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Abstract: The aim of this article is to introduce the Douglas-Rachford splitting method with lineariza-
tion to solve the split feasibility problem (SFP). Our proposed method includes two existing methods
in work of Tang et al. and Wang as special cases. The ranges of the parameters in work of Tang et
al. are extended from (0,1) to (0,2). Under standard conditions, we prove the weak convergence of
proposed algorithms. We also provide two numerical experiments to illustrate the effectiveness of
the proposed algorithm by comparing the algorithms in work of Tang et al. and Wang.

Keywords: split feasibility problem; Douglas—Rachford splitting method with linearization; relaxed
Douglas—-Rachford splitting method with linearization; CQ algorithm
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1. Introduction

In this article, we consider the split feasibility problem (SFP) in the form
find x*e€C and Ax*€Q, 1)

where C and Q are the nonempty closed convex subsets of the real Hilbert spaces H; and
‘Hj, respectively, and A : H1 — Hj is a bounded linear operator. The SFP was introduced by
Censor and Elfving [1] for inverse problems which arise from phase retrievals and medical
image reconstruction [2] and were later generalized to the multiple-sets split feasibility
problem [3].

Throughout this article, we assume that the SFP (1) is consistent, i.e., its solution set,
denoted by

I'={x|xeC and AxeQ},

is nonempty.

By transforming the SFP as an equivalent constrained optimization problem, Byrne [2,4]
firstly introduced the well-known CQ algorithms, which have received a great deal of
attention from many authors, who improved it in various ways; see, e.g., [5-12].

To solve the SFP (1), Wang [13] introduced the following gradient method which was
called Polyak’s gradient method:

= kg [(xk — Pexk) + A" (1~ PQ)Axk], )

where
||k — Pex¥||2 4 [|(I — Pg) Ax¥| |2

T = PR (k= Pexk) + A*(1 — Po) Axk[2’
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and py € (0,2). In fact, (2) is a special case of the so-called simple projection method in [14].
The authors [15] proposed an iterative method for solving the multiple-sets split feasibility
problem with splitting self-adaptive stepsizes, which reduces to the following scheme when
applied to the SFP (1):

T = [ (= Poxk) + e (1 - Py axt], 3)

where p € (0,1) and
I(1 — Pg) Ax¥|>
| A*(I = Pg) Axk||?’

and oy € (0,1). Note that the difference of the schemes (2) and (3) is the choices of the stepsizes.

The Douglas—Rachford splitting method introduced in [16] is a popular method to
solve structured optimization problems. Let g and / be proper lower semicontinuous convex
functions from a Hilbert space H to (—oco, +-00). Consider the structured optimization problem:

Vi = Ok

f{rgﬁg( x) + h(x).

Given the initial guess x°, the Douglas—Rachford splitting method generates the
iterative sequence via the following scheme:

, 1
Y = argmin< g(y) + = ly — x|},
20y

xeH
. 1 4
= argmm{h( )+ gyl (2! —xk)||2}, )
zeH
A = kg (R R,

where {aj}tren C (0,2) is a parameter sequence and {A;}rey C (0,00) is the prox-
imal parameter sequence of the regularization terms. Note that the scheme (4) with
{ax}keny C (0, +c0) was called the general splitting method in [17] and becomes the
Peaceman—Rachford splitting method when {a }ren C [2, +00).

It is easy to see that the split feasibility problem (1) also equals the following uncon-
strained minimization problem:

min{ic(x) + f(x)}, ®)
where f(x) = %H (I — Pg)Ax||? and ic(x) is the indicator function of the set C; that is,
1c(x) = 01if x € C, otherwise (c(x) = +oo. Recall that the gradient of f(x) is Vf(x) =
A*(I — Pq)Ax. Letting ¢ = f and h = i¢ in (4) and using the linearization technique, the
authors [18] recently introduced the following general splitting methods with linearization
for the SFP (1):
ka = xk /\ka(xk),

241 = Pe(2y™! — o), ©
L= ok o (R — R,

where {ay }ren is a sequence of positive numbers and

e
G

0, otherwise,
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and v € (0,2). The weak convergence of the algorithm (6) was established under the
standard conditions, and the algorithm (6) has good numerical performance comparing the
algorithm (2) and Algorithm 3.1 in [10].

