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Abstract: In 1999, for (0 < k < c0), the concept of conic domain by defining k-uniform convex
functions were introduced by Kanas and Wisniowska and then in 2000, they defined related k-
starlike functions denoted by k — UCV and k — ST respectively. Motivated by their studies, in
our work, we define the class of k-parabolic starlike functions, denoted k — Sy, 4, by using quasi-
subordination for m-fold symmetric analytic functions, making use of conic domain ;.. We determine
the coefficient bounds and estimate Fekete-Szego functional by the help of m-th root transform and
quasi subordination for functions belonging the class k — Sy, 4.

Keywords: analytic function; subordination; quasi-subordination; m-fold symmetric; Fekete-Szego
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1. Introduction
Assume that A is the family of functions given by:

f(z) =z+ ) anz", 1)
n=2
which are normalized analytic functions with:
fO)=f(0)=1=0

in the open unitdisc A = {z: |z| < 1} andlet H = {f € A: f is univalentin A}. For the
function ¥ € H if:

Y(0)=0and [¥(z)| <1,(z € A)
then ¥ is said to be a Schwarz function which is self-mapping of the unit disc A.

For the functions f,g € #, it is said that the function f is subordinate to g in A,
and write:

f(z) = g(z)(z € A),
if there exists a Schwarz function ¥, such that:
f(z) =g(¥(2))(z € A).

It is well known that if f(z) < g(z), then f(0) = g(0) and f(A) C g(A), (z € A).
Moreover, if the function g is univalent in A, then we get:

f(z) <8(z) & f(0) = g(0) and f(A) C g(A), (z € A).
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In 1970, Robertson [1] developed the notions of quasi-subordination and majorization
as follows:

For functions f and g, analytic in A, the function f is quasi-subordinate to g, writen
as follows:

f(z) =4 8(2), (z € A)

if there exist analytic functions ® and ¥,
|P(z)] <1,¥(0) =0and [¥(z)| <1,

such that:
f(z) = P(2)g(¥(2))(z € A).

If we choose the function ® as ®(z) = 1, then f(z) = g(¥(z)), so that f(z) < g(z) in
A. Moreover, by taking the Schwarz function ¥ as ¥(z) = z, then:

f(z) = @(2)8(2) (z € A)
and it is said that f is majorized by ¢ and denoted:
f(z) << g(z)(z € A).

Thus, it is clear that quasi-subordination is a generalization of subordination besides
majorization. For a brief history and brilliant examples of univalent functions endowed
with quasi-subordination, in conjunction with several other features, see [2] and references
therein (see also [3-10]).

The fact that the n-th coefficient of a univalent function f € is bounded by # is well
known (see [11]). The bounds for the coefficient provide knowledge the about numerous ge-
ometric features of the function. In Geometric Function Theory, the Fekete-Szegt functional
for normalized univalent functions represented by the Equation (1), is well known for its
rich history. The Fekete-Szeg6 problem is the problem of maximizing the value of the non-
linear functional |a2as — pa3| [12]. The equality is valid for the Koebe function. The sharp
upper bound for Fekete-Szego functional was found by Keogh and Merkes [13] for some
subclasses of univalent function classes. Indeed, very recently, the Fekete-Szegt problem
has gained importance thanks to the work of Srivastava et al. [14] (see also [15,16]). Several
other authors have examined the bounds for the Fekete-Szego functional for functions in
numerous subclasses of H. Related studies can be found in [17-22].

Let m be a positive integer and D be a domain. If a rotation of D about the origin
through an angle 22 carries D to itself then it is said that D is a m-fold symmetric do-
main. A function f(z) is said to be m-fold symmetric in A, if for every z € A following
equality holds:

27

f(e%mz) =em f(z).

We show by H,, the class of m-fold symmetric univalent functions in A, which are
normalized by the series expansion (1). Actually, the functions in the class H are one-
fold symmetric.

In 1916, Gronwall presented that f(z) has a power series expansion given by:

f(Z) = blz + berlZerl + b2m+122m+1 4+ = bnm+1znm+1- (2)

=
Lre

on the condition that it is regular and m-fold symmetric in A.

