symmetry

Article

Using Double Integral Transform (Laplace-ARA Transform) in
Solving Partial Differential Equations

Abdelilah Kamal Sedeeg -2

check for
updates

Citation: Sedeeg, A.K.; Mahamoud,
Z.1,; Saadeh, R. Using Double Integral
Transform (Laplace-ARA Transform)
in Solving Partial Differential
Equations. Symmetry 2022, 14, 2418.
https:/ /doi.org/10.3390/
sym14112418

Academic Editors: Manwai Yuen,
Imre Ferenc Barna, Baofeng Feng,
Biao Li, Li Jun Zhang and
Calogero Vetro

Received: 23 September 2022
Accepted: 2 November 2022
Published: 15 November 2022

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

#(2 Zahra. I. Mahamoud 34 and Rania Saadeh ®

Department of Mathematics, Faculty of Education, Holy Quran and Islamic Sciences University,
Omdurman P.O. Box 14411, Sudan

2 Department of Mathematics, Faculty of Sciences and Arts-Almikwah, Albaha University,

Al Bahah 65528, Saudi Arabia

Department of Mathematics, Faculty of Sciences and Arts-Bukirayh, Alqassim University,
Buraydah 52571, Saudi Arabia

Department of Mathematics, Faculty of Education, Omdurman Islamic University,

Omdurman P.O. Box 382, Sudan

Department of Mathematics, Faculty of Science, Zarqa University, Zarqa P.O. Box 2000, Jordan
Correspondence: aelilah63@hotmail.com

Abstract: The main goal of this research is to present a new approach to double transforms called
the double Laplace-ARA transform (DL-ARAT). This new double transform is a novel combination
of Laplace and ARA transforms. We present the basic properties of the new approach including
existence, linearity and some results related to partial derivatives and the double convolution theorem.
To obtain exact solutions, the new double transform is applied to several partial differential equations
such as the Klein—-Gordon equation, heat equation, wave equation and telegraph equation; each of
these equations has great utility in physical applications. In symmetry to other symmetric transforms,
we conclude that our new approach is simpler and needs less calculations.
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1. Introduction

For solving partial differential equations (PDE)s, integral transforms are considered
the most effective technique. Their significance stems from the fact that PDEs can be used
to mathematically explain a variety of occurrences in mathematical physics and some other
scientific fields [1-13]. These equations can also be transformed in order to find the exact
solutions to PDEs using integral transforms. Because of the strength and simplicity of the
transform techniques, scientists and researchers have worked very hard at studying and
improving them.

Many integral transforms have been established and implemented to solve partial
and integral differential equations; these transforms allow us to obtain the exact solu-
tions of the target equations without needing linearization or discretization; they are
applied to transform partial differential equations into ordinary ones, in the case of using
single transformation, or into algebraic ones if we use double integral transformation. As
examples, we mention Laplace transform [14], Fourier transform [15], Novel transform [16],
M-transform [17], Sumudu transform [18], Natural transform [19], Elzaki transform [20],
Kamal transform [21], the Aboodh transform [22], ARA transform [23] and ZZ transform [24].

The double transforms have also been widely applied to solving PDEs with unknown
functions of two variables, and as a result, double transforms are considered very effective
in handling PDEs compared to other numerical approaches [25-28]. In addition, extensions
of the double transform have been developed in the relevant literature, such as the double
Laplace transform, double Shehu transform [29], double Kamal transform [30], double
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Sumudu transform [31-36], double Elzaki transform [37], double Laplace-Sumudu trans-
form [38] and ARA-Sumudu transform [39,40]. All these double transforms cited above
can be considered special cases of the general double transform by Meddabhi et al. [41],
but sometimes we need to study special kinds of double transforms and compare them
to consider the properties of each one, and decide on the best ones to use in handling
new applications.

Recently, Saadeh and others introduced a novel integral transform known as the ARA
transform. ARA is a name of the presented transform and it is not an abbreviation, it has
novel properties; that is, it can generate many transforms by changing the value of the
index n, also as introduced in [23], it has a duality to the Laplace transform and has an
advantage that allows it to overcome the singularity at t = 0. For all of these merits, we
decided to construct a new combination between the Laplace and ARA transforms, so that
we could reap the benefits of these two powerful transforms. We called this new approach
the double Laplace-ARA transform.

The main goal of this paper is to introduce a new double transform, namely DL-ARAT.
Fundamental properties and theorems of DL-ARAT are presented and proven, and we
also compute the values of DL-ARAT for some functions. New relations related to partial
derivatives and the double convolution theorem are established and implemented to solve
PDEs. The novelty of this work appears in the new combinations between Laplace and
ARA transforms, in which the new DL-ARATs have the advantages of the two transforms,
the simplicity of Laplace and the applicability of ARA, in handling some singular points
that appeared in the equations.

