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Abstract: In this current study, we aim to give some results for third-order differential subordina-
tion and superordination for analytic functions in U = {z ∈ C : |z| < 1} involving the generalized
operator I j

α,β f . The results are derived by investigating relevant classes of admissible functions.
Some new results on differential subordination and superordination with some sandwich theorems
are obtained. Moreover, several particular cases are also noted. The properties and results of the
differential subordination are symmetry to the properties of the differential superordination to form
the sandwich theorems.

Keywords: analytic function; subordination; superordination; sandwich result; dominant; subordinant

1. Introduction

Indicate byH = H(U) the collection of analytic functions in the open unit disc U that
have the form:

H[a, n] =
{

f ∈ H(U) : f (z) = a + anzn + an+1zn+1 + an+2zn+2 + · · ·
}

(a ∈ C, n ∈ N = {1, 2, 3, . . .}),

and indicate by A(n) the subclasses ofH(U) comprising of functions

f (z) = z +
∞

∑
k=n+1

akzk, (z ∈ U).

Note thatA(1) = A. Further, let the functions f1 and f2 be in the classH(U). It is said
that the function f1 is subordinate to f1 or f2 is superordinate to f1, if there exists a Schwarz
function κ(z) (κ(0) = 0, |κ(z)| < 1, z ∈ U) analytic in U such that

f1(z) = f2(κ(z)).

This subordination is indicated by f1(z) ≺ f2(z). Specifically, if the function f2 is
univalent in U, then we obtain (see [1])

f1(z) ≺ f2(z) ⇔ f1(0) = f2(0) and f1(U) ⊂ f2(U).

Now, we will recall the generalized operato I j
α,β on A as below [2].

Suppose that β ≥ 0 andα is a real number with (α + β) > 0. Then for j ∈ N0 = N∪ {0}
and f ∈ A, the operator I j

α,β is defined by
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I0
α,β f (z) = f (z)

I1
α,β f (z) = α f (z)+βz f ′(z)

α+β
...

I j
α,β f (z) = Iα,β

(
I j−1
α,β f (z)).

We see that I j
α,β : A → A is a linear operator and

I j
α,β f (z) = z + ∑∞

k=2 (
α + kβ

α + β
)

j
akzk .

If f ∈ A(n), then the operator I j
α,β is expressed by the infinite series:

I j
α,β f (z) = z + ∑∞

k=n+1 (
α + kβ

α + β
)

j
akzk (1)

It is derived from (1) that

βz(I j
α,β f (z))

′
= (α + β)I j+1

α,β f (z)− αI j
α,β f (z).

Further, for the particular values of α and β, Swamy [2] point out that the operator
I j
α,β f (z) reduces to various operators. Some of them are illustrated below:

• I j
α,0 f (z) = f (z);

• I j
1−β,β f (z) = Dj

β f (z), (β ≥ 0), known as Al-Oboudi differential operator [3];

• I j
α,1 f (z) = I j

α f (z), (α > −1), investigated by Cho and Srivastava [4], Cho and Kim [5];

• I j
γ+1−β,β f (z) = I j

γ,β f (z), (γ > −1, β ≥ 0), studied by Catas [6].

Antonino and Miller [7] (also [8,9]) have expanded the concept of second-order differ-
ential subordination and superordination in U established by Miller and Mocanu [1,10,11]
to the third-order case. They derived features of functions p that fulfill the third-order
differential subordination:{

ψ
(

p(z), zp′(z), z2 p′′ (z), z3 p′′′ (z); z
)

: z ∈ U
}
⊂ Ω,

and also for third-order differential superordination:

Ω ⊂
{

ψ
(

p(z), zp′(z), z2 p′′ (z), z3 p′′′ (z); z
)

: z ∈ U
}

,

where Ω is a set in C, p is an analytic function and ψ : C4 ×U → C .
Recently, several authors studied some applications on the concept of second-order

differential subordination and superordination and established some sandwich outcomes,
like, (see [12,13]) and third-order for different classes (see [8,9,14]). For some interesting
applications related to the differential subordination and superordination in other subjects
of mathematics, we may refer to [15–17].

In order to demonstrate our outcomes, we shall give several definitions and theo-
rems below.

Definition 1. (See [7]) Let ψ : C4 ×U → C and assume h is univalent in U. If the function p is
analytic in U and fulfills

ψ
(

p(z), zp′(z), z2 p′′ (z), z3 p′′′ (z); z
)
≺ h(z), (2)
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then the function p is named a solution of the differential subordination. A univalent function q is
named a dominant of the solution of the differential subordination if p(z) ≺ q(z) for all p satisfying
(2). A dominant q (z) that fulfills q∼ (z) ≺ q(z) for all dominants q of (2) is named best dominant.

Definition 2. (See [9]) Let ψ : C4 ×U → C and assume h is analytic in U. If the functions p,

ψ
(

p(z), zp′(z), z2 p′′ (z), z3 p′′′ (z); z
)

are univalent in U and fulfill

h(z) ≺ ψ
(

p(z), zp′(z), z2 p′′ (z), z3 p′′′ (z); z
)

, (3)

then function p is named a solution of the differential superordination. Further, an analytic
function q is named subordinant of the solutions of the differential superordination, or more simply
a subordinant if q(z) ≺ p(z) for all p satisfying (3). A univalent subordinant q∼ (z) that fulfills
q(z) ≺ q∼ (z) for all subordinants q of (3) is named the best subordinant.

