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Abstract: In this paper, we focus on a developable surface tangent to a timelike surface along a curve
in Minkowski 3-space, which is called the osculating developable surface of the timelike surface along
the curve. The ruling of the osculating developable surface is parallel to the osculating Darboux vector
field. The main goal of this paper is to classify the singularities of the osculating developable surface.
To this end, two new invariants of curves are defined to characterize these singularities. Meanwhile,
we also research the singular properties of osculating developable surfaces near their lightlike points.
Moreover, we give a relation between osculating Darboux vector fields and normal vector fields of
timelike surfaces along curves from the viewpoint of Legendrian dualities. Finally, some examples
with symmetrical structures are presented to illustrate the main results.

Keywords: osculating developable surfaces; Lorentzian support functions; singularities; Legendrian dualities
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1. Introduction

Minkowski space, which is regarded as the mathematical setting for the theory of rela-
tivity, has been studied by both physicists and differential geometers in large amounts; see,
for example, [1-7]. As is known to all, there exist spacelike surfaces, timelike surfaces and
lightlike surfaces in Minkowski 3-space. Timelike surfaces have a vital role in theoretical
physics, which is usually called world sheets. In string theory, the world sheet is generated
by a string, which moves through space-time. Recently, some new results concerning world
sheets were obtained by physicists. For instance, Rojas introduced a covariant framework
to research the stability of small perturbations on the gonihedric string model by varia-
tional techniques. A general expression of the world sheet perturbations is displayed in [8].
Singularity theory, on the other hand, which is a direct descendant of differential calculus,
appeals to the research about geometry, equations and other disciplines (see [9-37]). A
singularity is a point such that a function reaches a maximum /minimum or a submanifold
is no longer smooth and regular. In this paper, we focus on a non-lightlike curve on a
timelike surface and a developable surface tangent to the timelike surface along the curve in
Minkowski 3-space. We focus on the investigation of the singularities of such a developable
surface here.

Darboux frames along curves on surfaces in Euclidean 3-space are classical and famous.
By using Darboux frames, Hananoi and Izumiya introduced a normal developable surface
of a surface along a curve in [38]. At this point, the developable surface is orthogonal to the
surface along the curve. Moreover, there exists a Lorentzian version of Darboux frames
along curves on surfaces [39]. Inspired by the above work, we define a special direction in
the Darboux frame at each point of the non-lightlike curve, which is directed by a vector in
the tangent plane to the timelike surface. In this case, the vector field is called an osculating
Darboux vector field along the non-lightlike curve. There exist three invariants with respect
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to the Darboux frame. Under a certain condition of these invariants, we define a ruled
surface along the non-lightlike curve, which is called an osculating developable surface.
The rulings of the osculating developable surface are directed by the osculating Darboux
vector field. We show the relation between normalized osculating Darboux vector fields and
normal vector fields of timelike surfaces along curves from the viewpoint of Legendrian
dualities in Section 3. Moreover, the osculating developable surface is also shown as
the envelope of the tangent planes of the timelike surface along the curve. By using the
three invariants above, we introduce two new invariants, which are closely related to the
singularities of osculating developable surfaces. In fact, one of these invariants equals
zero constantly if and only if the osculating developable surface is a cylindrical surface.
At this time, the non-lightlike curve is a contour generator associated with an orthogonal
projection (Theorem 2, (A)). In the case that the first invariant never vanished, the other
invariant equals zero constantly if and only if the osculating developable surface is a
conical surface. Meanwhile, the non-lightlike curve is a contour generator associated
with a central projection (Theorem 2, (B)). The concept of contour generators plays a
significant role in computer vision theory [40]. By using these two invariants, we also show
the classification of the singularities of the osculating developable surface (Theorem 3).
Lightlike submanifolds are degenerate submanifolds and they were systematically studied
in [41]. Here, we consider the singularities of the osculating developable surface near its
lightlike rulings (Corollary 2). In Section 6, the geometric meaning of the second invariant
is further discussed.

