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Abstract: Very recently, functions that map the open unit disc U onto a limagon domain, which
is symmetric with respect to the real axis in the right-half plane, were initiated in the literature.
The analytic characterization, geometric properties, and Hankel determinants of these families of
functions were also demonstrated. In this article, we present a g-analogue of these functions and use
it to establish the classes of starlike and convex limagon functions that are correlated with g-calculus.
Furthermore, the coefficient bounds, as well as the third Hankel determinants, for these novel classes
are established. Moreover, at some stages, the radius of the inclusion relationship for a particular
case of these subclasses with the Janowski families of functions are obtained. It is worth noting that
many of our results are sharp.

Keywords: univalent functions; Schwarz functions; limagon domain; subordination; Hankel determinant

1. Introduction and Preliminaries

The notion of g-calculus (known as Quantum calculus) is a part of mathematics
that deals with calculus without the concept of limits. This field of study has motivated
researchers in recent times because of its numerous applications and importance in many
areas of science, such as Geometry Function Theory (GFT), Quantum mechanics, cosmology,
particle physics, and statistics. The development of this area began from the work of
Jackson [1,2]. The idea was first used in GFT by Ismail et al. [3], where the concept of
a g-extension of the class S* of starlike functions was presented. As a result, various
g-subclasses of univalent functions have been receiving attention in this area (see [4-15]).

The study of univalent functions that map the open unit disc onto a domain symmetric
with respect to the real axis in the right-half plane is one of the fundamental aspects of GFT.
On this note, examinations of its subclasses have gained momentum in recent times. To
this end, Ma and Minda [16] provided a generalized classification of these subclasses; for
more details, see [17-26].

Recently, Kanas and Masih [22] initiated a subfamily of univalent functions that were
characterized by limagon domains. The geometric properties of this class of functions were
examined and used to present convex and starlike limagon classes denoted by CV(s) and
ST, (s), respectively. Furthermore, Saliu et al. [26] continued with the investigation of these
classes and proved many interesting results associated with them.

Motivated by these new works, our interest in this paper is to present a g-analogue
of the analytic classification of the limacon functions and use it to introduce the classes
q-starlike limagon (denoted by ST, (s)) and g-convex limagon (depicted by CV . (s)). Fur-
thermore, the coefficient bounds, third Hankel determinant, coefficient estimate, and radius
results (of a particular case) for these novel classes are investigated.
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To put our findings into a clear perspective, we present the following preliminaries
and definitions:

Let U = {¢ € C: || < 1} and A, denote the class of normalized analytic functions
f(&) of the form

f@) =¢+ Y alf teu (1)
k=1+n
and A; = A. Then, the subclass of A, which is univalent in U, is depicted by S. Let W be
the class of analytic functions

w(§) =Y wid", ZelU @)
n=1

such that w(0) = 0 and |w(¢)| < 1. These functions are known as Schwarz functions.
If (&) and g(¢) are analytic functions in U, then f(&) is subordinate to g(&) (written as
f(&) < g(g)) if there exists w € W such that (&) = g(w(g)), ¢ € U.

Recall that f € A is starlike if f(U) is starlike with respect to origin. In addition,
f € Ais convex if f(U) is a convex domain. Analytically, f € A is starlike or convex if and
only if

¢f'(6) (€f())
Re 10) >0 or Re 0 >0, ¢el

An analytic function
p(&) =1+ ad, ©
k=n

is a function with positive real part if Re (p(¢)) > 0, ¢ € U. The class of all such functions
is denoted by P, with P} = P. We also symbolized the subclass of P, satisfying Re
(p(&)) > a, 0 < a <1, by Py(a). In particular, P;(«) = P(«) [27]. More generally, for
—1 < B < A <1, the class P, (A, B) consists of function p(&) of the form (3) satisfying the
subordination condition

1+ AZ

¢ el

We note that P;(A, B) = P(A, B) [28]. If we choose p(&) = éﬁg) or p(g) = (éjf,/((g)))/,
then P, (A, B) becomes S} (A, B) or C,,(A, B).

Definition 1 ([29]). Let q € (0,1). Then, the g-number [n], is given as

=g neC,
n—1

[n}qz Zq‘:1+q+q2+...q”*1, neN, 4)
1=0

n, as q—1".
and the g-derivative of a complex valued function () in U is given by

(a-1)¢

Dyf(§) =1 f(0), ¢=0, (5)

(&), as g—1".
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From the above explanation, it is easy to see that for f(¢) given by (1),

[0}

Dyf(g) =1+ Z[”]q”ngn- (6)

n=2

Let f, g € A, we have the following rules for g-difference operator Dq.