In this research, we studied the nonhomogeneous linear PDE of the following form

Auxx(x, t) + Buy(x, t) + Cup(x, t) + Dux(x, t) + Eus(x, t) + Fu(x, t) = w(x,t),

with the initial conditions

u(x, 0) = fi(x), w(x, 0) = fa(x),

and the boundary conditions

u(0, t) = g1(t), ux(0, t) = ga(t)),

and u(0, 0) = ¢, where u(x, t) is an unknown function, w(x, t) is the source term and
A,B,C,D,E, F and ¢ are constants.

A simple formula for the solution of the above equation was established and em-
ployed to solve some applications in order to display the efficiency and strength of this
new approach.

This article is organized as follows: In Section 2, fundamental concepts and properties
of Laplace and ARA transformations are introduced. In Section 3, we introduce the new
double transform DL-ARAT, that combines the Laplace and ARA transforms; we also
present some properties of the new transform. In Section 4, we introduce the application
of DL-ARAT to solve some types of PDEs. In Section 5, some examples are presented and
solved using DL-ARAT. Finally, In Section 6, a conclusion is provided.

2. Basic Definitions and Theorems for Laplace and ARA Transforms

In this section, we introduce the basic properties of Laplace and ARA transforms.
2.1. Laplace Transform [14]

Definition 1. Let f(x) be a function of x specified for x > 0. Then, Laplace transform of
f(x), denoted by L[f(x)], is defined by

LIf(x)] = F(o) = /O T e f(x)dx, v > 0. (1)
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The inverse Laplace transform is provided by

1 c+ioco

LVF(v)] = / " F(o)dv = f(x), x> 0. )

27t1 —700

Theorem 1. (Existence conditions). If f(x) is a piecewise continuous function on the
interval [0, o0) and of exponential order «, then L[f(x)] exists for Re(v) > « and satisfies

|f(x)] < Me™,

where Re(v) > w. is positive constant. Then, Laplace transform integral converges abso-
lutely for Re(v) > a.

Proof of Theorem 1. Using the definition of Laplace transform, we find

()] = | [ e [f () ]dx] < [ e f(x)[dx < M 52 e~ (0=
=M Re(v) > a.

v—u’
Thus, Laplace transform integral converges absolutely for Re(v) > a.
In the following arguments, we present some properties of the Laplace transform.
Assume that G(v) = L[g(x)], G(v) = L[g(x)] and a,b € R. Then

Lla f(x) +bg(x)] = a L[F(x)] +b L[g(x)]. ®)

L YaF(v) +bG(v)] =a L7 F ()] + b L7 [G(v)]. (4)
L[xY] = % a > 0. (5)

L] = —— aeR ©)

L[f'(x)] = vF(v) - £(0). 7)

L[f"(x)] = o"F(o) - :Zlvn-kﬂk-”(o» (®)

]

2.2. ARA Transform [23]

Definition 2. The ARA integral transform of order n of a continuous function f () on the
interval (0, co) is defined as

Gulf(H)](s) = Q(n,s) = S/Ow e St (f)dt, s > 0. ©)

Theorem 2. (Existence conditions). If the function f(t) is piecewise continuous in every
finite interval 0 < t < & and satisfies

()] < Me (10)

where M is positive constant, then the ARA transform exists for all s > «.
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Proof of Theorem 2. Using the definition of ARA transform, we obtain
|Q(n,s)| = |s t”_le_Stf(t)dt‘.
0
Using the property of improper integral, we find
1Q(n,s)| = ’s JE ettt +s [ t”*le*“f(t)dt‘ < s‘f[;” tnflefstf(t)dt’
<s [ e M f(1)]dt < s [ e Medt
=sM fﬁ e~ (=0t gt = M p=pls—a),
This improper integral converges for all s > «. Thus, G,, 11 [f (t)] exists.
In the following, we state some basic properties of the ARA transform
Assume that F(n,s) = G,[f(t)] and G(n,s) = G[g(t)] and a,b € R. Then
Gula f(8) +bg()] = a Gulf(1)] + b Galg(t)). (11)
Gu Y a F(n,s) +bG(n,s)] =aG, *[F(ns)]+bG, [G(n,s)). (12)
I'(a+n
gn[t“] = %, o> 0 (13)
sI'(n
Gule"] = G —(a;”' ac€R (14)
qr-1

