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Abstract: The U(3) x U(3) chiral symmetric NJL model describing pseudoscalar, vector, and axial-
vector mesons in both the ground state and first radially excited states is shortly presented in this
review. In this model, it is possible to describe a large number of low-energy interactions of mesons,
T lepton decays into mesons, and processes of meson production in electron—positron annihilations
in satisfactory agreement with the experiments. In describing a number of processes, it turned out to
be necessary to take into account the interactions of mesons in the final state.

Keywords: chiral Lagrangians; radial excited mesons; T lepton decays; hadron production in ete”
interactions

1. Introduction

Studies of meson interactions at low energies are of great interest for investigations
of both the nature of the intrinsic properties and their interaction with each other. Such
studies are carried out from both the theoretical and experimental points of view. Among
the experimental centers, we can note world scientific centers such as VEPP-2000 (Budker
INP, Novosibirsk), UNK (IHEP, Protvino), BaBar (SLAC, USA), Belle (KEK, Japan), BES I1I
(BEPC II, China), LEP (CERN), etc.

For a theoretical description of processes in the interested energy region below ~2 GeV,
use of the well-developed QCD perturbation theory is unfortunately impossible due to
a large value of the coupling constant. Therefore, as a rule, various phenomenological
theories are applied here. These theories are based on the use of characteristic symmetries
to which the corresponding interactions of elementary particles conform. One of the main
symmetries of this kind is chiral symmetry. These symmetries were widely used even
before the construction of the fundamental QCD theory [1-8].

Among various models closely related to internal symmetries of strong interactions,
the Nambu-Jona-Lasinio model, proposed in 1961 [9], can be considered very successful.
In the quark language, this model was first formulated in [10,11]. Later, it was actively
developed by many authors since the 1980s, e.g., in [12-24]. All these works are quite
similar and differ mainly in different definitions of the internal parameters. In this review,
we will use the version of the NJL model, described in [13,16,20,22,24].

In the low-energy region, an important role in addition to the ground states of mesons
is also played by the first radial excitations. This especially concerns the processes of meson
production in colliding e*e™ beams as well as T lepton decays. An important role in the
description of these processes is played by channels containing mesons in both the ground
and first radially excited states. Therefore, for a satisfactory description of these processes,
the U(3) x U(3) symmetric extended NJL model was formulated in 1997 [25,26]. This
model was used to describe many processes involving radially excited mesons. However,
this model turned out to be especially useful for describing T lepton decays. Note that
taking into account intermediate mesons with higher powers of excitation in T decays can
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only lead to insignificant corrections within the accuracy of the model. The masses of these
mesons turn out to be much heavier and, as a rule, exceed the value of the T lepton mass.

The structure of the review is organized as follows. In Section 2, we will present
the U(3) x U(3) chiral NJL model that describes only the ground meson states. The
Lagrangians of the quark—meson interactions will be obtained and the values of the con-
stituent and current masses of the u, d, and s quarks will be found. Taking into account
the t'Hooft interaction, the mixing angle of the 7 and 7’ mesons will be defined. When
describing kaons, the possibility of mixing Kj4 and K;g mesons will be taken into account.

In Section 3, the extended NJL model will be described, the mixing angles of the ground
and first radially excited states of mesons will be found, and the interaction Lagrangians of
radially excited mesons with quarks will be constructed. In Section 4, a table containing the
decay widths of radially excited mesons, calculated by proposed the extended NJL model
will be given. In this section, a number of meson production processes in e*e™ beams will
be considered.

Section 5 will demonstrate the calculations of the 7 lepton decays widths with the
production of one meson and two mesons with two pseudoscalar or pseudoscalar and
vector particles. In the last Section 6, a brief discussion of the proposed models and the
results will be given.

2. The Standard Nambu-Jona-Lasinio Model
2.1. The SU(2) x SU(2) NJL Model
2.1.1. Lagrangian for Scalar, Pseudoscalar, Vector, and Axial-Vector Mesons
In this section, we will show the construction of the standard NJL model following the

works [13,16,20,24]. The quark Lagrangian containing the four-quark interaction motivated
by the fundamental QCD theory in the local approximation has the form

£(3,0) = 1)~ mo)q(x) + D ((a()g(x)) + F(x)imersq(x))?) M

*% ((ﬁ(xmmq(x)f + (q(x)w%fﬂq(x)y),

where §(x) = {u(x),d(x)} are the u and d quark fields, m is the current quark mass matrix,
G1, G are the four-quark coupling constants, and 7, are the Pauli matrices.

The meson fields are introduced using functional integrations [27]. After the introduc-
tion of meson fields, the Lagrangian (1) takes the form

L'(q,9,0,7,0,81) = §(x)(i0y — mo + 0°(x) + iv5Ta7ta(x) + 7y Taph (x) 2)
x))? a(x))? h(x))%+ (arh (x))?
s Tatnh ) (x) — (0(x)) ZJFGEH( ) n (pa(x)) 222( 1a (¥))°

It is easy to verify that in this expression the vacuum expectation of the scalar field
is not equal to zero, which requires a redefinition of the vacuum. This redefinition of the
scalar field is achieved by subtracting from it the nonzero vacuum expectation of the scalar
field < o >( # 0 and adding this value to the current quark mass: ¢/ = ¢ — < ¢ >¢. The
described actions lead to the spontaneous breaking of chiral symmetry. The values of the
current and constituent quark masses are determined by the gap equation

oL’

5o o =0, = mg=m(1—-8GiI(m)). (3)

In the one-loop quark approximation (Figure 1), we obtain the following free La-
grangian for scalar and pseudoscalar meson fields:
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Figure 1. Diagrams describing the mass and renormalization of 7t and ¢ mesons.

Similarly, for the free Lagrangian of vector and axial-vector mesons, we obtain

1 2 Pupv
ﬁfp,m — <_2G2 + \/;pzlz(m)> X <gl/“/ — ;2 ) 5)

< (oh (p)py(—p) + a1l (p)arl (—p)) + V6L(m)ar} (p)ary (—p).

Here, the field renormalization constants are expressed in terms of the logarithmic
divergent integral

[ 1 [ 3
8 = 8o = m/ 8o = 8ay = W (6)

From the obtained formulas, the connection between the constants g, and g, follows

8p = \@80- (7)

The mass formulas for the mesons 7t and p have the form

M2 = ¢? S — 81 (m) M2 = i. 8)
T\ Gy ’ P 4G,

The constants of the four-quark interactions G; and G, will be determined from these
formulas using the experimental values of the 7t and p mesons masses in Section 2.1.2.

Expressions for quadratically and logarithmically diverging integrals arising when
considering quark loops have the form

O(A2 + k2 A2
L(m) = —i Ne / (AfH+K) = Ne [Aﬁ—m%n(ﬁﬂ)
m

, ©)

(27)* m2 — k2 (471)2
N, [ O(AZ 4+ K2 A A2 2\
L(m) = —1(27_[)4/ (77(124_;2)2) L = (41:2)2 1n<m§+1> - <1+7\1i> }

where N, is the number of colors in QCD and Ay is the cutoff parameter. The numerical
values of the model parameters included in these integrals will be indicated below.

Due to the existence of transitions between pseudoscalar and axial-vector mesons,
non-diagonal terms appear in the Lagrangian. This leads to additional renormalization of
the pion field, which is absent in scalar fields. This renormalization has the form

N
gr(:\/ZU/ n:<1_6m> . (10)
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As a result, for the interaction Lagrangian of quarks with 7, p, and a; mesons, we
obtain

80, 5 0 —
+7ryﬂy (T3{11y + Ty, + TMIFH)] q, (11)

where T4 = (71 = iTz)/ﬁ.

2.1.2. Numerical Estimates of the SU(2) x SU(2) Model Parameters

Let us now determine the main parameters of the model: the masses of the constituent
light quarks m, ~ my, the ultraviolet cut-off parameter A4, and the constants Gy, Gp. To
determine the masses of the constituent quarks and the ultraviolet cut-off parameter Ay
of the quark loops, two equations will be used from the experimental values of the decay
widths 7w — pv (Fr = 92.4 MeV) and the strong decay p — 7t7t (g, = 6.0) [28].

When calculating quark loops in our model, we will use the lowest order in the
expansion of 1/ N, and also take into account only terms with minimum powers in external
momenta. Under this condition, is it possible to maintain the chiral-symmetric structure of
the meson interaction Lagrangian at low energies [16].

The decay m — pv in the NJL model with 7 — a; transitions is described by the
following amplitudes:

. m 6m?
T;[*)]/H/ = ZGFVlleH;:L}lpyr Ti%l“’ = _MiguT;[HHV’
1
T7T—>HV = T;f—)yv + Tg{—mv = iGFVuanLyPV- (12)

where Gr is the Fermi constant, V,,; is the element of the Cabibbo—Kobayashi-Maskawa
matrix and Ly, is the lepton current.
In this case, we obtain the Goldberger—Treiman relation for the weak decay constant

_ M
8 = I (13)

The vector coupling constant g, will be determined from the strong decay width
Lexp(p — mr) = (149.140.8) MeV [28,29]

2 2\ 2
8 4M
Tposmn = g Mo (1 - Mg”> = gp = 6.0. (14)

Using the relationship between the constants (7) and (10), we obtain the following
equation for the constituent quark mass:

2

mz — Mlﬁ

“ 12

29,Fr\?
1— 1<gp ”) — m, = 270 MeV. (15)

The cut-off parameter Ay = 1265 MeV is found using the constant g,, which is
expressed through the integral I (m,) (6). Note that while using the value g, = 6.0, this
cut-off parameter has turned out to be noticeable more than in other versions of the NJL
model [18,19]. As it will be shown below this allow to include the first radially excited
meson states within the U(3) x U(3) chiral symmetric extended NJL model (see Section 3).
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The values of the constants G; and G, are determined from the equations for the
masses of the pion and vector p mesons (8)

G1 =4743 x107°MeV ™2, G, =149 x 107 MeV 2. (16)

The value of the current quark mass is found from the gap Equation (3), which gives
mY = 2.9 MeV.

We now turn to the description of the w — 77t decay, which will allow us to estimate
the difference between the 1 and d quark masses. The amplitude of this decay contains
contributions from the strong and electromagnetic transitions w — p [16]

M snn = [B1 + Baleu(pw) (p+ — p-)", (17)
where

8(ma,)3/2M?,
By = 3(M% — sz T+ lerp) [Iz(mu) - Iz(md)]/ (18)

e 2 M3

By=—,[— : .
2 ap 3(M2 — M2, +iM,,T,)

(19)

Here, ap = gg/47r, aem = 1/137, Mp, and M,, are vector meson masses and p, p—
are the momenta of 77" and 77~ mesons.

The decay width w — 77 is described by Formula (14) by replacing g, — (By +
By). Using the experimental value for the branching fraction Br(w — 7rr) = (1.53 4+
0.11,—0.13) x 1072 [29], we can estimate the mass difference between u and d quarks

my —my, =4 MeV. (20)

2.2. The U(3) x U(3) NJL Model
When extending the model for the group U(3) x U(3), the Pauli matrices 7;(i = 1,2, 3)
are replaced by the Gell-Mann matrices A;(i = 0,...,8), where Ay = \/gl is the matrix

proportional to the identity one. Instead of quark doublets § = (i1, d) we have quark
triplets § = (i1, d,5), and the current mass matrix mj is replaced by the matrix

m) 0 0
0 _ 0
m’ = 0 my 0 . (21)
0 0 md

s

Pseudoscalar, vector, and axial-vector mesons are introduced into the U(3) x U(3)
model in the same way as it was done in the SU(2) x SU(2) one.

As a result, after bosonization of the quark Lagrangian, we obtain the following mass
formulas for mesons containing s quarks:

1
Mg = gk G — 4[L (my) + L(ms)) | + Zk(ms — my)?, (22)
2 2
> 8k 3, 2 a2 8¢
Mo = §5° + S (ms —ma)?, Mg = & 23)

The mass formulas for non-strange mesons remain unchanged.
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The renormalization constants of the vector fields gx~ and gy are defined in terms of

the integrals
3 3
S R S B 24
21y (my, ms) 89 215 (ms) ()
where
N O(AZ + k) 4
L(my,ms) = _1(27.[)4 / (m2 — k2)(m2 — k2) Ak

(25)

Ne 1 2 (A 2 [ Ad
= —_— Inf =+1| —m;In| —+1
(@2 my —my [ms n(mg + my, In 2 +

When deriving the free Lagrangian for the kaon, we take into account additional
renormalization of the kaon field (Zx) due to possible transitions between the pseudoscalar
and axial-vector mesons. Here, it is necessary to take into account two physical axial-vector
states K7 (1270) and Kj(1400). They are the result of mixing of two axial-vector strange
mesons Kj 4, K15 and related to each other by the following relations:

K;(1270) = sin(B)Ky4 + cos(B)Kip,

K1<1400) = COS(,B)KlA - Sil’l(ﬁ)KlB. (26)

In the case of the chiral group SU(2) x SU(2), the axial-vector mesons a1 (1260) from
the nonet 3P; and b;(1235) from the nonet !P; do not mix with each other. This is a
consequence of the fulfillment of chiral symmetry and the proximity of the constituent u
and d quark masses. Therefore, when describing the 7t — a; transitions, the pion has only
one partner among the axial-vector mesons, namely, a1 (1260).