On the contrary, if f(z) is expressed by (2), then f(z) is m-fold symmetric inside the
circle of convergence of the series. For a univalent function f(z) given by (1), the m-th root
transformation is presented with:
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[0 9)

F(z) = [f(z")]7 =2+ Y bunsa2™ . ®)

n=1

The concepts of k — SP and k — UCV were introduced by Kanas and Wisniowska [23,24]

as follows:
k—SP = {f:fe%,m(‘j(f(;))>k?(/zz))—1,ze/\,o<k<oo},
k—UCV = {f:feH,Re<1+j£;l§))> >szff/(,§)) ,zeA,ogkgoo}.

This is a fascinating association of the notion of univalent convex functions [25] and
uniformily convex functions [26]. Kanas and Wisniowska [27] considered the geometric
definition of k — UCV and its relations with the conic domains. The class k — SP was
studied in [23]. The class k — SP, composing of k-parabolic starlike functions, is defined
from k — UCV by means of the well-known Alexandar’s transforms [24]. That is,

fek—UCV & zf'(z) ek—SP,z € A.

According to the one variable characterization theorem [23] of the class k — UCV,

f € k—UCV (in turn f € k — SP) if the values of p(z) =1+ ZJ{,N(S) (in turn p(z) = fog—iz)))

lie in the conic region () in the w—plane, where:

Qk:{w:u—l—ivE(C:uz>k2(u—1)2+k202,u>O,O§k<oo}.

This property allows us to obviously determine the domain (), as a convex domain
contained in the right half-plane. Moreover, if we specify the parameter k, then () denotes
certain interesting domain regions. We know that for (), if 0 < k < 1 then it is an
hyperbolic, if k > 1 then it is elliptic, if k = 1 then it is parabolic region, and after all Q) is
the whole right half-plane.

Assume that B ={Y € H: ¥(0) = 0and |¥(1)| < 1}. In sequel, we will use the next
lemmas to obtain our results.

Lemma 1 ([13]). Let ¥ € B is given by:

Y(z) =Yz + Y222+ ,z€A.

Then for every t € C,
"Yz — S‘Y%‘ <max{1l,|s|},Vs € C.

Lemma 2 ([28]). IfY € B and:
Y(z) =Yz + Y222 + -,z €A,

then:

-5 s < —1
“I’z—s‘l’ﬂg 1, —1<s<1.
s s>1

Lemma 3 ([29]). If ¥ € B and:
Y(z) =Yz + Y222 + -,z €A,

then:
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,Vs € C.

“Fz—s‘i’%’ <1+ (|s] —1)“1%

Lemma 4 ([30]). Let 0 < k < co be fixed and Ry (z) be the Riemann map of A on to O fulfilling
% (0) = 1,R,(0) > 0. If

Ri(z) =1+ R (k)z+ R (k)22 + R3(k)22 +--- ,z€ A (4)
then:
272
- , 0<k<1
Ry = Ry (k) = % , k=1
s k>1
ROE-DI-Nvr >
Ry = Ry (k) = D (k)R (k)
where:
247 , 0<k<1
9“&1 = 9{1 (k) = % ’ k=1
42 (r) (rP+-6r+1)— 2 k>1

24K2(r) (1+7)/r /
T = 2 arccosk,
s
K(r) is complex elliptc integral of first kind (see [31-33]).

Very recently, Caglar et al. [34] presented the coefficient estimate by m—throot trans-
form for a family defined by Hohlov operator using quasi-subordination for conic domains.
In this study, motivated by works of Kanas and Wisniowska [26,27] and Caglar et al. [34]
as well as earlier studies mentioned above, we define the class of k-parabolic starlike
functions via m—fold symmetric functions, denoted k — S’Hm,q' We use the concepts of
quasi-subordination and majorization to define our new classes. Moreover, coefficient
bounds and Fekete-Szegd inequality are examined.

Definition 1. For f€ A defined by (1), f is said to be in the class k — Sy, 4 if it provides
the quasi-subordination:

zf'z)
B —1 =<4 R%(z) —1,z€ A (5)

We consider throughout this study that ®(z) = co + c1z + 222 + c32% +... and |c,| < 1.
Additionally, we will assume that F is the m-th root transform of f presented by (2) in
next theorems and corrollaries.