In Section 7, we consider curves on special timelike surfaces. Since de Sitter space
is a classical model for studying Lorentzian spherical geometry and de Sitter 2-space is a
timelike surface in Minkowski 3-space, we consider osculating developable surfaces of de
Sitter 2-space along curves. If we consider the small spacelike circle or the great timelike
hyperbolic curve, the osculating developable surface along the curve is a cylindrical surface.
If we consider the great spacelike circle or the small timelike hyperbolic curve, the osculating
developable surface along the curve is a conical surface (Propositions 5 and 6). In order to
illustrate Theorem 6, we also display an example of a timelike curve on de Sitter 2-space
so that the osculating developable surface along the curve has swallowtail singularities.
At last, we consider non-lightlike curves on timelike surfaces of revolution. We show that
the osculating developable surface along a timelike meridian curve is a cylinder, while the
osculating developable surface along a spacelike circle is a cylinder or a cone.

We assume that all manifolds and maps are C* throughout the paper, unless con-
trary statements are given.

2. Basic Notions

We introduce some basic notions in this section. Let R3 be a 3-dimensional vector
space. For any two vectors x = (x1,x2,x3) and y = (1,2, y3), the pseudo-scalar product
of them is defined by

(x,y) = —x1y1 + 22 + x3Y3.
We call the pair (R3, (,)) a Minkowski 3-space and denote it as R3.

For any two vectors x = (x1,x2,%3), ¥ = (y1,42,¥3) € R}, we obtain a vector x Ay
that is defined by

—e1 ez e3
xANy=| x1 X2 X3 |,
o y2 3

where {e1, ez, e3} is the canonical basis of Ri’. We say that a non-zero vector x € ]R‘;’ is
timelike, spacelike or lightlike if (x,x) < 0, (x,x) > 0 or (x,x) = 0, respectively. The norm of
x is defined by ||x|| = (sign(x)(x, x))!/2, in which sign(x) denotes the signature of x, which
is given by sign(x) = —1,0, or 1 when x is timelike, lightlike or spacelike, respectively.
Moreover, for a vector v € R“;’ and a real number ¢ € R, we define a plane whose normal
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vector is v as HP(v,c¢) = {x € R3|(x,v) = c}. Then, we call HP(v,c) a spacelike plane,
a timelike plane or a lightlike plane if v is timelike, spacelike or lightlike, respectively.

Lety : I — R% be a regular curve (i.e., §(t) = dy/dt # 0), where I is an open
interval. For any t € I, the curve v is called timelike, lightlike or spacelike if (y(t),(t)) <O,
(7(t),¥(t)) = 0or (§(t),7(t)) > 0, respectively. We say that v is a non-lightlike curve if -y is
a spacelike curve or a timelike curve. On the other hand, the arc-length of a non-lightlike
curve v measured from 7y (ty)(tp € I)is s( f o |l7(¢)||dt. It is obvious that the parameter
s is determined such that ||9/(s)||=1 for a non—hghthke curve. Then, /(s) = dvy/ds is called
the unit tangent vector of  at s. We now define the hyperbolic space by

H2(-1) = {x € B}|(x,x) = -1},
the de Sitter 2-space by
= {xeR}|(xx) =1},
and the close lightcone by
LC = {x € R}|(x,x) = 0}.

We set a timelike embedding X : U — R} from an open subset U C R?. We denote
M = X(U) and identify M and U according to the embedding X. Then, we say that X
is a timelike embedding if its tangent space T, M is a timelike plane at any point p = X(u).
Moreover, let 7 : I — U be a regular curve. Then, another curvey: I - M C R% is defined
by v (t) = X(7(t)). At this time, we say that v is a curve on the timelike surface M.

