 0, we obtain

a contradiction. Consequently, T is not Lipschitizian.

Definition 3 ([14]). A mapping T is known as (b, k)-enriched strictly pseudocontractive mapping
((b,k)-ESPCM) if for all h, { € C, there exist b € [0, +00) and k € [0,1) such that the following is
the case.

I6(h =) + Th = TZ|* < (b+1)*||8 = C||* + Kl|n — & — (Th — T)||*. @)

Note that if b = 0 in inequality (7), we obtain a class of mapping known as k-strictly
pseudocontractive mapping, and if k = 0, then the inequality (7) reduces to a class of
mapping defined by (6). Thus, the class of (b,k)-ESPCM is a superclass of the class of
b-enriched nonexpansive mapping and k-strictly pseudocontractive mapping (for more
details, see, [14-18]).

Setb = % —1, for # € (0,1]. Then, from inequality (7), we have the following:

1T — Tog|I> < |7 = I + k[l — ¢ — (Toh — ToQ) |, ®)

where Ty satisfies the inequality (5). Here, the average operator Ty is k-strictly pseudocon-
tractive mapping. If k = 1 in (8), then we have a pseudocontraction. Thus, the class of
(b, k)-strictly pseudocontractive mappings is a subclass of the class of b-enriched pseudo-
contractive mappings.

In a real Banach space, inequality (8) is equivalent to the following:

(Toh — TZ,j(h—0)) < ||h—C||* = Al — T — (Toh — ToQ) ||, €)
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where A = 5 (1 — k). If I denotes the identity mapping, then inequality (9) can be written
in the following form.

(I =To)h — (I =Ty)Z,j(h—Q)) > Al — T — (Toh — ToQ)||*. (10)

Again, the average operator Ty in this setting is still a strict pseudocontraction.
The class of (b, k)-enriched strictly pseudocontractive mappings was established in 2019
by Berinde as a generalization of the class of k-strictly pseudocontractive mappings (i.e,
a mapping T : C — C such that for all 1,{ € C and k € [0,1), we have || Th — T¢||? <
|n— || +k||h— ¢ — (Th — TZ)||. If k = 1, then we have a pseudocontraction. The class
of strictly pseudocontractive mappings, defined in the setup of a real Hilbert space, was
introduced in 1967 by Browder and Petryshym [19] as a superclass of the class of nonex-
pansive mappings and a subclass of the class of Lipschitz pseudocontractive mappings.
Whereas lipschitz pseudocontractive mappings are generally not continuous, the strictly
pseudocontractive mappings inherit Lipschitz properties from their definitions). He proved
that if C is a bounded, closed and convex subset of a real Hilbert spaceand T : C — Cisa
(b, k)-enriched strictly pseudocontractive mapping, then T has a fixed point. He examined
the following theorems.

Theorem 1. Let C be a bounded closed convex subset of a real Hilbert spaceand T : C — Cisa
(b, k)-enriched strictly pseudocontractive demicompact mapping. Then, F(T) # @, and for any
fig € C and any fixed 0 < ¢ < 1 — k, the Krasnoselkii iteration sequence given by the following:

fipi1= (1 —0)hy +0Thy,n >0
which converges strongly to a fixed point of the mapping T.

Theorem 2. Let C is a bounded closed convex subset of a real Hilbert spaceand T : C — Cisa
(b, k)-ESPCM for some 0 < k < 1. Then F(T) # @, and for any hy € C, and any control sequence
{pn}n = 1such that k < p, < 1and 275 (un — k) (1 — pn) = oo, the Krasnoselkii-Mann
iteration sequence given by the following:

i1 = (1 — Apn)lin + Apn Thy,n > 0,
for some A € (0,1), converges weakly to a fixed point of a mapping T.

Modified Mixed-Type Ishikawa Iteration Scheme

Let E be a real Banach space and K be a nonempty closed and convex subset of E. Let
{S,}X, : C — C be a finite family of (b, ®s)-enriched L;-Lipschitizian self mappings and
{Tiﬁ}fi 1 : C — Cbe a finite family of enriched strictly pseudocontractive self mappings.
If iip € K, then the new hybrid-type iteration scheme for the above mentioned mappings is
as follows:

i = (1—po—00)ho+ poTiT1 + ootio,
hy = (1—p1—0)+mhn+ o,
v = (I—pun—1—on—1)in—1 +UN-1TNTN-1 + ON—1UN—1,
with
1 = (1-100)5101+ 9T,
T = (1-01)50 + Ty,

™ = (1-9n)SnON+ONTNEN,
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where
01 = (1—py—a0o)ho+ uoTipr + Qoo
o = (1—w— o)+ u T2 + 0101,
In = (I—pN_1—an_1)in—1+ #N_1TNON-1+ ON_1ON-1,

with the following being the case.

o1 = (1—190)S17g + 05 Tig,
p2 = (1—107)Sh + 8Ty,
on = (1—108%)Skhn + ONTnlin.

