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1. Introduction

The numerical integration and the numerical estimations of definite integrals is a vital
piece of applied sciences. Simpson’s rules are momentous among the numerical techniques.
The procedure is credited to Thomas Simpson (1710-1761). Johannes Kepler worked on a
similar estimation technique about a century ago, so the algorithm is sometimes referred to
as Kepler’s formula. Simpson’s formula uses the three-step Newton-Cotes quadrature rule,
so estimations based on three-step quadratic kernel are sometimes termed as Newton type
results. The following are the rules devised by Simpson.

1.  Simpson’s 1/3 rule:

(A — Aq)

4.(4)
it (A), (1)

Ny

h
/w(g)dg =3 [wl + 4@y + 203 + 4@y + 205 + ... + 4@y +wn+1] -
Ay

where A; < A < Aj and the number of panels are even.
2. Simpson’s 3/8 rule:
Ay
/(D(Q)dg = % [(171 + 3@y + 33 + 204 + 305 + 306 + . .. + 30y + conﬂ] - %h‘*w(‘*) A), (2)
A

where A; < A < Aj and the number of panels are integral multiples of 3.
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An exceptionally popular estimation relating to the above rules is called Simpson’s
inequality and is presented as follows:

Theorem 1. Let @ : [Aq, Ay] — R be a fourth-order differentiable function on (A1, Ay), where
HLO(A‘)HOO 1= SUP e (A, A) w(4)(g)‘ < oo, then

A+ Ay
2

HECSERS| ) et - otk AZw(g)de\ < g0 _(A2 a2 3)

A

Lately, many researchers have zeroed in on Simpson’s type inequalities for differen-
tiable classes of convex functions. In particular, a few mathematicians have chipped away
at Simpson and Newton type results for convex mappings, as convexity hypotheses are
powerful and a solid strategy for tackling incredible number of issues which emerge in nu-
merous parts of applied sciences. For example, Dragomir et al. [1] introduced Simpson type
inequalities alongside their applications to quadrature formula in numerical integration.
After this beginning, Simpson type inequalities via s-convex functions were developed
by Alomari et al. [2]. Sarikaya et al. [3] proved the variants of Simpson type inequalities
dependent upon s-convexity. Noor et al. [4,5] established some Newton type inequalities for
harmonic convex and p-harmonic convex functions. Alongside these, some new Newton
type inequalities for functions whose local fractional derivatives are generalized convex
are proven by Iftikhar et al. [6].

In recent decades, several attempts have been made by researchers to obtain the
variants and applications of integral inequalities. In the last couple of years, an assortment
of novel methodologies has been used by scientists in summing up the traditional results
about integral inequalities. One of those approaches is using the ideas of quantum calculus.
It is very notable to everybody that quantum math is calculus without limits. Generally,
the subject of quantum calculus (shortly, g-calculus) can be followed back to Euler and
Jacobi, yet in the many years hence, it has encountered a quick development [7]. The theory
gained popularity during the 20th century after the work of Jackson (1910) on defining an
integral later known as the g-Jackson integral (see previous studies [7-11]). In g-calculus,
the classical derivative is replaced by the g-difference operator in order to deal with non-
differentiable functions (see Almeida and Torres and Cresson et al. [12,13]). Applications
of g-calculus can be found in various branches of mathematics and physics, and the
interested readers should consider [14-22] for valuable information. The development of
quantum calculus enhanced the interest of researchers to add new ideas in the ongoing
theory. Tariboon and Ntouyas [23] presented the idea of quantum integral over the finite
interval, acquired a few g-analogues of traditional mathematical objects and opened a
new setting of exploration. For example, the g-analogue of Holder’s inequality, Hermite—
Hadamard inequality, Ostrowski inequality, Cauchy-Bunyakovsky-Schwarz, Griiss, Griiss—
Cebyshev, and other integral inequalities have been developed. Sudsutated et al. [24]
and Noor et al. [25] acquired some extensions in the g-trapezoid type inequalities via first
time g-differentiability. Liu and Zhuang [26] determined some g-analogues of trapezoid-
like inequalities for twice quantum differentiable functions. Zhuang et al. [27] proved
some more general g-analogues of trapezoid-like inequalities for first order quantum
differentiable functions. Budak et al. [28] established some new simpson’s inequalities for
g-integrals. For some more nitty gritty review with the application point of perspective, we
allude to (see [24—45] and the references therein).

Adding motivation to these outcomes, particularly the outcomes created in [28], we
notice that it is feasible to treat quantum integral operators introduced in [23,41] to jointly
create some new Simpson type inequalities as in [28]. For this reason, we aim to achieve
the following objectives.

1.  To obtain a new Simpson’s type inequality depending upon the two newly defined
quantum integrals given in Definitions 3 and 5 which is analogous to 1/3 quadrature
formula given by (1) for four panels.
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2. To extend Simpson’s 3/8 quadrature Formula (2) for six panels in the quantum
calculus via indicated quantum integrals.

3. To present a counter example which explains the limiting nature of Holder’s inequality
in the quantum framework of calculus.

4. To re-capture the classical results involving the classical Holder’s inequality and
making comparison with the results due to g-Ho6lder’s inequality.