At the same time, for the U(3) x U(3) group, due to a large mass difference between 11
and my ~ m,, chiral symmetry is noticeably broken, and the states K; 4 and Kj g begin to mix
with a coupling constant proportional to the mass difference ms — m,. As a consequence,
physically observed axial-vector mesons begin to have masses My, (1270) = 1253 +7 MeV
and Mg, (1400) = 1403 =7 MeV [29]. The NJL model describes only the meson Ky 4. Further,
we will denote it just K;. As a result, for the renormalization constant, we obtain

_ %
gK - 412(mu, ms)/ (27)

) -1
7 = <1i(ms+mu)2< sin?(B) N CZSZ(‘B) )) , 8)

2
My, (1270) My, (1400)

where

where = 57° [30].

Equation (22) can be used to determine the mass of the s quark ms = 420 MeV, which
leads to agreement of the charged kaon mass with the experimental value [30]. For the s
quark current mass we obtain the value m? = 76 MeV.

2.3. The 't Hooft Interaction

After the introduction of a heavier s quark into our model, in the framework of
the U(3) x U(3) group, ideal mixing occurs between the eighth representative of the
pseudoscalar meson octet and the pseudoscalar singlet meson. Moreover, one of these states
contains only u and d quarks, while the other contains only s quarks, which contradicts
the experimental data. To solve this problem, it is also necessary to take into account the 't
Hooft interaction, which leads to mixing of the states containing light u, d quarks with the
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heavier s quark [31,32]. Taking into account the "t Hooft interaction allows us to correctly
describe the masses of the pseudoscalar mesons 7 and #’. This interaction has the form [33]

£ = —K(det(7(1 + 75)q] + det(7(1 — 75)q)), @)

where § = {i,d,5} are the antiquark fields, m" is the diagonal matrix of current quark
masses 110, mg, m? (m ~ mg) and K is the "t Hooft constant.

To describe the U(3) x U(3) NJL model, we can combine the six-quark interaction
with the initial four-quark interaction. In this case, we use the method of separating the
main four-quark interaction from the 't Hooft six-quark interaction. The details of these
procedures are fairly well described in many papers, in particular in [18,19,24,31]. Therefore,
omitting the details, we write the new Lagrangian in the following form (see the papers

in [24,31]):

X 1¢ :
£ = (0 —mO)g + 3 Y (6,7 (qVi9)* + G (Givs)'ig)?]

i=1
Gla ) (7Auq) (GAs) + G (qivshug) (@ivsAsq) , (30)

where
Ni=A (i=1,...,7), Ay=Ay= (V2Xo+Ag)/V3,
Ab = As = (—Ao + V2A8)/V/3,
G\* = i = 6{) = G+ 4KmIy (my),
Gy =6 =Gl = 6§ = G £ aKmy, 1 (my),
G\ = G Fakms(ms), G =G, G = +av2Kmy, Iy (my). (31)

For the 7 and 7’ mesons masses, taking into account the mixing of u,d, and s quarks
caused by the "t Hooft interaction, we obtain the following formulas:

M(’? ) T 3 [Mfs + My, F \/ ME — Mj,)? +4(M55)2] , (32)

where
gm,( (T")ud — 811(mu)),
gns(l(TP) 811(ms>>,

1 _
MES = Eg’?ugrls(TP)usll
1
Mtslu g(ru< (TS) 811( )) +4m§,
1
Msss gab( (TS) 811(’”5)) +4m§,

MIES = Egaugas (TS);Sl'

8oy = 8o 8os = [412(7”5)]71/2/ 8y = 8 s

(£) &)
TP(S> — ;( Gll GllS >' (33)

— Zl/zgas/
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11s = 17 cos(&) + i’ sin(a), (34)
u = —nsin(&) + 1’ cos(a), &=a —ag,
where ay ~ 35.5° is the ideal mixing angle and « is the singlet-octet mixing angle
2M},
tan(28) = —2Mus (35)
_Msps + Mgu

The best agreement with the experimental values for the 17 and 7’ mesons masses can
be obtained for the value of the angle & = —19.0°

M, =527 MeV, M,y =1004 MeV. (36)

For the 't Hooft constant, we get the value K = 13.0 GeVo. Here, we will not discuss
scalar mesons, as the contribution of scalar mesons to the decays we are considering turns
out to be negligible. In addition, a detailed description of the scalar sector in the NJL model
can be found in our previous works [34,35]. Moreover, finally, at the moment there are
many works describing scalar mesons taking into account their tetraquark state [36-38],
while in the NJL model considered here, tetraquarks are not taken into account.

As a result, in the framework of the U(3) x U(3) NJL model, we obtain the following
interaction Lagrangian of quarks with strange mesons:

st =a[50r7( £ 2t ef8, )+ 50 afileafics)
j==+,0 j==%.0

—l—igK'yS( Y /\]KKj + )\gKO) + isin(@)gy, 7" Autf +1cos(@) gy, 1" Asty
j=£,0

+icos(&) gy, v Aty — isin(&) gy, v Asy’ + g;'y”/\s(py} q, (37)

where

Ay TilAs xk  Ae+iAy g Ae—iMy

M, A =TT Nk =00
V2 V2 V2

where matrices A, and Ag are defined in (31).

The parameters used in this model, as noted in the introduction, differ markedly from
the parameters used in other versions of the NJL model [19]. This difference causes our cut-
off parameter to significantly exceed the cut-off parameter used in [19]. This circumstance
allows us, within the framework of the U(3) x U(3) chiral symmetric model, to describe
not only the four main mesonic nonets, but also their first radial excitations. Taking into
account intermediate mesons in the ground and first radially excited states in T lepton
decay turn out to be essential, while higher excitations play a less important role and can
be neglected within the framework of the model’s accuracy. In the next section, we will
show how, using the simplest form factor of the lowest order in momenta, one can describe
the first radial excitations of mesons without going beyond the limits of the admissible
breaking of chiral symmetry allowed by the requirement of the partial conservation of the
axial current (PCAC) theorem.

The precision of the NJL model is determined on the basis of the PCAC. In the case of
U(3) symmetry, it can be determined with the ratio M% / M2 ~ 17% [39]. There are a large
number of other sources of uncertainties. Therefore, we use our previous results to estimate
the error of the model. Without any exotic states, the average uncertainty can be estimated
at the level of 10%. This error obtained from the real calculation covers all possible sources
including PCAC and can be absorbed by it. Therefore, we estimate the uncertainty of this
model at the level of 17%.
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3. The Extended NJL Model

The extended NJL model was formulated in the works [25,26]. As it has been men-
tioned above, due to the fact that the cut-off parameter is close to the masses of the first
radially excited meson states, it turns out possible to include these states to the U(3) x U(3)
chiral symmetric NJL model. To take into account the excited states of mesons, it is more
convenient to rewrite the initial four-quark Lagrangian (1) in terms of the current interac-
tions and redefine them:

Lan0) = 12 L { B [l 0) + 1 00 0]

i=1lm=1

-2 [szu( X) i (%) + o (%) i (x)} } (39)

where Gy, G, are the four-quark coupling constants and j(x) are the scalar, pseudoscalar,
vector, and axial-vector currents:

Jim (x /d x1/q x1) Flh (3, x1,%2)q (x2)d*x2, (40)

where x; and x; are the antiquark and quark coordinates, F/}, (x, x1,Xx2), n = s, p,v,a are
the scalar, pseudoscalar, vector and axial-vector form factors In the case of the standard
NJL model, they are equal to the é functions in the coordinates that remove the integrals.
For further reasoning, it is convenient to reduce them to momentum representation:

4 i 4
(;54 [ Fil et b ) (jn’;4, (41)

where k and p are the relative and external momenta of the quark-antiquark pair. The
momentum k can be written in the transverse form:

F(x,x1,%0) = |

k
kL:k—(;;f)p. (42)

In this case, in the rest frame of the meson formed by these quarks, the momentum k
can be represented in the three-dimensional form k; = k.

The form factors F can describe mesons in the ground (m = 1) and first radially excited
states (m = 2) and, in the momentum, representation take the form

Fi(k p) 1,

F[’i(k/p) = i'YS)\ir

Fikp) = 71"

Fi(k,p) = 7'M

Fyr(k,p) = cfi(k),

F[g(k,P) = i'YSAiCpfi( ),

Fak,p) = 7'Aicofi(k),

Fh(kp) = 7P Aicafi(k). (43)

Here, cs, ¢p, ¢y, and ¢, are the coefficients of the form factors of the excited meson states.
The functions f;(k) have the form of a quadratic polynomial in the relative momentum of
quarks in the meson:

filk) =1+d1% (44)
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The slope parameter d; is unambiguously fixed from the requirement that the intro-
duction of excited states does not change the value of the quark condensate, i.e., so that the
gap Equation (3) remains unchanged. This condition is provided by the requirement

. fi(k) dik
iNon / @ = k) g =0, (45)
where A3 = 1030 MeV is the three-dimensional cut-off parameter. It is fixed by the
four-dimensional cut-off parameter defined for the standard NJL model, based on the
requirement that the values of the integrals I, do not change. As a result, we obtain three
values for the slope parameters depending on the quark composition of the corresponding
meson:

dyy = —1.784GeV™2, dys = —1.761 GeV ™2, dy = —1.737 GeV 2. (46)

The proximity of these parameters to each other contributes to the conservation of
chiral symmetry after the introduction of an excited states.

3.1. Pseudoscalar Mesons

As a result of the bosonization, the free Lagrangian of pion fields in the one-loop
approximation after renormalization takes the form:

2 M2 M2
p
L(my, 1) = o (7'[% + 2Ry + 7'[%) - an n? — 2”2 3, (47)
where p is the meson momentum,
f
I
Rp = 2 (1) . (48)
VZala (m) 2 (my)
The masses of nonphysical mesons are determined as follows:
M2 =g (1 s
T gTL’ 61 1 (mu) 7
1
M, = g2 <G1 - SI{f(mu)), (49)

where g, g# are the pion renormalization constants:

[ Z. [ 1
T = ’ A = , 50
§ 4L (my) 8 4I£f(mu) 0

where I{f (m,,) is the integral of the form (9) with two form factors in the numerator.
Here, for the constant g4, the 1 — a1 transitions are not taken into account due to their
small contribution.
The resulting Lagrangian (47) is non-diagonal. Its diagonalization leads to the follow-
ing Lagrangian:

2 2 M%
L(m, 7) = %(7# n 7%2) - %# - SRR, (51)
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The masses of physical mesons are expressed in terms of non-physical masses as
follows:

1 2
M721 = 2(1 — R%) [Mil + Miz - \/(M72'(1 B M%z) + (2M7T1M7T2R7T)2} ’
1 2

In this case, new meson fields were obtained as a result of the transformation
VZn [ : ( 0 0

M = ————|7sin (6 +9>fﬁcos(9 +6 )},
! sin (29%) ﬂ T T T

) [7’( sin (GN - 9%) — 7t cos ((97r - 9%)}. (53)

Ty = ———
> sin (269

The mixing angles are defined as follows:

1+R
sin 02 = +2 z,

M2, — M3
tan(260, — 1) = iz -1 (54)
R% " M2z, + M3,

These formulas lead to the following mixing angles for pions:

0, =59.48°, 6% =59.12°. (55)
7T

As a result, the quark-meson Lagrangian takes the form:
L(q ) =qiv° ¥ AT (Anr' + Azr')q, (56)
i=+,0

where

1 . .
o= m [gn sm(Gn + 097) + gﬁfuu(kz) sin (Gn — 6%)] ,

-1

A= |8 cos (6 + 6% ) + g fuu (k%) cos (6 — 6% )], (57)
where A™ are linear combinations of Gell-Mann matrices:
AT = AL E£iA,

V2

Reasoning in a similar way and replacing one light quark with an s quark, one can
obtain the quark-meson Lagrangian for kaons [26]:

, A§ = A (58)

£(q,K) = Gir® [ Y Ak (AKKf + AKKJ') +AK (AKKO + AKI?O) q, (59)
where -
K= sm(lzeg) [gcsin (6 +0%) + 8¢ fus (%) sin (65 — 63)],
Ag= SinzT%) [gK cos (91< + 910<) + 8¢ fus (K*) cos (91< - 913)} : (60)
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The coupling constants have the form

PRy N SO N S (61)
412(mu, ms) 4Iff(mu, ms)
The matrices AX are defined in (38). For the mixing angles of kaons, we get the values

fx = 58.11°, 6% =55.52°, (62)

After bosonization and renormalization in the one-loop approximation for the last two
particles of the pseudoscalar nonet and their first radial excitations, taking into account the

"t Hooft interaction, we can obtain the Lagrangian of the following form:

L(g1, 93, 91, 93) = %2 ((90?)2 + (903)2 + ((p?)2 + (4)3)2 +2Ru @3

where R, = Ry, GJl; is defined in (31),

_ 1f (m > b
412 4Iff ms ms

In this case, the diagonalization of the free Lagrangian is performed not analytically
but numerically as four states take part in this.
As a result, the quark-meson Lagrangian for four physical mesons takes the form:

Llqn) =aiv® ¥ A Ajy + Ay’ + Al + ALi | g, (65)
i=u,s
where
Ay = gnajy + gﬁ”%Mfuu(kz)/
Ay = gty + gspfos (KP). (66)

Here, M stands for 7, i/, 1}, or 7' meson. The values of the mixing (1) parameters are
shown in the Table 1. The 7’ meson corresponds to the physical state #'(958) and the 7, #’
mesons correspond to the first radial excitation mesons 1 and 7’

Table 1. Mixing parameters of 7 mesons.