The above Hybrid-type iteration sequence can be written in compact form as follows:
i €K
hn+1 = (1 — Un — Qn)hn + unTi Ty + Ontin (11)
Gnr1 = (1 —py = @u)hn + p Tipn1 + Q0w

where

Tur1 = (1 =01)SiCns1 + 0uTilns1,
pnt1 = (1-— 19,/1)51?1” + l%Tihn/

also {un}, {on}, {0}, {pn}, {0}, {9} € [0,1], and {un}, {v.} C K are two bounded se-
quences.

The following well known iteration schemes can be obtained as special cases from
inequality (11).

Remark 3.
1. IfS; = I, where I denotes the identity map in K, foralli =1,2,--- ,N, ¢, = 0, = Oin
inequality (11), we have the following:
i eK
hn-i—l = (1 — Un — Qn)hn + ,unTign—l-l + 0nliy (12)
Cnr1 = (1= py = @u)n + iy Tiftn + Q1y0n,
where piy, Wy, 0n and o), are as in inequality (11).
2. Fori=1,2,---,N, if on = 0, = 0in inequality (12), we have the following:
hi €K
hn—i—l = (1 - Vn)hn + ]/lnTign-H (13)
Cnr1 = (1= po)hn + py, Titi,
where yy, and ), are as stated in inequality (11).
3. IfT; =T and (1 = y in inequality (13), we obtain the well-known Ishikawa iteration
scheme as follows:
hh €K
fppr = (1— lfln)hn + unTCn (14)
Gn = (1= )l + py Tifin,

where p,, and p,, are as in inequality (11).
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4. If u,, = 0in (14), we obtain the Mann iteration scheme as discussed below:
For an arbitrary hy € K, the sequence {hy, },>1 is given by the following:
fur = (1 — pn)ltn + unTCn, (15)

where yy is as in inequality (11).

From (12)—(15), it is clear that the iteration scheme considered in this paper is much
more general than several iteration schemes so far employed in obtaining convergence
theorems in the current literature.

Motivated and inspired by the results in [4,14,15], our main focus in this manuscript
is to examine the new iteration scheme defined by inequality (11), extend the idea of
(b, k)-ESPCM from a real Hilbert space to a more general Banach space and from a single
(b, k)-ESPCM as considered in [14] to a finite family of A-enriched strictly pseudocontrac-
tive mappings. Furthermore, we shall introduce various strong convergence theorems of
the iterative scheme defined by inequality (11) for a mixed-type finite family of A-enriched
strictly pseudocontractive mapping and finite family of ®g-enriched L;-Lipschitizian map-
ping in the setup of real uniformly convex Banach spaces.

The manuscript is organized as follows: Section 2 is devoted to some preliminary
results which will be helpful in examining the main findings of this manuscript are recalled;
Theorem 4 and some of its consequences are the subject of Sections 3 and 4 concludes
the paper.

2. Preliminaries

For the sake of convenience, we restate the following concepts and results which will
be helpful in the prove of our main results.
Let E be a Banach space with its dimension greater than or equal to 2. The modulus of
convexity of E is a function dg(¢) : (0,2] — (0,2] defined by the following.

. 1
Oe(e) = inf{1 — [[Z(n+ )| : Il =1, [[c]l = 1,e = [[n — ]|}
A Banach space E is uniformly convex if and if g (¢) > 0, for all ¢ € (0,2].

Lemma 1 ([20]). Let E be a real Banach space. Then, forall h,{ € E,j(h— ) € J(h — (), the
following inequality holds.

I+ 12 < 1112 + 20, j(h + ).

Lemma 2 ([21]). Let {a,},{bn}, {cn} be sequences of nonnegative real numbers satisfying the
recursive inequality:
api1 < (14 byp)ay + cp, forall n > ny,

where ny is some nonnegative integer. If Z;{ﬂ b, < +ocoand Z:{i’i cp < 400, then limy,_, 4o ay,
exists.

Lemma 3. Let Ty : C — C be an (b, k)-ESPCM. Then Ty is an L-Lipschitizian mapping, where
L is a positive constant.

Proof. By the definition of (b, k)-ESPCM for b > 0 and ¢ = , we obtain the following.

1
b+1
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(Toh — Tol,j(h—=0)) < |h—=C|* = Allh— T — (Toh — Ty0) |12
= (Toh — ToZ,j(h—0)) — (h—,j(h—0)) < —=Allh—7— (Toh—Te0)||
= —((I-Toh—(I-Ty)g,j(h—7)) < —All(I-Te)h—(I—Ty)Z|?
= (I-To)h— (I-Tp)g,j(h—0)) > A(I—Te)h— (I To)C|?
= h=gll = AJ(I=Te)h—(I-Ty)]|
>

M Toh = Tocll = AR = ¢
The last inequality implies the following:
I Toh — ToGl| < Llin—¢ll,
1+A

where L = T,O <9 <1 and Ty = (1—08)I+ 9T (I denoting the identity map
onC). O

Definition 4. Let E be a uniformly convex Banach space (UCBS) and C be a closed convex subset
of E. Amapping T : C — C is known as an asymptotically regular on C if the following is
the case:

|T" " =T -0 as n— 4o

forall h € C. If T is nonexpansive, then Ty = (1 — 0)I + 0T is asymptotically reqular for all
0 < ¢ < 1(see[22,23]). The concept of asymptotic regularity is due to Browder and Petryshyn [24].

