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1. Introduction

The theory of the bi-Hamiltonian structure was introduced in [1,2] in the late 1970s by
Magri, Gel’'fand and Dorfman. For a (1 + 1)-dimensional evolution equation

ur = K(u), (1)

if it can be written as
w6, 0T _ g O
t — V1 Su - 251/[,

where the two independent Hamiltonian operators 61 and 6, are compatible, then one can
generate infinitely many involutive conserved quantities { H;} for Equation (1) by making
use of ¢; and 05 [1]. The compatibility of #; and 6, requires their linear combination that is
still a Hamiltonian operator. Later, it was proven in [3] by Fuchssteiner and Fokas that for
a hierarchy

u; = Kj(u) = UK(u), j=0,1,--, )

with a recursion operator L, if L allows an implectic-symplectic factorization L = 6], then
6 and 0]0 being compatible is equivalent to L being hereditary (such notions can be found
in Section 2). Thus, the theory of multi-Hamiltonian structures of (1 + 1)-dimensional
integrable hierarchies with recursion operators is established.

Integrable couplings are considered as enlarged integrable systems. According to
the review paper [4], an integrable coupling associated with Equation (1) is a nontrivial
system of evolution equations that is still integrable and includes (1) as a subsystem, e.g.,

in the form
uy = K(u),
vy = S(u, ).

®)

One way to obtain such an integrable coupling is to consider the first-order perturbation
u — u + €v + o(e) in Equation (1). The resulting system reads

ur = K(u),
{ v = K'[0], @)
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where the second equation is the linearized form of the first equation and v is known as
a symmetry of the first equation. Early studies of integrable couplings by perturbations
were due to [5,6], which investigated their symmetries and Lax pairs. Later, the multi-
Hamiltonian structure of integrable couplings by perturbations was studied in [7,8]. For the
(1 + 1)-dimensional evolution Equation (1) that has a Lax pair, its integrable coupling (4) can
be obtained by enlarging either the original loop algebra or spectral problem [9,10]. There
are many examples of obtaining integrable couplings by these two approaches, e.g., [11-20].
If Equation (1) has a Hamiltonian structure

6H

Uy = K(u) = GE,

®)
and if the Hamiltonian operator 6 is independent of u, then, in light of Theorem 2.8 in [4],
its integrable coupling (4) allows a Hamiltonian structure

(0 0\6H _ [ u
ut—<60)5ﬁ,u—<v>. (6)

In this paper, we will present two examples, namely the integrable coupling (4) of the
Ablowitz—Kaup-Newell-Segur (AKNS) hierarchy and the Kaup—Newell (KN) hierarchy.
We will see that the Hamiltonian H is trivial in degeneration in the sense that [ reduces to
zero (rather than H) when v = 0. We will provide a different class of Hamiltonian operators
for the integrable coupling (4) such that the new Hamiltonian reduces to H when v = 0.
Multi-Hamiltonian structures will be investigated along the lines of [3]. We will also prove
the involutive property of the new Hamiltonian [ and H with respect to the two Poisson
brackets defined by the new and old Hamiltonian operators.

The paper is organized as follows. In Section 2, we recall some notions of Hamiltonian
structures. Then, in Section 3, we present different Hamiltonian structures for the integrable
couplings of the AKNS and KN hierarchies and investigate the involutive property of the
Hamiltonians. Finally, concluding remarks are given in Section 4.

2. Basic Notions

Let us briefly recall some basic notions of Hamiltonian structures of the (1 + 1)-
dimensional Equation (1), i.e.,
up = K(u). (7)

One can refer to [3] for more details. In the (1 + 1)-dimensional case, (f, x) belongs to
R?. We suppose u = u(x,t) = (uy,up, - ,uy)", where all functions {u; = u;(t,x)}
and their derivatives with respect to t and x are smooth enough and decrease rapidly
as |x| — co. By V,, we denote a function space consisting of vector fields of the form
f(t,x,u) = (fi, fa, -, fau)T, where each f; is a scalar function and C* differentiable with
respect to t and x. The scalar product in V;, is defined as

Vo= [ L fisidn fg€ Vi ®
o

For an operator @ : V,, — V,,, its adjoint operator ®* is defined through

(f, ®g) = (P7f,8)-

® is self-adjoint (or symmetric) if ® = ®*, and P is skew-symmetric if ® = —®*. For a
vector field f € V,, its Gateaux derivative with respect to u along a given direction g is

defined as df(: )
LX, U+ €
Flolg) = LEEEES)) e, ©)
e=0
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f"is also known as the linearized operator of f. If f depends on u/), where ul) = aiu,
then f’ can be written as
of .j
I _ 2 J
f= ; ouli) Ox-

Without causing confusion, we usually write f'(u)[g] as f’[¢], by dropping u. For the
operator ®(u) : V;, — V,, its Gateaux derivative can be defined in a similar way,

_ dd(u+eg)

' (u)[g] 1z

0/ g E Vi’l/ (10)

=

and usually we write it as ®’[¢], which is still an operator. In the following, we list some
notions involved in the Hamiltonian structures of Equation (7). One can also refer to [3]
or [21].