2. Preliminaries

Throughout the paper, let W := [A1, A] € Rwith 0 < Aj < Ay be an interval and
W° be the interior of YW. Assume further that 0 < g, < 1 be a constant.

This section is devoted to the basic and fundamental results in the g-calculus. We start
by collating foundational results and definitions suitable for ongoing study.

Definition 1. A function @ : W — R is called convex, if the inequality
@(ef1+ (1= 0)p2) < e@(p1) + (1 - 0)@(f2), )
is satisfied for all B1, p2 € W, and o € [0,1].

Recall that the all-time famous Jackson integral [11] from O to an arbitrary real number
A characterized as follows:

A
/6’0 dg,c = 1—qr1\2qw/\qr) 5)
0 =0

provided the series on the right side converges absolutely. Moreover, he gave the integral
for an arbitrary finite interval [Aq, A] as

Ay Ay Aq
/w(g) dg,¢ = /w(g) dg, G — /w(G)dq,g- (6)
Ay 0 0

In [23], the authors, while developing some classical inequalities in the quantum frame
work, studied the concept of g,-differentiation and g,-integration over the finite interval.

Definition 2. For a continuous function @ : W — Rand 0 < g, < 1, then g, ,-derivative of @
at A € W is expressed by the quotient:

_@(A) @A + (1 g) A1)
A-a)A-AD)

The function @ is called g,, -differentiable on W, if 5, Dg,@(u) exists for all u € W. It
is evident that

A # A @)

AlDQr(D(Al) = AILHZI\] Aq Df]r(D(A) (8)
If A1 =0, then the g,-derivative in classical sense [7] is obtained:

o(A) - @(g,A)

Dy A —q A

@A) = )

Definition 3. Let @ : W — R be a continuous function and 0 < q, < 1. The definite q,,-
integral of the function @ is characterized by the expression

/w ) Ay, 6 = (1—qr)(a — Aq) qu (qPa+(1—g)A1), a€W.  (10)
A
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In the same paper, the authors also proved the following g,-Holder inequality.

Theorem 2. Let @1, @ : W — R be two continuous functions. Then, the inequality

L
2
/|@1 )@2(0)| Aydg0 < (/\/|‘D1 ' A 4,0 ) (/\/|(Dz 2 A q,Q) , (11)

A
holds for all y € W and ky, ky > 1with k' +ky ' =

In [41], the authors presented an analogous notion of g,—derivatives and g,—-integrals
by introducing the q? *—derivative and qﬁxZ—integrals over the finite real interval WV.

Definition 4. For a continuous function @ : W — Rand 0 < g, < 1, then qﬁ\z—derivative of @
at A € W is defined by the quotient:

@(A) —@(g:A+ (1= gr) M)

MDpe) = T T A Ay

A # Ay, (12)

Definition 5. Let @ : W — R be a continuous function and 0 < g, < 1. The definite qﬁ\z-integml
of the function @ is characterized by the expression

Ay

oo

@(g) Mdg,c=(1-q) (A= B) Y g@(qg)B+ (1 —g2)Az), BEW.  (13)
B =0

Remark 1. It is worth mentioning that

(i) the left q,p,~derivatives and right q‘?z—derivatives are not same for general functions defined
over the finite real interval [A1, As). Indeed, if @(A) = A2, then

"2Dg,@(A) = (1+4)A+ (1= g )A2 # (1+4)A+ (1= ) Ay =4, Dg@(A).

However,
MDD, @(A) = @' (A) = A, Dg@(A)

provided that g, — 1.

(ii) The q,—integrals [}2 @(A) 22dy A and f ) k,dq,/\ are different for general functions.
For instance, . "
72AA2d A= kl[k + ]#Arkl[k + A;] 721\ dg, A
/ grdy = 1+q 1+ /A2 114, 19r 2 —kl ky %qy

Furthermore,

A2 K2 2
/AAqur = [ Ay A,
ky

subject to the condition that q, — 1~.

It is also important to notice that, for an integer n, the quantum analogue is

1—q" _
[n}q,=1_72:=1+qr+q3+-.-+q? Lo1#g.
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Clearly, the limiting value is n for g, — 17. For a detailed survey about the quantum
analogues of integers and polynomials we refer to [7].
In [28], the authors presented the following Simpson’s type inequalities.

Theorem 3. Let @ : W — R be a continuous and qﬁ\z-diﬁerentiable function on W° and
0 < gr < L.If |*2Dy,@| is convex and integrable on W, then