2. Main Results
Theorem 1. If fek — Sy, 4, then:
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R
|bms1] < er
1 m—1
‘b2m+1‘ S % |:9‘{] +max{9‘il, <m —+ 1>9‘i% + |9ﬁi2|}},
1 2u+m—1
’meJrl_Vb%Prl’ < zm{%l—kmax{%l,;ﬁn+1’9{%+|§R2|H

Proof. Let f€ k—k— Sy, 4- Then, there are two analytic functions ® and ¥ with [®(z)| < 1,
¥(0) =0and [¥(z)| < 1such that:

L 1= o) - 1) ©
O(2) [ (¥ (2)) — 1] = Rico¥1z + [D‘ilcl‘}’l +ao (ml‘l’z + mﬁf%)} 24 (D)
By using (7) in (6), we have:
a» = Rqicp¥ (8)
205 — a2 = Mcr¥i+ oo (ml‘fz + 9%2‘1%)
= a3 =2(Fer ¥ + Fo¥a + (R + Raco ) ¥3). )

For f given by (1), we can easily compute that:

1 1 1 1 -1
FE) = [FE =t e a5 (T |0+ o)
Upon equating the coefficients of z ! and z2"*! in view of (2) and (10), we have:
1
b1 = — a2 (11)
and:
1 1/m-1Y\ ,
bomi1 = el Ry (mz>ﬂz~ (12)
From (8), (9), (11) and (12), we obtain:
RicgY
b1 = 71;2 ! (13)
and by using |c,| <1, [¥,(z)| < 1in (13),
R
[bmat] <5 (14)
1 m—1 ,
bawer = 03— a3
17 m—1
= 5%ty + o a + (m%.:g +c09%2)‘f% — Wm%cg‘lfﬂ
9%1 [ m—1 Ry
= m _611}!1 + CO{\PZ - <m%1C0 — Ry — 9%1>“F%}]
%1 [
= Stati+ co{¥>—s¥1}]. (15)

Due to the fact that D = %, we can write:
-1
s = ’”Tmlco ~ Ryco — D. (16)
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Additionally, by using |c,| < 1, |¥,(z)| < 1 we obtain:

-1
‘S| = ‘mmlq) —E}{lCo — D‘
m

1
<m+1>ml+|D|.
m

IN

By taking taking the modulus of both sides of the Equation (15) and applying Lema 1

to the
R
[bawer| < 5 (1+max{L, |s[})
1 m—1

Therefore, for any u € C,

Ry [ m—1
b2m+1 — ‘ub%H_l = ﬁ C1T1 + Co{‘fz — (mmlq) — 9‘{1C0 — D)\P%}:|
mZ 1{!2
Ry [ NRic
= ﬁ 1Y +co{‘I’2 — (s+2y ;10>‘I’%H
Ry : 2
= o |a¥ita (‘Ifz - l‘i’lﬂ (18)
where s is given by (16) and:
- <s+zym;f°> (19)
Using inequalities |c,| < 1, [¥4(z)| < 1 and applying Lemma 1 to [¥> —
we obtain:
R
b2m+1 — ybzmﬂ‘ < m -1 [1 + ‘Tz lTlH
Ry
< — .
< 21+ max{1 1]}
Further, because of:
Rico
= js+2u—=
(m—1) Rico
= - —D+2
= Rico — Rico +2u—— -
2 -1
< R+ + (D)

we conclude that:

1 2u+m—1
b2m+] — ]/lb,zn+l’ < % {9%1 —l—max{ml, T

+ 1’9%% + |m2|}]
Letting m = 1 in Theorem 1, we obtain next: [

Corollary 1. If f€ k— Sy, 4, then:
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’bg, - yb%‘ < %[ml +max{m1, 20 + 1|92 + |m2|}].

Taking values of R; = R4 (k) and D = D(k) also k in Theorem 1, we obtain next:

Corollary 2. If f€ k— Sy, ., (0 <k < o0)and 0 <k <1, then:
1( 272
|bm+1| S m<1_k2>/

bom1] < ;n[(127;2(2>+max{(12ff;)’<mm1+1><127'12{2)2
() (7))

and for any u € C:

1 |[ 272 2772
b2m+1_7’lbﬁz+1‘ < Zm[<I—kZ>+maX{<l—k2>’

A1) (521

Corollary 3. If f€k— 83,4, (0 <k < o0)andk =1, then:

2
2y+m—1+1‘< 27'2)

m 1—k?