~ ! Al

U Ui U Ui
ay 0.71 0.62 -0.32 0.56
ay 0.11 -0.87 —0.48 —0.54
a3 0.62 0.19 0.56 —0.67
a3 0.06 —0.66 0.3 0.82

The matrices A, and As are defined in (31).
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3.2. Vector and Axial-Vector Mesons

Let us consider the vector sector of the extended NJL model in the example of p
mesons. After renormalization, the free Lagrangian of p mesons has a nondiagonal form:

1
E(pll PZ) = 75 (g;WPZ - PHPV> (Pl}tplv + 2Rpp1yp2v + pZyPZv)
2 2

M
Pl P2, (67)
where
f
I
Ry = 2 (68)
B(m) 1 ()
Non-physical masses are expressed by the formulas
2 2
2 _ 8 2 _ & 69)
Lo 4Gy’ P2 4Gy’
The interaction constant g, is defined in (7),
3
21§ (m,)

The free Lagrangian is diagonalized in the same way as in the pseudoscalar sector
using the mixing angles

1+ R,
2 4

1 MZ _MZ
tan(20, — ) = , [ - —1t——F2 (71)
RP MPl T MPz

For the rest of the vector mesons, the reasoning is similar. In the case of the K* meson,
one light quark is replaced by the s quark, and in the case of the ¢ meson, both light quarks
are replaced by the s quarks.

Then the quark-meson Lagrangian for the vector fields takes the form

sm@p =

* _1 . N .
L(g,p,w, ¢ K*) = 457” [ X:I::OA? (APP; + AppL) + Au(Awwy + Ap@u) + AsApdy
1=,

FA AP+ Y AR (AK*K;':« + AK*K;*) 1+ AK (AK*KZO i AK*I%;O)} 9, (72)
i=4,0

where

M= sm(lzegﬂ) [gM sin(eM + 924) + g fm(K2) sin(()M _ ggd)],

-1 ) [gM cos (GM + 9%) + ngM(kz) cos (GM - 9?/1)} . (73)

Ay = ———
M ™ sin (ZGRA
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Here, M = p, w, ¢, K*. The mixing angles take the following values:

0o = 0., = 81.8°, 6 = 60, = 61.5°,
o 0 o
0p = 68.4°, 6y = 57.13°,
Ox- = 84.74°, 0%. = 59.56°. (74)

The matrices A, and A are defined in (31), the matrices AKX are defined in (38), and the
matrices A" are defined in (58).

For axial-vector mesons, renormalization yields the same I, integrals as for vector
mesons. These integrals are included in the definition of nonphysical meson masses,
through which, in turn, the mixing angles are determined. This gives grounds to use the
same parameters for axial-vector mesons as in the vector case

1 . N . N
‘C(q/aHKl) = qi’)’y'YS l: Z Azﬂ (Apally + Aﬁally) + Z Azl< (AK*Klly + AK*Kiy)
i==,0 i==+,0

In the axial-vector case, we do not consider isoscalar states for two reasons. First, there
are difficulties in describing the mixing of these states. Second, they are not needed to
describe the processes considered in this review.

4. Strong Decays of Radially Excited Mesons and Meson Production in eTe™
Collisions at Low Energies

The formulated extended version of the NJL model made it possible to describe various
low-energy meson interaction processes with the participation of radially excited states.
A number of processes calculated in the extended model were described in detail in the
review [32]. Brief results of these calculations are presented in Table 2.

Table 2. Strong decay widths calculated in the extended NJL model.

Decay Width in the

Decays Extended NJL Model, MeV Experiment, MeV

ft — o1t 220 200-600 [29]

0 — 2 22 -

p— wr 75 52-78 [40]

@ — pmt 225 174 + 60 [40]
R* - K*m 90 <95.52 +8.64 [29]
R* > Kn 20 15.3 +3.0 [29]
R—=K*n 90 ~109 [29]

K — Kp 50 ~34[29]
$ — K*K 90 -

$ — KK 10 -

These results in Table 2 are in satisfactory agreement with the experimental data
within the precision of the model (see Section 2). The dominant decays of the excited
mesons 7t, p, w, K*, and 43 are the decays & — pm, p — wm, @ — pm, K* — K*m, and
¢ — K*K, which go through the triangle quark loops of the anomaly type. The decays
of the type p — 27, K* — Kt and ¢ — KK, going through the other (not anomaly type)
quark diagrams, have smaller strong decay widths. Therefore, one can see that our model
satisfactorily describes not only the weak-decay coupling constants of the radially excited
mesons, but also their decay widths. We would like to emphasize that there were not used
any additional parameter for description of the decays.
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The extended NJL model also makes it possible to describe quite satisfactorily a whole
series of meson production processes in colliding electron—positron beams at low energies
(<2 GeV).

Among other forms of meson interaction with the participation of radially excited
states, the study of T lepton decays is of particular interest. A more detailed discussion of
these processes in the NJL model will be given in the next Section 5. Here, we will focus on
the description of some meson production processes in colliding electron—positron beams
described in the framework of the proposed extended NJL model.

4.1. Processes eTe™ — [, t(1300)]y

In the extended NJL model, the processes eTe™ — [, 71(1300)]y (e~ — 7y and
eTe” — 1(1300)7) were described in [41]. The main role in this process is played by the
channels in both the ground and first radially excited states with vector mesons p, w, ¢, p
and @. The corresponding amplitude takes the form

*A pl;crp 5
M =1Ve (Pw)gmaﬁw{Bv + Bptw+o + Bpra b (76)
where s = (p1(e") + p2(e7))? and I, = &y,e is the lepton current, e*}(p,) is the photon
polarization vector, ¢, is an antisymmetric tensor arising from the fact that this process,
like most of the other in this review of ete™ annihilation processes, contains an anomalous
quark triangle in which divergent integrals do not arise.
The contact diagram contribution reads

By =2V, 10,(s). (77)
The sum of the contributions of the p and w mesons has the form

Bpraig =1 ’ LS :
et T \gp s — M2 +iMT, ' gp s — M2, +iMyT,

Cp sv2sinbyyg

+— \% s), 78
g¢sM§,+iM¢r4,} oo (8) 78)

where the constants Cp, Cy describe the transition v — p(w, ¢) through the quark loop

M
-1

Cy = m {cos (GM + 624) 4+ R cos (GM — 69\4)}, (79)

where M denotes the corresponding meson. The mixing angles § and ratios of integrals R
for the different types of mesons are defined in Section 3.

At the vertex with the ¢ meson, we take into account mixing w — ¢ [41].

The contributions from the channels with the excited p and @ mesons take the form

Cs s s
Bprp = —£ + } X Vs . 80
e =g, {s M IMGT, s MEtiMaTg S P ) ®0)

The explicit expressions for the vertices V. . 0., (s), V.

on0,(8) and V0. (s) can be found
in [41].
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The cross section of the process under consideration can be calculated by the following
formula:

3
+,— o 1
o) = ez (0 MY) 3 X By By + Bpral 8D
T T

As,0,M2) = (s — M2)? — 4M2.

The obtained results of model calculations and the comparison with the experimental
data of the SND collaboration [42,43], are presented in the Figure 2. This Figure shows that
theoretical predictions are in good agreement with experiments. The amplitude of the 7ty
production process has a similar structure; it is obtained by replacing the vertex = — 7.
The corresponding predictions of the NJL model are given in Figure 3. These predictions
for future experiments can be tested at the eTe™ colliders.

ND +——
100 |- SND99 =--x--+ |7
NJL model

01 : i

Cross section (nb)

0.01 | B

0.001 I I I I I I I I
600 700 800 900 1000 1100 1200 1300 1400 1500

E (MeV)

Figure 2. Comparison of NJL predictions with experimental data for the process ete™ — 7.

0.5

[NJL model —— ]
0.45 |- i

0.4

0.35 |

03

0.25 |

0.2

Cross section (pb)

0.15 |

0.1

0.05 |

1300 1400 1500 1600 1700 1800 1900 2000

E (MeV)

Figure 3. Predictions of the NJL model for the cross sections of the process eTe™ — 7.

4.2. Processes ete™ — «y[n,1,17(1295),1(1475)]

The processes of electron—positron annihilation into 7;7y meson pairs in the framework
of the extended NJL model were described in [44]. The structure of the amplitudes of these
processes is close to the processes e*e™ — [, 7]y considered above. In this amplitude,
we take into account the contributions of the contact diagram and diagrams from mesons
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in both the ground and first radially excited states. Note that u, d, and s quark parts of #;
mesons work here. The calculated amplitude takes the form

B
. PP
M =11 (ps) e ynag - fn—s" -{By + Bptw + By + Byso + By} (82)

where s = (p(et) + p_(e™))?. The expressions for contributions with different interme-
diate states read

2(_16 16
B, = 3( ?anqu + \f23712m5V75>, (83)
3s 1 s Co (16 ,
Bpiw = - (2 mPm, Vv, ), 84
pe <m’%—s—i\/§1"p+3m2w—s—i\/§l"w> gpl(Bnmu p) ®4)
Cy (1
B¢ = —2\/2 5 s - l (6n2mSV¢), (85)
3 my—s—iy/sTy8p \ 3

3s 1 s Co (16 , > .
Boin = = : —mm, Vy | e, (86
pre <mz, — 5 —iy/sT4(s) + 3m2 —s—i\ﬁl"(;,> 8o ( 3 wee (86)

Cs
22 = (wnzmsV), (87)
3 mqs—s—z\/gl"@gtpl 3 ¢

where the coefficients Cy describe the photon transitions into vector mesons.
/N
The vertex values V, o= VT can be found in [44]. The standard values for
’y,p,(f),p,(l) ,Y/pr¢rpl¢

all masses and widths of mesons are taken from PDG [29].

A number of experimental works have shown that when describing the production
of mesons on colliding e*e™ beams additional relative phase factors ¢ can appear in
intermediate states. Such factors are not described by the NJL model and are introduced
here following the experimental work [45].

The cross section of the processes under consideration can be calculated by the follow-
ing formula:

0(5) = 55 55AY2(s, M, 0)| MP, (88)
where A(a,b,¢) = (a—b— c)2 —4be, M = My, My, My, M.

The results of numerical calculations for the cross-section are presented in Figures 4-7.
As we can see, the results of the extended NJL model for the process ete™ — < are
in satisfactory agreement with the experimental data. Figure 4 shows two sharp peaks.
The first peak corresponds to the contributions of the intermediate p, w mesons and the
second to the contribution of the ¢ meson. Contributions from radially excited states
give an insignificant contribution after 1.5 GeV for the process ee~ — 7. For the rest
of the processes involving #’,1(1295),7(1475) mesons, we give predictions for future
experiments.
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100 : .
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Figure 4. Comparison of the NJL model predictions with the experiment [45] for the eTe™ — 57y

process.
1 . , . .
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Figure 5. Predictions for the e"e™ — 7’7y process given by the extended and standard NJL models.
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Figure 6. Predictions for the eTe™ — 17(1295) process given by the extended NJL model.
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0.8 . : .
Extended NJL ———
0.7 Extended NJL with ¢ (1680) ---------- |

06 - :
05 | ﬁ

o(s) (pb)

0.1 -

15 1.6 1.7 1.8 1.9 2
s'? (GeV)

Figure 7. Predictions for the et e~ — #(1475) process given by the extended NJL model.

The process ete” — m 7~ will be described in Section 5 devoted to the T lepton
decays, therefore, consider the process ee~ — KT K™ in the next.