(0 Dy(f(£)8(8)) = f(q2)Dyg(S) +8(&)Def(E);
(i) Dy(of(8) £68(8)) = oDgf(§) +8Dgg(8), foro,6 € C\{0};

(iii)
Dq(f(é)) _ 8(&)Dgf (&) — f(€)Dyg(S)

$(0) D2 (0) o 8(E)slae) 20

1
(iv) Dy(log f(&)) = logqq_l DJ?{ (:()g ) , where the principal branch of the logarithm is chosen.

As a right inverse, Jackson [2] presented the g-integral of the analytic function f({) as
[ @ =92 > qr(a"o).
n=0

For example, f(¢) = ¢" has a g-antiderivative as

gn-}-l

/Cndqu m,n ;é —1.

Definition 2. Noonan and Thomas [30] defined for k > 1,n > 1, the kth Hankel determinant of
f € S of the form (10) as follows:

an an+] PPN an+k71
An+1 An+2 oo Opyk-2

Hi(n) =| T 7)
Apt+k—-1  Aptk—2 --- Ap42k-2

This determinant has been studied by many researchers. In particular Babalola [31]
obtained the sharp bounds of H3(1) for the classes Sgt and Ccy. By this definition, #3(1)
is given as

a; az as
ay as a4
as aq as

Hs(1)

= az(apay — a%) —ag(aq — azas) + as(az — a%), a =1,
and by triangle inequality,
[H3(1)| < |as| |azay — a3| + |as| |as — apaz| + |as| |az — a3]. (8)

Clearly, one can see that H»(1) = |a3 — 43| is a particular instance of the well-known
Fekete Szegd functional |a3 — ua3|, where y is a real number.

Definition 3 ([22]). Let p(&) =1+ i cnC". Then, p € P(Ls) if and only if
n=1

p(§) < (1+52)?, 0<s§\}§, Fed,



Symmetry 2022, 14, 2422 4 0of 22

or if p satisfies the inequality

p(@) —1l<1-(1-s), 0<s< eu.

1
e
Presented in [22] was the inclusion relation
{fweC:lw-1/<1-(1-s)?}cLyU)c{weC: |lw—-1] < (1452 -1}, ()
where )
Ls(U) = {u +iv: {(u —1)2 +0% - 54} < {(u —1462)% + vz} }
Definition 4 ([22]). Let f € A. Then, f € ST, (s) if and only if
!
S @) ¢ py), 0<s<-L

f(©) V2
In addition, f € CV,(s) if and only if

EF(E) € STe(s), 0<s< \2

Let STL,, (S) =A, N ST[;(S) and CVL,, (S) =A, N CVE(S).

Inspired by these definitions and the notion of g-calculus, we introduce the following
novel classes of functions.

Definition 5. Let p(¢) =1+ i cnC". Then, p € P(Ls(q)) if and only if
n=1

2(1 2
P(§)< <2—|—(S(1+i€;)€> ::Lq,s(g), 0<g<l 0<s< \ﬁ’

¢el.
Definition 6. Let f € A. Then, f € ST, (s) if and only if

¢Dyf (%)

1
€ P(L , 0<g<l,0<s< —.
e € PLa), 0<g 7
In addition, f € CV,(s) if and only if
EDyf €5Te,(s), 0<q<10<s< .

In particular, as g — 17, we are back to Definitions 3 and 4. The integral representation
of functions f € ST, (s) is given by

4 _
£(@) = cexp(é / ”(”tldqt) p € P(La(n),

and for g € CV,, (s), we have

¢
g(§)=/0 %ﬂdqt, feST,,(s).

More so, for n € N, we have the extremal functions for many problems in ST, (s) as
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CLyg(t") — 1
i (q,5;¢) —é‘eXpG/o q'(tt)dqt>

_ A—B\|28" (A=3B)§*" N (=B)*1(2B— (k+2)(A—B))gkn
~cexpt () . T+ 3)ml, :

A=s p="0"0

2
o S 4 q) a1 P +9) (391 144\ i
o, ¢ T (z[zn]ﬁq[n]g)g
SA4+q) ((A+9)? q0—q)  BG4=1D)1+q) )\ 2ns1
A <3q[n]g Bl, T 2q2nl,nl, )5 e

Similarly, the extremal function for various problems in CV,, (s) is given as

Z®,(q,s;t
‘I’n(q,s;é):/o 7”(2 )dqt.