Gu[f )] = (0" s S (TGO - D V). a9)

where Gy [f ()] is the ARA transform of order one of a piecewise continuous function f(t)
on [0, c0) and it is defined as

Gilf(t)](s) = F(s) = s/ooo e St f(t)dt,s > 0. (16)

For simplicity, let us denote G [f(t)] using G[f(t)].
The above results can be obtained from the definition of Laplace and ARA transforms
with simple calculations. [

3. Double Laplace-ARA Transform of Order One (DL-ARAT)

This section introduces a new integral transform, which is a novel combination be-
tween the famous Laplace transform and ARA transform denoted by DL-ARAT. We provide
the fundamental properties and characteristics including the existence conditions, linearity
and the inverse of the proposed new double transform. Moreover, some important prop-
erties and results are provided and used to compute the DL-ARAT for some elementary
functions. The double convolution theorem and the derivatives properties of the new
transform are also presented and illustrated.

Definition 3. Let u(x, t) be continuous function of two positive variables x and ¢. Then the
DL-ARAT of u(x, t) is defined as

LyGu(x,t)] = Q(v,s) = s/ / —(x4shy (x, t)dxdt, v,s > 0 (17)

provided the integral exists.
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Clearly, the DL-ARAT is a linear integral transformation as shown below,

LiGi[Au(x,t) +Bw(x,t)] =s [ [0 e~ @FD[Au(x, t) + Bw(x, t)]dxdt
= A [ [T e @+ [u(x, t)]dxdt + sB [ [57 e” @D [w(x, t)]dxdt
= A LGl u(x,t)] + B LG w(x, t)].

where A and B are constants and L£,G[u(x, t)], LGi[ w(x,t)] exists.
Additionally, the inverse of the DL-ARAT is found using

£ o 0w = (55) [ (o) [ S0 <. as)

Property 1. Let u(x,t) = f(x)g(t),x > 0,t > 0. Then

LyGi[u(x, )] = La[f (x)]Ge[g(1)]-

Proof of Property 1.
LeGilu(x,1)] = LxGelf()g(1)] =5 52 f5 e~ @D [F(x)g (1) dxdt
- fo°°f(x>e*”dxs IO
— Lulf(x)]Glg (1))
|

3.1. DL-ARAT of Some Basic Functions
i Let u(x,t) =1,x > 0, > 0. Then,

LG =s /°° /'°°e—<vx+sf>dxdt - / " e xs /0 Vst = £,1]G/1] = % Re(s) > 0.
0 Jo 0 .

ii. Letu(x,t) = x*tP,x > 0,t > 0and «, B are constants. Then,

ngt x tﬁ = s/ / (”x+5t) x tﬂ dxdt = /Ooo e ¥ [x¥]dx-s /O.oo e st {tﬂ dt = Ly [x"]G; {tﬁ}

From Equations (5) and (13), we find

£.G:[31F) = £,x]G:[1#] = I(a ZP&%* D Re(a) > —1,Re(B) > —1

iii. Letu(x,t) = Pt x> 0,t > 0and a, f are constants. Then,

,C ax+ﬂt o S/ / 0x+st ax+,5t} dxdt = / e—vx [eﬂ‘x]dx-s/ E_St [eﬁt} dt = [:x [eax]gt {eﬁt] .
0 0

From Equations (6) and (14), we find

ax+pt| _ 5
S e e =
Similarly,
i(ax+pt) | _ S
LuGi | =
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Using the property of complex analysis, we have
; - +is(vp + sx)
L ez(zxx-i—ﬁt) — S(S’U “.B)
<G| ] (0% +a?) (s + B?)
Using Euler’s formulas sinx = "ixfszix, cosx = w And the formulas
sinhx = ex’z"fx , coshx = % Now, we find the DL-ARAT of the following
functions (o )
. s(vp + s
Exgt[81n(lxx + ﬁt” = (,02 _|_ “2)(52 + ‘Bz)/
s(sv —ap)
L ax + Bt)] = ,
wileos(ax +B1)] = T Ty 1
. s(vp +sa)
L Gy[sinh(ax + pt)] = (02— a2)(s2 — B2)’
L1Gifcosh(ax + )] = — U+ 4P)

(=) (2~ D)’

Let u(x,t) = Jo (J\/E) then L+Gi []0 (J\/E)} — 5 [0 [ e (oxtst) {]0 (J\/E)}dxdt
= [ e ™ {]0 (J\/ﬁﬂ dxs [ e Stdt = [ e~ testdt. From Equation (14), we get
LG [Jo (V)| = 2

T 4us+12

iv.