4.3. Process ete™ — KTK~

Consider the process ee™ — K"K~ following the work in [46]. This process was
experimentally studied at the accelerator of the SLAC laboratory by the BaBar collaboration
at Stanford [47] and at the VEPP-2000 collider at the Budker Institute of Nuclear Physics
in Novosibirsk [48,49] at low energies (< 2 GeV). In the extended NJL model, we calculate
this process by considering channels containing intermediate mesons ¢, ¢, p, p, w, and
w. For the corresponding amplitude in the extended NJL model, we obtain the following
expression:

M — 167t

" |By) + Blosp) + Bwosa) + € Bigigy| (P —px- )" (89)
]/”/

where s = (p(e™) + p(e))?, I* = éyte is the lepton current. The contribution from the
diagram with an isolated photon reads

B(’y);u/ = glﬂ/lﬁK' (90)

The sum of the contributions of the vector mesons V and V has the form

wo_ o [Cv g —qtg VKK
BV+V =T 2 2 /2 2y 11
8v My, — q* —i\/q*Tv(4?)
Cy 8" q* —q"q" m}
; L7, (91)
8v Mp, — 4% — iy/?Ty(q?)

where V = p,w, ¢ and V = p, @, $ are vector mesons, g is momentum of colliding leptons,
and q2 = s. The numerical coefficients are r, = 1/2,r, = 1/6,ry = 1/3. Here, instead of
the constant decay width I'y;, we use I'(s), following the work in [47]:

3
Ty(s) = Ty (/M) (92)

-
M, \ B(MF, M)
where B(s, Mg) = /1 —4M2 /s.
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The integrals I;; appear at the vertices of the intermediate meson decay into final
states

Apm Am, - -
IMle... _ : NC / ( M 2 Mp 2@(/\37 |k|)d4k (93)

e T oyt ) ) (2 )"

where Ay are the vertices of the extended NJL model Lagrangian, defined for various
mesons in Section 3.

The prediction of the extended NJL model for the cross section of the process ete™ —
K*K™ and the comparison with experimental data are shown in Figures 8 and 9. As we
can see, the model describes well the cross section for processes in the energy range 1-1.6
GeV in agreement with the SND, CMD-3, and BaBar experiments. At energies exceeding
1.6 GeV, the second radially excited states of the vector mesons p(1700) and w(1650) play
an important role. As our model does not include these states, we cannot claim correct
descriptions in the region above 1.6 GeV.

T N T T T T N T T 1T N T T 17T N T T 1T N T T 17T N T T T 7T N T T 17T
0 —— NJL model ]
10% = e BaBar (2013) |3
F = SND (2016) |
i A CMD-3(2018) | |
o110 =
=N E E
© C ]
10 =
E » .-°'. E
i |

1 I - 111 | 111 | 111 | 111 | 111 | 111 |

1000 1100 1200 1300 1400 1500 1600 1700
Ecm [MeV]

Figure 8. Comparison of the NJL model predictions for the process eTe™ — K™K~ with experimental
data [47-49].

LN B O O
T T [ T T T T T T

—— NJL model
10° ® CMD-3(2018) |
E m BaBar (2013) E
T L 1
L.
©
102 —

NI I S

co b b b b by

1010 1015 1020 1025 1030 1035 1040 1045 1050

Ecm.[MeV]

Figure 9. Contribution of the ¢ meson resonance to the process ete~ — KTK™. The experimental
points are taken from [47,49].
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4.4. Process ete™ — mtw

Consider the process ete~ — 7w following the work in [50]. This process was
experimentally studied at energies up to 2 GeV in a number of experiments [43,51-53].

In the NJL model, the process e*e™ — 7w is described by the channels with an iso-
lated photon and intermediate vector mesons p and p. The process amplitude is calculated
similarly to the process eTe™ — 77y described above. The difference will be in the expres-
sion for the triangular vertex of the 77w pair production instead of 7y, namely, V. . 10, (s),
Vor0e(s) and V0, (s) [50]. The total cross section of the process ete” — mw in the NJL

[
model is calculated by the following formula:

32
7() = e

A(s, M2, M2) = (s — M2, — M%)? — 4M2 M2,

2
/\3/2(5, Mg,, Mﬁ)%\](mz x Br(w — no'y), (94)
7T

where

® - (1- s )1<3> R : 1) %
J ( s—MZ+iM,T, )" * Ps— M2 +iy/sTy(s) P’ %)

), Iés) with different degrees of the form factor are defined in [50].

In Figure 10, we present a comparison of model predictions with experimental
data [43,51,54]. We see that the model qualitatively describes the experiment at ener-
gies up to 2 GeV. In this case, the contribution of the channel with p mesons in the region
\/s~M; dominates. At high energies, it is necessary to take into account the contributions
from the channels with higher-order excited vector meson states.

where the integrals I (3

. CMD2
1.6 L DM2 = |
1AL % SND i
L4 r i A total .
‘ [ P47 mm——
L2 v IR £ ponly - ]

1k i:;::{.-:-"'.:. \ ‘ i
08+ .1, : |
06 [ F S\ 1
04 i |

02 | i/ —— el b
0

Cross section, nb

=17 1 1

1000 1200 1400 1600 1800 2000

0

Figure 10. Comparison of experimental results for ete~ — 7w with the NJL model prediction

(lines).

From a theoretical point of view, this process has been considered in many works by
other authors. In [43], the Vector Dominance Model (VDM) was used where the contribu-
tions of intermediate mesons p, p(1450), and p(1700) were taken into account. At the same
time, the free parameters of the model were fitted according to the experiment of the same
process.

4.5. Process ete™ — K*K

In the extended NJL model, this process was described in [55]. The diagrams describ-
ing the process ee~ — K*K are shown in Figure 11.
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€ K* e K+

et K*F et K*7
Figure 11. Contact diagram and diagram with intermediate vector mesons of the process ete™ —

K*K.

The process amplitude includes channels with intermediate mesons p, p, w, @, ¢ and
$. In the extended NJL model, for the amplitude of this process, we obtain

8o

M=

[By 4 Boag + Busao + Byg J P epasoe™ (o pkple,  (96)

The contribution from the contact diagram takes the form

2 . X
By =3 {2m51§1 K, 1K K}, 97)
where the integrals I; and I, are defined in (93).

For contributions from the intermediate vector mesons p, ¢, w, and @, we obtain

) J— {CV 5 VK*K
: C" (7 1%
+elﬂ.’ |4 5 IVK K (98)

8v Mg, —s —iy/sTy(s) S

where a, = ms and a,, = m; /3. The constants Cy are defined in (79).

The contribution from the mesons ¢ and ¢ is obtained by replacing the integral
IZVIK*I< — IfzK*K, Ile*K — IfzK*K and constants ap = —2m,, /3. The values of the masses and
widths of mesons are taken from PDG [29].

The calculated cross section of the process eTe~ — K*K in the extended model is
shown in Figure 12. The experimental points are taken from the paper of the BaBar
collaboration [56]. Note that changing the value of the width I'; = 340 MeV provides
a slight shift to the left and increases the theoretical peak. The corresponding section is
shown with a dashed line. It is also important to note that the results of the NJL model
were obtained without using additional arbitrary parameters.

o(nb)

sSE

4 )
{

L
T

A
- K KX +hﬁﬁ

— [5 (MeV)
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—_

Figure 12. Cross section of the process eTe~ — K*K in the extended NJL model obtained with six
intermediate meson states. Experimental points are taken from [56].
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4.6. Process ete™ — ¢

The amplitude of the process e*e™ — ¢ in the extended NJL model is calculated by
considering the channels only with the mesons ¢ and ¢ [55]. This is due to the fact that the
mesons ¢ and ¢ consist of s quarks, the 77 meson contains both u, d, and s quark structures.
The amplitude of the process takes the following form:

4710 85 | ¢y . Co pgy S
M= I —
s 35{03+g¢ 03 MG — s —iy/sTy
i C o s u *A 5 o
+e”t —1 lew\éae (P¢)P17P¢- (99)

03 2 o R
¢ M3 —s iv/sTy

Here, the constants Cy and Cff’ are defined in (79); the integrals Ig);) T and Igép T are
defined in (93).

The results of numerical calculations for the cross section of the process under consid-
eration are shown in Figure 13. We compare the model predictions for the cross section
with the data of the Babar [56] and CMD-3 [57] experiments. The plot shows that the main
contribution to the cross section is given by the channel with the first radially excited meson
$. The results obtained show that the extended NJL model allows one to describe the
total cross section of the eTe™ — ¢ process in satisfactory agreement with experiments at
energies up to 2 GeV.

1.5¢

1.0F

(=]
—
—F—

051

% — f5 (MeV)

1500 1600 1700 1800 1900 2000

Figure 13. Comparison of the ete™ — ¢ process total cross section with experiments. The solid
line corresponds to the prediction of the extended NJL model. The BaBar [56] and CMD-3 [57]
experimental data are given as separate points.

4.7. Process ete™ — ¢

Consider the process ete™ — ¢, following the work in [58]. This process in the
NJL model proceeds due to the w and ¢ meson mixing. This mixing can be considered as
interactions of the w and ¢ mesons through kaon loops. Such a mechanism was described
in the works in [59,60]. Here, we will not consider in detail the nature of mixing of these
mesons. First, we calculate the value of the mixing angle .,y using the decay ¢ — 7, as it
was done in [61].

The amplitude of the ¢ — 71y decay in the NJL model takes the form

. § Kem

8¢ Sin(tteog )€ ey (pg)es (P) PraPyss (100)

where a.p, is the electromagnetic interaction constant, e}, (pg) and e (p, ) are the polarization
vectors of the ¢(1020) meson and the photon. A similar amplitude has already been
obtained earlier in the NJL model for the w — 77y process in [16]. Using the experimental
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value of the width T'(¢ — nofy)gxp = 5.5+ 0.2 keV [29], we can fix the mixing angle which
equals to aepg = 3.1°.

The structure of the amplitude of the process ete™ — ¢ is close to the process
ete” — wrt described in the NJL model [50]. Only p and p mesons will participate as
intermediate mesons (along with the photon). The corresponding amplitude has the form

8o

M(eTe™ — ¢pm) = ny sin(awg ) (Be 4+ Bp + Bﬁ)lﬂswme*”(p(p)pgpi, (101)

The terms corresponding to the contributions from the contact diagram and the
intermediate p meson diagram are
B. = gn 15, (102)
pw
B, = Cogrl3 5 ‘
8 M3 —s—i\/sTy(s)

The contribution to the amplitude from the intermediate 0 meson reads

(103)

C"gﬂjlﬁw S
B, = £ 30 , . (104)
P 8  Mj—s—iyVsTy(s)

Here, the constants C, and C; are defined in (79). The integrals I3y with different
meson vertices are defined in (93).

A comparison of the total cross section of the process ete™ — ¢ with experimental
data is shown in Figure 14. As we can see, the results are in satisfactory agreement with the
experimental data.
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Figure 14. The total cross section of the process eTe™ — ¢ 7. The experimental points are taken from
the work of the BaBar collaboration [56].

4.8. Processes ete™ — yay, v fi

In conclusion of the section devoted to the processes of e*e™ annihilation, we consider
the processes e"e™ — y[a1(1260), f1(1285)].

Note that processes with the participation of axial-vector mesons have been insuffi-
ciently studied. The processes under consideration in the NJL model go through anomalous
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M;w)\

f1p

Myv)\

fw

vA
Mglp =

vA
Mglw =

quark loops. First of all, let us describe radiative decays with the participation of axial-
vector mesons [, @] — y[ay, f1]. The decay width p — < f; takes the form

R e (MG + M3 ) (MF — M3 ) 5 A 12
F(p—fi) = 55— ZJ\(/I 7 M} [—1§f19)+2m51§flp) —mf,léflp)] ., (105)
fi

where the explicit forms of the integrals I (if), (f 1#) and IS(f 1) can be found in [62]. Similarly,
one can obtain the widths of the related decays w(1420) — f1(1285), p(1450) — a1(1260)y
and w(1420) — a1(1260)7. The results obtained for radiative decays are presented in
Table 3.

Table 3. The predictions of the extended NJL model for radiative decay widths

f1(1285) a1(1260)y
0(1450) — 1.43 keV 0.33 keV
w(1420) — 0.07 keV 1.63 keV

The amplitudes of the processes ee™ — 7ay,yf1 contain contributions from the
contact diagram and the diagram with intermediate mesons p and w both in the ground
and first radially excited states. The corresponding amplitude has the form

3

_ e A A
M(ete™ — f1(1285)y) = S {Mp + ML Le(py,)e(py),
M(ete™ — a1(1260)7) = ;IV{M’;;? + MG be(pa )ue(py)r  (106)
where
1 VA Cp S WA Cp S WA
IF‘ P IF o IF
{ (A) +gp Mz—s—i\/grp (f1p) +gp MZ—S—Z\[FA (f10)
l A C S VA C S VA
r |t i3 =@ I”
{ () ¥ g ME —5 — i/l 1) T g ME s i/l ()
1 A C S A Cp S vA
ALz 2 L E— |
6{ (ar) T % MZ —5—iy/5T, (arp) T o Mz —s— iy, (a19)
1) wr | Co S VA Cao S VA
6{1(a1) +gT,M2 — Ly o g M3 —s—iviTs L) (107)

where the constants C for different mesons are defined in (79). The explicit form for integrals
over the quark loops I for different mesons can be found in [62].