Definition 1. An operator | : V;, — V,, is symplectic if it is skew-symmetric with respect to the
scalar product (8) and satisfies the Jacobi identity

(f,1181h) + (&, T'[Mf) + (b T'[f]g) =0, Vf, 8, € Va. (11)

Definition 2. An operator 6 : V,, — V, is implectic (The word “implectic” was introduced in [3],
which means “inverse symplectic”.) if it is skew-symmetric with respect to the scalar product (8)
and satisfies the Jacobi identity

(f, 0 [0g)h) + (3, 0'[OK]f) + (h,0'[6f]g) =0, Vf,g, ]t € Vi 12)
Definition 3. An operator L : V,, — V), is hereditary if it satisfies the relation
L'[Lflg — L'[Lglf = L(L'[flg = L'[8f), Vf.& € Vi (13)

Definition 4. For Equation (7), where K(u) € V,,, we say that a function w = w(u) € Vy isa
symmetry of (7) if for all solutions u of (7) such that

wr = K'[w]. (14)

Here, w; means taking the total derivative with respect to ¢, e.g., if w = 2tu + 1y, we
have w; = aa—‘;’ + %—‘L‘l’ut + E?TWX““ = aa—‘;’ + ' [ug]) = 2u + 2tu + uyy.

Definition 5. An operator L : V;, — V,, is called a strong symmetry of Equation (7) if, for any
symmetry w of (7), the function Lw is its symmetry too. This equivalently requires

L= [K,L] =K'L- LK.

Note here that L; is the total derivative with respect to ¢, i.e., L; = % + L'[u], and in
particular, when L does not contain t explicitly, we have % =0and

L'K] = [K', L], (15)
where we have replaced u; with K since u satisfies Equation (7).

Definition 6. For a real-valued functional H(u), the vector function f € V,, is called its (func-
tional) gradient if the following holds (H'[g] is defined along the lines of (10)),

(f.g) =H'lg], Vg€ Vy,

and we denote f = ‘;—Ij.
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If f € V, is a gradient of some functional, then the linearized operator f” is self-adjoint,
i.e., f' = f*; on the other hand, once we have a gradient f, the corresponding functional H
can be recovered from f by

1
H:/O (F(Au), u)dA. (16)

Now, we come to introduce the Hamiltonian structure. We say that Equation (7) is a
Hamiltonian system (or has a Hamiltonian structure) if it can be written in the form

0H

= K(u) =60=—, 17

ur = K(u) =0 (17)

where 6 is an implectic operator (see Definition 2), which is also called a Hamiltonian

operator, and H is called the Hamiltonian (or Hamiltonian functional). If there are two
independent Hamiltonian operators such that

SHy _, ot

ut:K(u):91—:9

1
Su 2 5u (18)

where 6; and 0, are compatible (i.e., the linear combination a6; + b6, a,b € R, is still an
implectic operator), we say that the equation u; = K(u) has a bi-Hamiltonian structure [1].
With a Hamiltonian operator 6, one can define the Poisson bracket of two Hamiltonians,

oW (5H>. (19)

W, i} = (0050

For two independent Hamiltonians, they are involutive if their Poisson bracket is zero.

The Hamiltonian structure of Equation (7) can also be described using geometric
terminology; see [3,4,22,23] for more details. In this setting, the aforementioned function
u belongs to some manifold M, t is considered as a parameter and, consequently, K(u) in
Equation (7) is viewed as a tangent vector when u evolves on M along the parameter ¢.
Thus, symmetries and gradients are considered as vector fields in the tangent space S at
point u and cotangent space S5*, respectively. In this paper, we formally unite S and 5* to
be V, for convenience.

With respect to the Hamiltonian structures of the equations related to (7), we have the
following (refer to Theorem 2 and Theorem 3 in [21]).