In this article, we present an iterative scheme by letting ¢ = (c and i = f in (4)
and using the linearization technique. The convergence of the corresponding scheme is
analyzed.

The rest of the paper is constructed as follows. In Section 2, we recall some definitions
and known results for further analysis. In Section 3, we present the Douglas—Rachford
splitting method with linearization and its relaxed version. In Section 4, we show the weak
convergence of the proposed algorithm, which converges weakly to a solution of the SFP.
In Section 5, we give two numerical experiments to show the behavior of the algorithm.
Finally, some concluding remarks are given in Section 6.

2. Preliminaries

Let H be a Hilbert space and K be a nonempty closed convex subset of H. We use the
notation:

e — for weak convergence and — for strong convergence;
o wy(xF) = {x: Ixk — x} denotes the weak w-limit set of {x"};cn.

The following identity will be used for the main results (see [19], Corollary 2.15):
lacx + (1 = @)y = allxl* + (1 - ) [y > — (1 — &) |x — y]? )
foralla € Rand (x,y) € H x H.

Definition 1 ([19], Definition 6.38). Let K be a nonempty convex subset of H and let x € H. The
normal cone to K at x is

Ni(x) = 4 € H|sup(K—x,u) <0}, if xeKk;
: ; @, otherwise.

For a point x, the the classical metric projection of x onto K, denoted by Px(x), is
defined by
Pg(x) := argmin{||x —y|| : Yy € K}.

Lemma 1 ([19], Proposition 4.4). For any x,y € H and z € K, the following hold:

(i) |[Px(x) = Pe(y)|I* < (Px(x) = Px(y), x — y);
(ii) [|Px(x) —z||* < [lx = 2]|* = [ Px(x) — x]|%
(iii) (I —Px)x — (I — Px)y,x —y) > ||(I - Px)x — (I — Px)y|>

It follows from Lemma 1 (iii) that
(x — Pg(x),x —z) > ||x — Px(x)||?>, Vx€H, VzeK. 8)
Recall that a mapping T : H — H is called to be nonexpansive if
ITx =Ty < llx—yl, VxyeH.

Lemma 1 (i) implies that Px is firmly nonexpansive and consequently nonexpansive.
The next lemma shows that the nonexpansive mappings are demiclosed at 0.

Lemma 2 ([19], Theorem 4.27). Let K be a nonempty closed convex subset of H and T : K — H
be a nonexpansive mapping. Let {x*}rcn be a sequence in K and x € H such that x* — x and
Tx* — x* — 0as k — +oo. Then x € Fix(T).
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Lemma 3 ([19], Lemma 2.47). Let K be a nonempty closed convex subset of H and {x*}cx bea
sequence in H such that the following two conditions hold:

(i)  Forall x € K, lim,,_,c ||x* — x| exists;
(ii)  Every sequential weak cluster point of {x*}ycy is in K.

Then the sequence {x*} ey converges weakly to a point in K.

3. Douglas—-Rachford Splitting Method with Linearization

In this section, we introduce Douglas—Rachford splitting method with linearization
and its relaxed variant.

Using symmetry, we can set ¢ = (c and h = f in (4). Now, we present a direct adaptation
of the Douglas—Rachford splitting method (4), which can solve the equivalent problem (5) of
the SFP (1). (see Algorithm 1)

Algorithm 1 Douglas-Rachford splitting method.

Step 0. Input k := 0, x € H.
Step 1. Generate x*! by

1
k+1 . : k+1 k(12
Z5T = argm1n{f(z)+||z— 2y = x| },

z€H, ZAk (9)

= K (Zk+1 _ yk—s-l),

where {ay }rey and {Ag Fren are sequences of positive numbers.
Step 2. If a termination criterion is not met, then set k := k + 1 and go to Step 1.