3.2. Existence Conditions for DL-ARAT

Let u(x,t) be function of exponential order « and § as x — o and t — oo. If there
exists a positive N such that Vx > X and t > T, we have

lu(x, )| < Ne®* P,
We can write u(x, ) = O(e"* ") as x — o0 and t — 0, v > wand s > .

Theorem 3. Let u(x, t) be a continuous function on the region [0, X) x [0, T) of exponential
orders « and B.Then £, G[u(x, t)] exists for v and s provided Re(v) > « and Re(s) > B.

Proof of Theorem 3. Using the definition of DL-ARAT, we get

Q0 8)| = |3 J5~ Jo™ e @D fulx, Hldxdt| < s[5 [ e 07D u(x, )| dt
<N [T e 0=0%dxs [T e~ -Pldt
= (v—gﬁ' Re(v) > a and Re(s) > B.
Thus, £,G¢[u(x,t)] exists for v and s provided Re(v) > « and Re(s) > p. O

3.3. Some Theorems of DL-ARAT

Theorem 4. (Shifting Property). Let u(x, t) be a continuous function and £,G;[u(x,t)] =
Q(v,s). Then

.G, [emwtu(x, t)] = ° 57 Q=5 =), (19)
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Proof of Theorem 4.
LG Plu(x, t)] = Sfo fo ~5=B)t [y (x, t)]dxdt
= B) 5 Jo e 0mxe= (=B [y (x, t)]dxdt
= ﬁQ(v —u,s— B).

O

Theorem 5. (Periodic Function). Let £,G;[u(x, t)] exists, where u(x, t) periodic function of
periods « and B such that

u(x+a,t+pB) =u(xt), Vx,y.

Then
£aGlux ) = ey Wsﬁ ( 7 [F et t))dxdt) 0)

Proof of Theorem 5. Using the definition of DL-ARAT, we find
LxGilu(x,1)] = s / / (Xt (x, )] dudt. @1)
Using the property of improper integral, Equation (21) can be written as
LyxGilu(x,t)] =s / / —(Ox 4 (4(x, ) )dxdt + s / / e~ O (y(x, £))dxdt  (22)
Putting x = a + p and t = B + T on second integral in Equation (22), we obtain

Q(v,s) = s/ / —(x st (4 (x, t) ) dxdt + s/ / (@(atp)+s(B+0) (y(a + p, B+ T))dpdr. (23)

Using the periodicity of the function u(x, t), Equation (23) can be written as

Q(v,s) = s/ / —(OxFst) (4 (x, £))dxdt 4 e~ (04 F5P)s / / e~ @FsT) (4 (p, 7)) dpd. (24)
Using the definition of DL-ARAT, we obtain
Q(v,s) = s/ / ~ D) (4 (x, 1) )dxdt 4+ e~ P Q(v,5). (25)

Thus, Equation (25) can be simplified into

= vmﬁ ( / / —(oxtsh) t))dxdt).

Q(U,S) =
O

Theorem 6. (Heaviside Function). Let £,G;[u(x, t)] exists and LG [u(x,t)] = Q(v, s), then

LGilu(x —6,t —e)H(x —6,t —¢)] = e "7 Q(v, 5). (26)
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where H(x — 6, t — ¢) is the Heaviside unit step function defined as

1,x>90,t >¢
H(x—o,t—¢) = {O, Ohtherwise

Proof of Theorem 6. Using the definition of DL-ARAT, we find
LiGilu(x—6,t —e)H(x —0,t —e)] =5 [ [o e~ @+ (u(x — 5,t —e)H(x — 5, t — ¢) ) dxdt
=s [ Jo e Ot (u(x — 6, — ¢))dxdt. )
Putting x — 6 = p and t — ¢ = 7 in Equation (27). We obtain

LxGilu(x —6,t —e)H(x —6,t —¢)] = s/ / (0+p)=s(e+T) (4y(p, T))dpdT.  (28)

Thus, Equation (28) can be simplified into

L:Gi[u(x —0,t —e)H(x —5,t —¢)] = e~ SS( / / e P (u(p, T ))dpd‘r) = e 7% (1, 5). (29)
]

Theorem 7. (Convolution Theorem). Let L£.G;[u(x,t)] and L,G:[w(x,t)] exists and
LyGelu(x, )] = Q(v,s), L1Gi{w(x, £)] = W(v,s), then

LGelu(x,t) * xw(x, t)] = %Q(‘U,S)W(U,S). (30)

where u(x,t) * xw(x,t) = [ fo —p,t —T)w(p, T)dpdT and the symbol *x is denotes
the double convolut1on with respect tox and t.