Theorem 1. If L is a hereditary operator and a strong symmetry of Equation (7), and if L allows
an implectic—symplectic decomposition,
L=6], (20)

where 6 and | are implectic and symplectic operators, respectively, and if Equation (7) has a
Hamiltonian structure (17), then the equation uy = L/K(u), for j = 0,1,2,--- has a multi-
Hamiltonian structure

: SH; SHj_ 0Hj_ SH,
=L — g gL 22 L () 20
uy = UK(u) = 0—4 = 0L"— — = 0(L")*— o(Ly=r @

where all {8(L*)}, fori = 0,1,---,j, are compatible Hamiltonian operators; Hy = H, H; =
(L*)'Hy, all {H;} are involutive in the sense

{Hi/ Hk}Q(L*)S = 0, i,k,s = O, 1, cee ,j,
and any Hj is a conserved quantity of any equation in the hierarchy uy; = LiK(u)forj=10,1,2,---.

The above notions and results are also applicable to the coupled system

{ut = K(u), 22)

vy = S(u, ).
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after we write it in the form 7; = K(1), where &t = (u”,07)T.

3. New Hamiltonian Structures of Two Integrable Couplings

In this section, we introduce new Hamiltonian structures of the integrable couplings
of the AKNS hierarchy and the KN hierarchy and investigate the involutive property of
the Hamiltonians.

3.1. The AKNS
The AKNS hierarchy is associated with the well-known AKNS spectral problem [24]

gx = Mg, M(u) = ( S ) (23)
where u = (q,7)T, ¢ = q(t,x),r = r(t,x) are potentials; 7 is a spectrum parameter;

@ = (¢1,¢2)7 is the eigenfunction. (23) is a generalization of the Zakharov-Shabat spectral
problem for the nonlinear Schrodinger equation [25]. The AKNS hierarchy is written as
(see [26,27])

utn - Kn(u) - LnKo(Li), (7’1 - 0/ 1/2/ te )/ KO = (_QI r)T/ (24)
where L is the recursion operator defined as
L=00—20ud 'uly, (25)

where 9 = 9, 9~ ! denotes the inverse of 9y, i.e., an integration operator, satisfying

ala=00"1=1,
10 0 1
”‘(0 1>’7_<1 o)' (26)

The first three equations in the AKNS hierarchy are

uy, = Ko = ou, (27a

0

utl = Kl = Uy, (27b)
T G e

up, = Ky = ( Fex — 2r2q . (27¢)

The recursion operator L is a hereditary operator and a strong symmetry of Equation (27a)
(see [27,28]). It allows an implectic-symplectic factorization [27],

L=0], 0 =07, ] =90 —2yud ‘uly. (28)
Each equation in the AKNS hierarchy (24) has a multi-Hamiltonian structure as in (21), i.e.,

j O0H;_
ugy = Kj(u) =01 = oL oL 2= o(L")

Hy
ou’

(29)
where the first Hamiltonian operator is # = oy and the first few gradients are

fO = (”/Q)T = U,
fi=Lfo = (re, —4x)" = —oyus,

v [ re—2rg
fz_Lfl_(ﬂ/xx—Zqzr)'
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One can compute Hamiltonians using Formula (16), the first few of which are

+oo
Hy = / gr dx, (30a)
1 [t
Hi=5 [ (=) dx, (30b)
1 [te 2.2
H, = 0 /7 (rxxq + Guxr — 29°7°) dx. (30c)

For the AKNS hierarchy (24), its integrable coupling obtained by perturbation, i.e.,

ut]. = K]‘(u),
{ vy = K]’-(u)[v], G

is related to the enlarged 4 x 4 spectral problem [10]

o = v, waa) = ( MID MEE, @)

Ml = (2 F) o= (") a= (1) )

Note that the spectral problem is gauge-equivalent to the form

where

e A L )
1px—M1/J,M_< R ;712>, (34)

where I, is the k X k unit matrix, and Q and R are triangular Toeplitz matrices

o-(31)%-(37)

Since Q and R commute, the integrable coupling (31) can also be alternatively and more
easily obtained from (24) by replacing g and r with the above Q and R. After some
calculation (see Appendix A), the integrable coupling (31) is written as

i, = R(a) = URKo(2), j=0,1,2,---, (36)
where
Ko(a) = (=q,7,—p,s)", (37)
and
A L 0
L= /
(v 1) o
with L'[v] = —20ud 0Ty — 2009~ 1uT+y, which is the Gateaux derivative of L(u) with

respect to u in the direction v. Direct verification (see Appendix B) shows that L is hereditary
and is a strong symmetry for i1y, = Ko(1). The first three equations in (36) are

N A ou
Uty = KO = < ov >, (39&1)
iy, = Ky = iy, (39b)
—Gax +20°r
_ 2
ty, =R = Fxx = 247 (390)