1
|bomt1] < o

and for any u € C:

18 8
2
meH—meH’Sm[nz*max{yﬂ' m Atae

2u+m—1 1‘64 16 H

Corollary 4. If f€ k— Sy, 4,(0 <k < oo)andk > 1, then:
bua| < - B1,

1
|bos1| < %(31 + max{Bi, B + B3})
and forany u € C:
1
bomi1 — pb2q| < %(Bl +max{By, B4 + B3}),

where:
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2
s
B = R = ,
1 ROl (NG
m—1 m—1 ? 2
B, = (—+1|R2=(—+1 ,
» = ()= = () (e o)
A2k (r) (r? 4 6r + 1) — 72
By = [Rof= 4 2 2, |
96k (r) (k2 —1)(1 — r?)r
B, — ‘2”+m_1+1‘9%%
Theorem 2. If fe A fulfilles:
zf'z)
—1 << %R(z) -1, (20)
@) )
then the following inequailies hold:
R
|bm+1| < Wl/
1 1,
|b2m+1| S % ml + |m2| + aml .

and for any u € C:

1 2u+m—1
b2m+1 —}lb%n_,'_l‘ S 27n|:m1 + |932| + (1"‘ ym)i)‘{ﬂ

Proof. By choosing ¥ (z) = z in Theorem 1, we obtain the desired result. [

Letting ®(z) = 1 and m = 1 in Theorem 2, we then obtain :

Corollary 5. If fe A fulfilles (20) and ®(z) = 1, we obtain:

R
bmsa| < Wl
1 1
lboms1| < o {|%2| + mm%]
and for any u € C:
1 2u+1
‘b2m+1 - ngnﬂ‘ < m [9%1 + [PRa] + - 9{%}

Further, by letting m = 1, in last inequalities, we conclude that:

o] < %y
3] < |%|+ %7

and for any u € C:

’b3 —yb%‘ < %{9%1 + R + |2y+1|‘ﬁﬂ.

Theorem 3. If f€ k — Sy, 4, then:
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2ptm—1
%[1+mlCO+D_HTmmlco} , <0

me-‘rl_l’lb%n—&-l‘ < i s <<,
i2)1[1—9%1C0—D+2M+m 19‘{60} ;o k20

where:

m —
- D M e — 1
0 22)%1 CO( + Rico E3%160 )

m —
{H = Zi)filc (D+m1C0—7fR1C0+1)

Proof. From the equality (18), we have:

Ry Ry 2 ]
byms1 — }lbi+1 = %Cllfl + m |:C0{‘F2 — (S + EQ’ECQ ‘Y% |

f

Using the inequalities |c,;| < 1,[¥,(z)| < 1, we have:

gl [Cl +Co{“}’2— (S+ leq))‘f[’z

2m
Ry
2m

bom+1 — Pibfnﬂ‘ <
< i+ -

where | is presened by (19). For u € C, according to Lemma 3, there are three situations:
Case 1: If:

m—1
u< 2%160(D+m160 - 79{100 -1) =11

which implies I < —1, we have:

R
bosr = Wby | < 21[1+“1f2 3]
R 9“‘&1 2u+m—1
< 1-1 1 D———— .
< 2m[ | = . [+fﬁ1€o+ - Rico
Case 2: If:
> 1 Diseo— "o +1)=¢
y_ZiRlco 1€0 po” 1€0 = G2,

which implies that [ > 1, thus:

Bami1 —yban‘ < g{l [1 + "I’z —l‘I’ZH
< z{—m[l+l] = z;[lfﬁlcoDwL%mlD‘ilco .
Case 3: If:
01 <u<iy,

which implies —1 < < 1,thus:
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Ry
b2m+1*]/lb%1+1‘ < %{1+’T2*ZT%H
<