Definition 3. (See [7]) Indicate by Q. the set of all functions q(z) that are analytic on U\E(q),
where ,

E(q) =
{

ζ : ζ ∈ ∂U : lim
z→ζ

q(z) = ∞
}

,

and are such that q′(ζ) 6= 0 for ζ ∈ ∂U\E(q). Further, indicate by Q(a) the subclass of Q consisting
of functions q for which q(0) = a. Note that by Q1 = Q(1) = {q(z) ∈ Q : q(0) = 1}.

Definition 4. (See [7]) Assume Ω be a set in C, q ∈ Q and n ∈ N\{1}. The class of admis-
sible functions Ψn[Ω, q] consists of those functions ψ : C4 ×U → C that fulfill the following
admissibility condition:

ψ(r, s, t, u; z) /∈ Ω,

whenever

r = q(ζ), s = kζq′(ζ), Re
{

t
s
+ 1
}
≥ kRe

{
1 +

ζq′′ (ζ)
q′(ζ)

}
, Re

{u
s

}
≥ k2Re

{
ζ2q′′′ (ζ)

q′(ζ)

}
,

(z ∈ U, ζ ∈ ∂U\E(q) and k ≥ n).

Definition 5. (See [9]) Let Ω be a set in C, q ∈ H[a, n] with q′(z) 6= 0 and n ∈ N\{1}. The
class of admissible functions Ψ′n[Ω, q] consists of those functions ψ : C4 ×U → C that satisfy the
following admissibility condition:

ψ(r, s, t, u; z) ∈ Ω,

whenever

r = q(z), s =
zq′(z)

m
, Re

{
t
s
+ 1
}
≤ 1

m
. Re

{
1 +

zq′′ (z)
q′(z)

}
, Re

{u
s

}
≤ 1

m2 Re
{

z2q′′′ (z)
q′(z)

}
,

(z ∈ U, ζ ∈ ∂U m ≥ n ≥ 2).

Theorem 1. (See [7]) Assume p ∈ H[a, n] (n ≥ 2). Further, let q ∈ Q(a) fulfill the conditions:
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Re
{

ζq′′ (ζ)
q′(ζ)

}
≥ 0,

∣∣∣∣ zp′(z)
q′(ζ)

∣∣∣∣ ≤ k, (z ∈ U, ζ ∈ ∂U\E(q) and k ≥ n).

If Ω is a set in C, ψ ∈ Ψn[Ω, q] and

ψ
(

p(z), zp′(z), z2 p′′ (z), z3 p′′′ (z); z
)
∈ Ω,

then

p(z) ≺ q(z) (z ∈ U).

Theorem 2. (See [9]) Let ψ ∈ Ψ′n [Ω, q]. If ψ
(

p(z), zp′(z), z2 p′′ (z), z3 p′′′ (z); z
)

is univalent in
U, p ∈ Q(a) and q ∈ H[a, n] fulfill

Re
{

ζq′′ (ζ)
q′(ζ)

}
≥ 0 ,

∣∣∣∣ zp′(z)
q′(ζ)

∣∣∣∣ ≤ m, (z ∈ U, ζ ∈ ∂U and m ≥ n ≥ 2),

then

Ω ⊂
{

ψ
(

p(z), zp′(z), z2 p′′ (z), z3 p′′′ (z); z
)

: z ∈ U
}

,

implies that

q(z) ≺ p(z) (z ∈ U).

The current paper utilizes the techniques on the third-order differential subordination
and superordination outcomes of Antonino and Miller [7], Ali et al. [18] and Tang et al. [9],
respectively and different conditions (see [19,20]). Certain classes of admissible functions
are investigated in this current paper, some properties of the third-order differential subor-
dination and superordination for analytic functions in U related to the operator I j

α,β f are
also mentioned.

2. Third-Order Differential Subordination Properties

This part includes third-order differential subordination properties are derived for
analytic involving the generalized operator I j

α,β f .

Definition 6. Let q ∈ Q0 ∩H and Ω be a set in C . The class of admissible functions ΦI,1[Ω, q]
consists of those functions φ : C4 ×U → C that fulfill the admissibility condition:

φ(u, v, x, y; z) /∈ Ω,

whenever

u = q(ζ), v =
kζβq′(ζ) + αq(ζ)

(α + β)
,

Re

{
(α + β)2x− 2α(vα + vβ) + α2u

β(v(α + β)− αu)
− 1

}
≥ kRe

{
ζq′′ (ζ)
q′(ζ)

+ 1
}

,

and

Re

{
(α + β)3y− (3α + 3β)(α + β)2x + 9α2vβ + 6αvβ2 − 3α2uβ− α3u + 3α3v

β2(v(α + β)− αu)
+ 2

}

≥ k2Re
{

ζ2q′′′ (ζ)
q′(ζ)

}
,
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where z ∈ U, ζ ∈ ∂U\E(q), β > 0 and k ∈ N\{1}.