Proof of Theorem 7. Using the definition of DL-ARAT, we obtain
LxGilu(x, t) xxw(x, 1)) =s [~ [T e O F ) [u(x, t) * xw(x, t)]dxdt
=s [ Jo e (oxtst) (fo" fot u(x —p, t —1)w(p, T)dpdT) dxdt.

Using the Heaviside unit step function, Equation (31) can be written as

(31)

LxGi[u**xw(x, t)] = s/ / ~(oxtst) (/ / (x—p,t—T)H(x —p,t —T)w(p, T )dpdr) dxdt. (32)

Thus, Equation (32) can be written as

LyGluxxw(x, 1) = [ [ w dpdr(s Jo~ S5 emebtp) =st Ty (x — p, t — T)H(x — p, t — T))dxdt
fo o~ w(p, T)dpdt(e P ~*TQ(v,5))
=Q(vu,s fo fo e~ (p, T)dpdt = 1Q(v,5)W(v, s)
O

Theorem 8. (Derivatives’ Properties). Let u(x, t) be a continuous function and £,G;[u(x,t)]
= Q(v,s). Then, we get the following derivatives properties
(@)

£:G; [a”g’j”] — 5Q(v,5) — sL[u(x,0)]
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(b)
26| 28| —00(0,5) - gfu(o,1)
x
(©
0%u(x,t ou(x,0
L+Gy {”g(t’z‘)] :s2Q(v,s)—52£[u(x,O)]—SC[ “(axt )}
(d)
9%u(x,t ou(0,t
20| 55| = 20(0,5) ~ o0 luto,n) - | 00 |
© .
LG [agiaac;t)] =0vsQ(v,s) —vsLu(x,0)] —sG[u(0,t)] 4+ su(0,0)
Proof of Theorem 8.
(@)
au(x/t) _ R —(st+ox) au(x/t) (% —ox . - a”(x't)
Exgt[ o5 }—s/o /0 e o dxdt—/o e dxs/o e o dt.
Using the integration by part, we obtain
Let u = et = du = —seStdt,
_ du(x,t) B
dv = o dt = v=u(xt).
Thus,
[} a ,t %) s
s/o e‘“(bl(ai))dt:s<u(x,0)+s/0 e tu(x,t)dt).
o LGy {au(ayz,t)] =3Q(v,s) —sL[u(x,0)] (33)
(b)
au(x't) _ R e —(st+ox) au(x't) _ g ® _ox au(x't)
Exgt{ B ]—s/o /0 e~ ot dedt—s/0 e dt~/0 e o )dx
Using the integration by part, we obtain
Let u =e™% = du = —ve "¥dx,
_ou(x, b _
dv = gy dx = v =u(x,t).
Thus,
* —Ux a /t e —0x
/o e ( ugz ))dx— (—u(O,t)+v/() e u(x,t)dx).
- 6250 0006, - Glu(0.1) (34
(©

2 0 oo 2 o oo 5
Exgt[a u(x,t)} = s/ / o~ (st+0x) [a”(i't)} dxdt :/ e—vxdx.s/ e—st<a ”(x/t)>dt.
Jo Jo ot 0 I

8t2 atZ

Using the integration by part, we obtain
Let u = e = du = —se 5dt,
%u(x,t)

_ _ ou(x,t).
dv = pYe) dt = v = 5t
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Thus,

(B (M)

Using Equation (33), we have

Pu(x,t)] 5 ou(x,0)
Exgt[ 52 ] =5°Q(v,s) —s“L[u(x,0)] sE[ gy } (35)
(d)
LG | Mt a / / (o) [ D gy / ¢St / (5 8)) gy
dx2 ax2
Using the integration by part, we obtain
Let u =e % = du = —ve “dx,
~ 0%u(x,t) _ du(x,t)
dv = 52 dx = v= FE
Thus,
oo ([ %u(x,t) ou(0, ) o ou(x, t)
vx 4 _ _ 7 VX 7
/0 e ( 322 )dx—( oy —1—0/0 e ( ox )dx).
Using Equation (34), we have
Pu(x,t)] ou(0,t)
[,xgt[ 322 } =0Q(v,s) —vG[u(0, )] —Q[ g ] (36)
(e)

st+vx ( ) _ i —st Bzu(x,t) e —uXx
E"gf{ oxot } / / { axat }d at = S/o ¢ ( axat dt'/o e dx.

Using the integration by part, we obtain.

