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Abstract: We will introduce four new geometric constants closely related to the James constant J(X),
which have symmetric structure, along with a discussion on the relationships among them and some
other well-known geometric constants via several inequalities, together with the calculation of several
values on some specific spaces. In addition, we will characterize geometric properties of J;(X), such
as uniform non-squareness and uniformly normal structure.
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1. Introduction and Preliminaries

Recently a number of geometric constants, which play a significant role in the theory of
Banach space geometry, have been widely investigated. One of the well-known geometric
constants is the James constant J(X) proposed by Gao and Lau [1,2], which is defined
as follows:

J(X) = sup{min{[|x +y[|, [x =y} : x,y € Sx}
— sup{min{|}x + yl|, |x — yl} : x,y € Bx}.

The relationship between it and other geometric constants, and its significant geometric
properties such as normal structure in the context of fixed point property have been
extensively discussed in [1-7].

It is noteworthy that a Banach space X has the fixed point property for nonexpansive
mappings if each nonexpansive self-mapping of each non-empty bounded closed convex
subset of X has a fixed point. When it comes to the non-empty weakly compact convex
subset of X with normal structure, it is found that X has the weak fixed point property for
nonexpansive mappings. It has been shown that further studies of uniform non-squareness
are very useful in the description of a fixed point property. Particularly, Garcia-Falset et
al. obtained an important generalization of Browder-Gohde and Kirk theorems for the
existence of fixed points of a nonexpansive mapping, i.e., every uniformly non-square
Banach space has the fixed point property [8]. For more details of applications of the fixed
point property, we recommand the references [9-12].

Recall that a classical constant A;(X) of a Banach space X, which is defined by

x+yj|+|x—
(%) = sup{ ATy e ) = 1) =1},

has been intensively investigated by Baronti et al. [13]. By extension of the domain from
x|l = |lyll = 1to ||x]|> + ||ly||*> = 2, Takahashi and Kato have discussed a new constant
A(X) in relation with Ay(X) and other geometric constants such as the James constant
J(X) and von Neumann—Jordan constant Cy;(X). From this germ of the idea emerged a
sequence of the strengthened and improved relationships among the geometric constants.
Furthermore, the characterization of uniform non-squareness has also been shown by
means of the aforementioned discussion. For readers who are interested in pursuing more
introduction and theoretical results of this constant, we recommend reference [14].
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Motivated by the characterizations of the James constant J(X) with its prominent
properties due to its symmetric structure, we will introduce four new James type constants
J1(X), J2(X), J3(X), and J4(X), which are also endowed with symmetric structure. In
Section 2, we mainly focus on a new James type constant J1(X), which is derived from
the original James constant J(X) combined with the notion of metric. We then bring out
several relationships between it and some other well-known geometric constants such as
the James constant J(X), which will be subsequently employed to explore the connection
between it and its dual, together with the estimation of the upper and lower bounds of
it. Moreover, a few connections between its value and some geometrical properties of the
space, such as uniform non-squareness and uniformly normal structure, will be shown
by inequalities. In Section 3, we will introduce another new James type constant J>(X)
combined with the notion of isosceles orthogonality, whereby the relationship between it
and the James constant J(X) and the connection between it and its dual will be different.
By considering the extension of its domain from the unit sphere to the whole Banach space,
we define a new constant J3(X) and therefore illustrate the difference between J,(X) and
J3(X) by giving an example on an inner product space in terms of their values. Inspired
by the characterizations of the constant A(X), we will discuss the last James type constant
Ja(X) in Section 4, and obtain several results mainly by conducting a comparison between
it and James constant J(X), which will show their similarities and differences on some
specific Banach spaces.

Throughout the paper, we consider the real Banach space X with dim X > 2 and the
infinite-dimensional Banach space X, and use Sx and By to symbolize the unit sphere and
closed unit ball of X, respectively.

We recall several geometric properties closely related to the geometric structure of
Banach space as follows.

Definition 1. A Banach space X is called uniformly non-square if there exists § € (0,1) such that
for any x,y € Sx, we have either M <1—4or M <1-4.