Theorem 3. Let ψ ∈ ΦI,1[Ω, q]. If f ∈ A(n) and q ∈ Q0 ∩H fulfills the conditions

Re
{

ζq′′ (ζ)
q′(ζ)

}
≥ 0,

∣∣∣(α + β)I j+1
α,β f (z)− αI j

α,β f (z)
∣∣∣ ≤ kβ

∣∣∣∣q′(ζ)∣∣∣∣ (4)

and {
φ
(

I j
α,β f (z), I j+1

α,β f (z), I j+2
α,β f (z), I j+3

α,β f (z); z
)

: z ∈ U
}
⊂ Ω, (5)

then

I j
α,β f (z) ≺ q(z) (z ∈ U, ζ ∈ ∂U\E(q), β > 0 and k ∈ N\{1}).

Proof. Let us put

w(z) = I j
α,β f (z). (6)

By differentiating (6) with respect to z and from (1), we find

I j+1
α,β f (z) =

βzw′(z) + αw(z)
α + β

.

Further computations give

I j+2
α,β f (z) =

β2z2w′′ (z) + (β2 + 2αβ)zw′(z) + α2w(z)

(α + β)2

and

I j+3
α,β f (z) =

β3z3w′′′ (z) + (3αβ2 + 3β3)z2w′′ (z) + (3α2β + 3αβ2 + β3)zw′(z) + α3w(z)

(α + β)3 .

Now, we will establish a transformation from C4 to C by

u(r, s, t, e) = r, v(r, s, t, e) =
βs + αr
(α + β)

, x(r, s, t, e) =
β2t + (β2 + 2αβ)s + α2r

(α + β)2 (7)

and

y(r, s, t, e) =
β3e + (3αβ2 + 3β3)t + (3α2β + 3αβ2 + β3)s + α3r

(α + β)3 . (8)

Next, suppose

ψ(r, s, t, e; z) = φ(u, v, x, y; z) = φ(r,
βs + αr
(α + β)

,
β2t + (β2 + 2αβ)s + α2r

(α + β)2 ,

β3e + (3αβ2 + 3β3)t + (3α2β + 3αβ2 + β3)s + α3r

(α + β)3 ; z). (9)

It follows from (9) and Theorem 1 that

ψ
(

w(z), zw′(z), z2w′′ (z), z3w′′′ (z); z
)
= φ

(
I j
α,β f (z), I j+1

α,β f (z), I j+2
α,β f (z), I j+3

α,β f (z); z
)

. (10)
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Hence, the inclusion (5) leads to

ψ
(

w(z), zw′(z), z2w′′ (z), z3w′′′ (z); z
)
⊂ Ω.

Moreover, in view of (7) and (8), we get

t
s
+ 1 =

(α + β)2x− 2α(vα + vβ) + α2u
β(v(α + β)− αu)

− 1,

and

e
s
=

(α + β)3y− (3α + 3β)(α + β)2x + 9α2vβ + 6αvβ2 − 3α2uβ− α3u + 3α3v
β2(v(α + β)− αu)

+ 2.

Therefore, the admissibility condition in Definition 6 for φ ∈ ΦI,1[Ω, q] is equivalent to
the condition for ψ ∈ Φ2[Ω, q] as given in Definition 4 for n = 2. Hence, by making use of
(4) and applying Theorem 1, we see that

I j
α,β f (z) ≺ q(z).

�
The next outcome is a direct conclusion of Theorem 3.

Theorem 4. Let φ ∈ ΦI,1[h, q]. If the functions f ∈ A(n) and q ∈ Q0 fulfill the following conditions

Re
{

ζq′′ (ζ)
q′(ζ)

}
≥ 0,

∣∣∣(α + β)I j+1
α,β f (z)− αI j

α,β f (z)
∣∣∣ ≤ kβ

∣∣∣∣q′(ζ)∣∣∣∣,
and

φ
{

I j
α,β f (z), I j+1

α,β f (z), I j+2
α,β f (z), I j+3

α,β f (z); z) : z ∈ U
}
≺ h(z),

then

I j
α,β f (z) ≺ q(z).

Proof. It is clear that by using Theorem 3, we arrive at the desired outcome. �

The next corollaries are extensions of Theorem 3 to the case where the behavior of q(z)
on ∂U is not known.

Corollary 1. Assume Ω ⊂ C and q(z) is univalent in U with q(0) = 1, φ ∈ ΦI,1
[
Ω, qρ

]
for some

ρ ∈ (0, 1) where qρ(z) = q(ρz). If f (z) ∈ A(n) and qρ ∈ Q0 fulfill

Re

{
ζq′′ρ (ζ)
q′ρ(ζ)

}
≥ 0,

∣∣∣(α + β)I j+1
α,β f (z)− αI j

α,β f (z)
∣∣∣ ≤ k β

∣∣∣q′ρ(ζ)∣∣∣,
and

φ
{

I j
α,β f (z), I j+1

α,β f (z), I j+2
α,β f (z), I j+3

α,β f (z); z) : z ∈ U
}
∈ Ω,

then

I j
α,β f (z) ≺ qρ(z).