—Pxx +4pgr + 25q2
Syx — 4rsq — 2r2p
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Now, we introduce

oa=(5 o) 0)

where 6 = oy is the first Hamiltonian operator of the AKNS hierarchy. Since 6 is indepen-
dent of u, in light of Theorem 2.8 of [4] (see Appendix C), the integrable coupling (36) has a
Hamiltonian structure
s
= Kj(2) = 6 51]2 . (41)
In addition, it can be verified that L allows an implectic-symplectic factorization (see
Appendix D),

- ~( —2qud YTy — 2900 Ty 49 —2qudluly
L=6J1, h = ( 79 — 29ud—uTy 0 , (42)
and, consequently, Equation (36) has a multi-Hamiltonian structure
saM sa ) sAW
., = K1) = (Y S el S I (R A bt |
iy, = K;j(f1) = 61 50 =6iL 0 = 61(L") 50 (43)
where
5121(1)
on 70 T U qu ) (
The first few Hamiltonians are
SO N
0 = / (sq + pr) dx, (45a)
(1) 1 [t
H)' = 5 L (5xg — gxs + 1rxp — pxt) dx, (45b)
A1) _ 1T 2 2
H, = 5 L (Sxxq + GxxS + Txxp + Paxt — 4g°sr — 4r°pq) dx, (45¢)

from which one can see that these Hamiltonians do not reduce to (30) but vanish when
v = 0. In this sense, they are trivial in the degeneration of v = 0. Such a triviality extends
to all Hamiltonians defined by (43).

Proposition 1. The Hamiltonian H ].(1) vanishes when v = 0.

(1)

Proof. According to Theorem 2.8 in [4], I:Ij(l) = H;(u)'[v], where H;(u) is the Hamil-
Aj = 0 when v = 0 because

tonian given in (30). It then immediately follows that H
H;(u)'[0] =0. O

In what follows, we introduce a new Hamiltonian operator for the integrable cou-
pling (36) and the corresponding Hamiltonians will reduce to those of the AKNS equations

when v = 0. Let us consider
0o 0
o= (g o ) (46)

where 6 = oy and ¢y is a nonzero constant. Noting that

L ol
92291( é (}22 ),
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where I, stands for the 2 x 2 identity matrix, we introduce

B I 0 B Jo1 Y0 — 2qud uTy
2= ( —coh I )]1 - ( ,)/a —Z'yua_luT’y 0 7 (47)

where Jy; = —2qyud~'oTy — 2909 1uTy 4 ¢o(2yud~'u’y — 49). Thus, we obtain another
factorization
L =6, (48)

Both 6; and J, are skew-symmetric. 6, is obviously implectic since it is independent of
ii. In addition, for J,, we can verify that it is symplectic along the lines of Appendix D.
Thus, L allows another implectic-symplectic factorization. The first Equation (39a) has a
Hamiltonian structure

~(2
il Kop=1#8 5H‘g) 49
ty = Ko = 62—~ (49)
with )
0H N
51?2 = féz) = (s —cor, p — cod, V/Q)T- (50)

Thus, in light of Theorem 1, the integrable coupling (36) has a new multi-Hamiltonian
structure ( For Equation (7) with Hamiltonian structure (17), the operator 6; is also a
Hamiltonian operator of the integrable coupling of the so-called “nonstandard perturbation
system”, where the initial equation is u; = K(u) + copeK(u) instead of (7). See Section 3.2
of [4])

) sa® A% Y )
i, = Kj() = 6 5;{ =6,L" 5; = ... =0y (L%) 53 (51)
Note that the Hamiltonian operator (46) with ¢p = —1 was also introduced in [15]. However,

in this paper, we will focus more on the related multi-Hamiltonian structures and the invo-
lutive property of Hamiltonians. Using Formula (16), we can compute the Hamiltonians,
of which the first few indicate relations

A% =AY —¢H;, i=0,1,2, (52)

1

and they do reduce to the Hamiltonians (30) when v = 0 and ¢y = —1. Let us prove a more
general result in the following.

Proposition 2. The Hamiltonian H].(z) defined in (51) can be expressed as

Aj(z) _ Hj(l) —¢H;, i=0,1,2,--, (53)
where Hj is the Hamiltonian defined in (29). This indicates that A j(z) reduces to Hj when v =0
and cg = —1.

g2

Proof. Denote —;— = fj(z)(ﬁ). Noting that

_ [ L ol

from which we have

fj(l) _ Sfj(z)- (55)
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Then, using the Formula (16), we have

A 1 ~ ~ 1 — ~ ~
Ay = / <ff2)m ), 8)a = /0 (s75" ), ar

= —Co/ / 0,u” Atl)dAdx.