Definition 2 ([15]). We define diamA = sup{||x — y|| : x,y € A} to represent diameter of A
and r(A) = inf{sup{||x —y||} : y € A} is called Chebyshev radius of A. A Banach space X has
normal structure provided

r(A) < diamA

for every bounded closed convex subset A of X with diamA > 0. A Banach space X is said to have

uniform normal structure if
in[ HAMAL
r(A) '

In order to study the property of James type constants that appear in the paper, we
also recall the following modulus of smoothness of X [16].

with diamA > 0.

Definition 3. Let X be a Banach space, then the modulus of smoothness px (t) is defined by

px () = sup{ lx + ty] er be=tvll Xy € SX},t > 0.

The applications of aforementioned constants J(X), A>(X), A(X), and px () can be
presented as simply and plainly as possible in the following terms [5,13,14].
(i) For any Banach space,

V2 <J(X) < A(X) S AX) <2
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(ii) For any Banach space,

ox(1) <2(1 ]&))

V2(1+px(t))
AR = max Y=L

< V214 (Ax(X) —1)2

<f\/ 1+4 )>.
1+\/] )

(iii) If X is a Hilbert space, then J(X) = /2, resp. A»(X) = /2, resp. A(X) = /2,
resp. px(t) = V1+1t2—1.

(iv) X is uniformly non-square if and only if one of the following conditions is true: (a)
J(X) < 2,(b) Ax(X) <2, (0) A(X) <2,(d) px(1) < 1.

(v) Let X be a Banach space. Then

and

2(X) -2 < J(X) < 1) +1,
I‘esp.
Ax(X) = A(XY),
I‘esp.
AX? p1<ax ") < V21 (A(X) ~ 102,
I‘esp.

px(1) = px+(1).

The following lemma will be employed in the proofs of this paper.
Lemma 1. f(t) = L5 is continuously increasing on (0, +o0).

2. James Type Constant Related to Metric

For the sake of revealing the origin of J;(X) , we first bring up the following notion of
metric. It is easy to see d(x,y) = ||x — y|| is a metric on X, and then we can easily transform
J(X) into following term.

J(X) = sup{min{d(x,y),d(x,—y)} : x,y € Sx}.

Letp(x,y) = 1Mxy !” Then p(x,y) is a metric on X. Thus we consider the following

symmetric James type constant:

- [x +yll llx —yll } }
X) = sup< min , :forall x,y € Sx ;.
o0 = sup{min A A v € Sx

Theorem 1. Let X be a Banach space. Then

2J(X) < h(X) < J(X).
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Proof. Since x,y € Sy,

lx+yll o dxtyl  llx+y]
Tt flx+yl = 14 flxfl + |yl 3

Similarly, we can deduce that

lx—yll o dx—wl _ llx—vyl
T+ (lx—yll = T+ (x| +[lyll 3
Therefore,
- [x + v |M—y|} 1.
min , > —mind ||x +vy||, ||x — ,
(i B > Smingl+ vl =)
which implies that
1
J1(X) > g](X)-
On the other hand, since
[x +yll
— < ||[x+ Y],
T4 Tt vl lx+yll
wnd I =yl
xX—y
— < |l Xx =y,
therefore,
. [x +yll Ix—WI} .
min , < min{||x + vy, [[x — v},
T T e+ ol llx =yl

ie, 1(X) <J(X). O

Proposition 1. Let X be a Banach space. Then

J(X)
X) < ———.

Proof. For any x,y € Sx, since

L+ [lx+yl L+ [lx+yl T+ [lx+yl L+ [lx =yl
and

Hx—ynzl_lzmin{l_ 1 11— 1 }/

L+ [lx =yl LT+ [x =yl 1T+ [lx+yl 1+ [lx =yl
therefore,

1 . 1 1
1-— - > minq 1 — ,1— ,
1+ min{||x +yl|, [lx — yl[} 1+ [lx+yll 1+ |lx -yl
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which implies that

J(X) 1

1+ 11X

1
=1— .
1+ sup{min{[[x+y[, [[x —y[[} : x,y € Sx}
1
:1—inf{ . DX, ES}
T+ min{[[x +y[, [[x—y} 77X

1
=sup<1— - DX, ES}
p{ T+min{x+y[, Jx—y[} 7 =X

> su {min{l— 1 1— 1 }'x GS}
= SHP T+ x+yl T+fx—ylf "7=%
= 1(X),

namely, % > L(X). O

Example 1. Let X be the space (.