Lemma 4 ([22]). Let C be a nonempty bounded closed convex subset of a real Banach space E.
If a mapping T : C — C is a nonexpansive and F(T) # @, then, for any given ¢ € (0,1),
the mapping Ty = (1 — 0)I + OT, where I is the identity operator, has the same fixed point as a
mapping T and is asymptotically regular.

Remark 4. If T is a nonexpansive mapping then the corresponding mapping Ty is also nonexpansive
and both have the same fixed point. However, Ty has more felicitous asymptotic behavior than the
original mapping (see for details, [22]).

Definition 5. Let C be a nonempty bounded closed convex subset of a real Banach space E.
A mapping T : C — C is said to be demicompact (see [25]) if for every bounded sequence {fy, },>1
in C such that hy, — Thy, converges in C, there exists a convergent subsequence of {fy },>1.

The results proved in this article generalized the results present in [26-29]. For some
more related results, see [30-34].

3. Main Results

In this section, we will provide some fixed point results for (b, k)-enriched strictly pseu-
docontractive, demicompact and (b, ®s)-enriched L;-Lipschitizian mapping in uniformly
convex Banach spaces.

Theorem 3. Let C be a nonempty bounded closed convex subset of a UCBS and Ty : C — C be
(b, k)-enriched strictly pseudocontractive and demicompact mapping. Let F(T) # @, then for any

hyeC,Ae|0, %) and 8,9',6 € (0,1), the sequence defined by the following:
By = (1= 60" )hy + 68 Tohy,n > 0, (16)

converges strongly to a fixed point of a mapping T, where Ty = (1 — 0)I + 0T and I is an
identity mapping.
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Proof. Using inequality (8), we have the following.

= — (Toh — TsQ) ||

(I=To)h— (I=Tp)Z,j(h—0)) > Al
> Al —g||* = 2(Teh — Tsg, j(h — ) + || Toh — TZ|)?]

= [h— > = (Toh — ToZ, j(h — )) — Allh — Z)|* + 2A(Toh — ToZ,j(h — 0)) > || Toh — TeZ||?
= (1= A)||h—g|* = (1 —2A)(Toh — Tg, j(h — ) > || Tsh — Tsg||*.

1
Therefore, for any A € [0, 5)' the operator Ty = (1 — @)1 + 9T is nonexpansive. Now,

consider the sequence {f, },,>1 defined by the following:
By = (1= 60" )hy + 68 Tohy,n > 0, (17)
where 8,9’ € (0,1). Itis clear that {1, },>1 € C; hence, it is bounded. Set the following.
Usp = (1 — 60')T + 68'T. (18)
Then, by (19) and nonexpansiveness of Ty, it follows that Uy is asymptotically regular.
|l — Usghin|| = 0 as n — o0, (19)

Observe the following.

Usgh—h = (1 —08)h+00'Teh —h
= 68/ (Teh—h)
= 68 ((1—9)h+ OTh —h)
58 0(Th — h). (20)

From (19) and (20), we have the following.
|y — Thy|| -0 as  n — +oo. (21)

Since the mapping T is demicompact (by hypothesis), it follows, from (20) that Usy is
also demicompact. Since {%, },>1 € C and C is closed and bounded subset of E, it follows
that {71, },>1 is demicompact. Hence, there exists a subsequence {7, };>1 of {/},>1 that
converges strongly to a point ¢, which obviously belongs to C since C is closed. Again,
it is clear that limy— o |71, — Usglinjl| = 0; since lim; o [[£ — f1yj|| = 0 and Usp are
demicompact, Usyf = ¢. Consequently, using (18), the nonexpansivity of Ty and Lemma 4,
it follows that Tyl = ¢; that is, F(Usy) = F(Ty).

Following the same argument as above, considering (21) and demicompactness of T,
we obtain Tg = ¢. Thus, we have the following.

F(Usg) = F(Ty) = F(T).

Furthermore, using the fact that Ty is nonexpansive, we obtain the following:

s — € = [[(1— 68)hy + 69Tshy — €|
< (1= 09|y — £ + 09| Tohn — ||
< (1 =60) || — £ + 607 — £]]

= | — 2], (22)

for any positive integer n. For any € > 0, there exists an integer 1 such that ||f,, — ¢|| <€,
we obtain from (22) that ||71, — ¢|| < € for any integer n > ng. Therefore, {f, },>1 converges
strongly to ¢, a fixed point of a mapping T. O
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Example 2. Let E = R? be equipped with the Euclidean norm, and we have the following.
C = {(hy, ) € R%, Ty, by > 0,13 + 15 < 1}. (23)

Define the mapping T : C — C by T(1, ) = (&, %) It is easy to see that E is UCBS and
that C is a bounded, closed and convex subset of E. Let b € [0, +c0) and k € [0,1). Then, for all
f, { € C, we have the following.