By the first-order optimality condition of the second formula of (9) in Algorithm 1,

1
0 :vf<zk+l) 4+ = [ZkJrl _ (2yk+l _ xk)}
Ak
1
:A*(I o PQ)AZk+1 + )\7 |:Zk+l _ (2yk+1 _ xk)] )
k
To calculate zF*1, we need to get (I + Ay A* (I — Pg)A)~1, which is very difficult. In

order to overcome this difficulty, we linearize f(z) at x*. Then, the second formula of (9)
becomes

= argmin{f(xk) +(VF(x5),z = 2F) + ZLA;(”Z — (2y*H - xk)”z}

z€H

. 1
= argmm{(Vf(xk),z — xk) + ﬁHZ - (Zyk+1 — xk)|2}.
z€Hq k

Its first-order optimality condition is

Vf(xk) + %k[ZkJrl _ (2yk+1 _ xk)] =0.

Then we have
2 = 2yF 1 kA V(R
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Thus, we get the following linearized Douglas-Rachford splitting method:

yk-i-l — Pc(xk),
Zk+1 = 2yk+l _ xk _ )\ka(xk),

= K gy (Zk+1 _ ]/kﬂ).
After a simple calculation, we get
= Koy {Pc(xk) . /\ka(xk)} .

In what follows, we present the Douglas-Rachford splitting method with linearization.
(see Algorithm 2)

Algorithm 2 Douglas—Rachford splitting method with linearization.

Step 0. Input k := 0, x° € H;.
Step 1. Given x¥, generate x*1 by

= ok [(xk — Pe(x9)) + A AR(T — PQ)Axk ,
where {a }rery and {Ag }ren are two sequences of positive numbers.

Step 2. If Vf(xX) = 0 and "1 = x%, then terminate. Otherwise, set k := k 4 1 and go to
Step 1.

Remark 1. Algorithm 2 is a general scheme with two parameters sequences {oay fxen and { A fren,
which includes the algorithms (2) and (3) as special cases. Indeed,

(i) Let oy = 5 and Ay = 1, Vk € N; then, Algorithm 2 becomes the algorithm (2);
(i) Let oy = py and Ay = %, Vk € N; then, Algorithm 2 becomes the algorithm (3).

In the following, we extend the ranges of the parameter sequences { }xeny and
{0k }ken in the algorithm (3). To this end, let a; = B0 and

1—
A = ( 5k)P,7k/
X

where B € (0,1),0 € (0,2),p € (0,2) and

(= Po)AzH?
[A(1 — Pg) Ax*]?

Mk

Then, Algorithm 2 becomes
A =2k — Bi6(x* — Pe(x")) — (1 pr)pmA™ (1 - Pg) Ax". (10)

Note that B0 € (0,2) and (1 — Bx)p € (0,2). Comparing (3) and (10), the ranges of
the parameter sequences {j }rery and {0 bxe in the algorithm (3) are extended from (0,1)
to (0,2). It is worth noting that {py }ren and {0y }ren cannot both be in (1,2). In fact, one is
in (0,2), while the other is in (0,1). Due to a; € (0,2), Algorithm 2 is the Douglas-Rachford
splitting method with linearization.

We give two choices of B, as follows:

e  Constant choice: By := € (0,1) forallk € N;
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e Adaptive choice: Let E,B € (0,1),
k N k||
ol 62— 0) || — Pe(x)|” — p(2 — p)pe]| (1 — Po) x|
K72 2|6 (xk — Pe(xk)) — pmp A (I — PQ)Aka2

and B = max{p, min{B;, B}}.

Note that the upper and lower bounds are imposed in the adaptive choice of B to
guarantee By € (0,1). Therefore, it is not fully adaptive.

Now, the following lemma shows the validity of the stopping criterion through Step 2
of the Douglas-Rachford splitting method with linearization.

(11)

Lemma 4. If Vf(xK) = 0and x**1 = x* for some k, then x* generated by Algorithm 2 is a
solution of the SFP (1).

Proof. Using Vf(xf) = 0 and x**! = xk, we get x¥ = Pc(xF), which implies x* € C.
Thus, 0 € N¢ (xk ). We deduce that x* is a solution of the SFP (1) because of the first-order
optimality condition 0 € N¢(x) + V£ (x) of problem (5). [

In Algorithm 2, we generally assume that the projections Pc and Py are easy to calculate.
However, projection is sometimes impossible or difficult to calculate. In order to solve this
problem, we consider a general situation of C and Q in SFP (1). C = {x € H; : ¢(x) < 0}
and Q = {y € Hy : q(y) < 0} are level sets, where ¢ : #; — R and g : H, — R are convex
functions. We assume that dc and dq are bounded operators and define the sets C and Qy
as follows:

Cr = {x € Hy:o(xb) + (&, x — ) < O},

where & € ac(xF), and
Qi = {y € Ha: q(Ax") + (4,y — A") <0,
where 7¥ € 9g(Ax").