By utilizing Proposition 1 and results from [17],

](X): 1-1
20 r ifp > 2

1
{ZP if1<p<2,
we can easily obtain

1
2 if1<p<2,
N1(X) < 1427

r ifp>2
2427

1 1
Ifp>21letx=2 %(1,1,0,...),y=2 7(1,-1,0,...) € Sgp. Then

1-1 1-1
lx+yll=2"7 lx=yll=2"7,

1% + yli [[x =yl }: 2 _
T+llx+yl"1+lx=yll] 5405

If1<p<2letx=(1,0,0,...),y=(0,1,0,...) € S[p. Then

Ji(X) = min{

=
==

[x+yll =27, [[x—yll =27,
21
— P
h00 > minf L by 2
T+lx+yll"1+lx=yll ] 1407
Therefore,
1
2 if1<p<y2,
(X)) =< 1427
2 ifp>2.
2427

Proposition 2. Let X be a non-trivial Banach space. Then

2-V2<(X) <

WIN
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Proof. By utilizing result from James constant J(X) [1],
V2<](x) <2

By employing Lemma 1 and Proposition 1, we obtain

J1(X) <

WIN

On the other hand, by utilizing Theorem 10 in [18], we can deduce that there exist
X0, Yo € Sx such that
lx0 + yoll = [lx0 — yoll = V2,

which shows

V2 o,
]1(X)Zl+ﬁ—2 V2.

This completes the proof. [
Theorem 2. Let X be Hilbert space. Then J1(X) =2 — /2.
Proof. Assume that X is Hilbert space, then
e+ yl12 + l1x — w2 = 4.
For any x,y € Sx, let ||[x +y|| > ||x — y||. By utilizing Lemma 1, we have

eyl o -yl
T+ Tty = T4+ -y

In addition, since ||x +y| > ||lx —y||, then 4 = ||x + sz + ||x - yH2 > 2||x — sz,
which implies that ||x — y| < v/2.
Thus

o el Vi
h) =supl v esx < =2 V2

ie, 1(X)=2—-+v2. O

In order to reveal the relationship between J;(X) and the uniform smoothness, the
aforementioned constant px(t) will be employed in the following theorems
and corollaries.

Theorem 3. Let X be a Banach space. Then

2 - h(X)]max{1,t} —1+ Ji(X)

< .
px(t) < 2 -2J1(X)
Proof. Let x,y € Sx. Then
1+¢ 1—t 1+t 1-—t¢
el = | Gy ey < S ey B ey,

and

REEE: 1—t 1+t 11—t
lx = tyll = || == (x —y) + —— - (x +v) >l =yl + ——llx +yll.

IN
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Thus

14+t+|1-—t¢
LR eyl 4+ )

= max{1, t}([x +yll + [x —yl)
< max{1, t}(2 + min{|lx + y||, [|x - y[|1}),

[+ tyl[ + [lx — ty]| <

which implies that

[l + tyll + [[x — tyll
max{1,t}

—2 <min{([x+y|, x -y}

Note that

ming]lx + ], |x — ylI} 1
1) 2 T min{ vl x ] ~ - T min{x -yl 1k =1}

J1(X)

mind[Jx +yl, x = yll} < 77

Therefore,

J1(X)

lx+tyll +llx —tyll
max{1,t} —1-N1(X)’

2px(H)+1 J1(X)
v m:x{l,t} —2< 1—1]1(X)‘
Hence

ie

20x () < max{1, t} <1]—1§f{()x) +z) 1
2 - h(X)Jmax{1,t} =1+ Ji(X)

1—-(X)

This completes the proof. [
Corollary 1. Let X be a Banach space. Then

ox(1)+1
]1(X) < m

Proof. For any x,y € Sx, we can deduce that
J(X) < px(1) +1.
By utilizing Lemma 1 and Proposition 1, we obtain

< px(l) +1

hi%) < 2+px(1)

This completes the proof. [

Corollary 2. Let X be a Banach space. Then

px(1) < 2{1 - 500 }

Proof. Since X is a Banach space, and by [6], we have

ox(1) gz{1—](lx)}.
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By employing Theorem 1, we obtain

px(1) < 2{1 - ](1x)} = 2{1 - h(3X)}

This completes the proof. [

Next, we will consider the dual space X*, and manage to bring out the relationship
between J;(X) and J;(X*) by utilizing the aforementioned theorem.