We note thatas g — 17, ®,(g,s;&) = ©u(s;¢) and ¥, (g,5; &) = ¥ul(s; §).
2. Preliminary Lemmas
Lemma 1 ([32]). If w € W is of the form (2), then for a real number o,
—0, for o< -1,
wz—awﬂ <<1, for —1<c<1,
o for c>1.

When o < —1 or o > 1, equality holds if and only if w(&) = & or one of its rotations. If

—1 < ¢ < 1, then equality holds if and only if w(&) = &2 or one of its rotations. Equality holds

for o = —1lifand only if w(g) = gffg(? (0 < x < 1) or one of its rotations, whereas for o =1,

equality holds if and only if w(¢) = — ‘:l(f;? (0 < x <1) or one of its rotations.
In addition, the sharp upper bound above can be improved as follows when —1 < o < 1:

|w2—aw%| + (1—i—a)|wl|2 <1 (-1<0c<0)

and
lwy — ow?| + (1 —0)|w > <1 (0 <o <1).

Lemma 2 ([20]). If w € W is of the form in (2), then for some complex numbers ¢ and 1 such that
|6l < Tand g <1,
wy = ¢(1 - wi)
and
ws = (1—wi)(1 - [g])y — wi(1 - wi)c®

Lemma 3 ([33]). If p € Py(A, B), then for || =1,

1— ABr*| (A —B)r"
P& = T | S T
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In particular, if p € Py(«), then for || =1,

T+ =2a)r?| _ 2(1—a)r"
’M@— T ‘s r (10)
Lemma 4 ([34]). If p € Py(), then for |G| =7,

‘Cp ’ 2(1 —a)nr"
(T—=rm)(1+ (1 —2a)rm)’

Lemma 5 ([35]). Let h(§) =1+ Z cnl", G(§) =1+ Z dnG" and h(¢) < G(&). If G(&) is

univalent in U and G(U) is convex, then |cn| < |dq| for all n>1

The main results of this manuscript are presented in the subsequent sections with the
assumption that the analytic function f € A is of the form in (1) unless otherwise stated
and w € W has the series representation from (2) throughout.

3. Coefficient Bounds
Theorem 1. Let f € STLy(s). Then,

n=2 (1Kl + s(1+q)
lax) < I (qu),
k=0 [e+1g

[0], = 0. (11)

Proof. For f € STL,(s), we have

¢Dgf(8)
f(&)

where p(&) is of the form in (3). Upon comparing the coefficients of ", we arrive at

=p(§), pe€PLs(q),

qln —1glan| < [ep—1] + [a2cn—2| + |azcn-3| + -+ - + |an_1c1]. (12)
Since p(¢) < Lys(¢), then it is easy to see that I, s(¢) is a convex of order B, where

(1—q)s®+4s+2
2-s(1—9))(1+s)

Thus, L5 (¢) is convex univalent in U. By Lemma 5, we have

B =

lenl < s(1+9).

Therefore, (12) becomes

n—1

qin —1glan] <s(1+4) Y lagl, (13)
k=1
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and from which, we have

1+g
Mﬂﬁ( D (Jag| +Jaal) <
q
e o)
B 1;[ [k + 1
Suppose (11) holds for n = m, we find that

m—2 ([k]q + M)

lam| < ] d

0 k+1],
On the other hand, from (13), we obtain
-1
s(1+4q)
a | < AR (14)
‘ m q[m - 1]11 ; | |
By the induction hypothesis of (14), we have

m—2 [k] +S(1+‘7) 1 m—1
11 ( Fk+1]z ) > ;[fnfi]) > laxl. (15)

k=0 7 k=1

([ —1]g+- (1;.7))

s , we obtain

Multiplying both sides of (15) by

(= 1+ 252) 2 (W +*52) | sa4.) (Im e +<

[m]q IE) k+1], = qlm — 1], Z |ax|,

which implies that

-1 (K], + (H‘?) m—1 m—1
H( k+1 ) 1+q< " 1+q Z|>

k=1 ‘7 k=1

1+ =
q Z|ak|, a; =1

This shows that the inequality of (15) is true for n = m + 1. Hence, by the principle of
mathematical induction on #n, we complete the proof. []

Corollary 1. Let f € A be of the form in (1) and f € CV Ly(s). Then,

s(l+q)
lan|<H( k+2 ). (16)

Upon letting ¢ — 17 in Theorem 1 and Corollary 1, our assertions scale down to those
obtained by Saliu et al. in [26].
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Theorem 2. Let f € STLy(s). Then,