Ib(h =)+ Th —T¢ ||*= (2});1)2 I (m1,81) = (h2, G2) |17 - (24)
Moreover, we have the following.
G+1* [ =G |? +k | h == (Th=TQ) [IP= [(b+1)* + §1 I (m1,01) = (2, &2) |17 - (25)
From (24) and (25) implies the following.
lb(h =)+ Th=TC|? = <2b2+1>2 I (71,80) = (h2, 22 |1?

< [b+1)2+ (fj)} I, 2) ~ (2, 2o) |
= DR C IRk A (TR TO) P

Thus, the mapping T is (b, k)-enriched strictly pseudocontractive mapping. Again, it is not
hard to see that T is demicompact. Furthermore, observe that (0,0) is a unique fixed point of T.

Next, we show that the sequence defined in (16) (Theorem 3) converges strongly to the fixed
point of T. Using the fact that Ty = (1 — 8)I + 0T, where I is an identity mapping, and by setting
iy = (0.7,0.7) € C as our initial guess, we proceed as follows.

Fix 6 = 9 = ¢ = 0.5 and define mapping T : C — C by Th = g Then, for n = 0 and
It = R in (16), we obtain the following.

= (1—68 g+ 68 [(1 — 8)hg + 8Thg)ho = (0.617,0.617). (26)
Again, for n = 1in (16), we obtain the following.
By = (1— 68 )iy + 68 [(1 — 8)hy + 0Thy ]y = (0.534,0.534). (27)

By continuing in this manner, it can be seen that h, — 0 as n — oo, and this completes
the proof.

Theorem 4. Let E be a real UCBS and C a nonempty closed convex subset of E. Let S; : C — C
be a finite family (b, ®g)-enriched L;-Lipschitizian self mappings and T® : C —s C a finite family
of enriched strictly pseudocontractive self mappings. Let {hy } be a sequence defined by the following:

€ K
hn+1 = (1 — Un — Qn)hn + ]inTing—',-l + Onlin (28)
Gnir = (1= — @)l + 1y TP o1 + Qon,
where
Tugp1 = (1= 04)Silns1 + 00T Lt pus1 = (1= 8),)Sifn + 0, T iy,

and {un}, {on}, {0}, {1}, {0}, {0} € [0,1] and {u,}, {va} C Kare two bounded sequences.
Suppose F = NI, (F(S;) N F(T;)) # @. If the following conditions hold:
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llont1

_€n+1||

i. 0<§<§n§nn<yn<y<1zn1yn—+oo,zn+°°ly$l<+oo
Yo 1Qn<+00 s 1Qn<+00
ii. ont+o,>1pn+on>1,u,+ 0, >1,limy e pu2A > 0;

iii. There exists a constant L' such that ®¢(r) = L'r, for some L' > 0.
then the sequence defined by (28) converges strongly to a fixed point £ € F.

Proof. Let the following:

M = sup{|jun — ]|, [vn — £}

and the following be the case.
L =max{L, L/}

17

Since T+l = (1 — ﬂn)signJrl + ﬁnTi€n+l, and Pn+1 = (1 — l%)Sl‘hn + ﬂ;Tihn, we have

the following.
lon1 =Ll = [1(1—8,)Sifn + 0, T ) — £
< (1= 8)ISitn — €] + 8| TP 7 — ]
< (1= 8)Ds(17n — £I]) + O, L |71 — £]|
< (1 =0y,)Lillhn — €| + 8, L7, — £
< (1-9,)L||h, — 2| + 0,L||, — €|
= L, —£]|. (29)
Moreover, we have the following.
1Zns1 — €] 180 ((1 = py = @) + 1 T o + Qyon) — £
= [1&a(1 = 1y — @) (w = €) + Eapt (TP o — €) + Enyy (00 — 0)
< Gn(L— iy — 001w — L] + G| T o0 — L] + Enhllon — £
< 81— py = o) 1 — Ll + Gnptn L [lon — L1l + Gnorllon — ]|
< (1= )1 — €1 + CupnLllon — €] + EnopM
= &u(1— )|y — €] + Enp L2 — £]| + oM by (29)
< Cu(1+ pnL?) |1 — €] + oM (30)
Furthermore, we have the following.
< ”Pn—H — L+ 1€ = Znaal
< Ll — 0+ (1+ pp L?) || — €| + oM by (29) and (30)
= (L4 L+ ppL?)|[hn — £]| + gpM (31)
Now, we can write the following.
[T =€ = [[(1—04)SiCnt1+ 1911Ti0€n+1 o4l
< (1= 8)ISiZnr1 — €l + Bull TP Tngr — £l
< (1= 80)®@s[|Tus1 — Ll + 8L 1301 — £
< (1= 0)L|Tugr — £l + OnLi (| Zngr — ||
< (UL Gnr — 2]
< 2L[|Gny1 — 4|
< 2L[(1+ pupL?)||fy — €] + 0,M] by (30)
= 2L(1+ u,L?)||hy — £|| + 2L\, M (32)