Here, we have divided the amplitudes into the p and w meson channels combining
the corresponding parts of the contact diagram with other components.

As a result, the resulting cross section of the processes ete™ — 7[ay, f1], depending on
the energy in the center-of-mass system of colliding leptons, is shown in Figures 15 and 16.
The dashed lines correspond to the channel with the p meson and the thin lines correspond
to the w meson channel. The bold lines show the total contribution. The channel from
the w mesons is two orders of magnitude lower and is almost invisible in the process

efe” = f1.



Symmetry 2022, 14, 308

26 of 53

o(pb)
05}
0.4f
03f

0.2}

=

1300 1350 1400 1450 1500 1550 1600

— Vs (MeV)

Figure 15. Cross section of the process eTe™ — <yaj. The thick line corresponds to the total cross
section, the dashed line corresponds to the p meson channel (diagram with intermediate p mesons +
appropriate part of the contact diagram), the thin line corresponds to the w meson channel (diagram
with intermediate w mesons + appropriate part of the contact diagram).
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Figure 16. Cross section of the process ete™ — f1-. The bold line corresponds to the total cross
section, the dotted and thin lines correspond to the contributions of the p and w mesons with a contact
diagram.

Our calculations show that the channels with the p and w mesons make the same
contributions to the process ete™ — «ya;, whereas in the process ete™ — 7 f; the channel
with the p mesons dominates.

In the absence of the corresponding experimental data, our theoretical predictions can
serve as a guide for future experiments and can be used to determine a physical program
for further experimental studies at modern e* e~ colliders. Such experiments will allow a
deeper understanding of the anomalous nature of hadronic interactions.

5. T Lepton Decays

This section describes some of the main T lepton decays. The extended NJL model,
which allows one to take into account the first radial excites meson states, turned out to
be especially useful in the study of such processes. This is due to the value of the T lepton
mass (m; = 1777 MeV), which sets the energy limit for these decays. Higher excitations of
mesons are, as a rule, above this energy limit, and their contributions can be neglected.

An interesting feature of the processes with two pseudoscalar mesons in the final state
is the need to take into account the corrections associated with the final state interactions.
This requires going beyond the lower order of the 1/ N, expansion in which the NJL model
is formulated. However, this interaction is not always significant. For example, in the
process eTe” — KTK™ considered above, there was no need to take into account the final
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state interactions. Such interactions will be considered in more detail in the section devoted
to the T lepton decay with two pseudoscalar particles in the final state.

5.1. Two-Particle T Lepton Decays
5.1.1. The Decays T — [, ft|ve

Lets consider the simplest T — [, /v decays.

Diagrams describing the T — P(P)v; decays, where P = 7, K are shown in Figure 17.
As a result, using the quark-meson Lagrangians, we obtain the following expression for the
decay amplitude T — 7v;:

6m? i U

a

m
MT—)TL’VT - GFLy Vudiu
8n

The first term in the amplitude describes the contribution from the contact diagram.
The second term corresponds to the contribution from the intermediate channel with the
a1 meson. For the weak interaction constant, we obtain the value F; = m, /g, = 92.5
MeV. This leads to full agreement of the T — 7mv; decay width with the experiment
Texp(T — mve) = (246 £0.01) x 10710 [29].

T T

. A(A) )
P(P) P(P)

Vr Ve
Figure 17. Contact diagram and diagram with intermediate mesons describing decays T — P(P)vx.

In the extended NJL model, we obtain the following three terms for the considered
decay amplitude corresponding to the contact channel and channels with the intermediate
a; and 47 mesons:

Z iy, 6m? [sin(0 + 6p) sin(6 — 6)1?
1— 109
{ M2 | sin(200) | sin(20p) (109)
 Zamy 6m? [cos(6 + 6g) R cos(6 — 6p)1? "

g M3 | sin(26o) P sin(26p) ’

MT*WTVT - GPLqud|:

7T

where the mixing angles 6 and R, are defined in Section 3.

The weak decay constant in the extended model takes the value F,; = 94.1 MeV. Using
this value for the decay width T — 7tv;, we obtain I'(T — 7tv¢) = 2.52 x 10710 MeV. As
we can see, the result is in satisfactory agreement with the experiment.

Similar calculations can be performed using the vertices of the quark-meson La-
grangian for the decay T — 7tv;. As a result, we obtain the following amplitude:

MT*}ﬁ’VT = GFVuderL;lpyr (110)

where the constant F5 in the extended NJL model takes the form

4 C ; 2 M2
Fp=Ca M — g, 157 62"1” : 1-2x (111)
g 8 M2 — M2 — il My, M2
Cy . 6m2 M3
— =P g, I 2’”14 : ( — %) ~5MeV,
8p M5, — M5 — il My, M3,

where Cyz, Cy, C; are the constants describing the transitions of the W boson to inter-
mediate mesons (79). In the propagators of axial-vector mesons, we take into account
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the gauge-invariant form and widths of intermediate mesons I';; = 250-600 MeV, I';; =
254 + 40 MeV [29]. The integrals Ig(])ﬁ, I%ﬁ correspond to the quark loops of the transitions
a; — 7, 41 — 7 and defined in (93). As a result, for the decay width and weak decay
constant we obtain I'yj. (T — 7Aive) = 1.04 x 1013 MeV, F; = 5 MeV. This value does
not exceed the experimentally established bound for the width Leyxp (T — 7tve) < 4.31x
10~'3 MeV obtained in the work [63].

5.1.2. The Decays T — [KK]v;

The 7 lepton decays into neutrino and strange mesons K and K are similar in structure
to the processes T — [T 7t|vr. Only here the roles of intermediate mesons are played by
strange mesons Kj, K;. The corresponding amplitude in the standard NJL model, taking
into account the K — Kj 4 transitions takes the form:

Gr
MT*)KVT = ELy Vs (Bc + BKl)P”, (112)
where
B. = Vaz Mt M (113)
ZgK
ms + my
Bk, = V2Zx——"(1— Zx). (114)
ZgK

Representing the hadronic current in the form +/2Fx pyu, for the weak decay constant
Fx we obtain the following expression:

ms + my

F =
K ng

(115)
As a result, for the decay width T — Kv; and the weak interaction constant, we
obtain T'(T — Kvz) = 1.19 x 10" MeV and Fx = 95 MeV. The experimental data are
Texp(T — Kvg) = (1.58 £0.02) x 10~ MeV and Fx = 110.2 MeV [29].
The calculated amplitude of the decay T — Kv in the extended NJL model takes the
form

Gr ms +m
Meskve = —=LuVas ZK%

V2
6(ms + mu)* Cry ok _ ig 6(ms +mu)® Cry 1K1K] o,

2 11 2 11
My, 8K 2Mi, (1650) 8K

Ck (116)

where the integrals IﬁlK, IﬁlK describe the transitions of intermediate mesons to the

kaon [30]. The value M%<1A is defined as follows:

o ( sin’(8) | cos?(B) )1/2, (117)

K 2 2
b MK1 (1270) MK1 (1400)

where the angle 8 is defined in Section 2.2.

The extended NJL model does not claim to correctly describe the relative phases be-
tween the ground and excited states of intermediate mesons. Therefore, we are considering
several versions for choosing the phase.

Using the obtained hadronic current, similar calculations can be performed for the
decays T — Kvr, K — pvy, and K — pvy,. The obtained theoretical estimates for the decay
widths and weak decay constants are given in the Table 4.
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Table 4. Predictions of the extended NJL model for decay widths and weak constants.

Decay

Decay Width in the Extended NJL Model, MeV

¢$ =0° ¢ = 180° ¢ =102°
T — Kvg 1.30 x 10~ 1 1.77 x 10~ 11 1.59 x 10~11
T — Rug 2.09 x 10714 216 x 10713 1.42 x 10713
K — vy 2.76 x 10714 3.75 x 10714 3.37 x 10714
R — vy, 114 x 10715 118 x 10714 7.81 x 10~15
Fx 100 116 110.14
Fe 11.3 36.3 29.54

Our calculations in the NJL model show that the dominant contribution in deter-
mining Fx comes from the contact diagram and, accordingly, smaller contributions from
intermediate axial-vector mesons.

In determining the decay width T — Kvr and the constant Fy, the contribution from
the intermediate channel K7 (1650) becomes commensurate with the contribution of ground
states K1 (1270) and K;(1400). Consequently, the phase of the excited K;(1650) meson
plays an essential role. The best agreement with the experimental data was obtained in
the extended NJL model with the phase ¢ = 102° of the intermediate axial-vector meson
K1(1650).

5.1.3. The Decays T — [V, Vive, T = [A, Alve

We now turn to the description of T lepton decays into a neutrino and one vector or
axial-vector mesons both in the ground state and first radially excited states. These decays
are described by the quark loop describing the transition of the W boson into a meson
(Figure 18).

T
V(V),A(A)
vz

Figure 18. Diagram, describing decays T — V(V)vr and T — A(A)vy.

The obtained amplitude in the extended NJL model has the form [64]

Crmmt
Meomtit, = GrliVaa gy (8" (72 = an) = p!p')ell,  (18)
where M denotes the corresponding meson. The constants ay; read

ayp) =0, agsy) = 6ms, (119)

(ms +my,)2. (120)

N W

3 2
T () = (s = 1hu)"s g ) =

Here, the constants C,; y, are defined in (79).
The obtained theoretical values for the decay widths and their experimental values
are given in Table 5.



Symmetry 2022, 14, 308

30 of 53

Table 5. Predictions of the extended NJL model for 7 lepton decays into vector and axial vector

mesons.
Decay DecayM"\(:ti(ttl}’l ll\f[letge NJL Experiment PDG [29], MeV
T — pVr 419 x 10710 -
T — p(1450) v, 479 x 1071 -
T — a1(1260)v, 294 x 10710 -
T — a1(1640)v, 6.96 x 10711 -
T — K*(892)vr 2.07 x 10711 (2.7240.15) x 10711
T — K*(1410)v¢ 3.67 x 10712 3.4(+3.17,-2.27) x 10712
T — K1(1270)v¢ 0.57 x 10~ 1 (1.06 £0.24) x 1011
T — K1 (1400)v, 24 x 10712 (3.86 +5.90) x 10712
T — K1(1650)v, 334 x 10713 -

As a result, in the NJL model, T lepton decays into a neutrino and one meson (pseu-
doscalar, vector, axial-vector) were described both in the ground and radially excited states.
The obtained results taking into account the model accuracy can be considered quite sat-
isfactory. Note that the accuracy of the U(3) x U(3) model is £17%. In more complex T
decays, where the final products are neutrino and two mesons intermediate channels with
the meson states described above, play a decisive role.

5.2. The Decays T — PPv
5.2.1. The Processes T — vy and ete™ — ntm™

The process T — 77ty is the most probable decay mode of the T lepton. In many
theoretical works, the agreement with the experiment is achieved by the phenomenological
parameterization of the pion form factor and by fitting the results with experimental
data [65-68].

The diagrams of the process T — m7tv; are shown in Figure 19.

Ve v,

w- w-

T T
Figure 19. Contact diagram and diagram with intermediate p meson of the process T — mmvz.

The threshold of the final pions production is lower than the value of the intermediate
p meson mass. That is why the diagram with the pointed meson gives the main contribution.
The contribution of the diagram with the excited meson state is negligible. This allows us
to restrict ourselves to the standard NJL model when considering this process.

The calculation result of the process T — 77tV in the framework of the NJL model
is 30% lower than the experimental value [69]. The discrepancy of the theoretical and
experimental results indicates the need to take into account additional effects such as the
interactions of mesons in the final state. This interaction is beyond the NJL model because
it leads to higher degrees of 1/ N, than the NJL model allows.

In this section, we present the results of studying the possibility of considering such
contributions in addition to the results obtained in the standard NJL model for a number of
processes.

Those interactions in the final state for the process T — w7V, can be represented as a
triangle shown in Figure 20.
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P

Figure 20. Diagram describing mesons interactions in the final state.