2 5)
‘a2a4 —az| < (=] .
q

The bound is sharp for the function

(q —q+2)§5

LX) SH

Proof. Since f € STL;(s), then by the subordination property, we have

smﬂ@:< 20 +s0(@) )
@~ \arsa—gu@)

where w € W. Then,

1+ gaog + q (2040 — a3) 6+ ([Blgas — 2+ q)azas +a3)& + - = 1+ 5w (1+9)¢
_ C\e2.3 _
o+ ((qu 1)w%s—uuz)s(l +9)5% + (q(q ?S e (3q2 1)w1w25+w3>5(1 +9)8° +

Comparing the coefficients of &, 2, and &3, we obtain

a = —(1;”’) w1

3¢%+3q+4
az = ;(7( 1 4q‘7 )sw% +w2)

17)
1 3 2+6 552w} (
a, = % [q4szw§’ 41 swl(s;ﬁ w3) + qz( szwl +2ws + swle) + gswy (sw% + 4w,)
+252w%1.
Then, by Lemma 2, we obtain
aay — a3 SN (14 ¢)%w1 (1 —wi) (1 —[g]*)y — (1 —w})(g* + (1 + wi)g +1)¢
(g +q+1)

N wi(1—wi)(g* —q+2)¢  s*wi(g* +74° + 249> +23q +21)
2 16 ’

Let x = wy with 0 < x < 1and ¢ = y with |y| < 1. Then,

2
2 e 5 201 22N |2 2\ (2 2 2
sy — 3] < oy [ (1 PR =) (1= )+ (1= ) g+ (1) + 1)y
LA =) (g2 —q+2)lyl | Px(q" +7q° + 2497 + 239 +21)
2 16
$2
'_qZ(q2+q+1)fq/s(x' ‘y|)/
where
0 i 2(42 _ 2
f”a(|y||y|) 2(1—x)[(1+x2)q+(1—x)(1+q2)]|y|+sx(”74—’7+)>o.
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This means that f, _(x, [y|) is an increasing function of [y| on [0, 1]. Thus,

PHCAVIVESRCAY

—1- )P+ A+ R+ 1)+ 0 ) (g% — q +2)x*

2

s2(q* + 7¢° + 244° + 23q + 21)x*
+
16
::fq,s(x)/
where
df (x 4 3 2 2
ff;( ) _ [(4* +7q° + 24> + 239 4 21)s o g4 2)s—4g]
X 4
+[s(q® —q+2) —2(1+¢%))x
and
d>f (x 44 70% + 2447 + 23g + 21)s?
];;;cz() g7 Z+ IH2DS 52— g+2)s — dg| 2 +s( — g +2) — 21+ ¢2).
a2 f, 5 (x) .
For x =0, ;;/cz < 0. Therefore, fq,s (x) has a maximum value at x = 0. Thus,

fos () < £,(0) = +q+1.

Hence, we have the thesis. [

As g — 17 in Theorem 2, we have the following corollary:

Corollary 2. Let STy (s). Then,

‘a2a4 - a%’ <s%

The bound is sharp for the function
223, 35 15
By(5i8) = E+ P+ P+

Remark 1. It is worth noting that this bound is different from the one obtained in Lemma 4.3
of [26]. This variation is due to the computational error therein.

Theorem 3. Let f € CVL,(s). Then, fors < min{%, 2(:22;7;’:21)}

2
2 S
fors =8| < (r=m) -

The inequality cannot be improved due to the function

S

3
_— +....
q(q2+q+1)§

TZ(q/S;é) =G+

Proof. From the definition of the class CVL;(s) and (17), we easily have
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ap; = %
_ (B2 +39+4) o 2
3 = T ( 1o it wz)
3 2.6 56203 (18)
ay = W [q‘iszw‘;’ + w + q2< "L+ 2ws + swlwz> + gswy (sw? + 4wy)
+252w?1 :
Then, by Lemma 2, we obtain
2 2\ (g2 2
2 s 2 2 (1 —wi)(g” +q — 2)swig
fxay — a3 = wi(1—wp)(1—[g|*)n +
@+ D+ ! ! 2> +q+1)
(A —w) (P +wig+1)¢®  sPwi(l+4q)(q° +54* +5¢° +5)
(4> +q+1) 16(4%> +q+1) '
Therefore, reasoning along the same line as in the proof of Theorem 2, we arrive at the
desired result. O
As g — 17 in Theorem 3, we have the following corollary:
Corollary 3 ([26]). Let CV(s). Then, fors < %,
2
s
‘a2a4 —a%‘ < 9
The bound is sharp for the function
s
Ya(s:8) =+ 38+
Theorem 4. Let f € ST, (s). Then,
s(149)
aras —ay| < ———~.
| N CETESY
The bound is sharp for the function
s(1+4q)
D3(q,5,86) =¢+ [
! 9> +q+1)
Proof. Using (17) and Lemma 2, it follows that
s(1+q) ) ) 2y 2 swi(l—wf)(g* +9+2)¢
gy = U (1 —w?)(1— +w (11— -
axa3 — a4 (P tq+1) (1 —wp)( lg|%)n + w1 (1 —wi)g 2q