In this paper, we consider v as a non-lightlike curve; then, we can reparametrize it
by the arc-length s. Therefore, we can obtain the unit tangent vector #(s) = /(s) of y(s).
Taking into consideration that X is a timelike embeding, then we can acquire a spacelike
normal vector field n, along v. Therefore, we construct a vector b(s) = n,(s) A t(s). Thus,
we have a pseudo-orthonormal frame {t(s), n,(s), b(s) } along . Moreover, we also have
the following Frenet-Serret-type formulae:

{t’(i)Kn(S() 7(s) = 6(s)xg(s)b(s),
S

=

y(s) = —8(s)xn(s)t (S)+5(S) 5(s)b(s),
"(s) = —0(s)rg(s)t(s) + Tg(s)my (s),

where §(s) = sign(t(s)), ku(s) = (t'(s),n,(s)), kg(s) = (¥'(s),b(s)) and Tg(s) = (n,(s),
b'(s)). We say that x, (s) is the normal curvature, x4 (s) is the geodesic curvature and tg(s) is
the geodesic torsion of v, respectively. Meanwhile, we say that
(1) 7 is an asymptotic curve of M if and only if x, = 0,
(2) v is a geodesic curve of M if and only if kg = 0,
(3) v is a principal curve of M if and only if 7, = 0.

In addition, a vector field D(s) along v, which is defined by

D(s) = 14(s)t(s) — xu(s)b(s)

is called an osculating Darboux vector along «y. If 73 + x5 # 0 and T # x;, we have the
following expressions of normalized osculating Darboux vector fields:

S

7 (5)(5) = ka(8)b(s)
= £3(5)T2(s) > O(s)K3(s),
W NGO -mE)
G —wa($)b(s)
WS)(K% = if 6(s)72(s) < 8(s)2(s).
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On the other hand, we list some basic notions and important properties of ruled
surfaces and developable surfaces here. Lety : I — Rj and p : I — R3\{0} be
C*®-mappings. Then, we define a mapping F(v,p) : I x R} — R by

F('y,p) (u,0) = y(u) +vp(u),

which is called a ruled surface in R3. At the same time, we call 7 a base curve and p a director
curve. Moreover, the straight line «y(u) + vp(u) defined for a fixed u € I is called a ruling.
Moreover, we know that the ruled surface F(, ) is developable if and only if

(¥ (), (p(u) A p(u))) = 0.

If the director curve p satisfies p(u) A p(u) = 0, then we say that F, ) is a cylinder.
If the singularity of the developable surface F(, ,) is a constant, then we say F(, ) is a cone.

Finally, we recall relevant notions of contour generators, briefly. Let S C Ri’ be a
surface and 7 be the unit normal vector field. Then, for a fixed vector d € R%, the contour
generator of the orthogonal projection with respect to the direction d is defined by

{w € S|(n(w),d) = 0}.

Actually, the set above is the singular set of the orthogonal projection with respect to the
direction d. Furthermore, for a fixed point ¢ € R3, the definition of the contour generator of
the central projection with the center c is given by

{w € S|(n(w),w —c) =0}.

It can be found that the set is the singular set of the central projection with the center c.
The concept of contour generators plays a significant role in computer vision theory [40].

3. Legendrian Dualities

In this section, we recall some properties of Legendrian submanifolds and contact
manifolds [36].

Let M be a (2m + 1)-dimensional smooth manifold and W be a tangent hyperplane
field on M. Such a field is defined as the field of zeros of a 1-form g locally. We say that
the tangent hyperplane field W is non-degenerate if p A (dp)™ # 0 at any point of M. Then,
we say that the pair (M, W) is a contact manifold if W is a non-degenerate hyperplane field.
In this case, p and W are called the contact form and the contact structure, respectively.
Suppose: M — M’ is a diffeomorphism between contact manifolds (M, W) and (M, W').
Then, is called a contact diffeomorphism if d(W) = W’. Meanwhile, contact manifolds
(M, W) and (M’, W') are contact diffeomorphic if there exists the contact diffeomorphism:
M — M'. Moreover, a submanifold i : L C M of a contact manifold (M, W) is Legendrian if
dim L = m and dix(TxL) C Wj(y) hold atany x € L. In addition, the mapping i is called an
isotropic mapping if dix(TxL) C Wj,) atany x € L. A smooth fiber bundle 77 : E — Nisa
Legendrian fibration if its total space E is provided with a contact structure and its fibers
are Legendrian submanifolds. Suppose 7t : E — N to be a Legendrian fibration. Then,
for a Legendrian submanifold i : L C E, themap 7roi: L — N is called a Legendrian map.
Meanwhile, the image of a Legendrian map 7 o i is called a wavefront set of i. For any y € E,
as is known to all, there exists a local coordinate system (x1,...,Xm, Y1,--.,Ym,z) Neary
such that