Moreover, we have the following.
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1Cn+1 = Tugall = [|Eu((1— V:a - Q;z)hn + ‘u;Tiﬁan + Q;ﬂ]n-i-l) — (1 = ptn — Qn)hn

and

HTn+1 - hn+1||

IN

IN

IN

IN A

IN

IN

IN

IN

IN A

IN

Fpn TP Tugr + Qnttn) | (33)

18 ((1 =ty — 00w + TP o1 + 0on) — Enl(1 = s — )i
+VnTz‘lng+1 + onttn]||

18 (1 =y — @) (n — 0) + Enptly (TP pus1 — €) + Enly (v — €)
—Cn[(1 = pn — 0n)(hn — £) + Vn(TiﬁTnH —£) 4+ 0n(uy — £)]||

= & (33 + 01) (o =€) + Gty (TP o1 = £) + Enhy (0n — )
—Cn[—(pn + 0n) (hn — pl) + l‘n(TiﬁTnH =€) + gn(un — 0)]||

183 (TP onr1 = €) + Enhy (00 — £) = Enpin (T{ T — £)
—GnQn(un — )|

gn,”;z”TiﬂPnH — L + gnQ;zHUn — L)+ CnVnHTiﬂTnH — 1
+Enonllun — L]

Enpn Ly [|ons1 — £l 4 EnopM + Eupn L || Tusr — €| + EnonM
Sty Lllons1 — €l + CnpnLl| Tusr — £l + Enlon + @) M

Entin L ||y — €| + 28upn L2 (1 + ), L2) |7y — €| + 2Eup0), LM
+Cn(on +0y)M by (29) and (32)

Enlpth + 2pn (1 + p, L) L2 (| Rryy — )] + &0 + 0 + 210, L*)M (34)

H(l - ﬁn)sign + 19nTz'l9gn - hn+1”
1SiCn+1 = Cnsall + 1Zns1 = Frnga || + On | TP Tnsr — U + 010 — Silsa |

”sigrwl - éH + ||€n+1 - £|| + ||§n+l - hn+1|| + ﬁnHTiﬂgnJrl - 2||
+l9n||£ - Sién-&-l“

LillZns1 =+ 1Zns1 = #lll 4+ 1Zns1 = Fusa | + 8a LY | Cng1 — 2]
+0uLi[|pl = Cpyall

@511 — Ll + 11 — €+ 1181 — Paga |+ 8L 1Gna — L1 + OuL' || — Ca
L|Gus1 =€l + 1Cns1 — LIl + 1801 — P ll + OnLl|Gugr — £l + OnL[[€ — Cusa
(1 +L +2l9nL)||€n+l - EH + ||€n+1 - hi’l+1||

En(1+ L+20,L)[(1 4 pp) L2 — €] + @, M] + &gty + 2pn (1 + p), L*)] L2
*[|fin — €]l + (on + 0} + 2@, L)M] by (30) and (34)

Cnl(1+ L +28,L) (1 + puyL%) + (py + 2p (1 + py) L)) L] [Ty — el
+En[(24 L+ 28, L + 2pnL?) 0, + 0n] M.. (35)

Now, using Lemma 1, condition (ii) and the fact that Tiﬂ (i =1,2,---N) is strictly
pseudocontractive self mapping , we obtain the following.
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7041 — EHZ = [|¢n((1 = pn — 0n)tn + }”nTing-i-l + Qnttn) — EHZ
= [|¢n(1 = pn — @n)(hn — £) + gnﬂn(TiﬂTnH —0) + Enon (un — 0)|?

< (1= pn — on)? IR — 1) +2‘§nﬂn<(TiﬁTn+l — 1)
+0n(un —£),j(hy1 — 1))

= C3(1— pw — 0n)?1hn — U + 28upn (TP Tugr — £, j(Frnq — £))
+2’§nﬂn<Qnun - E/].xn+1 - €>

= ‘:%(1 — Hn — Qn)Zth - ZHZ +2§nﬂn<TlﬁTn+1 - Ti&hnﬂ
(TP tyr1 — €), (i1 — €)) + 28upn0nllttn — €| || (Frnir — 0]

= 53(1 — Mn — Qn)2||hn - EHZ +2§n}‘n<TiﬁTn+1 - Tiﬂhnﬂr]'(hnﬂ — 1))
+2’§nﬂn<Tz‘ﬁhn+l — L, j(hug1 =€) + 28upn0n||[un — L[| (1 — £) ||