© oo 0%u(x,t) w4 (ou(0,t) © oo ou(x,t)
(st4ox) ’ — [ _ st ’ (st+ox) ’
S./o /0 e ( 3vo1 )dxdt ( ./0 e <8t )dt—l— vs/o /0 e (Bt )dxdt)

And, using Equations (7) and (33), we have

LGt { 5 (;tt)] =0vsQ(v,s) —sG[u(0,t)] — vsLlu(x,0)] + su(0,0).

O
The previous results of DL-ARAT to some basic functions, some theorems and basic
derivatives are summed up in the in Table 1 below:

Table 1. DL-ARAT to some basic functions.

u(x,t) LG lulx,t)] = Q(v,s)
1 1
X P I'(a t)i-)i-liif+1)’ @ p>—1
et x+HBt S
(v—a)(s—B)
sin(ax + Bt) s(vf + sa)

(@ +2)@ +F)
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Table 1. Cont.

u(x,t) Ly Gtlulx,t)] = Qv,s)
cos(ax + Bt) G .S;_(f;)_(;[:)_ 7
sinh(ax + pt) s(vp + sa)
= a2) (2~ )
cosh(ax + pt) s(sv+ap)
@ - )2 F7)
e”‘xﬂstu(x,t) (Sjﬁ) Qv—a,s—p)
u(x —6,t —e)H(x —6,t —¢) e~ Q(v,5)
u(x, ) * xw(x, t) %Q(U,S)W(U,S)
us(x, t) sQ(v,s) —sL[u(x,0)]
ux(x,t) vQ(v,s) — G[u(0,1)]
g (x, 1) s2Q(v,s) — s2L[u(x,0)] — sL[us(x,0)]
Uy (X, 1) 2Q(v,8) — vG[u(0,t)] — G[ux(0,1)]
Uyt (x,1) vsQ(v,s) —sG[u(0,t)] —vsLlu(x,0)] + su(0,0)

4. Basic Idea of Double Laplace-ARA Transform Method

To illustrate the basic idea of this method for solving partial differential equations, we
consider a second order linear partial differential equation in two independent variables x
and t in its general form given by

Ay (x, 1) + Buye(x, t) + Cup(x, t) + Duy(x, t) + Eug(x, t) + Fu(x, t) = w(x,t). (37)
with the initial conditions
u(x, 0) = fi(x), us(x, 0) = fa(x), (38)
And the boundary conditions
u(0, t) = g1(t), ux(0, £) = ga(). (39)

And assume that u(0, 0) = ¢, where u(x, t) is unknown function, w(x, t) is the source
term and A, B,C, D, E, F and 1 are constants.

The main idea of this method is to apply the DL-ARAT to Equation (37), Laplace
transform to the initial conditions in Equation (38) and ARA transform to the boundary
conditions in Equation (39) as the following;:

Operating Laplace transform to the initial conditions given in Equation (38) yields

Llu(x, 0)] = L[f1(x)] = F(v) = R, Llu(x, 0)] = L[f2(x))] = R2(v) = B
ARA transform of the boundary conditions in Equation (39) is given by
Glu(0, 1)] = Glg1(t)] = Gi(s) = G, Glux(0, 1)] = Glga(#)] = Gals) = Gz

And W(v,s) = W = LGi[w(x, t)].
Now, applying the DL-ARAT on both sides of Equation (37), we find that

L:Gi[Auxy(x, t) + Buxi(x, t) + Cup(x, t) + Duy(x, t) + Eus(x, t) + Fu(x, t)] = LxGi{w(x, t)].
Using the differentiation property of the DL-ARAT and above conditions, we have
A[0*Q(v, s) — vGy — Ga] + B[osQ(v, s) — svFy — sGy + syp] + C[s?Q(v, s) — s*F; — sh|+
D[vQ(v, s) — G1] + E[sQ(v, s) —sFi| + F[Q(v, s)] = W(v, s)

(40)
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u(x, t) = LG

Q(Ur 5) =

Equation (40) can be simplified as follows-

(Av+ Bs + D)Gy 4+ AG, — Bsy + (Bus + Cs? + Es)Fy + Csb, + W

)= .o
Q@ 5) Av?2 + Bvs+Cs2+Dv+Es+F (41)

Operating with the inverse DL-ARAT on both sides of Equation (41), we obtain

(Av+ Bs+ D)Gy + AGy — Bs + (Bus + Cs? + Es)Fy + Csb + W
Av?2 4+ Bus+Cs2 +Dv+Es+F

(42)

where u(x, t) represents the term arising from the known function w(x, t) and all conditions.

5. Applications of Double Laplace-ARA Transform in Solving Partial
Differential Equations

Many physical phenomena can be modeled by a set of governing equations, several of
them begin as partial differential equations. One may encounter PDEs in many branches of
sciences such as:

Quantum mechanics.
Particle physic.
Astrophysics.
Chemistry.

