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Abstract: Many techniques have been recently used by various researchers to solve some types of
symmetrical fractional differential equations. In this article, we show the existence and uniqueness to
the solution of g-Caputo stochastic fractional differential equations (CSFDE) using the Banach fixed
point technique (BFPT). We analyze the Hyers—Ulam stability of CSFDE using the stochastic calculus
techniques. We illustrate our results with three examples.
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1. Introduction

Fractional calculus is a mathematical axis studying the characterizations of non-integer
order derivatives and integrals [1,2]. In fact, this field contains the methods and notions
of solving symmetrical differential equations with fractional derivatives. The theory of
fractional calculus began almost in the same decade as the definition of classical calculus
was decided. It was first defined in Leibniz’s letter to L'Hospital in 1695, where the notion
of semi-derivative was presented. During this period, fractional derivative was founded
by many famous scientists, e.g., Riemann, Lagrange, Liouville, Fourier, Griinwald, Euler,
Heaviside, Abel, etc. The fractional calculus has been used to describe many real-world
phenomena: control theory, electrical networks, fluid flow, optics and signal processing,
dynamical processes, etc. (see [1,3-7]). Particularly, in [8], the authors analyzed a system of
neural networks in the sense of fractional derivatives. In [4], some novel applications of the
non-integer order operators in the theory of viscoelasticity were derived. The authors of
ref. [9] have proposed a scheme of approximate non-integer order differentiation, including
noise immunity. A fruitful discussion on the Adams method in the fractional-order sense
was given in the ref. [10]. In the last few decades, some new fractional derivatives have
been introduced by various researchers to improve the literature on fractional calculus.
In [11], Almeida suggested a new fractional derivative with respect to a kernel function
called g-Caputo fractional derivative, and generalized the work of several researchers [1,12].
In this context, several research papers showed interest in the g-Caputo fractional derivative;
for instance, see [11,13,14]. In [15], a numerical study on the non-integer order relaxation—
oscillation equations in terms of g-Caputo fractional derivatives are proposed. In [16],
a study on the Ulam stability for Langevin non-integer order differential equations in the
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sense of two different fractional orders of c-Caputo derivative has been given. In [17], the
authors explored an initial value problem for differential equations in the sense of g-Caputo
derivative via a monotone iterative approach.

Recently, the theory of Hyers—-Ulam stability (HUS) has attracted the attention of
several famous scientists due to its real-world applications in biology and fluid flow, where
identifying the explicit solutions is a very hard task. Some novel research studies on this
topic have been proposed in the following references [18-20]. In [21], the authors discussed
the results regarding the existence and HUS of solutions for almost periodic stochastic
differential equations in a fractional sense. In [22], some novel results on the existence
and HUS of random stochastic impulsive functional differential equations with delay have
been established. In [23], Ulam stability for partial integro-differential equations with
uncertainty in a fractional-order sense has been explored. Most of the existing papers
consider the Caputo fractional derivative for the existence, uniqueness and HUS of the
solutions of fractional differential equations. There are a lot of papers which discuss the
y-Caputo fractional derivative (see [24-26]) for the deterministic case. In this paper, we
have studied this concept for the stochastic case.

In this work, the existence and uniqueness of CSFDE are provided. The HUS for the
proposed problem with the help of the novel features of stochastic calculus is simulated.

This paper extends the work on [27-29] for the Caputo and Caputo-Hadamard frac-
tional derivative.

We highlight the main advantages of our article as follows:

e To investigate the existence and uniqueness of the solution of CSFDE via BFPT.
¢ To investigate the HUS of CSFDE by using the stochastic calculus techniques.

We summarize the content of the article: Section 2 presents the basic definitions
of ¢-CFD and some fundamental notations. Section 3 investigates the global existence
and uniqueness of the solution of CSFDE. In Section 4, we analyze the HUS of CSFDE.
In Section 5, we give three illustrative examples.

2. Basic Notions

Denote by {¥, 7, Fyy, P}, where Fr; = {F; }, c[1,; and IT > 1, the complete probability
space; W(#) is the standard Brownian motion.
Let X, = L2(%,F,,P) (for every 5 € [1,11]) be the family of all F,-measurable and

mean square integrable functions A = (A1,...,A,)T : £ — R satisfies

p
[[Allms = | ZE(A]?) = \/ElA]I2,
I=1

where || - || is the usual Euclidian norm.