< ‘:%(1 — Hn — Qn)Zth - KHZ + 2€nﬂn<TlﬁTn+l - Ti&hn+1,j(hn+1 — 1))
+28nptn (1w — A = Mlir — T 1 |1?) + 28npnonlltn — €] || (Fuia — 0|

= (1= pn — n)?[Ifn — €0 + 28npn | T Ter — T Pt | Frnr — 2]
+28npnl|fin — 6”2 = 28upn M|ty — TiﬂhnH”Z +28npn0nM||fyq1 — £

< ‘:31(1 — HUn — Qn)Zth - fHZ + 2§nVnL§/||Tn+1 — g1 171 — 2|
+28npnlfn1 — EHZ — 28 upn M| Ty 1 — Ti&hn-i-l ||2 + 2Un0uM||Ty 1 — £

< Zh(1— pn — 0n)?llhn — L1 + 28npn L Tasr — Bt | 1Frnr — €]

+28npin ||t y1 — £||2 — 28upn M| Ty g1 — Ti&hnHIIZ
+28n pn0n M|ty 1 — L. (36)

From (35) and (36), and using the fact that 2ab < a? + b?, we have the following.



Symmetry 2022, 14, 1032

13 0f 18

71 — 12

IN

IN

IN

C%(l — Un — Qn)Zth - gHZ

+28upn L{[(1 + L+ 28, L) (1 + py,L?) + (5, + 2p0 (1 + 13, ) L) L?] |y — £]]]
+[(2+ L 428, L + 24 L%) @) + 0] M} [y 11 — €]

A28 npin ||t y1 — EHZ — 28 pn M| Ty g1 — TiﬁhnHHz + 28upn0n M|l — €|
(1= (s + 0n))*||1tn — €|

F2{{&npnL[(1 4+ L 420, L) (1 + 13, L%) + (s + 200 (1 + p) L2 L2 71y — €]]]
+[(2+ L 428, L + 21nL%) Q) + 0] M} + 28nptn0uM} |1 — £

2| ty1 — £)|* = 2EnpnA |1 — TiﬁhnHHZ

(14 (un + 00)1in — €17 = 2(pn + 0n) |Ftn — Frngr + Frpq — €12
F2{{GnpnL[(1+ L 428, L) (1 + py L?) + (i + 240 (1 + i) L) L] [y — put ]
+[(2+ L 428, L + 2unL?) Q) + 0] M} + 28nptn0uM} ||y 1 — £

2| ty1 — £)|* — 2EnptnA |1 — TiﬁhnHHz

[1+ (pn + 0n) N — €)% = 2(un + 0) [1n — g1 1> — 2(pn + 00) |1 — 212
+2{ {GnpnL[(1 + L+ 26, L) (1 + e L2) + (tf + 2p0 (1 + iy )L2) L] |y — €]
+[(2+ L+ 20,L + 2unL?)0), + 0n) M} + 2Enptn0n M} ||Fryir — £

12|t — € — 2 st — TR |

[+ (i + ) — L1 = 2(n + ) | = £+ £ = R a2

—2(ptn + 0n) g1 — 4|7

+2{{8unpnL[(1+ L+268,L) (1 + py L%) + (5 + 2pm (1 + i3, ) L) L2 [y — €]
+[(2+ L+ 20,L + 2punL?)0) + 0n) M} + 2Enpin0n M} ||Fryir — £

+2th+l - gHz - 26?!.14"/\”hn+1 - TlﬁthrlHZ

[1 + (V” + Qn)z]th - £||2 - 2(7471 + Qn)”g - hn+1||2 - 2(}471 + Qn)||hn+1 - EHZ
+2{{GnpnL[(1 + L 428, L) (1 + py,L?) + (3, + 240 (1 + i3 )L*) L] [ — £]]]
+[(2+ L 428, L + 21, L%) Q) + 0] M} + 28nptn0uM} ||y 1 — £

+2th+l - EHZ - 2§nﬂﬂ/\|lhn+l - Tlﬁhn+1|‘2

(14 (ptn + @n)*Iin — €)* = 4(n + 00) g1 — £

+2{{GnpnL[(1 + L 428, L) (1 + py,L?) + (3, + 2p0 (1 + i3, )L*) L] [ — £]]]
+[(2+ L 428, L + 21, L%) Q) + 0] M} + 28nptn0uM} ||y 1 — £

+2th+l - EHZ - 2§nﬂﬂ/\|lhn+l - Tiﬁthrle

(14 (un + 0) ]| 7in — €)* — 4[|Frpq — ||

+2{{GnpnL[(1 + L +28,L) (1 + py,L?) + (3, + 240 (1 + i3, )L*) L] [ — £]]]
+[(2+ L 428, L + 21, L%) @) + 0] M} + 28nptn0uM} ||y 1 — £

+2th+l - EHZ - 2§nﬂﬂ/\|lhn+l - Tiﬁthrle

[1+ (pn + 0n) ||t — €)% = 2|1 — €12

+2{{GnpnL[(1+ L 428, L) (1 + py,L?) + (3, + 2ptn (1 + i3 ) L2 L] [ — £]]]
+[(2+ L 428, L + 21 L?) Q) + 0] M} + 28nptn0uM} |1 — £