1 Ay Ay 1 Ap+ Ay
dg. o — = A 4 A
o [ @) 0 - e 40 M1102) 4 o(a)]

(14)
< (A — A1){[M1(qr) + Ma(q,)] Aqu,@(Al)‘ + [Ma(gr) + Ma(9,)]| 2Dy, @ (A1) },
where
1
2 1—29,—24? 1
1 At e 0<a <3
Mi(gr) = / qr§ — 6‘@%@ = { (1JgZ%)+(1;1‘Z—+7qr) L 1 (15)
0 A 1 3Sar <L
1
2 1_4q3 . 0 1
_ ) iz (g if 0<gr<3y,
/%@ ‘ @)dqr@* {36,71:_312‘]34_?2‘;4_1 lf 1< <1 (16)
0 216(1+4,) (1+4,+47)” 3= <1,
1 15—64,—642 ) 5
: 5 At 0<ar <%
Ms(qr) := / o ‘pd"’p: {(1822)+(18£7—7q) Ficg <1, O
3 216(1+q,) (1+4r+47)” 6 =1r="
and
! —5+84,+847 —84; ; 5
: 5 Aty 0<ar <%
Malar) ':/q’p6‘(1p)d‘7’p:{(12q‘%m if 3<g, <1 (18)
3 216(1+4r) (1+q,+4q7) 6 =1r :

Theorem 4. Let @ : W — R be a continuous and qﬁ\z—diﬁerentiable function on W° and
0 < qr < 1.If|*2Dy,@| is convex and integrable on W, then

e [ a(0) Mg o L) +30 (2
Ay — A1 A, 6

) oo M52 ) o)

(19)
< (A2 — A1){[P1 (9r) + P3(qr) + Ps(qr)] Aqura)(Al)‘ + [Pa(qr) + Pa(qr) + Ps(qr)] |2 Dg,@(A2) }
where
1
3 3-5¢,—5¢7 : 3
1 7 if 0<gq,< g
Pi(qr) = / grp— S‘MW = {2161610*,;? Dol o, @
0 6912(1-+q,) (144, +47)” fs<a<l
1
3 6—qr—q;~15¢° ; 3
1 e, if 0<gq, <3,
Py (qr) == / qrp — 8‘(1 —p)dgp = {45158%1;4)8(;%1‘12—231133 o3 o . (21)
0 o) J sSar<l
2
5 954, —5¢7 . 3
1 O f 0<g, < 3,
P3(qr) = / arp — z‘pdw = {54(”62?&;%3”7) . 3. (22)
t W8 gy 0 a2 Sl



Symmetry 2022, 14, 548

6 of 20

_ 50450 9¢° , 3
-1 (1-p)d, p = { P+ 0+ate)’ if 0<qr<y 23)
108(1+4,) (1+4r+47)” 1>qr <1,

05 47g a7 ;
4rg — ‘@% (o) (grgd 0 O <E o
8 ® 22445 +2244q,+525 1f % S 4 < 1[

6912(1+¢,) (1+q,+47)”

. —42+534,+53¢% 5743

A _ ) 216(1+q,)(1+q+4%) *

e 8‘(1 ©)dg, 9 = oep 18152+ 184g, 21 if
6912(1+4) (1-+4r+q7)

if 0<q <%,
2<q <1

(25)

Remark 2. If g, — 17 in inequality (14), then

P NG R CIOR I CS S PR ]|

(26)
< 5(Ap — A1)
72

{’LO/(A1>| + ’LDI(A2>|}

Remark 3. If g — 17 in inequality (19), then

1 A2 1 2N+ Ay A1 +2A,
‘Az—A1 //\1 @(p)dp — g[@(A1)+3@(73 ) +3w(72 > +w(A2)}

27
_ 25(Ay— A1) @7)

- 576
3. Auxiliary Results

{|@"(A1)] + @' (A2)]}-

We are ready to prove our main results. At start, we present two multi-parameter

identities for g,5, and qﬁ\z -differentiable functions which provide some useful inequalities
of Simpson’s type.

Lemmal. Let @ : W — Rbea q,p,—and qﬁ\z—dzﬁ’erentiablefunction on W° with 0 < g < 1.

If a,Dg,@ and 22Dy, are continuous and qrAl—,qf\ 2—integrable functions on W, then the
following identity holds:

1
A —A
ouh ) = 228 R0 (Dye (S (1- £)m)
0
D, 0(3, <1—f>Az>>wJ, e
h
where . F0<ol
Rl(qu Q) = {qu gr lf ) >0 27 (29)
g0—32, if 3<0<1,
and
M1 (A1, Ag;qr) = 11—2 {w(Al) +4w<%> +2a)(#) +4w<%) +w(A2)}
byl A (30)

1 A
T A=A / @(p) A dg, 9 + / @(p) 2dg, |-

S| A1+
2
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Proof. By utilizing the property of g,-integrals given in Equation (6), we have

./Rl 1.0) (a Dy (202 + (1= A1) = 2D (Lar + (1- 2)A2) ) dyo

e {0y 32+ (1 £)0) - Dy0( S+ (1- §)oc) e

O\H

§/ Dy@(3a2+ (1= 5) A1) = “Dy@(3 + (1= 5)A2) ) dyo

0

1

2/ D@ A2+<1 §>A1>fAZDq,cD(%AlJr<1f§>A2>>d%Q. (31)
0

By the application of Definitions 2 and 4 of g,-derivatives, we find

w2yo(§he+ (- ) = ol (- )
@(3A2+ (1= 3)A1) —@(BEAr+ (1= B2 A1) | . (Aa—M1)e(l—gq,)
+(D(%A1+(17%)A2) 7(@(%A1+(17%)A2) 2