Definition 1 ([14]). Denote by ¢ > 0 and let ¢ € Cl[c,b] the function satisfying ¢'(c) # 0,
Vo € [c,b]. The ¢-fractional integral of order ¢ for an integrable function g is defined as

15() = pros [ €1(0)(6(x) ~ €(0)* g(e)der <1>

Definition 2 ([14]). Denote by ¢ > 0 and let ¢ € Cl[c,b] the function satisfying ¢'(c) # 0,
Vo € [c,b]. The g-Riemann—Liouville fractional derivative of order ¢ of a function g is defined by

1 d _
Ds() = (s )1 "8 @
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Definition 3 ([14]). Let ¢ > 0and ¢ € C'[c,b] the functions satisfying ¢’ (c) # 0, Vo € [c, b].
The g-Caputo fractional derivative of order ¢ of a function g is defined by

“DYfg(t) = DI [5(t) — 5(0)]. 3

Definition 4 ([1]). E,«(y) is called a Mittag—Leffler function with two parameters if:

+oo ym
Epnly) = Y =,
P )= 2 )

wherep >0,k >0,y € C.

Theorem 1 ([30]). Let (E,d) be a complete metric space and let B : E — E (withz € [0,1)) bea
contraction. Assume that j € E, d(j, B(j)) < vand v > 0. Then, there is a unique u € E such
that B(u) = u.

Let the following CSFDE:

dW (1)

“DYEE(n) = fi(n,5(m) + f2(1,8 (1)) I

/ 4)

where the initial condition is ¢(a) = 6, ¢ : [a,I1] — R be a Cl-increasing function with
¢(n) #0,Vy € [a,11),0< ¢ <1, f1: [a,1I]] x R?» — RP and f, : [a,I1] x RP — RP are
measurable functions.

Let the following hypothesis:

‘Hi: There is L > 0 satisfying

f1(n.81) = fr(n, )NV 11 f2(1,81) = fa(, E2)I] < L[IG1 — &all, ®)

forall (1,81,¢2) € [a,11] x RP x RP.
Ho: f1(+,0) and f>(-,0) satisfying

[f2(-,0)[|lc = ess sup |[f2(17,0)[| < oo, (6)
n€(all]

IT
| Mile,0)]Pde < o

3. Existence and Uniqueness of Solutions
Denote by H?([a, I1]) the family of all the processes & which are Fj-adapted, measur-
able such that
18]Iz = sup [[G(r)[[ms < co.

a<r<II

It is not hard to prove that (H?([a,I1]), || - ||g) is @ Banach space. Let the operator Nj :
H?([a,T1]) — H?([a,I1]), for 6 € X,, given by:

Nal) = 5+ s | [ €@ ~6l0)” e y(e)ie]
+ ta [ SO0 @) Ry 0

Lemma 1. Nj, for every o € X, is well defined.
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Proof. Let g € H?([a,11]). Then, one has

2
[ @)t = (@) fileq(0))do )

2
) . ®)

3
2 2
N ()]s < 3||5||ms+r(q,)zE(\

3
+ WE<

Using the Cauchy—Schwartz inequality, one gets

|

[ @)stn) = (@) fale (@)W (o)

)

[ ¢/ @6 - 5(@)? " ulea(e)do

Ja

< ("€t <) 2ar e ["I5@aq)Fac)
< M /jg%m(gw) e Zdv) ([ 1A a@niPa)
g 1<g<n>—g<a>>2<“E( A !Ifl(U,fJ(U))lsz)r o

where M = sup ¢(¢). By H1, one can derive that
o€lall]

f1(e,q(e))|]* < 2L2||q(0)[1> + 2] |f1 (e, 0)] > (10)
Thus,

£ [IeqniPar) <212(1-a) sup E(la@IR) +2 [ 1A, 0) e @)

oelall]
. 2
| )

["¢@ctn — @) filo,q(0)ido
291
< M) — el [zwn—a) sup E(1la(@)IF) +2 [ 11(@,0)] da] 1)
Using Itd’s isometry formula, one gets

- 29 -1 o€la,IT]
2

= ]E(/:(g’(a))z(g(n) — ()77 |f2(a,q(a))||2dg>, 13)

Then,

/’7 ¢'(0)(s(1) = 6(0))" ™" fa(o,4(0)) AW (0)

Ja

Using H1, one has

If2(e,q(e))|]* < 2L2||q(0)[1* + 2] |f2 (-, 0)] |- (14)

)

Hence,

[ @) —c@)* " falerg(e)dW (o)

|
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IN

s ( [ ¢@)etn - c(0) 2la(o)| o

a

+ 2MIBGOIE [ @ e —el0) o

2ML2 2M

< Sp1 516D =@ 10,0l (5)

(6(1T) — ()™~ |q [, +
Therefore, Nj is well defined. O

Theorem 2. Under Hq and Hy, for every o € X,, Equation (4) has a unique global solution
é(-,0) on [a,11).