Next, we define fi(x) = 3[(I — Pg,)Ax||> and introduce the relaxed Douglas—
Rachford splitting method with linearization. (see Algorithm 3)

Algorithm 3 Relaxed Douglas—Rachford splitting method with linearization.

Step 0. Input k := 0, x° € H,.
Step 1. Given x¥, generate x*1 by

= ok gy [(xk — P, (x4)) + A A (T — PQk)Axk}, (12)
where {a }ren and {Ag }ren are two sequences of positive numbers.

Step 2. If V fi(x¥) = 0 and x*+1 = x¥, then terminate. Otherwise, set k := k + 1 and go
to Step 1.

4. Convergence Analysis

In this section, we prove the weak convergence of Algorithm 2 under the standard
conditions.

Firstly, we present two lemmas which are key for the convergence of Algorithm 2.



Symmetry 2022, 14, 537 7 of 13

Lemma 5. Let {x*}c be the sequence generated by Algorithm 2 from any initial point x° € H4
and x* € T. Let B = B € (0,1), Vk € N. Then it holds

[t | e = [ pote -y et
—(1-B)p2—p qu (I— Po)Ax H (13)
B(1— B) HGx — Pe(xk)) — p;ykA*(I—PQ)AkaZ.
Proof. By (10) and (7), we have
et

=Bl = 0(x* — Pc(x¥)) —x*] + (1 = B [x* — pyp A™ (I — Pg) Ax* — x*] 2

v
I

—ﬁHx — " = 0(xk — Po(x¥)) (14)
(1= B[ —»* — pra” (I—PQ)AkaZ
B(1 - B)Jo(x* — Pe(x*)) — p;ykA*(I—PQ)AkaZ.
Using (8), we get
<xk—x*,xk—PC( >>Hx ~ Pe(x )Hz, (15)
and

(3 = x*, A% (1 - PQ) Ax*)=( Ax* — Ax", (I - Pg) Ax*) > H(I—PQ)Axkuz. (16)
By (15), we obtain
Hx —x* —0(xF — Pe(x H
—Hx _x H +92Hx — Pe(x H —26<x —x*, 3k~ Pe(x k)> (17)
SEE: H —0(2- ) [x* — Pc(x )Hz.

From (16) and the definition of 7y, it follows

XK — x* — o A (1 — PQ)Aka2

=|[xF — x*H2 +p217,%HA*(I — PQ)Aka2 - 2p17k<xk —x*, A (I — PQ)Axk>
2 2 2 (18)
<2k - xH +p2;7,%HA*(1 - PQ)Aka - 2p17kH(I - PQ)Aka

=||x* — x*H2 —p(2— p);ka(I - PQ)AkaZ.

Combining (14), (17) and (18), we deduce (13). The proof is completed. [
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Remark 2. The inequality (13) with the ranges of the parameters B, 0, p shows the monotonically
decreasing property of the sequence {||x* — x*||}xen. It is not the same as the inequality in [15],
and the latter reduces to the following form for the SFP (1):

2

ka+1 oyt

2 2
<l - |

= 21 = )| = Pe(¥)
(12

- 20’k(1 - O'k)ﬂkH(I - PQ)AX H

It is difficult to compare them and show which is better in theory. The numerical experiments

in Section 5 illustrate that the optimal choices of the parameters of {yy }ren and {0y }ren is that
one is in (0,2) while the others are in (0,1).

Lemma 6. Let {x*}c be the sequence generated by Algorithm 2 from any initial point x° € H;,
x* € I. Let By is given adaptively.