(X1, ey Xy Y1, e Ym, 2) = (X1, o, X, Z).
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Simultaneously, the contact structure is given by the 1-form

m
p=dz— ) ydx;.
i=1

In [42], the Legendrian dualities between pseudo-spheres in Minkowski space are intro-
duced, which become basic tools for studying submanifolds in pseudo-spheres. Firstly,
we define 1-forms (dv, w) = —wdo; + Y3, widv;, (v,dw) = —vidw; + Y3, v;dw; in
R? x R?. Then, we consider the following:
(M) @ H(=1)x 5; 5 &1 = {(0,w)|{v,w) =0},

(b) 711 Al — H2<—1>, SV Al — S%,

(©) 011 = (do,w)|Ay, 012 = (v, dw)|A;.
@) (@) S{x5{ 2 85 = {(v,w)|(v,w) =0},

(b) 7571 © A5 — S%, Tl5 - A5 — S%,

(©) 051 = (dv, w)|As, 052 = (v, dw)|As.

Here, 11;1(v,w) = v, mpp(v, w) = w. Moreover, we remark that 051(0) and 951(0)
define the same tangent hyperplane field over A;, which are denoted by W; (i = 1,5). It has
been shown that (A;, W;) is a contact manifold and 77;; (j = 1,2) are Legendrian fibrations.
Then, if (v, w) C (A;, K;), we say that v is Aj-dual to w. Details of Legendrian fibrations
can be found in [43]. Then, we have the following duality theorem.

Theorem 1. Let y : [ — M C RS be a non-lightlike curve with T3 + x5 # 0and 15 # x5,

(1) Iféng > 6k2, then Ds(s) is a As-dual of n(s).
(2) If&’rg2 < 62, then Dy(s) is a Aq-dual of n.,(s).

Proof. We define a mapping L5 : I — As by L5(s) = (n,(s), Ds(s)). Then, we have
(ny(s), Ds(s)) = 0 and L3605, = (n’,(s), Ds(s)) = 0. Thus, L5 is an isotropic mapping, so
that Ds(s) is a As-dual of 7 (s). We define another mapping

‘Cl L= Aq; £1(5> = (n,y(s),Dt(s)).
Then, we can also show that £ is an isotropic mapping. This means that (2) holds. [J

4. Osculating Developable Surfaces

We investigate a special surface of a given timelike surface M along a non-lightlike
curve in this section.
For a non-lightlike curve 4 : I — M C R} with T§ + 12 # 0, we define a mapping

OD: I xR — R% as
OD(s,u) = (s) +uD(s) = y(s) + u(tg(s)t(s) — xu(s)b(s)).
This is a ruled surface. Then, we have
D' = (14 + 0kuig)t — (OKgig + K;,)b,
Thus, we obtain

(v, D A D') =det(t, gt — Kub, (g + Oknkg)t — (Skgkg + 1) b)
=0.
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This means that OD is a developable surface. In this case, we call OD an osculating devel-
opable surface of M along y. Moreover, we show two invariants (s), o(s) of 7 as follows:

e(s) =0(s) (73 (s) — k3 (5)) g () + K3 (5) T (5) — K (5) 75 (5),
o) =)y , S0

On the other hand, by calculation, we obtain D A D" = 0 if and only if

,  whene(s) # 0.

Tg(0Tgicg + Kn) = Kn(Tgr + OKnky),
which is equivalent to &(s) = 0. We also calculate that

dOD 00D
- s =g (udTgKg + urcy )1y — K (1 + UTg + UbKnKg) 1y
=(ue — Ky )n,.

Therefore, (sp,119) € I x R is a singular point of OD if and only if &(sp) # 0 and
uy = % If (sp,0) is a regular point (namely, x,(sp) # 0), then the normal vector
of OD at OD(sg,0) = (sp) has the same direction of the normal vector of M at y(sp).
Therefore, it is reasonable that we call OD the osculating developable surface of M along .
On the other hand, we use these two invariants to characterize the contour generators of M

as the following.