Theorem 4. Let X be a Banach space. Then

R0 -2) < H(X) < SH(X) +1
Proof. By [5], we have
2J(X) =2 < J(X*) < 3J(X) +1

and

IA
=
x
+
—_

Therefore, . 3
5(2]1(X) —2) < 1 (X¥) < Eh(x) +1.

This completes the proof. [

Theorem 5. Let X be a non-trivial Banach space. Then J1(X) < % if and only if X is uniformly
non-square.

Proof. According to the definition of uniformly non-square, there exists a é € (0,1) such
that for any x,y € Sy, either H XTW H <1l-dor x2;y H < 1 — 4. We first consider the case

xzﬂH <1 —4. Then we have

eyl o1 1 2
1+ ||x+yl 1+ |lx+y 3-25 3
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In the case H % H <1 -4, by utilizing the same method above, we can obtain that

Furthermore, if J;(X) < %, by applying Theorem 1, J(X) < 2, then X is uniformly
non-square. This completes the proof. [

Next, we consider the uniform normal structure of J;(X). The concept of normal
structure plays an important role in Banach space geometry and fixed point theory. It was
proved by Kirk [19] that every reflexive Banach space with normal structure has the fixed
point property. We recall a lemma from Dhompongsa et al. [3] as follows.

Lemma 2. Let X be a Banach space with J(X) < HT*@ Then X has uniformly normal structure.
Theorem 6. Let X be a Banach space. If [1(X) < @, then X has uniformly normal structure.

Proof. Since J;(X) < @, by employing Theorem 1, we have

J(X) <3Nh1(X),

hence

By utilizing Lemma 2, we obtain that X has uniformly normal structure. O

3. Several Inequalities Related to New Constant J>(X)

In this section, we continue to discuss the James type constant J>(X), which is different
from the aforesaid constant J; (X) when it comes to the conditions of vectors x and y. Itis
defined as follows.

]2(X)—sup{ x + vl 'x,yGSX,xJ_Iy}.

Tyl
Theorem 7. If X is an inner product space, then
(X) =2 - V2.
Proof. For any x,y € Sy satisfying x L y, by parallelogram law, we have
2)lx +yl? = llx +yl* + llx = ylI* = 2[lx* + 2]ly 1> = 4,

thus
Ix+yll =[x —yll = V2.

Therefore,

lx+yl
2T —o /7,
T+ [lx+y

thatis, (X)) =2 — V2. O

Theorem 8. Let X be a Banach space. Then
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Proof. Since x,y € Sx, x L1y,

lx+yll o dxtyl  llx+y]
T+ x4yl = 1T+ ([x] +[lyll 3
Therefore,
1
J2(X) > g](X)-

However, since x L} y, thus
2lx+yll = llx+yll+ llx —yll = [[2x]| =2,

thatis, ||x +y|| > 1.

Hence
I+fx+tyl=1+x-yll >2
and then
lx+yll  _lx+yll
1+ ||x+y|| - 2
Therefore,

This completes the proof. [

For dual space X*, we will bring out the relationship between J,(X) and J»(X*) by
utilizing the aforementioned theorem.

Theorem 9. Let X be a Banach space. Then

4 2 3 1
g]Z(X) - g < IZ(X*) < ZLIZ(X) + E

Proof. By [5], we have
1
2](X) =2 < J(X") < 5J(X) + 1.

For any x,y € Sx, x L} y, by utilizing Theorem 8, we have

R(X7) < S1(X7)

IN
|
e
+
|

and

—~ W=
~
—~
>
*
~

vV
VooV
W= WIN
N
—~
~
—~
>
~
I
—_
~
~

This completes the proof. [
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Note: We consider the following case:

]3(X):Sup{ I+l ‘x,yeX,xLIy}.

T+ lx+yll

It is easy to prove that for any Banach space X, we have J3(X) = 1.
In fact, for any x € Sy, y € By satisfying x L y, by [20], we have

lx+yll > 2(v2 =12 = 2(vV2-1).

Now take nx € nSx, ny € nBy, of course they satisfy nSx,nBx C X and nx L ny,
then we have
Inx + ny|| > 2(v2 = 1)|nx|| = 2(vV2 = D)n.