Proof. Theorem 3 yields I j
α,β f (z) ≺ q(z). The outcome is now deduced from qρ(z) ≺ q(z). �
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Corollary 2. Let Ω ⊂ C and suppose that q(z) is univalent in U with q(0) = 1, φ ∈ ΦI,1
[
Ω, qρ

]
for some ρ ∈ (0, 1), where qρ(z) = q(ρz). If f (z) ∈ A(n) and qρ ∈ Q0 fulfill

Re

{
ζq′′ρ (ζ)
q′ρ(ζ)

}
≥ 0,

∣∣∣(α + β)I j+1
α,β f (z)− αI j

α,β f (z)
∣∣∣ ≤ kβ

∣∣∣q′ρ(ζ)∣∣∣,
and

φ
(

I j
α,β f (z), I j+1

α,β f (z), I j+2
α,β f (z), I j+3

α,β f (z); z
)
≺ h(z), (11)

then

I j
α,β f (z) ≺ q(z).

Proof. The outcome is similar to the proof of ([17], Theorem 2.3d, p. 30) and is therefore
omitted. �

Theorem 5. Let ψ : C4 ×U → C , h be univalent function in U and ψ be given by (9). Assume

ψ
(

q(z), zq′(z), z2q′′ (z), z3q′′′ (z); z
)
= h(z),

has a solution q(z) ∈ Q0 ∩H. If the function f ∈ A(n) fulfill (4) and

φ
(

I j
α,β f (z), I j+1

α,β f (z), I j+2
α,β f (z), I j+3

α,β f (z); z
)

, β > 0

is analytic in U, then (11) implies that

I j
α,β f (z) ≺ q(z),

and q(z) is the best dominant.

Proof. From Theorem 3, we find that q(z) is a dominant (11) since q(z) fulfills

ψ
(

q(z), zq′(z), z2q′′ (z), z3q′′′ (z); z
)
= h(z),

it is also a solution of the above differential equation and therefore q(z) will be dominated
by all dominants. Hence, q(z) is the best dominant. �

According to Definition 6 and for q(z) = Mz, (M > 0), the class of admissible func-
tions ΦI,1[Ω, q] = ΦI,1[Ω,M] is expressed below.

Definition 7. The class of admissible functions ΦI,1[Ω,M] consists of those functions
ψ: C4 × U → C such that

ψ

(
Meiθ ,

(α + βk)Meiθ

(α + β)
,

β2L +
((

β2 + 2αβ
)
k + α2)Meiθ

(α + β)2 ,
β3N +

(
3αβ2 + 3β3)L +

((
3α2β + 3α β2 + β3)k + α3)Meiθ

(α + β)3 ; z

)
/∈ Ω,

where z ∈ U, β > 0, Re
(

L e−iθ) ≥ (k− 1)kM, and for all θ ∈ R and k ∈ N\{1}.

Corollary 3. Let ψ ∈ ΦI,1[Ω,M]. If the function f ∈ A(n) fulfills the conditions:∣∣∣(α + β)I j+1
α,β f (z)− αI j

α,β f (z)
∣∣∣ ≤ kβM,

and

φ
(

I j
α,β f (z), I j+1

α,β f (z), I j+2
α,β f (z), I j+3

α,β f (z); z
)
∈ Ω,
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then ∣∣∣I j
α,β f (z)

∣∣∣ <M.

If Ω = q(U) = {w : |w| <M (M > 0)}, then the class ΦI,1[M] is represented by
ΦI,1[Ω,M].

Corollary 4. Let ψ ∈ ΦI,1[M]. If the function f ∈ A(n) fulfills∣∣∣(α + β)I j+1
α,β f (z)− αI j

α,β f (z)
∣∣∣ ≤ kβM,

and ∣∣∣ψ(I j
α,β f (z), I j+1

α,β f (z), I j+2
α,β f (z), I j+3

α,β f (z); z
)∣∣∣ <M,

and
φ
(

I j
α,β f (z), I j+1

α,β f (z), I j+2
α,β f (z), I j+3

α,β f (z); z
)
∈ Ω

then ∣∣∣I j
α,β f (z)

∣∣∣ <M,

Corollary 5. Let M > 0, k ∈ N\{1}, β > 0 and (α + β) > 0. If the function f ∈ A(n). fulfills
the following conditions: ∣∣∣I j+2

α,β f (z)− I j+1
α,β f (z)

∣∣∣ < 2β2M+ 2αβM
(α + β)2 ,

then ∣∣∣I j
α,β f (z)

∣∣∣ <M.

Proof. We put φ(u, v, x, y; z) = x − v. According to Corollary 3 with Ω = h(U) and

h(z) = 2β2M+2αβM
(α+β)2 z, (z ∈ U), we shall present that ψ ∈ ΦI,1[Ω,M]. Since∣∣∣∣∣∣∣∣

φ

(
Meiθ , (α+βk)Meiθ

(α+β)
,

β2L+((β2+2αβ)k+α2)Meiθ

(α+β)2 ,

β3 N+(3αβ2+3β3)L+((3α2β+3α β2+β3)k+α3)Meiθ

(α+β)3

)
; z

∣∣∣∣∣∣∣∣
=

∣∣∣∣∣ β2L + αβkMeiθ

(α + β)2

∣∣∣∣∣,
=

∣∣∣∣∣ β2Le−iθ + αβkM
(α + β)2e−iθ

∣∣∣∣∣
≥

β2Re
(

Le−iθ)+ k|αβ|M
(α + β)2

≥ 2β2M+ 2αβM
(α + β)2 ,

the proof is completed. �
Now, we establish the next admissible class.
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Definition 8. Assume q ∈ Q1 ∩H and Ω is a set in C. The class of admissible functions ΦI,2[Ω, q]
consists of those functions φ : C4 ×U → C that fulfill the admissibility conditions:

φ(u, v, x, y; z) /∈ Ω,

whenever

u = q(ζ), v =
kζβq′(ζ) + (α + β)q(ζ)

(α + β)
,

Re

{
(α + β)2x− β2u + α2(u− 2v)− 2αβv

β((α + β)v− (α + β)u)
− 2

}
≥ kRe

{
ζq′′ (ζ)
q′(ζ)

+ 1
}

,

Re


(α + β)3y− (3α + 6β)(α + β)2x + 15βα2v + 12αβ2v + 3α3v− α3u−

6αβu3 + 5β3u
β2(v(α + β)− (α + β)u)

+ 11

 ≥ k2Re
{

ζ2q′′′ (ζ)
q′(ζ)

}
,

where k ∈ N\{1}, β > 0, ζ ∈ ∂U\E(q) and z ∈ U.

Theorem 6. Let ψ ∈ ΦI,2[Ω, q]. If the function f ∈ A(n) and q ∈ Q1 ∩H fulfills the following
conditions

Re
{

ζq′′ (ζ)
q′(ζ)

}
≥ 0,

∣∣∣∣∣∣(α + β)

 I j+1
α,β f (z)− I j

α,β f (z)

z

∣∣∣∣∣∣ ≤ kβ

∣∣∣∣∣∣q′(ζ)
∣∣∣∣∣∣ (12)

and φ

 I j
α,β f (z)

z
,

I j+1
α,β f (z)

z
,

I j+2
α,β f (z)

z
,

I j+3
α,β f (z)

z
; z

 : z ∈ U

 ⊂ Ω, (13)

then

I j
α,β f (z)

z
≺ q(z).

Proof. Let put

w(z) =
I j
α,β f (z)

z
. (14)

Then, by differentiating (14) with respect to z and from (1), we find that

I j+1
α,β f (z)

z
=

βzw′(z) + (α + β)w(z)
(α + β)

.

Further computations give

I j+2
α,β f (z)

z
=

β2z2w′′ (z) + (3β2 + 2αβ)zw′(z) + (α + β)2 w(z)

(α + β)2 ,
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and

I j+3
α,β f (z)

z
=

β3z3w′′′ (z) + (3αβ2 + 6β3)z2w′′ (z) + (9αβ2 + 3α2β + 7β3)zw′(z)+
(α + β)3w(z)

(α + β)3 .

Now, we will express a transformation from C4 to C by

u(r, s, t, e) = r, v(r, s, t, e) =
βs + (α + β)r

(α + β)
, x(r, s, t, e) =

β2t + (3β2 + 2αβ)s + (α + β )2r

(α + β)2 , (15)

and

y(r, s, t, e) =
β3e + (3αβ2 + 6β3)t + (9α2β + 3α2β + 7β3)s + (α + β)3r

(α + β)3 . (16)

Next, suppose that

ψ(r, s, t, e; z) = φ(u, v, x, y; z) = ψ

(
r,

βs + (α + β)r
(α + β)

,
β2t + (3β2 + 2αβ)s + (α + β )2r

(α + β)2 ,

β3e + (3αβ2 + 6β3)t + (9α2β + 3α2β + 7β3)s + (α + β)3r

(α + β)3 ; z

)
(17)

It follows from (17) and Theorem 1 that

ψ
(

w(z), zw′(z), z2w′′ (z), z3w′′′ (z); z
)
= φ

 I j
α,β f (z)

z
,

I j+1
α,β f (z)

z
,

I j+2
α,β f (z)

z
,

I j+3
α,β f (z)

z
; z

. (18)

Hence, (13) leads to

φ
(

w(z), zw′(z), z2w′′ (z), z3w′′′ (z); z
)
⊂ Ω.

Moreover, in view of (15) and (16), we get

t
s
+ 1 =

(α + β)2x− β2u + α2(u− 2v)− 2αβv
β((α + β)v− (α + β)u)

− 2

and

e
s
=

(α + β)3y− (3α + 6β)(α + β)2x + 15βα2v + 12αβ2v + 3α3v− α3u− 6αβu3 + 5β3u
β2(v(α + β)− (α + β)u)

+ 11.

Therefore, the admissibility condition in Definition 8 for ψ ∈ ΦI,2[Ω, q] is equivalent
to the condition for ψ ∈ Ψ2[Ω, q] as given in Definition 4 for n = 2. According to (4) and
Theorem 1, we see that

w(z) =
I j
α,β f (z)

z
≺ q(z).

If Ω 6= C is a simply connected domain and Ω = h(U) for some conformal mapping h
of U onto Ω, then the class ΦI,2[h(U), q] is expressed by ΦI,2[h, q]. �

Theorem 7. Let φ ∈ ΦI,2[h, q]. If the functions f ∈ A(n) and q ∈ Q1 ∩H fulfill

Re
{

ζq′′ (ζ)
q′(ζ)

}
≥ 0,

∣∣∣∣∣∣(α + β)

 I j+1
α,β f (z)− I j

α,β f (z)

z

∣∣∣∣∣∣ ≤ kβ|q′(ζ)|,
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and

φ

 I j
α,β f (z)

z
,

I j+1
α,β f (z)

z
,

I j+2
α,β f (z)

z
,

I j+3
α,β f (z)

z
; z

 ≺ h(z), (19)

then

I j
α,β f (z)

z
≺ q(z).