Theorem 2. Let ¢y : [ — M C R:l” be a non-lightlike curve with ng + K% # 0. Then, we have
the following:
(A) The following are equivalent:
(1) OD is a cylinder,
(2)  e(s) =0,
(3) vy is a non-lightlike contour generator with respect to an orthogonal projection.
(B) Ife(s) # O, then the following are equivalent:
(1) OD is a cone,
2)  o(s) =0,
(3) v is a non-lightlike contour generator with respect to a central projection.

Proof. (A) By definition, OD is a cylinder if and only if D A D’ = 0. Because D AD’ = 0
if and only if ¢(s) = 0, it means that (1) is equivalent to (2). Suppose that (3) holds; there
exists a vector d € R} such that (n,(s),d) = 0. Then, d = At(s) + ub(s) for some real
numbers A, . Since (17, (s),d) = 0, we have —Ax,(s) — uTg(s) = 0, so that D(s) is parallel
to d. Condition (1) holds. It is obvious that (1) implies (3).

(B) If the condition (1) is satisfied, then the singular value set of OD is a point. We

consider the following vector-valued function f(s) defined by
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Therefore, if the condition (1) holds, it is equivalent to saying that the condition f’(s) =0
holds. By a straightforward calculation, we obtain

f(s)=t+ (K?”)’(Tgt —Kub) + %[(Tgf + Oknkg)t — (0Tgkg + K;,)b]

012Ky + KT OToknke + K%
[y + S IRy SRS LRy,
K OKoT,
:[(?")urii &1 (gt — Kub).

This means that the conditions (1) and (2) are equivalent. According to the definition of
the contour generator with respect to a central projection, condition (3) implies that there
exists ¢ € R? such that (7y(s) — ¢, n,(s)) = 0. If condition (1) holds, then we know that f(s)
is constant. Therefore, for the constant vector ¢ = f(s) € R3, we have

(v(s) = e,my(s)) =(v(s) = f(s),my(s))

This means that condition (3) is satisfied. Conversely, by condition (3), there exists a
constant vector ¢ € R} such that (v(s) — ¢, n,(s)) = 0. By taking the derivative at both
sides, we have

(7(s) = e, my(5))" = (v(5) — ¢, =8(s)ru(s)t(s) + 6(5) T4 (5)b(s)) = 0.

Then, there exists A € R such that ¢(s) — ¢ = AD(s). By taking the derivative again,
we obtain

(v — e, ny)" =(t, =6Kut + 6Tgb) + (v — ¢, (—Knt + 075b)")
=K, + Ae = 0.

Then, we obtain

D(s) = y(s) —AD(s) = c.

Hence, f(s) is constant; namely, condition (1) holds. [
Corollary 1. The osculating developable surface OD is non-cylindrical if and only if €(s) # 0.

According to the conclusions in Theorem 2, the invariants &(s) and o(s) might be
closely related to the singularities of osculating developable surfaces. In fact, by using
these two invariants, we can obtain the classification for the singularities of osculating
developable surfaces of M along non-lightlike curves. The main result of this paper is
as follows.

Theorem 3. Let ¢y : [ - M C R:i" be a non-lightlike curve with ng + K% # 0. Then, we have

the following.

(A) The osculating developable surface OD of M along non-lightlike curve <y is not singular at
(so, uo) if and only if uge(sg) — xn(sp) # 0.

(B)  The osculating developable surface OD of M along non-lightlike curve vy is locally diffeomor-
phic to the cuspidal edge C x R at (so, ug) if
(i) e(sg) # 0, 0(sg) # 0and ug = falso) o

e(so)
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(i1) e(sp) = xn(sg) =0, € (sp) # 0 and

oy £ K3 (50)
—K}1(S0) +26(s0)xg (s0) T4 (50) + 6(50) T (s0) K (50)”

or
(iii) €(sp) = € (s0) = Kkn(s0) = 0and x},(sg) # 0.
(C)  The osculating developable surface OD of M along non-lightlike curve vy is locally diffeomor-

phic to the swallowtail SW at (sg, ug) if €(so) # 0, 0(so) =0, 0’ (so) # 0and ug = %

Here, C x R = {(x1,x2,x3)|x3 = x5} x R is the cuspidal edge (see Figure 1). SW =
{(x1,x2,x3)|x1 = 3u* + 1?0, xo = 4u3 + 2uv, x3 = v} is the swallowtail (see Figure 2).