N s?w3 (4> + 54% + 59 + 5)
4q
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Let x = wy with 0 < x < 1and ¢ = y with |y| < 1. Then, by triangle inequality, we

have
s(1+4) 2 2 a2, sx(T=x?)(* +9+2)|y|
gy = (1 — 21— 1—
s — as] = | (=) (1= IyP) + (1 =)y Zq
s2x3(¢® + 59 + 59 + 5)
_|_
4q
__s(l+q)
_q(q2+q+1)gq,s(x"y|)’
where 3¢ (x1yl) o o
S, (X, [y 2 x(1—-x7)(g" —g+2)
— " " = 2(x—-1)(x+1) — < 0.
3] ( ) ( ) 2

This implies that g, (x, |y|) is decreasing on [0,1]. Thus,

gq,s (x/ |y|> qu,s (x/ 0)

1)y s2x3(q® + 59 + 59+ 5)
4q
=8y (x)/
where de (x)
8qs\X X
i @[382(173 +5¢% +5q +5)x — 8q]
and )
d“g, . (x) _ oy 3xs%(q> +5¢* + 59 + 5)
dx? 2q )

For x = 0, the function g, (x) assumes its maximum value. Therefore,

8, (x) =8,.(0) =1
Hence, we have the result. O

As g — 17 in Theorem 4, we obtain the following results due to Saliu et al. [26].

Corollary 4. Let f € STy(s). Then,

2s

|azas —ay] < 3

The bound is sharp for the function

¢3(5}§)=§+%§4+-~-~

. 4
Theorem 5. Let f € CVp,(s). Then, for s < mm{‘/TE, q2+3+1 },

S
q(1+q*)(q>+q+1)°

|azas —ay] <

The bound is sharp for the function

S
q(1+4°)(3*> +q+1)

Ya(q,58) =+ ¢t
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Proof. From (18) and Lemma 2, it follows that
tas — 2 =150~ we? _ sw(l-wf) (@ +4+2)c  sO-wi)( - o)y
q1+a) (@ +q+1) 29*(1+4*)(¢*+q+1)  q(1+4*)(> +q+1)
Sw3(1+q)
43 (1+ %)

Let x = wy with 0 < x < 1and ¢ = y with |y| < 1. Then, by triangle inequality, we
have

S
9203 = 4] = T A T )

22\ (A2
x(l—x2)|y|2+sx(1 i )(gq+q+2)|y’

-y + S

Continuing in the same fashion as in Theorem 4, we obtain the required results.

O
We obtain the following corollary as g — 1.

S

Corollary 5 ([26]). Let f € CV(s). Then, for s < 72

|acaz —ay| <

N ©»

The bound is sharp for the function

s

Ya(s:8) =+ &+
4. Fekete Szego Inequalities

Theorem 6. Let f € ST, (s). Then, for a real number y,

s2(342+3q+4—4p(1+4)?)
4q2 ’ for H S 01,

1o

2
lag —pag| < {2, for pr < p <po,

2 2_ (a2
s%(4u(1+q) 4q£3q +3q+4)), for > .