We are now going to prove that

/- /Ou )(At)dAdx = Hj.

In fact, noting that f].(l)( ) = (L*) fO ( ), where f0 ( ) is given as (44), and (L*)/ has the
following form

(L* () = ( (L*éu))] (L]i((zg)] )’ 6

it then follows that

0, uT) (£ (Ad)) ( sz )cmd

Thus, we obtain the expression (53), and in light of Proposition 1, one finds that [ ].(2)

reduces to H; when v = 0. The proof is completed. [

Now, for each coupled equation in the hierarchy (36), it has two simple Hamiltonian
operators, 61 and 6. This means that we have more Hamiltonian structures in the integrable
coupling case. Using these two Hamiltonian operators, we can define Poisson brackets

{-, }9k for k = 1,2 and investigate the involutive property of Hamiltonians {H } and

{H } with respect to these two Poisson brackets.

Theorem 2. The Hamiltonians {Hl.(l)} and {H ;2)} are involutive with respect to Poisson brackets
{-, -}gk fork=1,2,ie,

(0", H Yo, =0, Ls,ke{1,2}, i,j=01,2,. (57)

Moreover,
{Hi,H Y, =0, s,k € {1,2}, i,j=0,1,2,--. (58)

Proof. The cases of | = s = 1and | = s = 2 can be understood in light of Section 2. We
prove other cases in the following. Note that

_ (L ol
0, = 6,5, s( 0 L ) (59)
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from which we have

f](l) _ Sf](Z) (60)

In addition, we also note that 6,L* = .65, S and L* commute, and 6585 is skew-symmetric,
ie.,
0,5 = —(6,5)7.

Making use of these relations, we have

(HZ, H Yo, =(£2,0017) = (12, 02817) = —(0:577, £7)
— — 0t £D) = (D, 052 = (O, HO,.

If i = j, then we have {Hl.(l),H]-(Z)}@2 =0.Ifi # j,eg., i > j, we further have

(HP, HD Yo, =(F1, 0077 = (L) £V, 02 LY 1) = (L) 3V, Lo (LY £
=LA 0LV ) = (£ 021) = (B, B Y, =0,

Since {-, -}, reduces to {-, -}, when ¢y = 0, we immediately have {Hl.(z),H]m}g] =0.
Relation (58) is the consequence of (57) and Proposition 2. Thus we complete the proof. [

3.2. The KN
Let us look at the KN hierarchy, which is related to the KN spectral problem [29,30]
—n*
¢x=M¢/M=( - Uz)- (61)

This spectral problem is gauge-equivalent to the one for the massive Thirring model found
by Mikhailov [31]. For the details of the gauge transformation, one may refer to Appendix A
of [32]. The KN soliton hierarchy is written as (see, e.g., [27])

up, = Ky(u) = L" Ky (u), (n=1,2,---), Ky = uy, u=(q,7)7, (62)
where L is the recursion operator defined as
L =090 —ouo ‘uly, (63)

in which ¢ and vy are defined as before. The first three equations in the hierarchy are

uy = Ky = uy, (64a)
2
_ _ ([ —4x—q7T
up, =Koy = ( ry — qr? )xr (64b)
_ o Gxx + 3972 + 3437

One can verify that the recursion operator L is hereditary, a strong symmetry for the first
Equation (64a), and allows an implectic-symplectic factorization,

L=6], 0 =0y, J]=q0—~yud ‘uly. (65)

Thus, the KN hierarchy (62) has the multi-Hamiltonian structure

O0H; 6H;_ 0H;_ . . 0H
et . g 7] el *7]1 g #)2 ] 2 —_— e — * ]7171
wy = Kj(u) = 05 = L' — — = 0(L")*— oLy 5, (60
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where the first Hamiltonian operator is 8 = dv and the first few gradients are

fo=(rq

fi=Lfo= ( )

— 3qrry + 3¢%7°
=L" 2 .
h=LfH= < 4 3rq0s + 323

The corresponding Hamiltons are

—+o00
H; = / gr dx, (67a)
1 [t 2
H, = 5 /_oo (qrx — gxr — (qr)°) dx, (67Db)
1 fte 3 3
H =5 [ @rect qur = St 300+ (gr)?) dx (67¢)

Note that the Hamiltonian operator 8 = 97 is again independent of u; therefore, the
integrable couplings of the KN hierarchy by perturbation can have Hamiltonian structures
and properties similar to the case of the AKNS. In the following, we only list these results
for the integrable couplings of the KN hierarchy. Note that all the following results can be
proven. Since the proofs are long and the processes are similar to those for the AKNS given
in Section 3.1 and Appendices A, B and D, we do not present the details of these proofs.