Therefore,
o s mctml - a(V2-nn
T 14 |nx+nyl 1+2(vV2-1)n

Since 7 can be arbitrarily large, then

- [nx + ny||
X)> 1 _— =
BX) 2 Hm ]

7

and J3(X) < 1.
Therefore,
J3(X) =1

Example 2. Let H be any inner product space. By utilizing Theorem 7, we have
2(H) =2 - V2.
However, by employing the aforementioned Note, J3(X) = 1 holds for any Banach space, hence
J3(H) = 1.

Therefore,
J3(H) # J2(H).

4. James Type Constant J;(X)

In this section, we will discuss the last James type constant J4(X) by utilizing several
heuristic ideas from the investigation of the constant A(X) proposed by Takahashi and
Kato [14]. By considering the extension of the domain of the James constant from ||x|| = ||y||
=1to ||x||> + ||y||> = 2, we can define the symmetric constant J;(X) as follows.

Ja(X) = sup{min{|lx +yll, [x = yll} = [|x]*+ [ly]* = 2}.
Obviously, for all Banach space X,
V2 < J(X) < Ja(X) S A(X) 2.
Theorem 10. Let X be a Banach space. Then
2A(X) 2 < J4(X) < A(X).
Proof. For any x,y € X satisfying ||x||? + ||y||> = 2, we have

I+ 112 < 2(11x]12 + [ly11?) = 4,
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and
e —yl* < 2(Ix[1>+ ly*) = 4,

hence
[x+yll <2, |lx -yl <2.

Therefore,

X+y| +|x — Lo
[ yuzn I < LmingJx + g1l I — v} +2)

-2
1 .
= smin{|lx +y|, [ —yll} +1,

which implies that A(X) < 1J4(X) + 1.
To prove the right-hand side of the inequalities, we use the following fact that

min{||x +yll, [[x —y[I} < [x +yll, min{|lx+yl,[[x—yl} < x -yl
hence

x4+ yll + lIx =y
2 7

min{||x +y|, |x —y||} <

which implies that
Ja(X) < A(X).
This completes the proof. [

Proposition 3. Let X be a Banach space. Then

V2|x + tyl| V2|x — ty|
X) = sup{ min , D x,y €Sx,0<t<15.
Ja(X) P{ { T TR y € Sx

Proof. Let ||u?+ ||o||?> = 2 and |[u|| > ||v|| > 0, u,v € X. Then, since 1 < |lu| < v/2, we

have V1 + £2||u|| = v/2 with some t € (0,1]. Now let x = 7”};2” and y = 7%’ Then

x,y € Sx and we have

2 t
g o = Y2l
V1412
and
HM_UH — \/EHx_tyH'
V1412
Therefore,
V2|x +ty| V2[|lx —ty]|
X) < supq min , tx,y €Sx,0<t<1,.
BX) = p{ { ViTe | Jire | TYesx
Conversely, let x,y € Sx and t € [0,1]. Letu = V2 and v = Y2 Then

V1+£2 Vi+£2
lu]|? + ||v||* = 2, and then the opposite inequality holds. [

Proposition 4. Let X be a Banach space. Then

i V2(1+ px(1))
To<t<t 1412

Proof. Since
~ max V2(1 + px (1))
o<t<1 1+ 72
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we have 5
2(1
) < AGX) = gna ¥ EEGED

This completes the proof. [

Theorem 11. Let X be a Banach space. Then

J(X) < Ja(X) < V24/J(X

Proof. For any x,y € X satisfying ||x|| = |ly|| = 1, of course we have| x||? + ||ly||?> = 2.
Then we get J4(X) > J(X) for Banach space X.
However, it is well-known that

PXT(T) < px(1) forall T € (0,1].

By employing Proposition 4, we have

a(x) < Y20 tex(m) V2 texn) o5 fp e

1/1—|—T0 ,/1—1—‘(0

for some 1y € (0,1]. Since px(1) < /] 1 from [6], then we have

X) < V24/J(X).

This completes the proof. [

Corollary 3. Let X be a Banach space. Then

W10

—V2,

and the equality holds only if J4(X) = 2% and J(X) = V2.