It is asserted also that

I _s(3¢°+3q+4) -4 2.8 <3q2+3q+4
|a3 ﬂa2‘+ |:V 43(1+q)2 |ﬂ2| iy ;7 P1 <‘1/l_

q 4(1+9)?
and
) s(3q2+3q+4)+4q} 28 3¢ +3q+4
- - - 7’ 7< S 7
o=y = [ = LR P < 2, M2 <<
where

(32 +3q+4)s — 4q (34> +3q+4)s+4q
= = . 19
1 4s(1+ )2 and 2 4s(1+ q)? (19
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These inequalities are sharp for the functions

A®y(q,5;,A8), for p € (—oo,p1) U (p2,),
ADy(q,5;A8), for pr < 1 < pa,
APx(q,8A¢), for = p1,
AQx(q,5:A8), for = py,
where |A| =1 and
EDyPx(9,58) _ (g(wg)) ¢DgQx(q,5:6) _ (_§(x+f:)>
Pe(q,5:€) P\1+xg ) Q(gs€) P\ 142 )

Proof. The proof is direct from (17) and Lemma 1. O

Setting # = 1 in Theorem 6, we have

Corollary 6. Let f € ST, (s). Then, for a real number y,

lag — a3| <

| »n

The bound is sharp for the function
s
Dy(q,8:¢) =G+ 553 o

Theorem 7. Let f € CV,(s). Then, for a real number y,

s2(3¢%+3q+4—4u(q>+q+1))

4q2(q2+q+1) ’ fOI' ]/l S P3/
‘ﬂg - ]/la%‘ S q(quq+1)/ for 03 S 22 S 04,
2 (4u(q%+q+1)— (347 +3q+4))
e for ez
It is asserted also that
) s(3q2+3q+4)4q} 2 o s 3¢ +3g+4
— — _, < S P !
|a3 WZH[V s@rorn ) S g P S g
and
) s(3q2+3q—|—4)+4q} 2 o s 3¢ +3g+4
_ I , < u < py,
% = ezl [V s e L T s ) o s VA
where ( ) ) ( 5 )
39 +3q+4)s —4q 39 +3g+4)s+4q
e d -
P3 (2 +qr1) e (2 +q+1)

These inequalities are sharp for the functions

A¥1(q,5;A8),
AY2(q,8;A8),

X,Px (q' S; /\g)/

XQ}C(q/ S; /\C)/

for p € (—o0,03) U (p4,),
for p3s < u < p4,
for u = ps,

for u = pa,

(20)
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where || = 1 and

Dg(ED4Px(q,5:6)) _ (@(erC)) Dq(6DqQx(q,5:6)) _ <_§(x+§)
Dﬂpx(q'S;g) s 1+xg )’ Dqu(q,S;é) s 1+x¢

), 0<x<1.

Proof. The proof is straightforward by using (18) and Lemma 1. O

Setting 4 = 1 in Theorem 7, we have

Corollary 7. Let f € CV¢, (s). Then, for a real number y,

S

2
a3 —a5| < ———— .
| 2 (P2 +q+1)

The bound is sharp for the function

TZ(q/S;g) = é(+ q(

5 3
7q2+q+1)g +....

Theorem 8. Let f € ST, (s). Then,

(1 +5)9 +5)
POl S g+ D

(2495 +4)7° + (24252 + 75)q> + (252 + 3s)q + 52] :

[sq8 42547 + (24 45)q° + (4+ 65)° + (5 + 95)q*

Proof. The proof follows easily from (8), Theorems 1, 2, 4, and Corollary 6. [

As g — 17, wehave
Corollary 8. Let f € STy (s). Then,

2 2
Ha(1)] < s (1+25)<6i8+415+17>-

V24 2(gP—g+1)
Theorem 9. Let f € CVLq (s). Then, for s < mm{T' PR Y R },

1
Y@+ 1P+ P+ P g+ 1)
+ (74 85)g° + (135 + 7 4 52)g° + (135 + 7 + 25*)g* + (135 + 3s% + 4)g°

a0 < [2(s0° + 2+ 8)° + (4 +59)¢”

+ (75 +2+352)2 + (25% +45)g + %) (1 +5)g + s)] .
Proof. The proof is straightforward from (8), Theorems 1, 3, 5, and Corollary 7. [
As g — 17, we obtain
Corollary 9 ([26]). Let f € CV(s). Then, fors < 1,

s2(1 + 2s)(12s% + 655 + 33)
540 '

[H3(1)] <

5. Coefficient Estimates
Theorem 10. If f € ST, (s), then

(ee]

> [[”13(Z+f(+1§””)4 - 16] a2 <0, @ =1.

n=1
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Proof. Let f € ST, (s). Then,

DI

2
where p(¢) < ( %) := Lys(¢). Therefore, from the subordination property, we
have

2
1 >1(2—|—s(1—q)) . a2

p(@)] = 4\ 1+s

Using (21) and Parseval’s identity, we arrive at
© 27 .
20y laaPr? = [ 7@ de, ¢ =re
n=1 0