Let y : I = M C R} be a non-lightlike curve. If ng(so) = «2(sp) # 0, then D(sy) =
T(S0)t(s0) — Kkn(s0)b(so) is a lightlike vector, and we call y(so) a lightlike point of OD.
Ify: I — M C R? is a non-lightlike curve with T;(S) = x2(s) # 0, then D(s) along 7(s)
are lightlike vectors. In this case, we say that OD is a lightlike osculating developable surface
of M along <. Then, we have the following corollary.

Corollary 2. Let v : I = M C R} be a non-lightlike curve with ng +x2 # 0. Then, we have
the following:

(1) If T;(S) = x2(s), the lightlike osculating developable surface OD of M along y has no singu-
lar points.

(2) If OD is not a lightlike osculating developable surface of M along <y and <y(so) is a lightlike
point of OD, then the osculating developable surface OD is locally diffeomorphic to the cuspi-
dal edge C(X)R at (so, uo) if €(s0) = x3,(50)Tg(S0) — Kn(50)Tg(s0) # 0, o(s0) # 0 and ug =

Kn(So

#3(50) Tg (50) —%n (S0) g (50)
locally diffeonorphic to the swallowtail SW at (so, o) if €(s0) = &7, (s0) Tg(S0) — xn (50) Tg(s0) # O,

U(SO) = 0/ UJ(SO) # 0 and Uy = = Kn(s0)

Kn (SO)Tg(SO)*Kn (50)'{&(50) ’

. The osculating developable surface OD of M along non-lightlike curve v is

Figure 1. Cuspidal edge.

Figure 2. Swallowtail.

5. Lorentzian Support Functions
5.1. Unfoldings of Lorentzian Support Functions

We show a family of functions on a non-lightlike curve, which will be useful for
studying invariants of curves on timelike surfaces in this section. Lety : I - M C R}
be a non-lightlike curve. Then, we define a function G : I x R} — R by G(s,x) =
(x —(s),n,(s)). Here, G is called a Lorentzian support function on  with respect to n,,. We
denote gy, (s) = G(s, %) for any xy € R}. Then, we have the following proposition.
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Proposition 1. Let y : [ — M C R} be a non-lightlike curve with ng + 2 # 0. Then, we have
(1) gx,(s0) = 0 if and only if there exist y,v € R such that xo — 7y(so) = pt(so) + vb(sp).
(2)  gxo(50) = 8%, (s0) = Oifand only if there exists p € R such that xg — y(so) = p(T(s0)t(s0)
—Kn(s0)b(s0))-
Suppose €(sg) # 0. Then, we have the following:

(3) xy(0) = ghyls0) = &y (s0) = O if and only if xo — 7(s0) = 2 (zg(s0)t(s0) —
Kn(S0)b(s0))-

(4) 8xo(50) = gy (50) = 8%, (50) = 8% (s0) = Oifand only if xo — (s0) = L8 (7 (s) (s0)
—1(80)b(sg)) and o(sg) = 0.

(5) 8 (50) = 8hy(50) = ghy(s0) = g4 (s0) = g4 (s0) = 0 if and omly if xo — y(s0) =

5180) (7, (s0) (50) — #n (50)b(50)), 7(0) = O and o’ (s9) = 0.

Suppose €(sg) = 0. Then, we have

(6)  gxo(50) = 8%, (50) = 8%, (s0) = O if and only if k(s0) = O (namely, x,(so) = 0, x,(50) =
—06(s0)Tg(50)x¢(50)) and there exists y € R such that xo — y(so) = pt(so).