Ja(X) = J(X) <2

Proof. Let f(t) = v/2\/f — t. Then f(t) is strictly increasing on t € [0, %} , and decreasing

ont e (2,2}. Since v/2 < J(X) < 2, it follows from the aforementioned inequality that

Ja(X) = J(X) < f((X)) < f(V2) =25 = V2.
The latter assertion is easily deduced. O

Corollary 4. Let X be a Banach space. Then

1+ (]4(2X)21>2 < Jy(X*) < \@\/1+\/m.
Proof. By [7], we have 1+ (J(X) —1)2 < J(X*) <1+ +/J(X) — 1. Then
Ja(X*) < xfz\/@
< *@W
< \72\/1+\/m,
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and

Therefore we complete the proof. [J

Example 3. Let X be Ly, 1 < p < co. Then J4(Lp) = me{!’l’} where 1 T 1, =1

1
By [14], J(Lp) = A(Lp) = 2mintr+"}, along with Theorems 10 and 11, we get

J(Lp) < Ja(Lp) < A(Lp),

which implies that
1
]4(Lp) = 2min{pp’}

Example 4. Let X be R? endowed with {eo — €1 norm

x| = { [[ ]| oo l:fxlxz >0,
[x[li i x1xz < 0.

for x = (x1,x2) € R

By [14], we know that J4(leo — 01) < A(leo — 01) = @.
Furthermore, let t = %, x=(1,1),y= (—%, %) Obviously, x,y € Sy _s,. Then

5
I+ tyll = llx = tyll = 7.

Therefore,
Ja(leo — \@Hxﬂyl\ V2||x + ty]|
Vi¥ez ' 1+ £2
_ V23
1+(%)
VIO
=5

which implies that J;(leo — ¢1) = @. We know that J({eo — ¥1) = % from [5]. Then
Ja(loo — €1) > J(loo — ).

Theorem 12. Let X be a Banach space. Then X is a Hilbert space if and only if J4(X) = /2.

Proof. By [14], X is a Hilbert space if and only if A(X) = v/2, and J(X) = v/2 by [1]; we
can easily obtain J;(X) = v/2 by the inequality J(X) < J4(X) < A(X). O

Theorem 13. Let X be a Banach space. Then J4(X) < 2 if and only if X is uniformly non-square.

Proof. If X is uniformly non-square, by [14], we have A(X) < 2, then J4(X) < A(X) < 2
Conversely, if J4(X) < 2, then J(X) < 2, which implies that X is uniformly non-square. [
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5. Conclusions

In this paper, we introduced a new James type constant J; (X), which combines with
the notion of metric. It is of interest to characterize its relationships with a diversity of
well-known geometric constants and investigate its geometric properties, such as uniform
non-squareness and uniform normal structure. Moreover, we provide a study of its derived
forms J»(X) and J3(X) with different conditions, thus making a comparison between them
in terms of their values of the specific Banach space. Finally, we bring up the last James
type constant J;(X) with the condition ||x||*> + ||y||?> = 2, which can be very intriguing, by
conducting a contrast between it and James constant J(X). However, there are still plenty
of interesting problems that await discussion. How can all four James type constants be
utilized to characterize more geometric properties? Henceforth, more results about James
type constants will be presented in future research for the readers who are interested in the
theory of geometric constants of Banach space.

Author Contributions: Writing—original draft preparation, B.C., Z.Y., Q.L. and Y.L.; writing—review
and editing, B.C., Z.Y,, Q.L. and Y.L. All authors have read and agreed to the published version of
the manuscript.

Funding: This work was supported by the National Natural Science Foundation of P. R. China (Nos.
11971493 and 12071491).

Institutional Review Board Statement: Not applicable.
Informed Consent Statement: Not applicable.
Data Availability Statement: No data were used to support this study.

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Gao,]; Lau, K.S. On the geometry of spheres in normed linear spaces. |. Austral. Math. Soc. Ser. A 1990, 48, 101-112. [CrossRef]

2. Jiménez-Melado, A.; Llorens-Fuster, E.; Mazcunan-Navarro, E.M. The Dunkl-Williams constant, convexity, smoothness and
normal structure. J. Math. Anal. Appl. 2008, 342, 298-310. [CrossRef]

3. Dhompongsa, S.; Kaewkhao, A.; Tasena, S. On a generalized James constant. ]. Math. Anal. Appl. 2003, 285, 419-435. [CrossRef]