1
[(npun($es (1= ) - 0,0 Sn0s (1-£)2) e
0

_ 2 e (7 @ g g
_AZ_Al[Zw<4A2+( - —;0 S (1= A

5=0
< (aq 9 SN gt
+5;O(D<4A1+( 4>A2>b;060( 1 A1+(17 1 >A2):|
2 3A1 + Ay AL +3A2\ B
= A A [c@( 1 )+LD(T) @ (A1) w(Az)]. (32)
Similarly,
1
[(upuo(Ger (- 2)m) - oG 1 2] o
0
. 2 A+ A B _
= A AL [2@( 7 ) @(Aq) w(Az)} (33)

Finally, we have
1
e vyn(ne s (- ) - 0y (a0 (1-8)c) i
0
:AZEAl 260(1\1‘;1\2) 1—% {i)q w(lfAz-l-(l—qj)Al)

—(1—qr)iqf <q’/\ + (1—%>A2)
6=0

_ 4 A1+ Ay
T Ay — A 2 A2—A1

A +A2

Ay
) pdg, T+ / o(1)Md, 7 |. (34)

A+Ap
2
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The desired equality (28) is obtained by utilizing the Equations (32)-(34) in (31) and
multiplying the outcome with 2 Al O

Lemma 2. Let @ : W — Rbea q,p,—and qﬁ\z—diﬁ‘erentiablefunction on W° with 0 < q, < 1.

If A,Dg,@ and 22Dy @ are continuous and qrAl—,qf\Z—integmble functions on W, then the
following identity holds:

(A1, Az y) = /Rz 0r,0) (a, D@ (§A2+ (1- %)Al)

where
go—g if 0<0<3y,
(4r.0) := { ar0 if 1<o0<? (35)
qrQ — if $<o0<1,
and
5A1 + A 2A1 + A AL+ A
(A1, Aaigy) = g [@(A) + 30 FHER2 ) 130222 ) a0 (B 02
A 2A A 5A
+3w<122> +3w(1+62> +w(A2)]
A +Ap
A2 — A1 A] ar
A] A1+A2

Proof. By applying the property of g,-integrals given in equation (6), we have

1

[t (303 (1~ 8)) - 0y0(E (18 e
0

(us(§0s s (- ) ouo G+ (- ) o

|
x| W
O\wh—n

(36)

[ (pua(ne (1= 5)m) = oG+ () v

§| (nDs@ (3024 (1))

— O\ww

qrQ@ —

0
- Aqu,w(gAl +(1- %)AZ)) dy.o0.
The rest of the proof follows the same approach as in Lemma 1. [

4. Simpson’s Type Inequalities Related to Simpson’s 1/3 Quadrature Rule Via
Four Panels

In this section, we give Simpson’s type inequalities related to Simpson’s 1/3 quadra-
ture rule via four panels. We start with the following main result.
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Theorem 5. Let @ : W — R satisfy the assumptions of Lemma 1. In addition, if |5, Dg,| and
|A2Dy, @| are convex functions, then

|01 (A1, A2; qr)| S%{(’Aqur@(Az)H Npy o D
+ (I Dy@(A)| + |2 Dg.0(A2) ) T (qr)}, (37)
where
3
L) = [~ g3 W/M %[ ¢aye
¢ 2
@ﬁgﬁﬂﬁj if 0<g <1, (3)
@ﬁ@@ﬁ3' if g<ar<1,
and
% 1
S RTIRY
’ 2
_ 243442
- %HO if (1)<Qr<:1;, (39)
P B
m’ if z2<g <L

Proof. Consider Lemma 1. By taking modulus on both sides of the identity (28), we obtain

|1 (A1, Az qr)|

1

2
MM /
- 4
0
1
v/
1
2
As ‘ A Dq,w\ and ‘AZ Dq,w‘ are convex functions, therefore

1
/2
0

< (I Dy @(n2)] +

o3| [[nDyo($ae+ (1= )ar)|+ oDy (i+ (1-£) ) e

Dyo(8a (1~ D)

e=3[In “oya(3m+ (1-8)m) ey )

Dya($ns (1= )|+ 40y (nr+ (1~ 1)) e

As Dy@ /

0

qrQ — ’

qr0 — ’ qu, (41)

+ (\Aqur@(Alﬂ +

AZDq,w(Az)D

O\N\~

se-10-Ge
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Similarly,

1
1
2

< (IaDg@(A2)] +

0,0(3a0s (1 2)s) o

wDro(Gne (1~ a0 +

o

5
qrQ = g’%dqye (42)

1.
AZquw(Al)D/

2
1

~Dyo(A)]) [

1
2

ro-2](1- e

+ (|aDg@(A1)| +

Using inequality (41) and (42) in (40), we have the desired inequality (37). O

Before proving the next main result, we give a counter example that g,-Holder’s

inequality has some limitations.

Example 1. Let @1 (x) = /X and @,(x) = V/x3. Suppose further that x| = 2 = x,. Now,

1
1 2
7
A/ 2 2 2
\/;C x3d‘7rx: x d‘irx: 0/x d‘irx_o/ dqrx: W )

N\'—'\H
I\J\»—‘\H

Also,

1

3 15
Xdgx = ————~ and /x3d X = . 44
4+ ST 16(g) g2+ ar+1) “
2

N—
[u—y

Finally, we check the inequality for specific values for q,.