(7)  8xo(s0) = g%, (s0) = g¥,(s0) = g,((i) (so) = 0 if and only if one of the following equa-

tions holds:
(a) € (so) #0, kn(s0) = 0, namely,

bel
=
—
1)
(=]
~
|
=
~
tal
=
—
¢}
(=)
~
Il

—6(s0)Tg(s0)xg(s0),
— 1y (50) +26(s0) Tg(s0) kg (50) + 8(s0) Tg (S0) kg (50) 7# O

and

K;(SO) t(So).

xp — ¥(s0) = —x}/(s0) +26(s0) 75 (50)%g(50) + 6(50) Tg (50) K% (0)

(b) €' (s0) = 0, kn(s0) = x;,(50) = 0 (namely, x¢(so) = xn(s0) = x;,(s0) = 0), and there
exists y € R such that xo — y(sg) = pt(so).

Proof. Since gx,(s) = (xo — v(s),n,(s)), we have the following:

(1) 820 =(x — 1,m3),
(ii) g%, =(x — (), —OKut + 675b),
(iii) &y =kn + (x — 7y, — (8Ky, + Tgicg )t + 5(782, —12)n, + (675 + Knig)b),
(iv) g,g) =2k, + 0Tgkg
+ (x — 9y, —[0Ky + 27gkg + Tgkg + Kn(Tg — K2+ (5K§)]t
+36(Tg Ty — Kty )y + [0 — 207, + Ky + To (055 + T3 — 15)]b),
(v) g}(é) =31, + 30Ky Ty + 20K Ty + 0k (61 + T3 — K7)
+ (x =, [0k, — BTy — BKg Ty — Ky Tg + K, (T3 + 6, — 36x3)
+ K (—5Tg Ty — 30Kgky) + KgTo (=15 — 0T + 1)
+ (677" 4 B, + 3Ky, Kg + KKy + Tg (30K + 675 — K3)
+ Ty (30K — Bicyky,) + Kk (0T7 — Oy + 13)]b
+ (k5 — 1) (=75 + 15, — 6xg) + 2icg (7, Tg — KnTy) + 38((15)* — (x7,)%)
— 40Kk, + 46T Ty In).
We know that {¢(s),n,(s),b(s)} is a pseudo-orthonormal frame for the formula (i), so the
assertion (1) holds.
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By the formula (i), gx,(s0) = g%, (s0) = 0 if and only if there exist a,b € R such that
xo — (s0) = at(sg) + bb(sp) and ax;(sg) + bTe(sp) = 0. Thus, there exists u € R such that
a = ute(sp) and b = —px,(so). The assertion (2) holds.

Moreover, by the formula (iii), gx,(s0) = g%, (50) = &¥,(so) = 0if and only if

xo — ¥(s0) = p(tg(s0)t(s0) — xn(s0)b(s0))

and

n(s0) + (1 (Tg(50)(50) — Kn(50)b(50)), —(5(50)7,(50) + Tg(50) kg (50))E(s0)
+0(s0) (75 (s0) — K3 (50) )14 (50) + (8(s0) Ty (50) + Kn(s0) g (50))b(50)) = 0.
Since e(s0) = 8(s0) (3 (s0) — x5 (s0)) kg (s0) + K7, (50) Tg(s0) — Kn(50)T4(s0), then Knu(so) —
ue(sp) = 0. It follows that e(sp) # 0 and pu = ’?(S)O)), or £(sg) = 0 and «,(sg) = 0. This
means that the proof of the assertions (3) and (6) is complete.
Suppose that e(sg) # 0. Then, by the formula (iv), gx,(s0) = &%,(50) = g¥,(s0) =

g% (s9) = 0if and only if

Kn 2 2
2Ky, + 0Tgkg + ~ [—Tgky + Tg Kn — 20T Tgkg + 20Knky,Kg — 5Tkg + OKjykg] = 0

ats = sg. Since
o (s0) = (Kn(SO))/ 6(s0)Kg(s0) Tg(s0)
&(so) £(s0)
then the above equation is equivalent to &(sp)o(sp) = 0. It follows that o(sg) = 0. The
assertion also holds in reverse.
Suppose that (sg) = 0. Then, by the formulae (iv), gx,(s0) = g%,(s0) = &%, (s0) =

7

gg) (so) = 0if and only if x,(sg) = 0 (i.e., xn(s0) = 0,%},(s0) = —8(50)Tg(50)xg(50)), and

there exists 1 € R such that xp — 7 (sg) = ut(sp) and

215, (s0) + 6(s0) Tg (50)xcg (50) — 1 (=13 (S0) + 20 (50) g (50) Tg (50) + & (0)xc5 (50) Tg (50)) = 0.