The KN hierarchy (62) gives rise to integrable couplings (cf. [33])

uy; = Kj(u),
{%zéww, )

where u = (q,7)T,v = (p,s)T, which can be derived from an enlarged 4 x 4 spectral prob-
lem (32) where M(u) is taken as in (61). It can also be obtained from the KN hierarchy (62)
by replacing g and r with the triangular Toeplitz matrices Q and R as given in (35). The
integrable coupling (68) can be written as

iy, = Kj(#) = IRy (1), (69)
where 11 = (u”,07)T,
Ky (1) = iy, (70)
and
A L 0
= ’ 7
L= 1) 7
with L defined in (63) and L'[v] = —dud 1oy — 909~ 'uTy. The first two equations
in (69) are
ay =Ky =1y, (72a)
LA
. ry—qr
iy, = . 72b
2 —px—sq? = 2pgr (72b)
sy — pr? — 2sqr

X

The recursion operator L is hereditary, a strong symmetry of the first Equation (72a),
and allows an implectic-symplectic factorization,
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s o 0 oy _ —quo Ty —quatuTy  qo —quo—luTy
L= 91]1/ 91 - ( a,)/ 0 )/ ]1 - < ’)/U*’)/Ma_luT’)/ 0 . (73)

As a result, the integrable coupling (69) has multi-Hamiltonian structure

sat sa sp
G, — R:(1) = L S it SN S VA S|
iy = Kj() = 0)—— =L —— = - = 0y (L)~ ——, (74)
where the simplest gradient reads
(1)
OH, " ) _ (v (75)
o 1 yu )
The first few Hamiltonians are
av_ [
= (sq + rp) dx, (76a)
. 1 oo
2 =3 /_ (sxq — 45 + 1xp — pxr — 24°rs —2q1°p) dx, (76b)
. 1 [toe 3
;E,l) :E [ (Squ + gxxS + Prx? + rxxp — 6pqr7ry + E(pqrz)x
+ 65qqxt — %(srqz)x + 3pg*r® + 3sq°r?) dx. (76¢)

Similar to the AKNS case, these Hamiltonians are trivial in the degeneration of v = 0 in the
sense that they reduce to zero when v = 0. A general statement is the following.

Proposition 3. The Hamiltonians {ﬁ].(l)} defined in (74) vanish when v = 0.

The recursion operator L (71) allows another implectic-symplectic factorization,
L=6), (77)

where

_( 0 9y \_
62_(87 coafy>_gls’

h=51] = J21 v —qud~ uly
2 ! yo —quo uTy 0 ’

S is the matrix given in (54), and Jo; = —yud 10Ty — oo~ uly + co(qyud~'uTy — y0).
This fact leads to a second multi-Hamiltonian structure of the integrable coupling (69):

sa? sa? sE®@
Go— R — ] _p. 7% ]*1:“.: Fyj—1 1
iy, = Kj(1) = 0y —5— = 6oL" — 02(L7) " == (78)
where the simplest gradient is
sH?
51,1? - f1(2) = (s —cor, p —coq,7,9)" (79)

The first three Hamiltonians corresponding to 6, are

H(z) = Hl.(l) — COHi/ l = 1,2,3, (80)

1
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which can reduce to the Hamiltonians (67) when v = 0 and cp = —1. A general result is
described as follows.

Proposition 4. The Hamiltonian H j(z) defined in (78) can be expressed as

H].@) = H]@ —cH;, i=1,2,---, (81)

where Hj is the Hamiltonian defined in (66). a j(z) reduces to Hj when v = 0 and cop = —1.

Thus, the coupled equations in the hierarchy (69) have the two simplest Hamiltonian
operators, f1 and 6>, from which we can define two Poisson brackets {-, -}, fork = 1,2. The

involutive property of the Hamiltonians { H 1(1)} and {H ;2)} is described as the following.

Theorem 3. The Hamiltonians {Hi(l)} and {H ].(2)} of the KN integrable couplings are involutive
with respect to the Poisson brackets {-, - }g, fork = 1,2, i.e.,

(B, H Yo =0, Ls,ke{1,2}, i,j=12,-". (82)
In addition, the Hamiltonians { H;} of the KN hierarchy (66) are involutive with H].(s), ie.,
{H,, H](s>}9k =0, s,ke{1,2}, i,j=1,2,---. (83)

4. Concluding Remarks

In this paper, we have provided more Hamiltonian structures for two integrable
couplings. For the AKNS and KN hierarchies, of which the first Hamiltonian operators (de-
noted by 0) are independent of u, their integrable couplings by the first-order perturbation

g (9) ) (cf. Theorem 2.8 in [4]).