27
- /0 1ED,£(8) 2 p(2)2 do

o 4 2
>3 () [ enir@pas

16
1/24+s(1—q)\* o~ 0 2.2
:16(1+S .2n;1[n]q|an\ P21,

Therefore,

- 1/24+s5(1—g)\*&
Z|an|2"2n > 16(1—|—S 1 > Z[Tl]§|an|2r2",

n=1 n=

§ : 2+4s(1—q)\*
2 2.2 _
[[n]q<1+s —16||au|r™™* <0, o =1
n=1
Hence, we have the desired resultasr — 1~. O

Corollary 10. If f € ST, (s), then

o0

2(2+s(1—q)\* 2 2+4s(1—¢)\*
Z[Wq(m —1ofan 16— { =5 ) -
n=2
Corollary 11. If f € CV¢,(s), then
(i)
® 4
Z[n}sl[nlé(”f(js 2) —16]|an|2 <0 -1,
n=1
(ii)

i[ﬂ]? [[H]ﬁ(ﬂf(j;q)f - 16] |an|? < 16 — (WY

n=2
As g — 17 in Theorem 10, we have the following corollary:

Corollary 12. If f € ST, (s), then
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(i)
Z[nz -1 +s)4] la,> <0, a3 =1,
n=1

(ii)
Z[nz— (1+s)4}|an|2 <(1+s)*—1.
n=2

As g — 17 in Corollary 11, we have the following corollary:

Corollary 13. If f € CV(s), then

(i)
an {nz -1 +s)4} la,> <0, a1=1,
n=1
(ii)
n2[n2 - (1+s)4]\an|2 <(1+s)*-1.
n=2

6. Radius Results
Theorem 11. P, (A, B) C P(Ls) for all { in the disc

rn if B>0,

rp, if B<O,

r3 if B=0,A#0,
ry if B=-1,

¢l <r.(A,B) =

where
. 25 — 52 " o 2g _ g2 7
" \A-B+B(2s—2)) © * \A-B—-B(2s—%2)) ’
and
1 1
. 25 — g2\ " I 2s — g2 E
-\ T4 T\ AF1+(2s—92))
All the radii are sharp.

Proof. Let p € P, (A, B). We need to find the largest radius for which the disc |w — a| < R
is contained in the disc |w — 1| < 1 — (1 — 5)?, where

1— ABr*" (A —B)r"
a= T and R = 1o

Now, for B > 0, it is noticed that a < 1. Therefore, by triangle inequality, we have

p() —al <R <=[p(Z) -1
<R+1|1—a4|
_(A—=B)r* 1— ABr*
T1_B22n 1 _ B2y2n +1
_ B(A—B)r*+ (A—B)r"
- 1 — B2y2n :
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Therefore, p € P(L;) if

B(A—B)r*" + (A — B)"

2
1 _ B2, < 28 — s,

Hence,

. 25 — 2 g
V" \A-B+B(2s—2)) -
For the sharpness, consider the function p(&) + 1117‘25:. Then,

(A—B)¢"

@) -1 = [Tk

Choosing ¢" = —r{, then
p(6) = 1] =25 = (22)

For B < 0, we havea > 1. So,
lp(&) —al| <R+a—1

(A—B)r" — B(A— B)r*"
1 — B2y2n :

Continuing in the same fashion as in the case B > 0, we find

1
. 25 — 52 "
2" \A-B-B@2s—-9)) °

The sharpness is achieved by setting " = r" in (22).
For B =0, we have a = 1. Thus, p € P(Ls) if

Ar'" < 25 — g%,

1
25 — g2\ "
r3 = A .

In addition, following the same line of arguments as in the case of B < 0 for B = —1,

we have )
. 2s — g2 i
ST\ A+1+2s—-2) 7

o) =5

That is,

which is sharp for the function

O

Corollary 14. The relation S;,(A,B) C ST, (s) and C,(A, B) C CVp, (s) hold, respectively,
in the disc || < r,(A, B). This radius is sharp for the function fo(&) € S;,(A, B) and go(&) €
Cn(A, B) defined by

A-B

E(1+B&) "™, if B#£0,

gexp(“5), if B=0,

fo(8) =

and

80(¢) = /OZ fOT(t)dt
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7. ST, (s)-Radius for Ratio Functions

In this section, we study ST, (s)-radius for some classes of functions f € A, charac-
terized by its ratio with a certain function g(¢).
Consider the functions