Letting ®(z) = 1 and m = 1 in Theorem 3, we then obtain: [

Corollary 6. if f€ k — Sy, 4, and P(z) = 1, then:
MI+D+m -2y | <y

2 R
b2m+1 - meJrl‘ < 71

%[1—[)—%1%—%9‘{1] A -y
where:
T P
gl - 2%1(D+m%l 1)
, m 1
= —(D+—%R 1).
0o 29%1( +o R+ )

Moreover, letting m = 1 in the last three inequalities, we obtain:
Fh+D+-2m%] ,  p=lf

b < g %y S W<u<d,
mll-D-(1=20)%] , p=§

where:
o= Loy -1
1 Ry 1
1
5 = =—[D+R +1
2 29%1( + N1 +1)

Theorem 4. If f€ k — Sy, 4, then:

% [1 — oy co+ D+ 9%160] , HSa

m
b2m+1_yb%1+1‘ S % 12 “ZSI/lSl’Cl 2
2 -1
% [1 + HTmD%CQ —D— 9%1C0:| , U >
where:
m m—1
= D +%Ricg— ——R 1
o ¢ ( +NRico p 160 + ),
m m—1
= D _— - 1 .
[L%) 2%160 ( + %1C0 - 9%1C0 )

Proof. From the equality (18), we have:
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a1 — pbpyyy = %01‘1’1 + % {Co{‘fz - (S + %9"%00)‘1’%”
= &Cllfl
2m
+§% {CO{TZ_TZ (s + Eov3ey - 1)?2}}
= &Cl‘fl
2m
+% lco{ ¥ ¥+ (1-5- ”2 e ) ¥3 }] (21)

Where s is given by (16) . Using the inequalities |c,| <1, [¥,(z)| < 1, we have:

R R 2‘ 2u 2
<ot U‘I’z_‘I’l +[1=5— oo |1 (22)

bom+1 — by 44

Case 1: Choosing the representation of second pharantezis on the right hand side
of (21):

— Z‘u—i—+(m—1)mlc() — D — Ry < —1

then we obtain:

m —
D - — 1) =
M= 29%1 (D + Rico o 9“‘&160+ ) = .

Let 1 > a1. According the Lemma 2 we can write that:

¥, ¥ <1 (23)

Utilizing (23), Lemmas 2 and 3 and putting expression of s = ( )2}{1 co — Ri1co — %i ,
given in (16), in (22) we obtain:

N N 2u+m—1
meH—yb;H‘ < 2;;+21H -l—(”i)‘ilco—D—i)‘{lco—l)]‘I’lﬂ
it 2 1
< 2};[14—%9%160—D—9%1c0].

Case 2: Choosing the expression of second pharantezis on the right hand side of (21):

2u+m—1
m

—S — %D‘ilco = m1C0 —D — mlCo >1

then we obtain:

(D +Rico — L%1C0 —1) = ay.

= 29{ co
Let u < ap. Then, from (22) we can write that:
R R 2
b2m+1 me—&-l m el + 271 |:1 + (1 — 85— nfi)ﬁm) “Yl |2:| . (24)

According to Lemma 3 we obtain:

¥, <1—[¥1]? and [¥4| <1,

If we apply to (24) inequalities above, also putting:

2u+m—1

—S — ﬁ%lc = mlCO —D— 9‘{1(:0
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in (24), we have:

R
b2m+1 - .ub%pr] < bl

R 2u+m—1
+ﬁ |:1 — |‘F1|2 + (D + Rico — Vmg{lC()> |"P1|2] .

This implies that:

%1 2“1/14—171—
b2m+1 - P‘b%wrl’ S % {1 - T

1
Rico+ D + 9{1C0:| .

Case 3: Choosing the representation in second pharanthezis on the right hand side
of (21):
2u+m—1

1< —s— ﬁf)“‘qC() =

5 Rico —D —Mye <1,
m

we get ay < u < w1. Under this condition,
R R R

b —ub? | < =
‘2m+l Womel] = 50 T om T

By choosing m = 1 in Theorem 4, we get next: [

g

LD+ (1-2u)%1c] , n<m
’b3—yb§‘§ R , b <u<af,

D —(1-2u)%c] , p>af
where:
af = L(D—Hﬁ co+1)
17 2%0 10
, 1
= D —1).
oy 0, Co( +Rico— 1)

Letting ®(z) = 1 and m = 1 in Theorem 4, we get next:

Corollary 7. If f€ k — Sy, 4 and ®(z) = 1, then we have:

2 R " "
bam+1 —me+1‘ < o ;oo <u<af,

2 -1
%[D—(l—HTm)%l—i-l} , p>af
where:

W = M (p4 1—L_1 MRico+1
1 - 29‘{1 m 170 !
I m m—1

= D - —1].
“2 zmlco( +(1 m )mlq’ >

Furthermore, choosing m = 1, we get:
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n

DD+ -2m)R +1] ,  p<a

MD - (1-2p)R +1] p=ay
where:
K = (D4 Ryep+1)
1 2%1 1¢0 s
1
" — D 71 .
) 0, Co( +Rico— 1)

Putting the values of R = Ry (k), Ry = Ra(k) = D(k)R1(k) and k from Lemma 4,
we obtain some new results of Theorem 4:

Corollary 8. Let fek — Sy, 5 and 0 < k < 1. Then:

2
‘me—&-l - ,ubm_i,_l‘ <

m(lTjkz) {Haﬂ - (ZHnTil - 1) (%)C(ﬁfl} , n<p2
T , Br<u<hr,

e [ (5 1) (Fa)o -2 4] ez

where:
 om(1—k) 2+ T2 272
b= 4T 2¢ [ 3 +m(lkz)CO+1}’
_ om(1-K) 24T 272
Pr = =g, [ 3 +m(1—k2)C0_1}

Moreover, taking m = 1 in Corollary 8, we obtain:

2
2(%7,—;(2) [1 + 2+37—2 + (1+2p) (fﬁz)CO} , n< By
‘53—}1b§’§ m(zlisz) , Ba<u<B,

2
2(%7,—](2) {1 - 2—i_?,T2 - (1 - 2.“) (ﬁ)co} ’ Bz ﬁll
where:
fr = 272¢ 3 1—k2

;o (=K 24+7% 272
P = 27”2c0{ 3 +1—k260_1}

Co+1:|,

Corollary 9. Let f€ k — Sy, 4 and k = 1. Then:
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2
b2m+1 - me+1‘ < g ;12 < U < nm .,

where:
w5 8
no= 16co |3 mm2 0|
_ omrt[ 8 1
= l6cg | mm2 0 3]

Further, taking m = 1 in Corollary 9, we obtain:

Li+@n-DEo| . p<n

b — 3] < 8 , om<p<y,

where:
N7 e 37T 2
o o8 1
T = Ty |20 3|

Corollary 10. Let f€ k — Sy, 5 and k > 1. Then:

2
‘b2m+1 - .ubm+1‘ S

2 2u+m—1 2 4k2(r) (rP+6r+1)— i
s U (55 ) wmmtnve ~ Sy | o #S e
2
R DAV ; B <pu<t
2 2u+m—1 2 4K (r) (P +6r+1) — 12
s L (P50 D) et S | o 62
where:
o = 2mK2(r) (kK2 — 1)(1 — r) /7 [4K2(r) (r* 4 6r + 1) — 72 n 2 . +1}
v n2co 24K2(r) (1 + 1) /7 a2k —DA—r)r )
9 — 2mK2(r) (k2 — 1)(1 — r)/r [4K2(r) (r2 + 6r + 1) — 72 N 2 _1}
' ¢ ()4 a1y ]

Moreover, taking m = 1 in Corollary 10, we obtain:

’ba —Vb%‘ <
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2 @u-1)n? 42 (r) (rP+6r+1) — 2

BRI D7V [1 T RNE-DIAGD T T @AV } ;o n=H
2
DA , O <u<o,

2 (2u—1)7* 42 (r) (P +6r+1)— 2

SKZ(V)(kZiTl)(lfr)\/? [1 TR E-D) (1O T T ) 1) } N
where:
p 2K2(r) (k> — 1) (1 —1)\/7
191 = 5
7T<Co
43 (r) (r* 4+ 6r +1) — 2 ]
+ co+1f,
2413 (r) (L + 1)1 42 (r) (2 = 1) (1 —r)y/r

/ 2K%(r) (K> = 1) (1 —r)\/7
0 2
7T<Co
42 (r)(r> 4+ 6r +1) — 2 2
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