L.H.S for g, = % <1,

1
7
/ Vavadd, x = 5 = 0.74627. (45)
| 8((11050) + 5+ 1>

2

R.H.S for q» = % <1,
1 1
2 2 1
1 2
( - > ) =0.72109, (46)
16(q7 + g% +qr + 1)

N—

1

1
3
/xdq’x /xgd%x - (4(qr+1))

1 1
2 2

which justifies our claim.

The example suggests that the inequality

x2

Y Y % Y
/|w1<e>wz<e>|A1dq,es(/|w1<e>|“lmdqre) (/|@2(Q)|K2A1dqr9) @)
I I3

K
generally not true for 4 < Aj. In other words, the q,-Holder’s inequality is true if y = A;.
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Theorem 6. Let @ : W — R satisfies the assumptions of Lemma 1. In addition, if | o, Dy, @|

and |"2Dg,@|" (xy > 1) are convex functions on W, then

A27A1 {|: K K2

Q1 (A1, Agi )| € ———— Dy, @(Az)|™ + (3+4 Dy, @(A
01(As, 02i0)| < T { | (I D@ (82)[ + (34407 |y Dy ()
1
KZ)E

+

3(Ta (1)) | (2l Dy @(82) [+ 2+ 407) |, Dy ()] 2)

ﬂéHf us)

AZDQr(D(AZ)

%)
2Dy ()| + 3+ 49,)

Aqur(D(

K
Npy @ (A1)[” + 2+ 49,)

+ (2

where Kfl + Kgl =1, and
(1—4q,) goqf(%*qf“)“, if 0<g <32,
+1 &
) (2)" ; g5 (1~
erQ - ) 5 (;'—1 51\ K1
+(1 *qr)égoqr (@ =2)
+1 & .
—(1-g) ()" L Pt -0)", i I<g <l

gith™
(49)

K1

qr@ —

O\H

Ib K1 qr .

Proof. By utilizing the properties of g,-integrals, we also have identically

01 (Aq1, A qr)

1
P22 (DBt (1- 2)ar) - Dya( 2+ (1 D)) e
0

+/(qre2)[wqrw<§w<l§>A1>Awqrw<§m+<l§>Az>]dm@}' 0

By the applications of modulus, g,-Holder’s inequality and the convexity of | A Dq,c@‘ :

and ‘AZ Dq,w‘KZ, we have

Jl

llmDre G+ (1= 3)m) [ due

qrQ@ —

'/

i

gro— g fp@(Ea+ (1-5) ) |dy e

1

5] % / 0 K 2
z /2| Dy @ A2)| qurQ"'/ |A1quw(A1)| quyQ
0

qrQ@ — 6

A

(Ib el (q*’))

"Dy, (/\1)‘ dqu+/ )AZDq (Az)szqu) ’

2| o, Dy, @(A2)|"* +2(1 4 2q,)| o, Dy, @(A1) | | 2
4(1+4qy)

IN

2|22 Dy @(A1)|? +2(1+24,)| 22Dy, @(A2) | 2
( d e d ) ] (51)
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|01 (A1, Ag; q)| <

8(1+4r)

12 of 20
In a similar way, we find
1
2
lpuo(§ (-4 s
0
%
A Q Q
+ / D@51+ (1= 2)A2)|dye
0
1 1
Lo/ E
K2
S /1’71qu /Aqur@(§A2+ (1 - %)Al) dg,.Q
0 0
! %
+ (/ D0 (San+ (1-2)a0)[ "y
0
1
< <1)K1] |A1Dﬂr@<A2)’K2 + (3+4q7)|A1D'1r‘D(A1>|K2 B
—\2 8(1+4r)
1
+ (‘AZD%W(AM’Q + (3+4‘7r)!A2qu@(A2>‘K2> K2]~ (52)

The required inequality (48) is thus obtained by utilizing inequalities (51) and (52)

in (50). O

Theorem 7. Let @ : W — R satisfies the assumptions of Lemma 1. In addition, if |, Dg,@|"

and | "Dy, @|" are convex functions on W with x; > 1, then

Ao — Aq K2 o\ i
m/m{[(’ml)qrw(/\ﬂ‘ + (3+44,)|a, Dy, @(A1)| )

" !
+3 Kﬁ/ 4(1+ qr)(Ib,l(qr))l_% { (’A1Dfirw(A2)|K2L(qr) + ’Aqurw(Al) ’KzId(qr)) g

Ko K2 Kl
+ (|"2Dg @A) Te(gr) + [M2D @(00)| *Tata)) * .

AZDQrw(Al) + (3 + 4‘77’) Aqur(D(Az)

where
! ___ Gtg=5 - 5
Z.(gy) := — § gd — 12(q3+2972+2g,+1)” if 0<g,< 6’
A= I TG |2 M T sgisg, 35 if S<g <1
0 216(q7+247+24,+1)” 6 S fqr <4
1 —203+942+9g,+5 , 5
5 (B2 1) if 0<g,<32,
T (q ) = qr0 — § 1— g d 0= 12(g§+2q%+2%+1) f qr 6
dalqgr) : r 6 2 ) “ar 3647 +13842+1384, 485 if 504 <1
0 216(q3+29%+2q,+1) 6 Sdr <4

and Ty 1(qy) is obtained from Iy, . (qy), which is same as given in Theorem 6.