(i) If B € [B, B, it holds

2
ka-i-l oyt

g %9(2 )t~ Pe(et)

— 302~ o) (1 Py axt

1 %
— 2|06 = Pe()) — et (1 - ) At

2
s = H

2
H Hz (19)
pa—o —recf —pa—pmf—roav]

4|6 (xk — Pe(xk)) — prA* (1 — PQ)Aka2

4

(i) If B; & [B, B, it holds

ka+1—x* ? Ska—x* 2—[-EQ(Z—Q)HJck—P(;(xk)

i

f e

~(1=B)p@— o) (1 - Pg) Ax*
—2 . 2
— (B— B0+ = Pe(x*)) — pmea* (1 - Po) At
Proof. (i) In this case, f; = B;. Similar to Lemma 5, we have

2
ka+1 oyt Ska o

T i@ )|t~ pe()

H2 1)

— (1= Bp(2 = p)e| (1 — Po) A

— Br(1 = Br) HG(xk — Pe(x*)) — pr A% (1 - PQ)Aka2

Let
2

7

d = 0(2— e)ka — Pe(xb)

2

7

e = p(2 = )| (1 = Po)Axt
my = [|0(x* — Pe(x¥)) — pieA* (I = Po) Ax¥||2.
The inequality (21) becomes

[ — 2|2 <l — 2|2 = Brdy — (1= Br)ex — Be(1 — Br)mye (22)
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After simple calculations, we get
= Brdr — (1 = Br)ex — B (1 — Pr)my
=myBi — (di — e + mi) B — e
i~ B (54 B g @3)
T

where the last equality holds due to (11). Combining (22) and (23), we get (19);
(ii) In this case, By = B or By = p. By Lemma 5, it is easy to obtain (20). [

Theorem 1. Let {x*}icn be generated by Algorithm 2; then, {x*}icn converges weakly to a
solution of the SFP (1).

Proof. By (13), (19) and (20), we have
I — 2| <l =27

which implies that {x*}cy is bounded and limy_,, ||x* — x*|| exists. From the definition
of 7y, it follows

I(I — Pg) Ax¥||? | Ax* — Po(AxN)|12 1
Tk = 4% Kz = 2I[ Axk Nz - 7 (24)
|A*(I = Pg) AxK||> — [|A[l2[|Ax* — Po(AxN) |2 [|A]
Combining (13), (19), (20) and (24), we deduce
lim || Pc(x*) = x*| =0, (25)
k—o0
and
lim ||(I — Pg)Ax"| = 0. (26)
k—o0

To use Lemma 3, we need to show wy, (xk) C T. To this end, take arbitrarily £ € wy (xk )
and let ¥ — £ where {x*1},y is a subsequence of {x"};cy. From Lemma 2 and (25), we
get £ € C. Combining (26) and the weak lower semicontinuity of f, we obtain

0< f(%) < lilrginff(xkl) = lim f(x*) =o.

Hence, f(£) = %||(I — Pq)A%|| = 0, ie., A% € Q. Thus, we have wy(x*) C T,
By Lemma 3, we deduce that {x*};cy converges weakly to a point in T. The proof is
completed. O

Combining Theorem 1 and [18] (Theorem 3.2), it is easy to verify the convergence of
Algorithm 3.

Theorem 2. Let {x*},cn be generated by Algorithm 3; then, {x*}ren converges weakly to a
solution of the SFP (1).

5. Numerical Results

In this section, we show the behavior of Algorithm 2 by comparing it with the
algorithms (3) and (2) through two numerical examples.

For convenience, we denote the vector with all elements 0 by ey and the vector with all
elements 1 by e; in what follows. In the next two numerical examples, we take the objective
function value p(x) = 3 ||x — Pc(x)||? + §||Ax — Po(Ax)||?> < € as the stopping criterion.
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Example 1 ([6]). Consider the SFP, where A = (aij)mxn € R"™*" (m = 200,n = 500) and
a;j € (0,1) generated randomly and

C={xeR": ||x—d| <r},
Q={yeR": L<y<uy,

where d is the center of the ball C, eg < d < e1,r € (10,20) is the radius, d and r are both generated

randomly. L and U are the boundary of the box Q and are also generated randomly, satisfying
10e; < L < 20eq and 20e; < U < 30ey, respectively.

In the numerical experiment, we take the objective function value p(x*) < e =105
as the stopping criterion.