—28npnA |y — TiﬁhnHHz- (37)

Let the following be the case.
an = ||y — pl|?,

Uy = EnptnL[(1 + L +20,L) (1 4 p,L2) + Enptn L (3l + 2, L(1 4 1, L)) L2,
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An+1

IN

IN

IN

and

Un = EnpinL[(2+ L+ 20,1 + 205 L?) 0}, + 0u]M + 280 1in0uM, 0 = ||fiyy1 — Tiﬁhnﬂ &

Using the above information, (37) becomes the following.

anpr < (L g+ 2000n + Qn)an — 241+ 2(Vi [ n — ] + €)1 — €]
— 28 U ATy (38)

Again, by using 2ab < a? + b?, (38) becomes the following.

(1+ ﬂ%z + 2pnon + Q%)an —2a,11 + (V|| — € + gn)z + |1 — EHZ
—28npun Aoy

(1+ P‘% + 2unon + Q%z)an — 24,41 + V%”hn - VEHZ + 20yl ||y — €| + K%
|1 — €)1> = 28npnron

(1+ ps + 2p4nQn + Q) an — 241 + Vg [T — pl|[* + v + £ || — pl||* + 45
g1 — pll|* = 28npnAoy

(1+ 12 + 20000 + 02)an — 28541 + V2ay + V2 + Cay + 12

+a,41 — 2Cnpn Aoy

(14 2 + 2un0n + 02 + V2 + 2)ay — ayq +v2 + 02

—28npun Aoy

(1+ 2 + 2ptn0n + 02 + V2 + 2)ay + v2 + (2

— 28 Hn Aoy (39)
(14 43y + 2000 + @ + Vi + £3)an + vy + (. (40)

From (40), we have the following.
Ap+1 < (1 + gn)ﬂn + hy, (41)

where g, = 2 + 2404 + 0% + v2 + £2 and h, = v2 + (2. By conditions (i) and (iii), we
obtain }_ 7 ¢, < +eoand ¥/ hy < o0

Again, from (41) and Lemma 2, we obtain that lim, s 0 ay, = limy e ||ty —
l|| exists.

Now, we claim that {f,},>1 is a Cauchy sequence in E. To see this, we apply the
inequality ¢ > 1+ 6, which holds for all 6 > 0, in (41) to obtain the following;:

[fner =Ll < (1 +gn)l|tn — L] + hn
< e8|y — £ 4 ha,

which, for m,n > 1, provides the following.

[ — €] < eS| Rypm—1 — L] + hngm—1

< g8ntm-1 [Eg"*m’z th+m71 — §*H + hn-l—m—z] +hnim—1

= 8n+m-1T8n+m—2 ||hn+m71 — EH + hn+m_2 + h'rlerfl

S egn+n171+gn+"’l*2 ||hn+m_1 — EH

+e8ntm—1F&nim-2 (hngm—2 + Hppm—1)
<
oo oo n+m—1
< LSSy — £ +eE8 Y By (42)

i=1
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Set W = eLis18i, Then, for any given € > 0, it follows from Z:j gn < 400 and
Y% hy < +oo that there exists a positive integer 19 and a point £ € F such that the

following is the case.
€ n+m—1 €

[0 — £]| < 20+ W)’ l:Zl hi < W (43)

Thus, from (42) and (43), we have, for all m > 1, the following.

Pngm = gl < Ningrm — L] + 1Fing — £]|
n+m—1
< Wi, — 4| + W Z hi + ||y — 2|
i=1
< €. (44)

Thus, {1, },>1 is a Cauchy sequence in E as claimed. The completeness of E guarantees
that {%, },>1 converges strongly to a point ¢ € E.

Suppose that lim;, 4« 71, = ¢, we need to show that £ € F. However, for any given
€* > 0, there exists a positive integer N* > N such that the following is the case.

e*

Similarly, there exists v € F such that the following is the case.
*

€
7y — v[| = d(fns,v) O (1, F) < 2(1+3L)°

Using the above estimates, we have the following.

Tt — ¢ = ||T—v+Tihn —v+v— Thne +v —fins + ige — £
< Tl =vl + I Tifns — vl + [Jv = Til« || + |lv = Bine[| + [[ons — ]|
< L6 = vl + L e = vI[ + LY [[v = B || + [[v = B || + [[Fangs = £]]
< LI~ e+ 2L e — vl + Ll — e+ [0 — e+ e — €]
= (1+L)||—~n<||+ (14 3L)||An- — V||
< €~

Since €* > 0 is arbitrary, we obtain the following.
T = 1.

Again, from the above estimates, we have the following.