(53)

(54)

(55)
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Proof. Consider again Lemma 1. The property of modulus, power mean’s inequality, and
the convexity of | o, Dg,@ | and |*2D, @|" leads to

Jl

qrQ —

?novo(8 s (1- D)o

,0(8nes (1-8)0a) o

+ /
0
1—-L 1
1 5 Ko 1 Q Q Ko K2
/ rQ — 6’ / 1qu‘9(§/\2 + (1 - §>A1> dg,Q
0 0

1 R
K2
+ (/ dqr Q)
0
1

(Ih,Kl(qV))l_% {(’Aqurw(AZ)’KZIC(qr) + ‘AlDQrCO(Al)”QId(qr))E

+

By some parallel calculations, we obtain

5
qu*g

IN

qrQ —

0ya(3n -+ (1- 9

5
‘%Q‘g

IN

K
2Dy @(A1)| Zelar) +

Aqur@(A2)‘KZId(‘7r))é]- (56)

oDy (1- D)) ane

S — e

+

“pyo(§ars (1-4)05)

2
_1
1 =)
< —
<(3)

1
N (EE LR ]

S —om

1
|A,Dg,@(A2) [ + (3 +4q,) | o, Dg,@ (A1) | 2
8(1+4qr)

51+ q) G

The required inequality (53) is thus obtained by utilizing (56) and (57) in (50). O

5. Quantum Analogues of Simpson’s Inequalities Related to Simpson’s 3/8 Rule

This section is devoted to the extension of Simpson’s 3/8 rule. Here we present our
results utilizing six panels.

Theorem 8. Let @ : W — R satisfies the assumptions of Lemma 2. In addition, if | o, Dy, @| and
2Dy, @| are convex functions on W, then

Ay — A
[02(A1, Azig)] < 2 =H ([a Dy ()| +

+ (|aDg@(A1)] +

%Dy, @(A1)|) Zu(ar)
)JInGn}, (58)

42Dy, @(A)




Symmetry 2022, 14, 548 14 of 20
where
_‘7r—‘7f+2 ; 3
q,-i-ZZ 24+2q,+1)7 if 0<4r<3
— 198442 —1984q,+4443 3 3
5 3 3
)= Z Z,(q,) = 13824(g3+2q,+2qr+1) if §<ar <z (59)
= \r) =\ 320423204, +1033 if 3 <7
4608(q3 +207+2q,+1) 150r<3
3292 +32q,+11 7
576(g3+247+24, 1) if §<ar<l,
—34; +47 +q,+1 ; 3
6(q3+24%+2q,+1)" if 0<ar<s
8 499243 +31844% 431844, +1749 if 3 gr < 3
,_ _ 13824 (327 +2q,+1)  / 8 S~ w
IN("]?’) = Z Iv(qi’) - —640q‘:’+976q3+976qr+263 zf 3 < < 7 (60)
v=o 1608(F 207 +29,+1) 1<4q<g
6443 +6842+687,+25 o7 1
576(3 +207+2q, 1)’ if §<aqr <1
and
3 —502—5q,+3 F0<g <?
Ta(qy) = _Ye, o _ ) wgagian r<s (61)
3lfr) == [|4r@— g5 4q,Q = 16042 +160g,—69 if 3<g <1
0 13824(g3 +2q2+2g,+1)” g8 < fdr ¢
3 —5¢2—5¢,+9 if 0<g <2
Tolan) i Lle . ) i08(gF2q+29 1) qr < 1, o
4ar) = [lare— 2|2 %0~ 677 +6q:—3 if 3<g, <1 ©2)
1 216(q7 +27+24,+1)” if 1<ar<1,
1 —474%2—474,+105 . 7
I5(qr) == _718 4 o= ] B@r2g2g, 1) fo<ar<sy
5Ur) 2= [14r@ — 515 %4:Q = | 224212244, 4525 7 <qg <1 (63)
2 13824(g3 +2q7+29,+1)” g <qr<4L
1
3 730% 74y —7q9r+15 . 3
To(a) = VT AV 32(q7+ 207 129 41) if 0<gq,<j3, 64)
olgr) == [ 140~ g a-Q 960q; 465642 +656q,—75 if 3<g <1
0 13824(q3 +242+2g,+1) ’ g < 4qr ,
2
3 —1843+5¢2+5q,+9 . 3
— if 0<gr<y,
Ir(q,) = [ |gr0— 1 1- g 0=¢1%8 77207 +24,+1) f Ir=1 65)
r)e r 2 o ) 434202 4-2g,+1 if 34 <1
1 72(q3+2q7+2q,+1)” < fr==4
—114q,+59q,+59qr+21

| 7
- 1-— Q d _ 432( @ +2qy+2qr+1) ’ lf 0<gr < g/
e —3 5 )%ar@ =\ —1929}+59242+5924,+483 T < (66)
13824(q3 +2q7+2q,+1) ’ g <{qr .