4. Gao,]. On two classes of Banach spaces with uniform normal structure. Studia Math. 1991, 99, 41-56. [CrossRef]

5. Kato, M.; Maligranda, L.; Takahashi, Y. On James and Jordan—-von Neumann constants and the normal structure coefficient of
Banach spaces. Studia Math. 2001, 144, 275-295. [CrossRef]

6. Takahashi, Y.; Kato, M. A simple inequality for the von Neumann-Jordan and James constants of a Banach space. |. Math. Anal.
Appl. 2009, 359, 602-609. [CrossRef]

7. Wang, E,; Pang, B. Some inequalities concerning the James constant in Banach spaces. . Math. Anal. Appl. 2009, 353, 305-310.
[CrossRef]

8.  Garcia-Falset, ].; Llorens-Fuster, E.; Mazcufian-Navarro, E.M. Uniformly nonsquare Banach spaces have the fixed point property
for nonexpansive mappings. J. Funct. Anal. 2006, 233, 494-514. [CrossRef]

9.  Debnath, P; Konwar, N.; Radenovi¢, S. Metric Fixed Point Theory: Applications in Science, Engineering and Behavioural Sciences;
Springer: Singapore, 2021; pp. 314-316.

10. Komuro, N.; Saito, K.S.; Tanaka, R. On the Class of Banach Spaces with James Constanty/2: Part II. Medi. ]. Math. 2016, 13,
4039-4061. [CrossRef]

11. Komuro, N.; Saito, K.S.; Tanaka, R. On the class of Banach spaces with James constant V2, TIL. Math. Ineq. Appl. 2017, 20, 865-887.

12.  Konwar, N.; Debnath, P. Some new contractive conditions and related fixed point theorems in intuitionistic fuzzy n-Banach
spaces. J. Intell. Fuzzy Syst. 2018, 34, 361-372. [CrossRef]

13.  Baronti, M.; Casini, E.; Papini, P.L. Triangles inscribed in a semicircle, in Minkowski planes. . Math. Anal. Appl. 2000, 252, 124-146.
[CrossRef]

14. Takahashi, Y.; Kato, M. On a new geometric constant related to the modulus of smoothness of a Banach space. Acta Math. Sin.
Engl. Ser. 2014, 30, 1526-1538. [CrossRef]

15. Brodskii, M.; Milman, D. On the center of a convex set. Dokl. Akad. Nauk SSSR 1948, 59, 837-840.

16. Lindenstrauss, J. On the modulus of smoothness and divergent series in Banach spaces. Mich. Math. ]. 1963, 10, 241-252.
[CrossRef]

17. Casini, E. About some parameters of normed linear spaces. Atti Della Accad. Naz. Dei Lincei Cl. Sci. Fis. Mat. Nat. Rend. 1986, 80,
11-15.

18. Cui, Y. Some properties concerning Milman’s moduli. . Math. Anal. Appl. 2006, 329, 1260-1272.


http://doi.org/10.1017/S1446788700035230
http://dx.doi.org/10.1016/j.jmaa.2007.11.045
http://dx.doi.org/10.1016/S0022-247X(03)00408-6
http://dx.doi.org/10.4064/sm-99-1-41-56
http://dx.doi.org/10.4064/sm144-3-5
http://dx.doi.org/10.1016/j.jmaa.2009.05.051
http://dx.doi.org/10.1016/j.jmaa.2008.12.013
http://dx.doi.org/10.1016/j.jfa.2005.09.002
http://dx.doi.org/10.1007/s00009-016-0731-7
http://dx.doi.org/10.3233/JIFS-171372
http://dx.doi.org/10.1006/jmaa.2000.6959
http://dx.doi.org/10.1007/s10114-014-2782-7
http://dx.doi.org/10.1307/mmj/1028998906

Symmetry 2022, 14, 405 16 of 16

19. Kirk, W.A. A fixed point theorem for mappings which do not increase distances. Am. Math. Mon. 1965, 72, 1004-1006. [CrossRef]
20. James, R.C. Orthogonality in normed linear spaces. Duke Math. ]. 1945, 12, 291-302. [CrossRef]


http://dx.doi.org/10.2307/2313345
http://dx.doi.org/10.1215/S0012-7094-45-01223-3

	Introduction and Preliminaries
	James Type Constant Related to Metric 
	Several Inequalities Related to New Constant J2(X) 
	James Type Constant J4(X) 
	Conclusions
	References