IS¢ —L|| = ||Sil — v+ Sihns —v+v — Siline +V — hins + iy — £
< IS = vl + [ISifine = vI[ + lv = Sifins || + [Jv = Fins[| + [|Fine = £]]
< O([[0—vl) + Ps([[ne — Vi) + Ps([[v — Aans[]) + [[v — s || + ([T — £]]
< Lille = vl + Lilline —vil + Lillv = hins || + [Jv = Tonge || + ([ = £]]
< L[| = hns|l 4+ 2L|[ins — v|| + Lllv = Ane|| + v = Fine | =+ [ — £]]
= (1+L)||¢—nhn||+ (1 +3L)|an- — V]|
< €

Since €* > 0 is arbitrary, we obtain the following.
Sil = 1.

Consequently, £ € F = NI, (F(S;) N F(T;)). This completes the proof. [
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Corollary 1. Let E be a real UCBS and C a nonempty closed convex subset of E. Let T® : C — C
be a finite family of enriched strictly pseudocontractive self mappings. Let {h,} be a sequence
defined by the following:

i €K
fyq1 = (1 — Hn — Qn)hn + ,unTiﬂTn-q—l + onttn (45)
Cnrr = (1= py = @h)hn + TP ot + €10

where
Tut1 = (1= 0n)Cns1 + ﬁnTiﬁgn+11Pn+l = (1= + I%Tiﬂhnr

{un}, {on}, {0}, {pn}, {0h}, {9} € [0,1] and {u,}, {va} C K are two bounded sequences.
Suppose F = NN F(T;) # @. If the following conditions hold:
i 0<g<én<m<u<u<li,

Yo e = 400, % i < 400, 5 0n < 400, 1% 0], < oo,
i 0n4 0y =L+ an =1+ 0 > 1, limy oo piA > 0;
iii.  There exists a constant L' such that ®¢(r) = L'r, for some L' > 0.

then, the sequence defined in (45) converges strongly to fixed point £ € F.

Proof. LetS; =1,i =1,2,---, N, where I is an identity mapping, in (28). Then, the results
follows as in the proof of Theorem 4. [

Corollary 2. Let E be a real UCBS and C be a nonempty closed convex subset of E. Let T® : C —»
C be finite family of enriched strictly pseudocontractive self mappings. Let {h,} be a sequence
defined by the following:

hi €K
hn+1 = (1 — Un — Qn)hn + ﬂnTiﬂTn-s-l + 0nlty (46)
T = (1= ppy — 00 + 1, T hy + 01,00,

where
T+l = (1 - 1911)@11+1 + 1911T1‘19§n+1/
{un}, {on}, {On}, {pn}, {0}, {9,} € [0,1], and {un},{vs} C K are two bounded sequences.
Suppose F = NN F(T;) # @. If the following conditions hold:
i 0<g<én<m<u<u<li,
Yo = 400, % i < 400, 7 0n < 400, 1% 0]y < oo,
i on+0n > L+ 00 > Ly + 0y > Llimy s oo piA > 0;
iii.  There exists a constant L' such that ®¢(r) = L'r, for some L' > 0.

then, the sequence defined by (46) converges strongly to fixed point { € F.

Proof. LetS; =1,i =1,2,---,N, where I is an identity mapping, and ¢, = 9, = 0in (28).
Then, the results follows as in the proof of Theorem 4. [

Corollary 3. Let E be a real Banach space and C a nonempty closed bounded convex subset of
E. Let T® : C — C be two strictly pseudocontractive self mappings. Let {h,} be a sequence
defined by the following:

h1 € K
hn+1 = (:n((l - ]/‘n)hn + ,”nTiﬁgn) ’ (47)
Tn = 1n((1 = py)Fan + VlnTiﬂhn)

where {&,}, {nn} € (0,1), {pa}, {4)} € [0,1]. Suppose F = NN, F(T;) # @. If the following

conditions hold:
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L 0<g<Cn<mp<pup<pu<l,

Yt = 400, 1,55 iy < 00, 5 o < 400,15 0 < oo
ii. on+0,>1Lun+0n>1p+0, >1lim, 00 uiA >0;
iii.  There exists a constant L' such that ®¢(r) = L'r, for some L' > 0.

then, the sequence defined by (47) converges strongly to a fixed point ul € F.

Proof. Let S; = I, where I is an identity mapping, and 9, = 0, = 0, = ¢}, = 0 in (28).
Then, the results follows as in the proof of Theorem 4. [

Remark 5. If T is a k-strictly pseudocontractive self mapping, then the above results still hold very
well. Our results generalize the results of Theorem 2 and Corollary 3 in [14] in particular and many
other results currently existing in literature.

4. Conclusions

In this paper, we have introduced and studied (b, k)-ESPCM in the setup of real Banach
space. We proved strong convergence theorem (Theorem 4) that extends the remarkable
results obtained in [14] from real Hilbert space to a more general UCBS and from one
mapping to a finite family of mappings. Moreover, we provided an example that does
not only support our main results but also validates the results. The results obtained in
this paper extend and improve several convergence theorems in the current literature (for
details, see [14,26,28-30] and the references therein).
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