Proof. The proof is skipped as it follows the same lines as used in the previous Theorem 5
by utilizing the identity given in Lemma 2. O
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Theorem 9. Assume that @ : VW — R satisfies the assumptions of Lemma 2. In addition, if
| A, Dg,@|™ and | 2Dy | (ky > 1) are convex functions on W, then

Ay — A L
|02 (A1, A gr)| < ——2—1

W{ (‘Al Dy,@(A2)[™ + (5 + 64r)| A, Dy, @ (A1) |K2) B

1

K; K2\ 7

+( AZDq,w<A1>\ T (54 600) [ Dy @(Ag)| )
1
+2(2]a, Dy @(A2) [ + (44 64,)| 5, Dg,@(A1)[*)

1
K2\ %y
+2(2"Dg,@(A )+M+W»memgzy

1

+ 8(Ze, (q7)) ™ [(31A1Dq, (/\2)|K2+(3+6Qr)|A1qu‘D(A1)‘K2>KZ

Kjé}}, (67)

+ (3 22D, @(Ay)

Ay K2
Dy,@(A1)|” + (3+6q:)

where Kl_l + K2_1 =1,and

(1—617)5;011?(2—#“) , if 0<q <1,
IL’,Kl ql’ = qu q, 00 = «
0 +(1-aq) & q‘i(qf“ Ok

6=0
18 .
~(1-g)(H)"" Lt -7, if F<ag <l

Proof. The required inequality (67) can be achieved if we consider Lemma 2 and follow
the approach used in the proof of Theorem 6. [

Theorem 10. Assume that @ : W — R satisfies the assumptions of Lemma 2. In addition, if
| A, Dg,@|"* and |2Dy, @|" are convex functions on W with 1 > 1, then

Ny — N 9] K %
(A1, Ag; I Dy, @(A2)|™ + (5+ 64,) | o, Dy @(A
| ( 1 qu)| 30" 6(1+q){<|/\1 q ( 2)| ( %’)|A1 il ( 1)| )
1
+ ([f2Dg@(80)|” + 5+ 64,)| 2Dy @(n2) [ *)
1
+2(2]a, Dy @(A2) |2 +2(2+34,) |2, Dy, @(A1)[2)
1
+2(2 2, @(a0)|" +2(2+30) 2D, 2(80)[*)
1
+8%/6(1+4)(Ze1 (4))' 7 | (Iny Doy @(A2)*Z(4i) + |2, Dy @(50)[*Ti(ay)) ™
K K =
+<MWMMWQW+MW@W)%WDZ} (69)
where
! S [ A - 7
_ Q d _ ) 16(g7+2q7+29,+1)" if 0<ar<g 70)
g(r) = [1ar0 = glo M@ = | seisag o FZ<a <1
0 512(47 +247 +24r+1)’ g = =4
! —20; +13¢;+13¢:47 ' 7
_(-f d o= J 16(g+2q7+2q,4+1) if 0<qr<g, 1)
qre > 7@ =\ 64q7+36842+3687, 1217 if 7 on <1
0 512(3 2212, 41) / g8 <dr<L
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and Z,1(qy) is achieved from I, (q;), which is given in Theorem 9.
Proof. The proof is skipped as it is similar to the Theorem 7. [J

6. Simpson’s Type Inequalities Associated with Classical Integrals

This section is devoted to some classical versions of the inequalities developed for
gr-integrals. Some results are deduced from the previous section. The rest of the results are
proved to examine the variation of two theories.

Corollary 1. Let @ : W — R be a differentiable function on W°. If @’ is integrable function on
W, then the following identity holds:

1 3A1+A A+ A A1+ 3A
o {w(/\l) +4w(%) +2cD( 1; 2) +4w(%) +w(A2)}
1 7
“ a0 72)
1
MM (@ Q 1(Q Q
-7 o (o (e (- ) o (G0 (- ) .
h
where - Fo<o<l
Ri(0) := { o T (73)
e—g If 3<e<L

Proof. Consider Lemma 1. If g, — 17, then we find the desired identity. [

Corollary 2. Let @ : W — R satisfies the assumptions of Corollary 1. In addition, if |@'| is
convex function, then

1 A1+ A A1+ A A A
5 {w(Al) +4w(%) +2a)( 1; 2) +4w(%32) +w(A2)}

1 P
- | olp)d
AZ_Al/ (p)dp

Aq

5(A2 _Al) [

144 |(D/(A1)}+’(D/(A2)H. (74)

Proof. Consider Theorem 5. If we let g, — 17, then the above inequality is obtained.
O

Corollary 3. Let @ : W — R satisfies the assumptions of Corollary 1. In addition, if |@'|"
(k2 > 1), is convex function, then

1 A1+ A A+ A A A
5 {w(Al) +4w(%) +2w(%) +4w(%32) +w(A2)}

1 P
- [olp)d
AZ_AlA/ (p)dp

1

A27A1 1+2K1+1 B / K2 / K2 é
= 4% (6’““(K1+1) {(|w (A2)[* +7]'(A)[")
1

+ (j@' (Ar)[ +7\<D’(A2)|K2)% + (3l@’ (A2) [ + 5]’ (A1)[*)

+ (3@’ (A1) +5|w’(A2)]K2>é}, (75)
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where Kfl -|—K£1 =1.