This triangle can be described with the integral of the following form [69]:

(k—2po)* (k+2p-)" (2k + p— — po)" koky\ d*k

i = M3 [(k — po)? — MB] [+ p-)? — M3] M5 ) (2t

Expanding this integral in external momenta and leaving only divergent terms similar
to the method applied to the quark loops in the NJL model, one can obtain the following
results:

ig (p— —po), (122)

[
ﬁ%—i_lpﬂ

where I, and I, are the quadratic and logarithmic divergent integrals, respectively. This
integrals are given in (Al) in Appendix A.
Then, the amplitude of the considered decay takes the form

s
=—GrVy|l+ —V—F—F—= 123
M(t = ntrv) FVud +M§—s—i\/§l"p] (123)
I
x{1+g§ iz o }LF(PPO)”-
0

The first term in the squared brackets describes the contact diagram. The second term
describes the diagram with the intermediate p meson. The first term in the curly brackets
corresponds to the amplitude obtained in the standard NJL model. The second term is a
correction taking into account the interactions in the final state. Without this correction, the
result for the considered process is

Br(t — mrrv) = (17 £ 0.85)%. (124)
It is 30% lower than the experimental value [29]:
Br(t — 7t7tv)exp = (25.49 £ 0.09)%. (125)

For calculation of the correction from the interactions in the final state in this process,
it is necessary to know the value of the new cut-off parameter appearing in the meson
loop Az For its fixation, one can consider the process e"e~ — 7" 71—, whose structure is
close to the structure of the process T — 7r7tv¢. The hadron currents in these processes are
related to each other by the rotation in the isotopic space. This gives grounds to use the
same set of parameters for both processes including the parameter A .
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The amplitude of the process ete™ — 7t 71~ takes the form [69]
M(ete” — ) = _ Arttem [1 + 5
M2 —s —i\/sTp
2 Blla(n) — b(d) |
% [M2 —s —iy/5T, | [M2, — s — i/AT]
x{l—i—gﬁ M’})"—Ipn }l},(;u—p)”. (126)

The third term in the squared brackets describes the diagram with the intermediate w
meson. By the known dependence of the cross section of this process on the energy of the
colliding leptons, one can fix the cut-off parameter of the meson loop A, = 740 MeV [69].
The appropriate diagram is shown in Figure 21. One can see that taking into account the
interaction in the final state is especially important near the resonance.

1400

— NJL

= BESIII 2016
4 SND 2005
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1000

a[nb]
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!

300 400 500 600 700 800 900 1000

Vs,[MeV]

Figure 21. Cross section for the process ete™ — 71+ 71~ versus the c.m. energy. The experimen-
tal points are taken from [70,71]. The solid and dashed lines are obtained with and without the
contribution of interactions in the final state, respectively.

By using the obtained value of Ay, the branching fraction of the decay T — v,
has been calculated [69]:

Br(t — mrrv) = (25.1 £1.2)%. (127)
This result is in satisfactory agreement with the experimental data presented in (125).

5.2.2. The Processes T — [y, 1| tve

The processes T — [17, 17| v refer to the decays that include the second-class currents.
These decays are suppressed by G-parity violation and can occur only due to the mass
difference between light  and d quarks. These processes were researched within different
phenomenological models [72-81].

For the description of the process T — #7v;, one can use the results obtained for
the process T — 77y, described above by adding the transition 770 — 7 to it. Then, the
amplitude takes the form
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iy/sT
&

% [(py = pr)" + g3 (als)py — b(s)pPk ) |, (128)

where the functions a(s) and b(s) are defined in (A2) and (A3).
The Breit-Wigner propagator takes the standard form

1

BW, = —— .
P M2 —s—iysT,

(129)

The process T — 7y, differs from the process T — m7rv; by the fact that it has
mesons with different masses in the final state. This leads to the necessity of taking into
account additional terms with the convergent integrals for the elimination of uncertainties.

The factor T, describes the transition 77° — 7

sin(&)(cos(&))

, (130)
2 2
Mz M*I(U/)

Tooy(y) = 285 | (28 0ma) + M2 Bo(ma) ) = (20 (ma) + M2, L () ) |

By using the same cut-off parameter as in the case of the process T — 7r7rv;, one can
obtain the following result:

Br(t — ) = 1.87 x 107°. (131)
It is not beyond the experimental restrictions [82-84]:

Br(t — mtiur)exy < 9.9 X 1077,
Br(T — mve)exp < 7.3x107° (132)

While describing the process T — 7’7y, it is necessary to apply the extended NJL model
for taking into account the excited mesons in the intermediate state because of the higher
value of the threshold of the final meson production.

Then, after taking into account the interactions in the final state the amplitude takes
the form

M(t = m've) = GpvudzﬁTm?,LP,{ [Me+ M+ M) (py — pr),
Ty
+ [Mc(loop) + Mp(loop) + Mﬁ(loop)} (a(s)p'? - b(s)pﬂ)v}' (133)

Here, the functions a(s) and b(s) have been constructed by the exchange M% — M%,
in the definitions (A2) and (A3). The terms in the squared brackets in the amplitude (133)
describe the contact diagram and the diagram with the intermediate p mesons in the ground
and first radially excited states:

6m?
MY = |1— c2u gyv,
c l p Mgl

2 WV 2 UV
M.”V _ C2 ll o 4Iggl my ] 8 Yq q q ,
| v i,

2

. s C, m2 gw/q _ quv
M =72 ll —4lh £k 1 : ,
f b Co Mz, | M2 — 2 —i\/2T
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2
2
M, = 8RZ5C [1 - ?\Am;] 1— 41 M; ] g,
uv 2 ~4 pa m3 | ’ g"q* — g
M Z C 4151 el ,
o(loop) — = 8p 20 M2 M% _ qz — /qzrp

2
C mZ 2 g;qu _ quv
MY =272 CAC2 |1 — 4thyt 14 ,
plloop) — € 8p 20 C, M2, 20 M2 Mg — g2 —i/Ts

a
where g is the momentum of the intermediate meson; the integrals over quark loops I’
and Ihy' are defined in (93).
The branching fraction of this process takes the value
Br(t — my've) = 1.25 x 1077, (134)
It is also within the experimental restrictions [82,83]:

Br(t — my’vT)exp <40x 1077, (135)

The Belle II experimental collaboration presented the research program in recent
works [85,86]. The upcoming experiment will allow us to study the second class current
decays more accurately. We hope that our results will receive experimental confirmation.

5.2.3. The Process T — Kmvz

Interest in the process T — K™ 7tv; is as it is applied in studying the vacuum polariza-
tion and that it includes strange and non-strange particles simultaneously. This process
was investigated in different theoretical works [87-89].

The diagrams of this process are shown in Figure 22.

vy

K*~

K

Figure 22. Contact diagram and diagram with the intermediate meson of the process T — K~ 7%v7.

Due to the low energy threshold of the meson production in the process T — K™ vy

the contribution of the excited mesons state is negligible and one can use the standard NJL
model.

The amplitude of this process in the standard NJL model takes the form

M(t — K*novr)tm = —3G¢Vus ggzgﬂ Ly {g’”
K*
g””q —q"q" }
+ T, T , 136
2 g _Z\/—FK* KPKV npmx) ( )
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where the factors Tx and T describe the a1 — 7w and K; — K transitions:

my, (3my, — my)
Tw=1-3——5—, 137
T Mﬂz] ( )
Ty = 1 3™Mslm £ ms) (138)
My
1A
Here, the value My, , is determined in (117).
This amplitude leads to the following value of the branching fraction:
Br(T — K~ 7% ) tree = 2.92 x 1073, (139)
This result is significantly lower than the experimental data [29]:
Br(t — K~ mt%¢)exp = (4.33 £0.15) x 1072 (140)

This may be caused by the necessity of taking into account the interactions in the final
state.

To take into account the interactions in the final state, one can consider three possible
diagrams of the meson exchange given in Figure 23.

Figure 23. The interactions of the kaon and pion in the final state.

These meson triangles lead to the following integrals [90]:

FK*i _ / [(TKk — (TK + TH)PH))\(Tnk+ (TK + Tﬂ)pK)v

! K2 — ME][(k+ p)? — M2 [(k — pr)? — MZ]
o KEY\ a4k
o / (k= 2pn),(k+2px), (T + Ta)k + Tkpx — Trpr),
0=
|1 = M3 [(k+ pi)? — M3] [(k — p)? — M3]
KKV d4k
x| g — == , (142)
(g M2 ) (2n)*
FK" = FK. (143)

These integrals are divergent and can be regularized with the cut-off parameter Ag.
The expressions for the integrals (141) and (142) are presented in [90].
As a result, the correction to the amplitude from these triangles takes the form

2 g+

M(T = K 7% ) 100y = —3iG Vs géfg” L,
K*

" q* —q"q"
Mg — 2 — iy/q?T ke

2 2
x {— (3gKg ”) EK 4+ @2F) +2 <3gKg ”) EK* } (144)
8K+ 8K+
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The comparison of the branching fraction calculated by using this amplitude with the
experimental value [29] leads to the cut-off parameter Ag,; = 950 MeV. The obtained result
is higher than the result obtained for the process T — 71~ ©vr (A = 740 MeV). This may
be caused by the replacement of the pion with a more massive kaon.

The meson triangles with the exchange of the scalar state give the result lower by
orders of magnitude and it can be neglected.

As one can see, in this process, in the absence of radially excited mesons in the
intermediate state, the interaction of mesons in the final state plays an important role.

5.2.4. The Process T — K™ nv;

In this process, the energy threshold of meson production is higher than the mass of
the ground state K*(892). That is why the first radially excited mesons in the intermediate
state give a significant contribution and they may not be neglected. This leads to the
necessity of applying the extended NJL model.

In the extended NJL model the amplitude of the process T — K™ v, takes the form

_ . . )
M(T = K e tree = —2GVis (1{3’7 + V21K ) L, [(T}f)pK B T1§C)P'7)
Cke IKK "+ f IﬁK*"S g — q'q" (
KK
+CK 11 a + \flll gl’qu — q,”qv (
sk Iy V2L MR -t —i/gPT

K* K*
Q)W—ﬁ)mh

i1 py) | (49)

where the integrals over quark loops I1; are defined in (93), the constants C are determined
in (79), and the factors T are given in (A5).
As a result, for the branching fraction of this process one can obtain the value

Br(t™ — K 1) tree = 1.35 x 1074, (146)
It is 13% lower than the experimental result [29]:
Br(t~ — K 1jv¢)exp = (1.55£0.08) x 1074, (147)

Therefore, it likely takes into account the interactions in the final state matters in this
process as well. This interaction can be considered through the exchange of the meson K*
between the final particles. This leads to the meson triangle presented in Figure 24.

Figure 24. Interactions of the kaon and # meson in the final state.
This meson triangle can be described by the integral [91]

(57 (571, (1 (1))

E, —
' / k2 — M. [(k + pr)? — M3 [(kfpn)LMiJ

(K*) (k") (K, oK) o KKV d'k
(T + 1)kt T pc - ¢ p,])y<g G 9
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This integral is of a similar structure as the respective integral for the process T — Kmvz
described above.

The correction to the amplitude describing the interaction in the final state takes
the form

. K u S 3
Migop(T — Kijuz) = 8iGfVys (111)7 + \fZIﬁW ) Ly
KK nt KK*n®
x[gVV+CK* + V2L, Mg —a'y’
s\ I V2L ) Mg 2 —iV/gPTke

3
Cgs ﬁ“ +\[1KK" "> —qt'q" ]
8K+ ﬁ” +\[1 Mz, —q 2 i/ Ty

(149)

While using the cut-off parameter obtained in the process T — Kntvy (Ag; = 950 MeV),
the result for the process T~ — K™ 1jvz is consistent with the experimental data:

Br(t— — K qvy) = 156 x107% (150)

As one can see, the excited meson in the considered process plays a significant role,
but the contribution of the interactions in the final state has decreased noticeably compared
to the previous cases.

This process was studied in other theoretical works by using the Vector Dominance
Model, Chiral Perturbation Theory with Resonances, and others [92,93].

5.2.5. The Process T — K~ K%,

Similarly to the previous case, in the process T — K~ K%, it is necessary to take into
account the first radially excited mesons in the intermediate states and, thus, to apply the
extended NJL model.

The diagrams of this process are presented in Figure 25.

v

K° K’

K- K

Figure 25. Contact diagram and diagram with the intermediate mesons of the process T — K~ K%vx.

To take into account the interaction in the final state in this process, one can consider
the exchange of the neutral vector mesons between the final kaons. The appropriate
diagrams are given in Figure 26.

Py

Figure 26. Interactions of the kaons in the final state.
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These diagrams can be described with the integrals [94]
(k —2pg- ) (k+2pgo), (2Kk + pxo — px-),, <g“ - ";}‘?) e
R = | N
(12— M2] [k + pyo)? = ME] [(k— py-)2 = M3] (27)
A ki
F) _ / (k= 2pk- )5 (K+2po), (2K + pro — pic- ), (8 — B ) e s
: (k2 — MZ][(k + pgo)? = ME] [(k — px-)? — Mg]  (2m)*
(k= 2p- )5 (k+ 2pgo), (2k + pyo — px-), (g” "AVA"?) Ak
EY) = / 4 Sy (159)
2 = M3 [(k+ pro)? = ME] [(k = pg- 2 = M3]  (27)

+-L1

These integrals are similar to the respective integral obtained for the process T — 7trv
and given in (A11).