We have shown that the corresponding Hamiltonians { 1 ].(l)} are trivial in the degeneration

allow Hamiltonian operators with the form (40), i.e., 6; = (

of v = 0 (see Proposition 1 and 3). We have introduced new Hamiltonian operators of the
form (46), i.e., 6, = ( g
allow nontrivial degeneration (see Proposition 2 and 4). The involved Hamiltonians are
involutive with respect to the two Poisson brackets.

As remarks, first, in this paper, for the sake of comparison with the known Hamiltonian
operator 61, we have introduced parameter cy in 6, cf. (40) and (46). In fact, one can also
examine that, for the two integrable couplings investigated in this paper, both

0 0 0 6
91(9 c19)’ 92(9 c29> (84)

with distinct parameters c¢; and ¢, can be Hamiltonian operators, and their corresponding
Hamiltonians (still denoted as { l.(l)} and {H;z) }), together with the Hamiltonians {H;}
of the original equations, are involutive with respect to the Poisson brackets {, -}, for the
above 0, and 0,. Second, we believe that these results for the AKNS and KN hierarchies
imply a more general theory for integrable couplings by perturbations. In other words, for a
generic hierarchy uy; = Kj(u) = L/K(u), if the initial Equation (7) and the recursion operator
L satisfy the assumption in Theorem 1, then it is possible to come up with certain settings
such that its integrable couplings together with the recursion operator [ with the form (38)
can inherit the assumption of Theorem 1. Moreover, when the Hamiltonian operator
6 is independent of u, it is possible to obtain general proof that the recursion operator
L allows implectic-symplectic decomposition L = 6,],, where 6, takes the form (46) for

CG 0 ), and proven that the corresponding Hamiltonians { A ].(2)}
0
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arbitrary ¢g. This general theory should also hold for the integrable couplings by high-order
perturbations. We will explore such a general theory in a future investigation.
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Appendix A. Derivation of (36)
We start from the enlarged matrix spectral problem (32). We rewrite it as

L e e My M
Px = M@, M(u)=( 00 M(l) > (Ala)

where

o=Rg, 1= (0 ), (ATb)

where

ul,oN)T, ¢ = (¢1, 2, ¢3,¢3)7 is the eigenfunction. The
)t gives rise to the zero curvature equation

Here, u = (q,T’)Tr v=(ps), =
compatibility condition ()¢ = (

Mi— N+ [M,N] =0,

which is
{ Mo, — Nox + [Mo, No] =0, (A2a)
Mi; — Nyx + [Mo, N1] + [My, No] = 0. (A2b)
Note that the first Equation (A2a) is nothing but the zero curvature equation associated
with the original AKNS spectral problem (23), which gives rise to the AKNS hierarchy (24),
while the second one, (A2b), has a solution

Ni = Ny(u)[v]. (A3)

In fact, taking the Gateaux derivative of Equation (A2a) with respect to u in direction v im-
mediately yields (A2b) with the above setting (A3). Since the zero curvature Equation (A2a)
gives rise to the AKNS hierarchy (24), which can be alternatively written as

ut,, = Lug, (A4)
its Gateaux derivative with respect to u in direction v yields

Otin

= L'(u)[v]us; + Loy, (A5)
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Thus, we have

( Zﬁiﬂ ) N ( L’Iétufv] L(Ou) )( ZZ ) (A6)

which yields the hierarchy (36).
One can also derive the hierarchy (36) in a direct way, cf. [34,35].

Appendix B. Property of L (38)

In the following, we prove that the operator L given in (38) is hereditary and a strong
symmetry for Equation (39a).

Suppose that the vector fields Fj, F,, Gy, Gy € V and denote F = (FlT , F2T )T, G =
(GI,GI)T. It is easy to obtain

o Fl Fo Gl
TEANTHEY w

F| = 0F, — 20ud uTyFy,
B = —20ud ol yF — 2000 ul yF) + oh — 20ud ulyE,

where

and G; and G, are given by the formulae by replacing {F;, F, } with {G;, G,}. Meanwhile,
direct calculation yields