Biology.
Environmental science.

The list goes on. Solving these partial differential equations is another challenge.
Current mathematics fail to provide a closed solution and more advances are yet to come.
Meanwhile, many numerical techniques have been developed for solving PDEs. In this
section we introduce the solution of some familiar PDEs such as the wave equation, heat
equation, telegraph equation and others. All the following figures of the selected examples
were obtained using Mathematica software 13.

Example 1. Let us consider the homogeneous wave equation
Uyy (X, ) —up(x,t) =0, where x and t > 0, (43)

with the initial conditions u(x,0) = sinx,u;(x,0) = 2, and the boundary conditions
u(0,t) = 2t,ux(0,t) = cost.

Applying Laplace transform to the initial conditions and ARA transform to the bound-
ary conditions, we find

1 2 2 s2

FF=——— h=-G=-G=5—.

Vo Ty T T e T a2
By substituting the values of the functions F;, F,, Gj, Gand A =1, C = —1,

B =D =E=F =W =1 = 0in the general formula in Equation (41), we obtain
2 2 2 272752> 2( v2—g? )
s s St A 2(55%) + 9 (e S (44)
v? —s? 02 — 52 vs  (s241)(v2+1)

Applying the inverse DL-ARAT to Equation (44), then the solution to Equation (43) is

2 s?
_ p-1p-1 _ ~
u(x, t)=Ly"G; [vs + @ 1)(024_1)} 2t + cos tsin x.

The following figure, Figure 1, illustrates the 3D graph of the exact solution of Example 1.
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Figure 1. The exact solution of Example 1.

Example 2. Let us consider the homogeneous Laplace equation
Uxx (%, 1) +up(x,t) =0, xand t > 0, (45)

with the initial conditions u#(x,0) = 0, u¢(x,0) = cosx, and the boundary conditions
u(0,t) = sinht, ux(0,t) = 0.

Applying Laplace transform to the initial conditions and ARA transform to the bound-
ary conditions, we find

v s
F1=0,F2=v2—+1, Gl:m' G =0

By substituting the values of the functions F;, F,, G1, Gczand A=1,C=1,B=D =
E = F = ¢ = W = 0 in the general formula in Equation (41), we obtain

02 +5?
00, 5) = Z1 TP _ os( e er) _ os »
y v2 + 52 02+ g2 (52—1)(024—1)'

Now, applying the inverse DL-ARAT to Equation (46), then the solution to Equation (45) is

Us

e )= £767 | o

] = cos xsinht.

The following figure, Figure 2, illustrates the 3D graph of the exact solution of Example 2.
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2

Figure 2. The exact solution of Example 2.
Example 3. Let us consider the homogeneous telegraph equation
uxx(x,t) = up(x,t) +4ue(x, t) +4u(x, t), x,t >0 (47)

with the initial conditions u(x,0) =1+ e2x ut(x,0) = —2, and the boundary conditions
u(0,t) =1+e 2 ,uy(0,t) = 2.

Applying Laplace transform to the initial conditions and ARA transform to the bound-
ary conditions, we find

1 1 -2 s

— B=—,G =1 , Gy =2.
v o2 "7 % ! +s—|—2 2

By substituting the values of the functions F;, F, G;,Goand A =1,C=-1,E=F =
—4,B =D =W = ¢ =0, in the general formula in Equation (41), we obtain

2 4 2 2
Qlo,s) = v —s2—4s5—4 B v —s2—4s5—4 (48)

Now, applying inverse DL-ARAT to Equation (48), then the solution to Equation (47) is

1 s
v—2 ov(s+2)

u(x, t) = L1671 [ ] =¥ e,

The following figure, Figure 3, illustrates the 3D graph of the exact solution of Example 3.
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Figure 3. The exact solution of Example 3.

Example 4. Let us consider the nonhomogeneous heat equation
Upx(x, 1) —up(x,t) —3u(x,t) = =3, xand t > 0 (49)

with the initial conditions u(x,0) = 1+ sin x, and the boundary conditions u(0,t) =
1, ux(0,t) = e~

Applying Laplace transform to the initial conditions and ARA transform to the bound-
ary conditions, we find

1 1 S
h=3tem 6=V e=77

By substituting the values of the functions Fj, Gy, Gand A = 1,E = —1,F = -3,
B=C=D =1 =0,W = 3 in the general formula in Equation (41), we obtain
1 1 3 3
vty -s(it ) -2 (e-i-D+(Z-29) 1 ;

0, 5) = B YA - p— EEAR Ty 0

Now, applying the inverse of DL-ARAT to Equation (50), then the solution to
Equation (49) is

1
u(x, t) = L7671 [— + s

| =1+e *sinx.
v (s+4)(vz+1)] e s

The following figure, Figure 4, illustrates the 3D graph of the exact solution of Example 4.
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Figure 4. The exact solution of Example 4.