The full amplitude taking into account the interaction in the final state takes the
form [94]

M(t = K K') 2V2GV, KK | T 4 Colyy TlP) 7>
1% = — . —r
T )tot fYudi1l K ) IﬁK K M2 — qz - i\/qup
5 , 2 I 2
1 () 1 _ KKp (P) KKw
(w) L KK¢ (9)
T ) {1\/;02 H“’K} +4(I ) (T ) M¢ 7 +lpx }Lu(PKo—PK)”, (154)

where the constants Tl(f), TI(;‘)), and TI(<¢) are given in (A14).

The first term in the curly brackets describes the diagrams in the tree approximation
of the meson fields interaction. The branching fraction of this process in this approximation
takes the value

Br(t - K K%;) = 1395x107% (155)
It is in satisfactory agreement with the experimental value [29]:
Br(t — K K%¢)exp = (14.862£0.34) x 10~ (156)

Taking into account the interactions in the final state leads to the appearance of the cut-
off parameter in the meson loop. Full agreement with experimental data can be achieved
with the value of this parameter Axx = 610 MeV.

As one can see, taking into account the interactions in the final state does not play an
important role in this process and gives the correction within the model uncertainties. The
correction of the same level can be achieved by variation of the width of the intermediate
radially excited meson within the experimental errors. When describing a similar process
ete” — KTK™ in the extended NJL model [46], a satisfactory result was obtained without
taking into account the interactions in the final state. All these facts indicate the decreasing
role of the interactions in the final state, while the role of excited mesons in the intermediate
state increases. They also indicate that there is no need to take into account the interactions
in the final state in the case when the energy threshold of the final meson production is
higher than 1 GeV. For this reason, in Section 5.3, where the T lepton decays into vector and
pseudoscalar particles, the interactions in the final state will not be taken into account.

The decay T — K~ K%, was considered in many theoretical works [68,92,95,96].
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5.3. The Decays T — PVv¢
5.3.1. The Decay T — mtwvy

The decay of T — mtwv has been repeatedly investigated in various theoretical [97-99]
and experimental works [100,101]. In particular, in [97], a phenomenological model of the
vector dominance type was used, where the channels with intermediate mesons p(770),
p(1450), and p(1700) were considered. Wherein, for good agreement with experimental
data, additional arbitrary parameters were used.

In the NJL model, this decay is described by the diagrams of two types. In the first
diagram, the intermediate W boson directly generates 7rw meson pairs through the quark
triangle. The second diagram is related to the W boson which transits into vector mesons
and also generates 7w meson pair. These diagrams are shown in Figure 27. The amplitude
of the process under consideration takes the form [102]

M(T — nwve) = GEL*V, g4myugn (BC + B(p+ﬁ))sw;\56*"(pw)p$pf{. (157)

v e

Figure 27. Contact diagram and diagram with the intermediate mesons describing the decay
T — MWy,

The corresponding contribution from the contact diagram to the amplitude is
B = I§,(my). The contributions from intermediate mesons are defined as
C s - Ch e s
Bloss) = —2 1 = - +em LI - ,
(o+p) 8p M3 —s—iM,T, S Mg —s—iMTs(q)

(158)

where the integrals I3 are defined in (93); the width of the radially excited meson I's(q) is
taken from [50]. The constants C, and C; are defined in (79).
As a result, the branching fraction of the decay T — mwv; turns out to be equal to

Br(t — wrntvr) = 1.83%. (159)
This is in satisfactory agreement with the experimental data [29]:
Br(T — wmvr)exp = (1.95 4 0.06)%. (160)

Note that we do not take into account the contribution to the amplitude from the
heavier p(1700) meson as its contribution is strongly suppressed due to the phase volume
factor.

5.3.2. The Decay T — prtvr

The process T — p°(770)7t vy is actively investigated theoretically in various phe-
nomenological models [68,99]. In the framework of the NJL model, this process was
considered in the work [103]. Its amplitude in the extended NJL model takes the following
form:

M(t = prve) = —iFrGrVyggoZnLu{ Mc + Ma + M 3 + Mp + M5} e, (py), (161)
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where the contributions from the contact diagram and the contributions from diagrams
with intermediate mesons are in the curly brackets

MY = g~ 2Culn {@-M)g" —q'q"} (162)
Cc - 7
: 3 M P
w_ 2 2 2o 4
MA = gcalBWﬂl (q _6mu)g - T
T
C I‘zlpal ‘
X I grs — 25— | (4" — M3)gas — qads | 8
gPMal
1 M2 _ qZ Ca] I;(l)(ml M2
4% 27 Coy —5 —A—BW,, | LI + —2— P gig, 163
myLigba Mgl M2 g2 a1 | 420 gngl 94 (163)
2 pgh
wo_ 2 2\ ur 979
M = 2c, B, [(q — om2)gh — Zﬂ]
a Ca Izﬁlpul 2 2 )
X {Iz(])ng - ngoz [(0] — Mp)grs — %%} }g Y (164)
Py
2 chZ
My =27,C, [1 — 4Lt ﬁg 1 [1 -6 A”;Iz”l 1 BWrgtpY., (165)
a a
R 97c 2
MY = 88T C P |1 — 620 = Mu | gy gy (166)
P gp 7T220 Ig(;rgp M%] 7T 7T

where M,, = 1230 &40 MeV, I';, = 425 MeV are the mass and total width of the a;(1260)
meson [29]; BW), are the Breit-Wigner propagators defined in (129); ¢ = p, + pr. The
amplitude is given with allowance for the a4; — 7T transitions in all channels.

Taking into account the a; — 7 transitions the branching fraction of this process is

Br(t — p°(770) 7t v7) = 1.1%. (167)

If we exclude the a; — 7t transitions in the axial-vector channel, we get the following
result:

Br(t — p°(770) 7t v7) = 4.96%. (168)

In the case of the decay into an excited state, the branching fraction, taking into account
the a1 — 77 transitions, takes the following value:

Br(t — p°(1450) 71 v7) = 1.2 x 1074, (169)

Without taking into account the a; — 7t transitions, the decay into an excited state
gives

Br(t — p°(1450) 71 v7) = 1.8 x 1074, (170)

At present there are no satisfactory numerical estimates for the decay width 7 —
po (770) 7t~ vr; therefore, we can compare our results with the process T — 1~ 7w~ v,. The
branching fraction of this process is Br(7 — 7~ w7t~ vr) = 9.31 4 0.05% [29]. The process
T — = 7w~ v was also considered theoretically in the work [104] with the participation
of one of the authors. Due to the fact that this process can also contain channels with a scalar
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meson, as well as channels with a box diagram, there is reason to believe that the process
under consideration T — p°(770) 7t~ v; should have a width smaller than T — 77~ w71~ v7.
This process was also considered in the NJL model in the paper [105]. There, the a; — 7
transitions in the axial-vector channel were taken into account, but a different approach was
used to take into account the excited meson states than the one used in the extended NJL
model. As a result, the branching fraction Br(t — p°(770)7t"v;) = 5.65% was obtained.

5.3.3. The Decays T — [w, ¢|Kvr

The T — [w, ¢|Kv; decays will be considered in the extended NJL model, following the
work in [106]. Unlike the previous T — p[7, 7t]vr decay, this decay is interesting because
all four channels work in it: contact, axial-vector, vector, and pseudoscalar channels. Note
that in the axial-vector channel we take into account the mixing of the mesons Kj 4 and Kj3.
The diagrams describing the considered decay are given in Figure 28.

w(Q)
Figure 28. Contact diagram and diagram with intermediate mesons of the decays T — [w, ¢|Kv¢.

The corresponding amplitude in the extended NJL model takes the form

M(T = Kwve) = —iGpVisLy{Me + My + My + Mp
+ Mg+ My + Mp}es(pa), (171)

where ¢} (pw) is the polarization vector of the w meson. The contributions from the dia-
grams with intermediate mesons Kj 4, K*, K, K1, K*, and K have the form

ME = (mg + mu)lﬁ“’g”“ +i2my, [Iﬁ“’ + (ms — mu)muléﬁ‘”] s””‘spmpw(;,

C
M'MU = ?z(ms + mu)lﬁ(UKl
3 3 (ms + my)? .
T G L R A L e | LU
K1(1270)
3 3 (ms + my)?
+ (8" {qz - E(ms + mu)Z} —q"q"|1— E(Z\Zziu) BWK1(1400) cos” B
K
1(1400)
Ck~ [IKwK* +(m —m )m IKwK* 2_§(m —m )2 BW. Spu//\é
P 21 s u)Mylzq q 5 s u K* PKAPws,

2 M2

. 3 3 2
(s + mu)lﬁle {gw [qz _ E(ms + mu)z} gt ll _ (mﬁ"m“)] }Bwklr
K1(1650)
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. CA* 43 o« 3
MI;/V =i2my g; {IﬁwK + (ms _ mu)mulglﬁwK } [qz _ E(ms _ mu)Z BWIZ*€VVA5PKAPW§/

M =2(ms + mu)gzcklﬁ“’KqVq”BWK. (172)

Here, the contribution from the contact diagram contains the axial-vector and vector
parts. The transition constants of the W boson to the intermediate mesons Cjs and Cyy
are defined above. The integrals containing vertices from the quark-meson interaction
Lagrangian of the extended NJL model are defined in (93). Intermediate mesons are
described by the Breit-Wigner propagators. The mixing angle (B) of the mesons K;(1270)
and K (1400) is defined in Section 2.2.

The decay amplitude T — ¢Kv; is obtained from (171) by replacing the corresponding
vertices w — ¢ in loop integrals, the mass of the light quark m,, is replaced by the mass 1,
in the vector channel and vector part of the contact diagram; an additional factor of 2 also
appears.

There are different ways to choose the mixing angle 5. The PDG gives the value 45° [29].
At the same time, in [107], the value of 57° was obtained in the NJL model. Therefore,
here we present the results for the partial and differential decay widths depending on two
values of the mixing angle 45° and 57°. The results obtained for the branching fractions
and differential decay widths are given in the Table 6 and Figures 29 and 30.

dr

dMx,,
6.x1075
5.x107P} [
4.X]O_ljj | \\\ I’,»
3.x1075}
2.x 1075} Ok,

“\1:#

TR L | _‘-L"‘r"—'— L 'JMKU.I\/IE-'\J'—

O PR M R T R T P
1200 1300 1400 1500 1600 1700 1800

1.x1075¢

Figure 29. The differential decay width for the process T — wKvz. The solid line corresponds to the
case 3 = 57°, the dashed line corresponds to the case p = 45°, the experimental points are taken from
the work [108].
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Table 6. Predictions of the extended NJL model for the branching fractions of T — [w, ¢]Kv¢. The
contributions of different channels are given with different lines. The lines W4 and Wy correspond
to the axial-vector and vector parts of the contact channel. The Ground line contains the summed
results of all channels with intermediate mesons in the ground state and contact channel. The Excited
line contains the results for the contributions of all excited intermediate mesons.

Br (x10™%)
T — w(782)Kvy T — ¢(1020)Kv,
B =57° B = 45° B = 57° B = 45°
Wa 0.54 0.52 2.02 1.97
A 473 447 7.49 8.59
Wy +A 3.08 3.27 2.12 294
Wy 0.66 0.64 0.84 0.82
\Y 1.99 1.94 0.89 0.86
Wy +V 0.37 0.36 2.6 x 1073 25 %1073
P 0.57 0.53 0.66 0.61
Ground 3.83 3.96 2.57 3.34
A 54 %1073 52 x 1073 0.74 0.72
v 0.31 0.3 18.1 x 1073 17.7 x 1073
P 8.6 x 1074 6.1 x 10~* 1.6 x 10~% 1.2 x10~4
Excited 0.32 0.31 0.76 0.74
Total 3.79 3.95 3.15 4.04
Experiment 4.1+09[29] 4.4 +1.6[29]
4.05 £ 0.51 [109]
3.39 +0.48 [110]
dr
My
1.x107 5
8.% 10716}

6.x107%F 1o
4.x1078F 1 1

2.x 107} N

1 e

0 L
1500 1550 1600 1650 1700 1750 18

Figure 30. The differential decay width for the process T — wKvz. The solid line corresponds to the
case B = 57°, the dashed line corresponds to the case B = 45°, the experimental points are taken from
the work [109].

It is interesting to compare the results obtained at different values of the mixing angle
B. The obtained branching fractions of the process T — wKv; for § = 57° and g = 45°
are within the errors of experimental values. The obtained branching fractions of the
process T — ¢Kv; with different mixing angles agree with different experimental results.
Note that the value § = 57° leads to better agreement of the form of the invariant mass
distribution of the process T — wKv,; with the experimental points. However, the invariant
mass distribution of the decay T — ¢Kv; with f = 45° is in better agreement with the
experimental data. In any case, our results are consistent with the experimental data with
allowance for the precision of the model which is expected to be near 17%.
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Note that from a theoretical point of view the T — [w, ¢|Kv, decays were described
using Resonant Chiral Theories and angular momentum algebra in [68,99].