Proof. It is clear that from Theorem 6, we arrive at the outcome. �

The next corollaries are extensions of Theorem 6 to the case where the behavior of q
on ∂U is not known.

Corollary 6. Let Ω ⊂ C and suppose that q(z) is univalent function in U with q(0) = 1. Let
φ ∈ ΦI,2

[
Ω, qρ

]
for some ρ ∈ (0, 1), where qρ(z) = q(ρz). If f ∈ A(n) and qρ ∈ Q0 fulfills

Re

{
ζq′′ρ (ζ)
q′ρ(ζ)

}
≥ 0,

∣∣∣∣∣∣(α + β)

 I j+1
α,β f (z)− I j

α,β f (z)

z

∣∣∣∣∣∣ ≤ kβ|q′ρ(ζ)|,

and

φ

 I j
α,β f (z)

z
,

I j+1
α,β f (z)

z
,

I j+2
α,β f (z)

z
,

I j+3
α,β f (z)

z
; z

 ∈ Ω,

then

I j
α,β f (z)

z
≺ q(z),

(z ∈ U, ζ ∈ ∂U\E
(
qρ

)
, β > 0 and k ∈ N\{1}).

Proof. As a consequence of Theorem 6, that
I j
α,β f (z)

z ≺ qρ(z).

Now, the outcome may be deduce from qρ(z) ≺ q(z)
The proof of Corollary 6 is complete. �

Corollary 7. Let Ω ⊂ C and suppose that q(z) is univalent function in U (q(0) = 1). Let
φ ∈ ΦI,1

[
Ω, qρ

]
for some ρ ∈ (0, 1), where qρ(z) = q(ρz). If f ∈ A(n) and qρ ∈ Q0 fulfills

Re

{
ζq′′ρ (ζ)
q′ρ(ζ)

}
≥ 0,

∣∣∣∣∣∣(α + β)

 I j+1
α,β f (z)− I j

α,β f (z)

z

∣∣∣∣∣∣ ≤ kβ|q′ρ(ζ)|,

and

φ

 I j
α,β f (z)

z
,

I j+1
α,β f (z)

z
,

I j+2
α,β f (z)

z
,

I j+3
α,β f (z)

z
; z

 ≺ h(z),

then

I j
α,β f (z)

z
≺ q(z),



Symmetry 2022, 14, 418 12 of 17

(z ∈ U, ζ ∈ ∂U\E
(
qρ

)
, β > 0 and k ∈ N\{1}).

Theorem 8. Assume φ : C4 ×U → C , h is univalent in U and ψ is given by (9). Assume the
differential equation

ψ
(

q(z), zq′(z), z2q′′ (z), z3q′′′ (z); z
)
= h(z)

has a solution q(z) ∈ Q1 ∩H. If the function f ∈ A(n) fulfills the condition (19) and

φ

 I j
α,β f (z)

z
,

I j+1
α,β f (z)

z
,

I j+2
α,β f (z)

z
,

I j+3
α,β f (z)

z
; z

, β > 0

is analytic in U, then (19) implies that

I j
α,β f (z)

z
≺ q(z)

and q(z) is the best dominant.

Proof. From Theorem 6, we find that q(z) is a dominant (19) since q(z) fulfills:

ψ
(

q(z), zq′(z), z2q′′ (z), z3q′′′ (z); z
)
= h(z),

it is also a solution of the above differential equation and therefore q(z) will be dominated
by all dominants. �

3. Third-Order Differential Superordination Properties

This part analyzes the third-order differential superordination properties.

Definition 9. Let Ω be a set in C, q ∈ H with q′(z) 6= 0 and m ∈ N\{1}. The class of admissible
functions Φ′I,1[Ω, q] consists of those functions φ : C4 ×U → C which fulfill the admissibility
condition

ψ(u, v, x, y; ζ) ∈ Ω,

whenever

u = q(z), v =
kzβq′(z) + mαq(z)

m(α + β)
,

Re

{
(α + β)2x− 2α(vα + vβ) + α2u

β(v(α + β)− αu)
− 1

}
≤ 1

m
Re
{

zq′′ (z)
q′(z)

+ 1
}

and

Re

{
(α + β)3y− (3α + 3β)(α + β)2x + 9α2vβ + 6αvβ2 − 3α2uβ− α3u + 3α3v

β2(v(α + β)− αu)
+ 2

}
≤ 1

m2 Re
{

z2q′′′ (z)
q′(z)

}
,

(z ∈ U, β > 0 and ζ ∈ ∂U, m ∈ N\{1}).