Proof. Let IT > a be arbitrary. Let 6 > 0, such that 6*¢~! > 2[2M(T1+ 1) F(I%EP(P)ZU. We
define a norm || - || on the space H?([a, IT]) by
el BRI e sty a6)
p = Ssup — , a, .
pelall] ef(s(n)—¢(a))

It is not hard to show that || - ||z and || - || are equivalent. Consequently, (H?([a, IT]), || - ||o)
is a Banach space.
Let &1, & € H?([a,11]). Using (7), we get Vi € [a,T1]

E(IINsg () = Noga ()7

IN

2
[ @)t — @) (e, 1(0)) - il (o)) do )

2
+ r(zso)ﬂE(’ '@t - @) (B0, 61(0) - o, 8()iW(e)
)

Using Holder inequality, one has
]E (
n _
< L2M(y—a) [ ¢'©@)(s(n) — (@) E([161(0)  &2(0)])do.
Moreover, using It6 isometry, we have
2

= B( [ @)t ~ @) A0, 64(0) - fale, alo) | o

)

[ @) etn) = 60)* (ile, &) — (0, 82(0)))do

a

[ @6t = 6(@)? 7 ((0:81(0)) — ale, E2(0)) AW (@)

< 2M [ @t - ) 2B (I (0) - (o) F)de 17)

Then,
E(1INsg1 (1) = Nsa(n) )
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212M n, 20—2 2
S Fop D [ et — () B (l161(0) ~ (o))
2 ~ E([[¢1(0) —&2(0)|?
= o [ el s ( = ) pisr-stnge
2
< Fop M DIE - &l [ €06l - e(e)) e D e (18)

E

/ o p—1
()~ y(a) - ( [ etedtetn ~e(e) <f1<a,y<a>>da+f2<a,y<a>>dw<a>>>

Set | = /7] ¢ (0)(c(n) — ¢(0))* 2@ ~¢(@) 4y, Thus, by using Lemma 2.6 in [16], we get

a

I'2p—1

| < % 0(6(n)—5(a)_ (19)

Therefore, we have

E(IINod1(n) = Nob2)IF)  2r2m T(2g -1
p—1) _ 2
() —c(a)) < F((P)2 (H + 1) 029—1 ||Cl 62‘ ‘6' (20)
Hence,

[INsG1 — NsGallg < Cl11 — G2llo/ (21)

2 —
where C = \/ iﬁfl’j)\g (IT+ 1)% Therefore, there is a unique solution of (4) such

that&(a) =6. O

4. Hyers-Ulam Stability

In this section, we study the Hyers—Ulam stability of Equation (4) using the generalized
Gronwall inequality and the stochastic calculus techniques.

Definition 5. Equation (4) is Hyers—Ulam stable with respect to € if there is a number M; > 0
satisfying for each € > 0, and for each solution y € H?([a,T1]), with y(a) =, of the following
inequality:
2

<e, (22)

I(e)
for all 17 € [a,11], there exists a solution & € H?([a,I1]) of (4), with &(a) = 6, such that

Elly(y) — E(n)|> < Mie, ¥y € [a,11].

Theorem 3. Under Assumptions H1-Hy, the g-Caputo stochastic fractional differential Equation (4)
are Hyers—Ulam stable with respect to € on [a,IT].

Proof. Let ¢ > 0 and y € H?([a,I1]) be a function satisfying (22) and denote by ¢ €
H?([a,T1]) the solution of (4) with initial data y(a); thus

£n) = ) + o5 | [ €060 = 60D A 8o + fale SN (23)

Thus,

1

Elly(r) = &(p)]?
< 2Blly(n) ~y(0) ~ 05 ([ €@)(en) ~ () fale,y(0)do

+2(0,y(0))dW ()|
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428l ([ €10 (6n) = 60)? (A0, y(0)) = file,E(0))do
o, y(0) — (e, 5@ @)

Then, applying assumptions H1-H, and Cauchy-Schwartz inequality, we have

Elly(n) = )|

i 2

26+4EHF(1(P) "¢ @1etn - @) (Ao @) - file,E0))do

IN

,7 2

* ‘”EHl ¢'(0)(6(n) — (0)? " (a0, y(0)) ~ fole,E()))dW (o)

2 (a))207!
< 2eq L Afz(q)_l B( [ llvie) - &) |Pac
2
+ ([ g’(U)(G(W)—g( D 2ly(e) <a>||2do).

Then,

2 —cla 2¢—1
Bllv(n — el < 2e+ TSI [ Ely(o) ~¢(o) o

2
%ﬁ [ @)t = 6@ Bl (o) ~ £(@) e 24)

Setz(n) = El||y(y) — 6(77)||2. Thus, one gets

+

20 < m+o2 [ 2o+ [1 06 @) (e, (5)

4L2M(6(IT) — (a))*" ™" AL2M

(29 —1)T(¢)* 7 I
Applying the generalized Gronwall inequality (see [31]), we have

where a1 = 2¢, ap =

IN

o1-+az [ 2(0)do] Ezgor (saT 20— 1)(cl) — ) )

ay + s /77 z(o)do, (26)

z(n)

IN

2 _ 2¢-1
where ay = 2€¢Ey, 1 (txgl"(Zq) —1)(g(IT) — g(a))z‘P_l) and as = 4L Nigé;r_l)l)r%g))g ¢

Ezp1(a3T (29 — 1)(c(IT) — 6(a))** ).
Applying the classical Gronwall inequality, we can derive that

z(n) < e (170) < g ots(11-a) (27)

Hence,
z(n) < Mg, (28)

where My = 22, 1 (3T (29 — 1) (¢(IT) — (a))** " ) ets(11-2).
Therefore, Equation (4) is Hyers—Ulam stable with respect toe. O
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5. Examples

This section is devoted to show our results in three examples.