In Figure 1, the initial point x° € (0,100e;) is randomly chosen. For comparing
Algorithm 2 with the algorithms (2) and (3), we take 8 = 1.59, p = 1.86 and By = = 0.37in
Algorithm 2, oy = 1.99 in the algorithm (2) and y = 0.72 and v}, = 0.88 in the algorithm (3).

1015
= = Alg.2
alg (2)
—===alg(3)
1010 .\‘ 4
)
1
1
1,
105 V8 1
—~ W
e 1)
LA
g RV
ol ]
10 \ -
\ [
"\
1
L)
5L 4
10 Y \
10710 | | | | | | |
0 20 40 60 80 100 120 140 160

k
Figure 1. The value of p(x*) versus the iteration numbers for Example 1.
In Table 1, we show the iteration steps and CPU time of Algorithm 2, algorithm (2)

and algorithm (3) for 3 initial points. For case 1, X0 = (100, - - - ,100); for case 2, xY = (100,
—100, - - -, 100, —100); and for case 3, x0 e (—100e1,100e7 ).

Table 1. Comparison of Algorithm 2, algorithms (2) and (3) under different initial points.

c Algorithm 2 algorithm (2) algorithm (3)
ases

Iter. CPU Time Iter. CPU Time Iter. CPU Time
Case 1 18 0.0313 155 0.0313 38 0.0469
Case 2 22 0.0469 372 0.0781 37 0.0469
Case 3 16 0.0313 256 0.0469 35 0.0313

As shown in Figure 1 and the iteration steps in Table 1, Algorithm 2 behaves better
than the algorithms (2) and (3).

Nl—

Example 2. Suppose that Hi = Ho = L*([0,1]) with norm ||x|| = <f01 |x(t)|2dt) and inner
product

(o) = [ xloyer.
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Let
C:={xeH;:(ax) =0},

where a = sin(5t3) and b = 0. In this case, we have

b— (a,x)

Pc(x) =x+
la]|>

a.

Additionally, let
Q:={x€Hy:(c,x)<d},

where ¢ = sin(t/4) and d = 1/5; then, we obtain

X >
Po(¥) = {x + dﬂfﬁ’”c if (c,x) > d.

Consider the matrix

000 00
110 00
1121 00
A= — ,
200 Do
122 .10
122 .21

101x101
resulting from a discretization of the operator question of the first kind

y(t) = (Ax)(t) :== /;x(s)ds, s,t€[0,1; x,y:[0,1] — [0,1].

In the numerical experiment, the initial function is x°(t) = 10sin(#* + 2t). We take
p(x*) < e = 10710 as the stopping criterion.

For comparing Algorithm 2 with the algorithms (2) and (3), we take 8 = 1.99, p = 1.99
and By = B = 0.41in Algorithm 2, p; = 1.89 in the algorithm (2) and y; = 0.5 and vy = 0.99
in the algorithm (3). From Figure 2, we can see that the performance of Algorithm 2 is
better than the algorithms (2) and (3).

102
- = Alg.2
» alg (2)
0L Vs 4
10 \\\ —==-alg (3)
~,
N
2L \~ -
10 A\ N,
\ \N
\N
4 L A \s E
— 10 \ \Q\
% \ “
= \ N
6L . 1
10 \ .
\§
~
8 \ §\~
10° F \ S, 3
\ \~\
\ SN,
100 N . ]
1042 | | | | | | |
0 5 10 15 20 25 30 35 40

Figure 2. The value of p(x¥) versus the iteration numbers for Example 2.
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6. Some Concluding Remarks

In this article, we introduce the Douglas—Rachford splitting method with linearization
for the split feasibility problem, which is a general method and includes the methods
in [13,15] as special cases. The weak convergence of the proposed method is established
under the standard conditions. Numerical experiments illustrate the effectiveness of our
methods.

The methods proposed in this article can be generalized to solve the multiple-sets
split feasibility problem. It is interesting to investigate the other possible choices of the
parameters {ay }ren and { A }ren-

Recently, some authors have applied self-adaptive step sizes to split generalized
equilibrium and fixed point problems [20] and pseudo-monotone equilibrium problems [21].
The numerical examples illustrate that the step sizes have excellent behaviour. Applying
the self-adaptive step size to the split feasibility problem is worth investigating.
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