I/LFIG — I/[LG]F = < A ) (A8)
Ap
and, on the other hand, we have
sl 1 Bl
Litr-ten = (3! ), (49)
2

where

Ay = =200 Ty Gy — 20ud Y (F))TyGy 4 20G10 tul yFy + 20ud =1 (Gy) TyFy,

By =(00 — 20ud 'uTy)(=20F0 " uTyGy 4+ 20G10 LTy Fy),

Ay = —20F0 0 yGy — 200071 (F) TGy — 2050 uT Gy — 20001 (F)) TGy
—20F0 ' uTyGy — 200071 (F}) Ty Gy + 20G10 0T yFy 4+ 20ud 1 (Gy) Ty
42060 tulyFy + 2000 1 (G) Ty Fy + 20G10 Ty B 4 20ud 1 (G1) Ty By,

By =(—20ud 'oTy — 2000 uTy)(=20F0 uTyGy 4+ 20G10 ' uT v Fy)

+ (00 — 20ud uTy)(=20F0 0T 4Gy — 200 uT Gy — 20F 07 tuT G,
+20G10 0Ty +20G0 Ty F 4 20G10 tuTyF).

Substituting 1:"]', G]- (j = 1,2) into the above, and by direct computation, one can find
A1 = By and Ay = B,. This means that the recursion operator L satisfies

~

L'[LF)G — L'[LG]F = L(L'[F]G — L'[G]F), (A10)

i.e., L is a hereditary operator.
To check L as the strong symmetry of Equation (39a), we need to verify

L'[Ko] = [Ko, L]- (A11)

Direct computation yields

. Cn C
VKo = -1 12 ) A12
[0] (C21 C22 ( )



Symmetry 2022, 14, 2259

16 of 18

where
Cii = —20(ou)d uly —20u0=(ou)Ty, Cip =0,
Cy1 = —20(ou)d~ "ol y = 20ud~ " (00) Ty — 20(00)d u"y — 2000~ (ou) "y, Coa = Cny,
and
kL-tk = (oo o), (A13)

where

Dyy = —20%ud " 'u"y +20ud " 'u"yo, D1, =0,
Dy = — 200 uTy — 2u0 10Ty + 2000 uTyo + 20ud 0T yo, Dy = Dyy.

It is easy to find that (A11) holds, i.e., L is a strong symmetry of Equation (39a).

Appendix C. Theorem 2.8 in [4]

In the following, we present Theorem 2.8 in [4], subject to the notations of this paper.
Theorem A1l. For Equation (7), the perturbation
o 2 N N _ .
u—id=mno+en+ent--+eqnto(e’), no=u 1€V

yields an integrable coupling

iy = K(t) = : , (A14)

S
%LNK(”) e=0

where t = (ul,yl, -, nI)T. If Equation (7) admits a Hamiltonian structure (17), then the
system (A14) has a Hamiltonian formulation

N ~OH (1)
0y = K(11) = Al
Ut (L[) 0 o s ( 5)
where
0 0 0 6(it)
0 0 0(1) 140@)
o=1| : : : (A16)
_ . 1 dN"29(a) 1 dN o)
0 6(m) N2 g2 (N-DI g1
o(q) L e 1 dN o) 1 dNo(a)
(u) T de O IN=DT T geN o NI geN e=0
and N (@)
N 1 dVH(i
H(il) = —— = . Al7

If Equation (7) admits a bi-Hamiltonian structure (18), then the system (A14) has a bi-Hamiltonian
formulation

(A18)

where éj and H]' are generated from 6; and H; along the Formulas (A16) and (A17), respectively.
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Appendix D. The Implectic-Symplectic Factorization (42)
Recalling (42), we have

0 6
91—<9 0), 0 =0y (A19)
and 1,T 1,T 1,T
o 2yudT vy —2yvd  u'y Y9I —2qyud”u'y
= < 70 — 2qyudtuTy 0 : (A20)

Both 6; and J; are skew-symmetric operators. Since 6; is independent of i, we have 61 =0
and therefore it automatically satisfies the Jacobi identity (11). 61 is implectic according to
Definition 2.

Next, we prove that J; satisfies (12), i.e.,

(F, h[G]H) + (G, J1[H]F) + (H, J1[FIG) =0, (A21)

where F,G € V, are defined as in Appendix B and H € V, is defined along the same lines.
Direct computation yields
(F,J1[G]H)
=2(y00 'GIvF, Hy) +2(yud 'GIvF, Hy) + 2(yud~'GIvF, Hy)
—2(F, yud Gl yHy) — 2(Fy, y00 'GIyHy) — 2(Fy, yud1GI yHa)
+2(qud Gl yFy, Hy) — 2(Fy, yud 1 G vHy).
Note that J{[G] = J{(#)[G]. Similarly, we can have expressions for (G, J;[H]F) and

(H, J{[F]G), and finally we arrive at the Jacobi identity (A21). Thus, J; is a symplectic
operator according to Definition 1.
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