Example 1. Let the CSEDE for each € > 0 and for 17 € [1,¢?], given by

CDl%fg(’ﬁ = f1(n,&(n)) +f2(77/€(77))dvc\i]71§17)’

=

Ely(n) - y(1) — s ([ (@) (6(n) — () (il y(0))do + fole,ylo)aw (o) <, @)

where ¢ = %, ¢(n) = In() and

) € HX([Le)R)
) = /In(y)(arctan( (7)) + cos(¢(77)))
) = icos(E(n)).

We will prove that Equation (29) is Hyers—Ulam stable with respect to €.
Let (17,&1,&) € [1,€%] x R x R, thus

If1(1,81) — fr(11,82)| < 4[¢1 — &2,

and
1f2(11,81) — fa(11,82)| < el1 — Gal-

Hence, assumption #; fulfilled. Moreover,

[[f2(-,0)[lc = ess sup |[fa(77,0)] <e,
ne(l,e?]

and R
e
[ 110,00 Py < 22+ 1).

Thus, assumptions H1-H; fulfilled. Hence, applying Theorem 3, Equation (29) has a unique
solution, and it is Hyers—Ulam stable with respect to € on [1, ¢?].

Example 2. Let the CSFDE for each € > 0 and for y € [0.5, 6], given by

CDIEe(n) = i, ) + fa, &) 22,

IS

Ely(n) — 9(05) — 1y (S5 €' @) 6(n) — 0)) " H filo,y(0))de + fale,y(e))aw(@e)) | <e, =0

y(0.5) =9,
where 9 = 3, ¢(n) = /7 and

¢() € H*([05,6],R)

AOLED) = o (1+Em)
f2(01,2 ) W

We will prove that Equation (31) is Hyers—Ulam stable with respect to €.



Symmetry 2022, 14, 2336 9of 11

(n,81,82) € [0.5,6] x R x R, then

If1(17,¢1) — fi(n1,82)| < (81— ¢Gal,

and
|f2(1,61) = fa(1,82)| < 161 — Gal-
Thus, assumption #; holds. On the other hand,

[1f2(,0)||ec = ess sup |f2(17,0)] <1,
7€[0.5,6]

and ;
/05 f1(7,0)[?dny < In(1+¢°).

Then, assumptions H1-H; are fulfilled. Hence, applying Theorem 3, Equation (31) has a
unique solution, and it is Hyers-Ulam stable with respect to € on [0.5, 6].

Example 3. Let the CSFDE, for each € > 0 and for n € [0,5], given by

CD§EE(n) = i1, E0n) + foly, &) 2,

Ely(n) —(0) — 5 (K €/ @)eln) — (@) (e, y(0)de + falo, y(oNaw (o) [ <e, G

&) € HX([0,5],R)
filn, &) = 2e778(y)
f2(n,6(n)) = 3sin(¢(n))-

We will prove that Equation (31) is Hyers—Ulam stable with respect to €.
(7,&1,&) € [0,5] x R x R, then

\A1(n,61) — f1(11,62)| < 2[¢1 — G2,
and

\f2(n,61) — f2(11,62)| < 3I61 — Gal-
Thus, assumption H; hold. On the other hand,

[1£2(-,0)[|eo = ess sup [f2(1,0)| =0,
7€[0,5]

and 5
| 1m0y = o.

Then, assumptions H1-H; are fulfilled. Hence, applying Theorem 3, Equation (31) has a
unique solution, and it is Hyers—Ulam stable with respect to € on [0, 5].

6. Conclusions

In this research paper, we have proved the existence and uniqueness of CSFDE. We
have simulated the HUS for the proposed problem with the help of the novel features
of stochastic calculus. We have illustrated three examples to justify the correctness and
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applicability of the proposed results. The applications of some well-known terms of
functional analysis, such as the Cauchy-Schwarz inequality, properties of measurable
functions, supremum norm, Itd’s isometry formula, Holder inequality, and generalized
Gronwall inequality make the study more visible to the literature. The proposed results
will be very useful to prove the existence of a unique solution and Hyers-Ulam stability of
¢-Caputo type fractional stochastic differential equations.
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