Proof. Firstly, we note that

N—

1
S

K1

do. (76)

n 14281

o 5
0T e ti(xg +1)

o

NI
—_

By the use of modulus on both sides of the identity (72), we have

112 {w(Aﬂ +4w<3A14+A2) +2@<A1 JZFA2> +4w<3A1+A2) +w(A2)}

12 4
! 72(@( )d
Aq

1

<8 o=l (3 s (- §)m) o] ($0 (- )
1
o=l (e (- a) o (G (- D)oy e

If we apply the Holder’s inequality and utilize the convexity of |@'|"?, we find

1
[le= (8 0= )] o (3 (- )
N ! ! g
< O/Q—é do Iw’(Az)!K20/3d9+|@’(A)|K20/(1—Q)de
1
Nt [ 2aes o [(1- 0]
DI [ Sdo+|o'(a)[ [(1-2)de | |. (78)
0 0
Similarly,
1
[l &l (32 (1= 3 )|+ o (3 (1)) e
2
1 K % 1 1 Klz
<| [le—2| do| ||l [Sdo+|o'an] [(1-2)do
: : :
1
+ ‘w/(A1)|K2/1§dQ+‘w/(A2)|K2/1<1—g)dg 2. (79)
1 1
2 2

The desired inequality is thus obtained by utilizing inequalities (76), (78), and (79) in (77). O
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Corollary 4. Let @ : W — R be a differentiable function on W°. If @’ is integrable function on
W, then the following identity holds:

1 5A1+ Ay 2A1 4+ Ay A+ Ay
A1 +2A Ay +5A 17
1 2 1 2
A
NN

[0 (e (1= ) - (- (- )]

where
Ry(0):=30—3 if $<0<} (81)
0—§ if §<eo<1

Proof. If weassume g, — 1~ in Lemma 2, then we find the identity (80) as a consequence. [J

Corollary 5. Assume that @ : W — R satisfies the assumptions of Corollary 4. In addition, if
|@'| is convex function, then

1 SA1+ Ay 2A1+ Ap A+ Ay
‘16{ (A1) + 3w (6 )+3w<3 >+2a)(2 )

Ao

A1 +27, A1+ 5A; . 1 /
+3w<3 ) +3(D<6 > +w(A2)] N A *AlA @(p)dp

1

< %Hw’(/\l)] +]@'(A2)]]- (82)

Proof. Consider Theorem 8. If we let g, — 17, then as a consequence, we obtain the
desired inequality. [J

Corollary 6. Assume that @ : W — R satisfies the assumptions of Corollary 4. In addition, if
|@' " (xy > 1), is convex function, then

’116[ (A1)+3w<5A1+A2) (2A1+A2> <¥>

A+ 2N, A1+ 57\ /
+3w(73 ) ( )Jrci) } AzfA @(p)dp

Ay — Ay {/7[ e A
3K+1 51c+1 A 11 A
1152@/@\2[{ e (Iw( )| + 11|’ (A1)[?)

1
[3

*0WMW+MMMW2%4%Kmmmmwmmwﬁ
} KW{@@,(MHM +7}w’(A1)|K2> %

.
¥ (83)

S

N

+ (3l (A0 +9]a/ (A)])
+ (5@ (A)[* +7]@’ (A2)[2)
where Kl_l +K2_1 =1.

Proof. The proof is skipped as it is on the same lines which are followed in the proof of
Corollary 3. O
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7. Conclusions

The current study discusses the Simpson’s type quantum inequalities. The study
brings into the spotlight some new estimates for Simpson’s type quadrature rules keeping
four and six panels. The inequalities due to this study proves to be analogous to the classical
rules. Our inequality (37) is analogous to the Simpson’s 1/3 rule (1) for four panels while
our inequality (58) given in Theorem 8 is a quantum version of Simpson’s 3/8 rule (2) for
six panels.

We also notice that Corollary 1 is a special case of Lemma 1 while Corollary 2 is a
special case of Theorem 5. Corollary 4 gives an identity for six panels for classical integrals
and is a special case of identity given in Lemma 2. Corollary 5 is obtained as a special case
from Theorem 8.

It is worth mentioning that the theory of quantum differentiable and integrable func-
tions is not completely parallel to the classical calculus. Indeed, the g,-Holder’s inequality
is weak compared to classical cases. Our results in Corollarys 3 and 6 are not special cases
of Theorems 6 and 9, respectively. We have presented a counter example to explain the
limiting nature of Holder’s inequality in quantum framework of calculus. In some recent
papers, the researchers have used the g,-Holder’s inequality in the strong form which
should be carefully re-examined. Finally, we found that the application of g,-Holder’s
inequality gives some new variants of the classical results. Now, due to this varying nature,
researchers should not only address the special feature.

Finally, we remark that the result in Corollarys 2 and 5 reveals, in comparison with the
established inequalities given in Remarks 2 and 3, that if the number of panels are doubled,
then the error reduces half of the previous.

We feel that this study will inspire the researchers working in the area of quantum calculus.
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