Theorem 9. Let φ ∈ Φ′I,1[Ω, q]. If the functions f ∈ A(n), β > 0 and I j
α,β f (z) ∈ Q0 fulfills the

following conditions

Re
{

zq′′ (z)
q′(z)

}
≥ 0,

∣∣∣(α + β)I j+1
α,β f (z)− αI j

α,β f (z)
∣∣∣ ≤ mβ

∣∣∣∣q′(z)∣∣∣∣ (20)
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and

φ
(

I j
α,β f (z), I j+1

α,β f (z), I j+2
α,β f (z), I j+3

α,β f (z); z
)

is univalent in U, then

Ω ⊂
{

φ
(

I j
α,β f (z), I j+1

α,β f (z), I j+2
α,β f (z), I j+3

α,β f (z); z
)

: z ∈ U
}

, (21)

implies that

q(z) ≺ I j
α,β f (z).

Proof. Let the function w(z) be given by (6) and ψ be given by (9). Since ψ ∈ Φ′I,1[Ω, q], the
Equations (10) and (21) imply that

Ω ⊂ ψ
(

w(z), zw′(z), z2w′′ (z), z3w′′′ (z); z
)

.

This follows easily from (9), the admissible condition for ψ ∈ Φ′I,1[Ω, q] in Definition
9 is equivalent to the admissible condition for ψ ∈ ψ′I,1[Ω, q] as given in Definition 5 for
n = 2. Hence, by using the conditions in (20) and from Theorem 2, we obtain

q(z) ≺ w(z),

or, equivalently

q(z) ≺ I j
α,β f (z).

If Ω 6= C is a simply connected domain and Ω = h(U) for some conformal mapping h
of U onto Ω, then the class Φ′I,1[h(U), q] is expressed by Φ′I,1[h, q]. Proceeding similarly as
in the previous section, the following outcome is a consequence of Theorem 9. �

Theorem 10. Let φ ∈ Φ′I,1[h, q] and assume h is analytic in U. If the functions f ∈ A(n) and

I j
α,β f (z) ∈ Q0 fulfill the condition (20) and

φ
(

I j
α,β f (z), I j+1

α,β f (z), I j+2
α,β f (z), I j+3

α,β f (z); z
)

is univalent inU, then

h(z) ≺ φ
(

I j
α,β f (z), I j+1

α,β f (z), I j+2
α,β f (z), I j+3

α,β f (z); z
)

(22)

implies that

q(z) ≺ I j
α,β f (z).

Proof. The proof is deduce from Theorem 9. �

Next, we will give the existence of best subordinant of (22) for a suitable ψ.

Theorem 11. Let φ : C4 ×U → C be given by (9) and h be analytic in U. Assume the differential
equation:

ψ
(

q(z), zq′(z), z2q′′ (z), z3q′′′ (z); z
)
= h(z),

has a solution q(z) ∈ Q0. If f (z) ∈ A(n) and I j
α,β f (z) ∈ Q0 satisfy the conditions (20) and
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φ
(

I j
α,β f (z), I j+1

α,β f (z), I j+2
α,β f (z), I j+3

α,β f (z); z
)

, β > 0,

is univalent in U, then (20) implies that

q(z) ≺ I j
α,β f (z)

and q(z) is the best subordinant.

Proof. From Theorem 9, we find that q(z) is a subordinant (22) since q(z) fulfills

ψ
(

q(z), zq′(z), z2q′′ (z), z3q′′′ (z); z
)
= h(z),

it is also a solution of the above differential equation and therefore q(z) will be subordinated
by all subordinants. �

The following sandwich-type result is obtained by combining Theorem 4 and Theorem 10.

Theorem 12. Let the functions h1, q1 be analytic in U, h2 be univalent in U, q2(z) ∈ Q0 with
q1(0) = q2(0) = 1 and φ ∈ ΦI,1[, h2, q2] ∩ Φ′I,1[ h1, q1]. If the functions f ∈ A(n),
I j
α,β f (z) ∈ Q0 ∩H and φ

(
I j
α,β f (z), I j+1

α,β f (z), I j+2
α,β f (z), I j+3

α,β f (z); z
)

is univalent in U, the con-
ditions (4), (20) are satisfied, then

h1(z) ≺ φ
(

I j
α,β f (z), I j+1

α,β f (z), I j+2
α,β f (z), I j+3

α,β f (z); z
)
≺ h2(z),

gives that

q1(z) ≺ I j
α,β f (z) ≺ q2(z).

Proof. The result follows from Theorem 4 and Theorem 10, respectively. �

Next, we establish a new admissible class Φ′I,2[Ω, q] below.

Definition 10. Let Ω be a set in C and q ∈ H (q′(z) 6= 0). The admissible functions class
Φ′I,2[Ω, q] consists of those functions φ : C4 ×U → C which fulfill the admissibility condition

ψ(u, v, x, y; ζ) ∈ Ω

whenever

u = q(z), v = zβq′(z)+m(α+β)q(z)
m(α+β)

,

Re
{

(α+β)2x−β2u+α2(u−2v)−2αβv
β((α+β)v−(α+β)u) − 2

}
≤ 1

m Re
{

zq′′ (z)
q′(z) + 1

}
and

Re


(α + β)3y− (3α + 6β)(α + β)2x + 15βα2v + 12αβ2v + 3α3v− α3u− 6αβu3 + 5β3u

β2(v(α + β)− (α + β)u)
+ 11

 ≤
1

m2 Re
{

z2q′′′ (z)
q′(z)

}
,

(z ∈ U, β > 0 and ζ ∈ ∂U, m ∈ N\{1}).