Example 5. Let us consider the Klein-Gordon equation
u(x,t) —u(x,t) = uxx(x,t) — cos x cos t (51)

with the initial conditions u(x,0) = cos x, u¢(x,0) = 0, and the boundary conditions
u(0,t) = cost, ux(0,t) =0.

Applying Laplace transform to the initial conditions and ARA transform to the bound-
ary conditions, we find

2

v 5
F = — F frd = — = .
1 UZ+1, 2 0/G1 52+1/ G2 0
By substituting the values of the functions F;, F, ,G; and Gpand A = 1,C = —1,
F=1,B=D=E=¢y=0W= % in the general formula in Equation (41),
we obtain
s a8 2
s2+1 v2+1 (s?+1)(v?+1) US
— = . 2
Q(v, ) 2 —s2+1 (s2+1)(v2+1) (52)

Now, applying the inverse DL-ARAT to Equation (52), then the solution to
Equation (51) is

2
P s
u(x, t) =L G, D@+ D) = cosxcost.

The following figure, Figure 5, illustrates the 3D graph of the exact solution of Example 5.
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Figure 5. The exact solution of Example 5.

Example 6. Let us consider the advection—diffusion equation
ur(x,t) = uxx(x,t) —ux(x,t), xand t >0 (53)

with the initial conditions u(x,0) = x + ¢*, and the boundary conditions u(0,¢) = 1 —
t,ux(0,t) = 2.

Applying Laplace transform to the initial conditions and ARA transform to the bound-

ary conditions, we find

1 1 1
L G=1—=, G =2

F =

By substituting the values of functions F;, G1, Gczand A=1,D=E=-1,W=F =
B = C = ¢ = 0, in the general formula in Equation (41), we obtain

Q(vls):(v—l)(l—%)ﬁ-z—s(%ﬁ-;—z)_ 1 +l_l 59)

02 —0v—s S o—1 sv o

Now, applying the inverse DL-ARAT to Equation (54), then the solution to
Equation (53) is
1 1 1

—— | = +t—x
v—1 sv vz} +

u(x, t) = £716,1 [

The following figure Figure 6, illustrates the 3D graph of the exact solution of Example 6.
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Figure 6. The exact solution of Example 6.

Example 7. Let us consider the Goursat equation
Upt (x, ) = dxt — X242 + u(x, t), (55)
with the initial condition> u(x,0) = e*, boundary the condition u(0,t) = ¢! and u(0,0) = 1.

Applying Laplace transform to the initial conditions and ARA transform to the bound-
ary conditions, we find

1 s
F=—— G = .
L g
By substituting the values of the functions F;, Gy and B = 1,F = -1, W = % -
%, A =C =D =E=0,¢ =1, in the general form in Equation (41), we obtain
1 4 4 2 4 4
oo, ) = s(s21) —s—vs(hy) + % — 7 B (Er—s—2)+(F-7)
T sv—1 B sv—1 '
(56)
Now, applying the inverse DL-ARAT to Equation (56), then the solution to

Equation (55) is

s 4
(v—1)(s—1) 5

u(x, t) = L1671 [ } ="M 4 4x?f2,

The following figure, Figure 7, illustrates the 3D graph of the exact solution of Example 7.
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Figure 7. The exact solution of Example 7.

6. Conclusions

In this paper, a new double transform called the DL-ARAT were presented, several
properties and theorems related to the linearity, existence, partial derivatives and the double
convolution theorem were introduced. The new results were implemented to establish a
new formula for solving PDEs, we discussed some numerical examples and get the exact
solutions using the new double transform. Applications of the DL-ARAT will be developed
in the future and utilized to solve integral equations, PDEs with variable coefficients and
the equations appeared during the fluid flow [1,2]. Moreover, we have mentioned here that
this new double transform can be combined with one of the iteration numerical methods to
solve nonlinear PDEs and equations with variables coefficients, since all integral transforms
cannot solve nonlinear problems directly, unless they are combined with iteration methods.

In a general view of what was discussed in [1,2] we find that this research focuses on
the same direction with the possibility of using partial differential equations in explaining
physical phenomena. Therefore, we recommend that this study be continued using the
applications of this method as a future project for solving equations that appear during
fluid flow.
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