5.3.4. The Decay T — K*nv¢

In the NJL model, the process T — K*nvr was described in the work [111]. The
decisive role in this process is played by the axial-vector channel with the intermediate
K1(1270) and K; (1400) mesons. To describe the considered decay, we will use the quark-
meson Lagrangians of the standard NJL model. Note that due to the participation of the 5
meson in this decay, it is necessary to take into account the influence of gluon anomalies to
correctly describe the 7 and 7’ meson masses. This problem was described in Section 2.3 of
this review.

Diagrams, describing the decay of T — K*#v; are shown in Figure 31.

n U

Figure 31. Contact diagram and diagram with intermediate mesons of the decay T — K*njvy.

As a result, for the total decay amplitude in the NJL model, we obtain
M(T — K*T]VT) = ZZ'G[:VuSLV |:MC + MA(1270)
v
+MA(1400) +MV +Mp:| e:(p](*), (173)

where e} (pk~ ) is the polarization vector of the vector meson K*(892). In the square brackets,
the contributions of separate channels are given, which have the form

3
ME = 5 (s sin(@) + VEnmgy, cos(@)) g

—l[mugK*g,7 sin(&)[Ioy + my (ms — my) Iz ] (174)

—\meng*gWS cos(&)[1 — ms(ms — mu)113]:| xs”'”\‘qu)\pK*(g,

Miv(lzm) 29k (msgiyu sin(a )+\fmug;75 cos(& ))
3 .
|:g]“/ |:q E (ms + mu) :| - quv] X BI/VK1 (1270) Slnz(lB), (175)
MWMOO) T (msgvu sin(&) + \[mug,ls cos(& ))

v 3
[8” {‘1 E(ms + my) } —q"q" :|XBWK1(14OO) cos* (), (176)
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MP{,V = —igg~ [mug,]” sin(&)[Ipy + my (ms — my) Iz
Vg, cos(®)l i~ m(oms — m) |

3 -
X [g”g {qz — 5 (ms — mu)2:| - q’*qg] x BWi-ezzasPp Pk 8%, (177)

M =~

3 . -
22K (ms +my)Zg (g,h sin(&) + \fZg% cos(oz))

X {1 — ;(ms+mu)2< sin’ (p) + COSZ(ﬁ))) - %(mermu)

2 2
MK1 (1270) MKl (1400

o M58 sin(@) + v2my,gy, cos(a) o < sin?(B) n cos?(B)

Sy SiN(&) + \@gqs cos(a) Mé M12<1(1400)

) ] q"q"BWg, (178)
(1270)

where g is the momentum of intermediate mesons; § is the mixing angle of the mesons
K;(1270) and K;(1400); pk+, py are the momenta of K* and 7 mesons, respectively; and & is
the mixing angle of the 7 and 7' mesons. The values of the loop integrals are taken from
in [111].

The results of numerical calculations of the branching fractions of the considered
decay using the obtained amplitude are given in Table 7. As we can see, in the definitions
of the branching fractions, the dominant contribution is given by the axial-vector channel.
The contribution from the axial-vector channel is noticeably enhanced by taking into
account the two axial-vector poles K;(1270) and K;(1400). The vector channel gives a
small contribution 103 compared to the axial-vector channel. The amplitude of the vector
channel is orthogonal and does not interfere with other channels. The contributions of the
pseudoscalar channel are small and interfere only with the axial-vector channel.

Table 7. Branching fractions of the decay T — K*#jvz.

Channels Br (t — K*nve) x10~4
A 1.21
1% 2x1073
P 0.04
Total 1.23
Experiment 1.38 = 0.15[29]

In [92], the U(3) x U(3) chiral symmetric model and Vector Dominance Model (VDM)
were used to describe the decay T — K*5jv;. As aresult, using the mixing angle & = —20° of
the 77 and ;' mesons, the branching fractions Br(t — K*5jv¢) = 1.01 x 10~* were obtained.

This process was also studied in [68]. However, it was used there to fix the parameters
of the model based on experimental data and calculate other decay modes.

5.3.5. The Decay T — K*Kv,

The process T — K*°(892)K~v; will be described within the extended NJL model
following the recent paper [112]. When describing this process, it is also necessary to
consider all four channels. The axial-vector and vector channels play the main role. It
is interesting to note that the existing contribution in the vector channel comes from the
intermediate radially excited meson p(1450). The contact diagram and diagram with
intermediate mesons are presented in Figure 32.
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.
Figure 32. Contact diagram and diagram with intermediate mesons describing the decay T — K*Kv

The corresponding decay amplitude takes the form
= i\/EGFVudLy [Mc + Mal + Mﬁl
) nv

The terms in the brackets in the amplitude (179) describe the contributions from the
contact diagram and diagrams with different intermediate mesons in the ground and first
radially excited states:

ME = (3my — ms)Iﬁ*KgW

—2i mslﬁ*K — (mg —my,) [ng + m%[ﬁ*K]] "% pa DKo (180)
W __ _ & ;KK | v 2 2\ _ _uv
My, = (3my, ms)g I g q° —o6my ) —q"q" | BWy,, (181)
P
W Cﬁ KK | _uv( 2 2 WV
Mg, = (3my — ms)g—l11 I3 (q - 6mu> —q"q" | BW,, (182)
P

M — zzgp{ s I K — (g — ) [0S 4+ m2 10575
4

x (g“qz — q’*fﬂ) BWoeroas Pk P87 (183)

~Co K*K KK PK*K
Mgv — _ng—:: {mslgl — (ms —my)[Iy, © +moI5; ]

% (97 = 9"9" ) BWperous P8 (184)

MY = _4{<"“‘Z” _ o Cp4mu1§5”> [

§n M &
2 —ms)Z
—m“(?’";/; gTS) ™k K} g"q" BWy, (185)
am
MY = —4%zncﬁ1ﬁK*KqﬂqVBwﬁ. (186)
7T

Here, the transition constants of the W boson to the intermediate mesons Cys and Cyy
are defined in (79). Intermediate mesons are described by the Breit-Wigner propagators
defined in (129).
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Unfortunately, the extended NJL model cannot describe the relative phase between
the ground and excited states. Therefore, here we will consider two versions of the phase
for the p and p mesons: the first version is the ¢’ phase and the second version is ¢/”". The
second version can be justified by the results of the experimental work in [51].

The obtained results for the branching fractions of T — K*Kv; are given in Table 8.

It is interesting to note that this decay differs from other T lepton decay modes by the
dominant contribution of not only axial-vector but also vector channels.

Note that here it is possible to obtain satisfactory agreement with the experimental
data using the phase factor in the p meson, similarly to how it was done earlier in the
paper [50].

Similar calculations of the T — K*Kv; decay have been carried out in a number
of papers by other authors. In Li’s paper [92], the calculations were carried out within
the U(3) x U(3) chiral-symmetric model where intermediate mesons were considered
only in the ground state. As a result, for the branching fraction of the decay, the value
Br(t — K*°(892)K~v;) = 3.92 x 10~ was obtained. The main contribution came from the
one vector channel with the intermediate p meson.

In [99], theoretical value Br(t — K*9(892)K~v;) = 1.5 x 1073 was obtained using
the Chiral Theory with Resonances. Furthermore, the theoretical result for the branching
fraction Br(t — K*°(892)K~v;) = 4.93 x 1073, exceeding the experimental value, was
obtained in [68].

Table 8. Predictions of the NJL model for the branching fractions of T — K*Kvy.

Channels Br (T — K*Kvz) x 1073

A 1.01 1.01

A 1.18 x 10~5 1.18 x 10~

v 0.32 0.32

v 0.24 0.24

P 0.09 0.09

p 3.50 x 107° 3.50 x 107>
The phase ¢ = 180° ¢ =0°

Total 1.99 1.23

Experiment 2.14+0.41[29]

6. Conclusions

There are a large number of different phenomenological models for studying interac-
tions of mesons at low energies. Chiral Perturbation Theory is especially popular [113,114].
However, it allows one to describe meson states only in the energy range up to 1 GeV.
Chiral Perturbation Theory with Resonances [115] made it possible to expand the energy
range to 2 GeV and take into account the excited meson states. However, the introduction
of new states each time leads to the appearance of additional parameters, which reduces
the predictive power of the model.

The extended NJL model, used in this review, allows unambiguously describing the
coupling constants of radially excited mesons with quarks. In the form factor introduced
to describe radially excited mesons, the parameter c affects only the values of the meson
masses. The slope parameter is uniquely determined from the condition that the intro-
duction of excited mesons does not affect the quark condensate. After constructing a free
Lagrangian containing both ground and first radially excited states, the mixing angles
occurring after the diagonalization of this Lagrangian are completely determined. As a
result, we obtain the interaction Lagrangian of physical mesons with quarks where cou-
pling constants are uniquely determined. This allows using quark loops to describe the
interactions of mesons with each other without introducing additional parameters in the
tree-level approximation in meson fields corresponding to the lowest order of the 1/ N,
expansion. Namely, in this approximation, the NJL model is formulated.



Symmetry 2022, 14, 308

48 of 53

A more complicated situation takes place when describing processes such as the
production of mesons on colliding e™ e~ beams and 7 lepton decays. Here, when describing
intermediate radially excited mesons, as the experiment shows (see Section 4), it becomes
necessary some cases to introduce phase factors. Unfortunately, until now, the NJL model
cannot describe such factors. Therefore, those relative phase factors between the ground and
radially excited intermediate meson states should be considered as additional parameters.

The next problem is related to taking into account the interactions in the final state.
In Section 5.2, this was made by considering meson triangle diagrams, leading to the
appearance of additional parameters. Those parameters are not universal and take different
values for different processes. However, for structurally similar processes, such parameters
turned out to be approximately equal to each other. The main problem with this approach is
that these meson triangles are of a higher order in 1/ N, as compared to the approximation
in which the NJL model is formulated. Therefore, such loops can only be considered as
additional corrections to the results obtained in the framework of the NJL model.

It is interesting to note that when considering these effects, a certain correlation
appeared between the role of the final state interactions of mesons and excited mesons in
the intermediate state. Namely, with an increase in the contribution from the diagrams with
the first radial excitations in the intermediate state, the contributions from the corrections
taking into account the interactions in the final state decreased. The existence of such
behaviors, as well as a deeper theoretical substantiation of the possibility of taking into
account the interactions of mesons in the final state by means of meson loops using the NJL
model, can be the subject of further research.
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Appendix A
The integrals I, and Iy~ have the form

—i [ O(AZ,+K?) 1 A2

I, = / o ) gk = A2~ M| 2mm )|,

P 2m)t ) (M2 —k2) (4m)2 |77 P M2
—i O(AZ,; +k?) 4

Ion = 4 / ooz 4k
(27‘[) (Mp_k )(Mn_k )

, (A)

1 1 A2 A2
= — | M?%1 1) — MEIn( =28 +1
(47T)ZM%—M%[ Pn(Mg * ) ”n<M72T * )

were Ay is the cut-off parameter of the meson loop.
The functions a(s) and b(s) appearing as a result of taking into account the interactions
in the final state for the decay T — 71~ yv; take the following form:

2 (M2 2 4 2 2 2
oty g MEOMEMD) | MACMEETME beMEre)
Mo T Mg o 6M2
MS(23Mj + M% — 55) M8 (4M2 +2M2 —s)
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2 2 2 4 2 2 2

b(s) = I e M — M7 + M . M5 (13Mj; — 7M7, + 6M; +5) (A3)

2 2 2

M M3 6 M3

L MS, (M5 +23M7, — 55) L, M3 (2Mj; + 4M7, — 5)
P 6M3 P 6M3
Here, the integrals over the meson loops are
i O(A%, + k)

Inr = d*k. A4
= | @i .

The factors T describing the transitions between axial-vector and pseudoscalar mesons
for the decay T — K™y, take the form

K
ms 111’7 + \[Tflu 11 KlK ms + mu
Kyt 11 2
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where Mk, is defined in (117); My and My; are the masses of the mesons f; (1285) and

£1(1420).
These integrals F, () , Ff,“’), and Ff,‘” for the decay T — K~ K% read

I

FP) =i W + Lok | (o = Pi- ) (A11)
w I,

F]/(l ) — |:M2 + IwK:| (pxo — P]c)w (A12)
1

F}(,‘P) =1 ZV(I% + Ipk (Pxo — PK*);,- (A13)

where the integrals Iy and Iyx (V = p, w, ¢) are similar to the integrals defined in (A1l).



Symmetry 2022, 14, 308 50 of 53

The constants T describing the transitions between axial-vector and pseudoscalar
mesons for the decay T — K~ K%, have the form

K1K
T(P) =1— 1111 plﬁlK (ms + m”)z (A14)
K Ko M2 ‘
11 Kia
r) _q A ot ) (A15)
K IKKw MZ 4
11 Kia
KK
rl9) _q BT st m)” (A16)
K [KKp M2
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