G :{feAn: f Pn},

4
f(©) . }
Q—{ €EAp: =2 €Py, ¢€S; ,
f(©) g }
Qz{ eA,: =% €Py, S
VA :
¢) 8
g ={ € Ay: 'f( —1’<1, ePn}.
VS s :
Theorem 12. The STy, (s)-radii for the functions in the class G;, i = 1,2,3,4 are
(i)
) i
2s —s
RST = ,
£, (5)len] (n T m)
(ii)
%
RSTy, (5)[Ga] = Bst :
(n+l—zx)+\/(n+1—a)2+(25—52)(2(1—a)+(25—s2))
(iii)
’ i
2s —s
RST - 7
£ (5)165) (211 T m)
(iv)
. :
2(2s —s
RST =
&)1 <3n+ \/9n2+4(25—52)(25—52+n))
Proof.
(i) Letf € G; and assume p(§) = @ Then,
&) . _¢p')
f(¢) p(¢)
Then, by Lemma 4,
¢fr@) ‘ 2nr"
f(8) ~ 12
Therefore, f € STy, (s) if
2nr" 2
m <25s—s ,
which holds for r < RST;, (s)[G1]. To see the sharpness, we consider
fle) = SLEED

1—¢n
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(i)

(iii)

Obviously, % € P,. Therefore, at { = RST, (s)[G1], we have

&f'(g) 1— 2ng" g2

— S,

f@Q) 1=

This confirms the sharpness.

Let f € G, and assume p(&) = % Then by logarithmic differentiation,

@) | @)
f@) 8(@)

In view of Lemmas 3 and 4, we have

Q) | 20—t 20w 2"
’f(g) - ‘_ 1—r2n 1—y2n 1—g2n°

Therefore, f € ST, (s) if

&r'(§)

t p(g)

21— a)r® +2(n+1—a)r"

I T <25—52,
—r

which holds for ¥ < RST;, (s)[G»]. To prove the sharpness, we consider

¢a+¢") ¢

f(g)zm and 8(§)=ﬁ~
(1-gn = (-0
Then, % = % € P, and Reggzg) > . Therefore, f € G,. At{ = RSTy, (s)[Ga), we
e erE) 2
_ e 2

fo Tioe BT
Let f € Gz and assume p(&) = % Then, by logarithmic differentiation,

@) _88)  Ep@)

£(©) &)~ pc)

Following the technique of the proof of (ii), we obtain the result. To establish the
sharpness, we consider the function

14"
1-¢n

2 n
) and gl = SEED

GRS

Verily, % € P, and % € P,. Therefore,

5@, _ ang

f(&) 1o
and at { = RST, (s)[G3], we have

¢ L G_ g2

o TR

This proves the sharpness.
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(iv) Leth(¢) = % with f € G4, and assume p(¢) = &5) Then,

e

where w € W. Therefore, h({) < %Jrg, ¢ € U. This implies that Re 1((¢)) > 1. We
have ¢p(&) = h(&) f(¢) and by logarithmic differentiation,

1

—1‘ <1:>h(§):71+w@,

@ @), )
f©) W@~ p@)
Using Lemmas 3 and 4, we arrive at
¢f'€) 4| o nBHrm"
=

Hence, f € ST, (s) if

¢f'(©) ’ 2
—1] <25 -5,
‘ f(©)
which is valid for r < RST, (s)[Gs]. To establish the sharpness, we consider the

function
14¢"

1—¢gn
Since ‘é% - 1‘ =|¢"| < 1and Re @ > 0, then at { = RST,, (s)[Ga], we have

2 n
)t )~ K28

GRS

GFE) e o)

f(©) 1—gn

This proves the sharpness.

O

8. Conclusions

In this work, we introduced a g-limacon function and used it to present the classes
of g-limagon starlike and convex functions. The coefficient bounds and third Hankel
determinant for these families were obtained. Furthermore, at a particular instance, we
obtained sharp radii of inclusion between ST, (s) and the classes of the ratio of the analytic
functions. Overall, many consequences of our findings were demonstrated. In addition, to
have more new hypotheses under the present assessments, new extensions and applications
are being investigated with some positive and novel results in different fields of science,
particularly in GFT. These new studies will be introduced in future research work being
prepared by the authors of the current paper.

However, the purported trivial (p, )-calculus extension was clearly demonstrated to
be a relatively insignificant and inconsequential variation of classical g-calculus, with the
extra parameter p being redundant or superfluous (for details, see [13] (p. 340) and [36]
(pp- 1511-1512)). This observation by Srivastava (see [13,36]) will indeed apply to any
future attempts to produce the rather straightforward (p, q)-variants of the results we have
presented in this paper.
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