Theorem 13. Let ψ ∈ Φ′I,2[Ω, q]. If the functions f ∈ A(n),
I j
α,β f (z)

z ∈ Q1 and q ∈ H
(q′(z) 6= 0) fulfill the following conditions:
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Re
{

ζq′′ (ζ)
q′(ζ)

}
≥ 0,

∣∣∣∣∣∣(α + β)

 I j+1
α,β f (z)− I j

α,β f (z)

z

∣∣∣∣∣∣ ≤ mβ

∣∣∣∣∣∣q′(ζ)|, β >0 (23)

φ

 I j
α,β f (z)

z
,

I j+1
α,β f (z)

z
,

I j+2
α,β f (z)

z
,

I j+3
α,β f (z)

z
; z


is univalent in U, then

Ω ⊂

φ

 I j
α,β f (z)

z
,

I j+1
α,β f (z)

z
,

I j+2
α,β f (z)

z
,

I j+3
α,β f (z)

z
; z

 : z ∈ U

, (24)

implies

q(z) ≺
I j
α,β f (z)

z
.

Proof. Let the function w(z) be given by (14) and ψ be defined by (17). Since
ψ ∈ Φ′I,2[Ω, q], the Equations (24) and (18) imply

Ω ⊂ ψ
(

w(z), zw′(z), z2w′′ (z), z3w′′′ (z); z
)

.

This follows easily from (17) that the admissible condition for ψ ∈ Φ′I,2[Ω, q] in Defini-
tion 10 is equivalent to the admissible condition for ψ ∈Ψ′I,2[Ω, q] as given in Definition 5 for
n = 2. Hence, by using the conditions in (23) and applying Theorem 2, we find

q(z) ≺ w(z).

If Ω 6= C is a simply connected domain and Ω = h(U) for some conformal mapping h
of U on to Ω, then the class ψ ∈ Φ′I,2[h(U), q] is expressed by ψ ∈ Φ′I,2[h, q]. �

Theorem 14. Let ψ ∈ Φ′I,2[h, q] and h be analytic in U. If the functions f ∈ A(n) and
I j
α,β f (z)

z ∈ Q1 fulfills the condition (23) and

φ

 I j
α,β f (z)

z
,

I j+1
α,β f (z)

z
,

I j+2
α,β f (z)

z
,

I j+3
α,β f (z)

z
; z


is univalent in U, then

h(z) ≺ φ

 I j
α,β f (z)

z
,

I j+1
α,β f (z)

z
,

I j+2
α,β f (z)

z
,

I j+3
α,β f (z)

z
; z

, (25)

implies

q(z) ≺
I j
α,β f (z)

z
, β > 0.

Proof. It is clear that by using Theorem 13, we find the desired outcome. �

Theorem 15. Let φ : C4 ×U → C , the function h be analytic in U and ψ be defined by (17).
Assume that the differential equation
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ψ
(

q(z), zq′(z), z2q′′ (z), z3q′′′ (z); z
)
= h(z)

has a solution q(z) ∈ Q1. If f ∈ A(n) and
I j
α,β f (z)

z ∈ Q1 fulfills the condition (23) and

φ

 I j
α,β f (z)

z
,

I j+1
α,β f (z)

z
,

I j+2
α,β f (z)

z
,

I j+3
α,β f (z)

z
; z


is univalent in U, then (25) gives that

q(z) ≺
I j
α,β f (z)

z
,

and q is the best subordinant.

Proof. The proof is similar to that of Theorem 8. �

The next sandwich-type outcome is obtained by combining Theorem 7 and Theorem 14.

Theorem 16. Let the functions h1, q1 be analytic in U, h2 be univalent in U,
q2 ∈ Q1 (q1(0) = q2(0) = 1) and φ ∈ ΦI,2[h2, q2] ∩ Φ′I,2[h1, q1]. If f (z) ∈ A(n),
I j
α,β f (z)

z ∈ Q1 ∩H and

ψ

 I j
α,β f (z)

z
,

I j+1
α,β f (z)

z
,

I j+2
α,β f (z)

z
,

I j+3
α,β f (z)

z
; z


is univalent in U, the conditions (12), (23) are satisfied, then

h1(z) ≺ φ

 I j
α,β f (z)

z
,

I j+1
α,β f (z)

z
,

I j+2
α,β f (z)

z
,

I j+3
α,β f (z)

z
; z

 ≺ h2(z),

implies that

q1(z) ≺
I j
α,β f (z)

z
≺ q2(z).

4. Conclusions and Future Work

We aim to give some outcomes for third-order differential subordination and su-
perordination for analytic functions in U = {z ∈ C : |z| < 1} involving the generalized
operator I j

α,β f . The outcomes are derived by investigating relevant classes of admissible
functions. Some new outcomes on differential subordination and superordination with
some sandwich theorems are expressed. Moreover, several particular cases are also noted.
The properties and outcomes of the differential subordination are symmetry to the prop-
erties of the differential superordination to form the sandwich theorems. The outcomes
included in this current paper reveal new ideas for continuing the study, and we open some
windows for researchers to generalize the classes to establish new outcomes in univalent
and multivalent function theory.
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