It follows that

Kl (50) + 26(s0)g (50) T4 (50) + 350}, (s0) Ty (s0) # O
and ) <, (50)

#= Tl (50) + 26(50) T, (s0) g (50) + 0(50) Ty (50) 15 (50)
or

—K (50) +26(50)%g(50) T (50) 4 0(s0)Kg (50) g (s0) = 0 and x5, (s9) = O.

Moreover, €' (sp) = 0 is equivalent to —x;; (so) +26(50)xg(s0) g (50) + 9(s0) x5 (s0) T (s0) = O.
Then, we have (6) and (7).

By a similar discussion to the above, we have the assertion (5). This completes the
proof. O

For the sake of proving Theorem 3, we need some general results on the singularity
theory for the germs of functions. For detailed descriptions, please refer to the book [36].
Let F : (R xR, (sp,x9)) — R be a function germ and f(s) = Fx,(s, x0). We say F is an
r-parameter unfolding of f. If f((sg) = 0 forall 1 < I < kand f*t1)(sy) # 0, then we
say f has Ag-singularity at sg. We also say f has A -singularity at sq if f!)(sg) = 0 for all
1 < I < k. Meanwhile, let F be an r-parameter unfolding of f and f has Ag-singularity
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(k > 1) at sp; we define the (k — 1)-jet of the partial derivative dF /dx; at s¢ as

‘(k*l) aF

ox) (s,x0)( Z”]l —so), (i=1,...,7).

If the rank of the k x r matrix (a;;) is k (k < r), where ag; = 9F /9x;(so, xo), then F is called
an R-versal unfolding of f. The discriminant set of F is defined by

Dp = {xc R |3scR Esx) = %’:(S,x) —0).
Then, there exists the following famous result (see [36]).
Theorem 4. Let F : (R x R", (sg,x0)) — R be an r-parameter unfolding of f(s) that has Ay-
singularity at sg. Supposing that F is an R-versal unfolding of f, if k = 2, then the germ of Dr at xg
is diffeomorphic to C x R"~1; if k = 3, then the germ of D at xq is diffeomorphic to SW x R"~2.

For the sake of proving Theorem 3, we have the following.

Proposition 2. Lety : I — M C R} bea non-lightlike curve with ng +12 #0and G : I x R} —
R be the Lorentzian support function on vy with respect to n.,. If gx, has an Ax-singularity at s
(k =2,3), then G is an R-versal unfolding of gx,. Here, we suppose €(so) # 0 for k = 3.

Proof. We denote thatx = (x1,x2, x3), ¥(s) = (r1(s),72(s), 3(s)) and n (s) = (n1(s), n2(s),
n3(s)). Then,

G(s,x) = —n1(s)(x1 — r1(s)) + na(s) (x2 — r2(s)) + n3(s)(x3 — r3(s)),

so that
G oG oG
S =) g =ml), 3= ml)
Therefore, the 2-jet is
oG 1
]28 (s0,%0) = —n1(s0) — 1 (s0) (5 = 50) = 5711 (s0) (5 = 50)%,

ﬂgG (s0,%0) = mi(s0) + n}(50)(5 —0) + 21/ () (5 — o), (i =2,3).

We denote the following matrix:

—n1(so) n2(s0) 13(s0)
A= | —nj(so) mny(so) n5(so)
—ny(so) ny(s0) 13(s0)

According to the Frenet-Serret-type formulae, we obtain

n7,(s0), 17 (s0))
7 (80) A (=6 (s0)xn (s0)(s0) +6(s0) T (50)b(50)), (—0(50) K7 (S0) — Kg(s0)Tg(50))(0)
+ (6(s0) 75 (s0) — 8(s0)x5 (s0) )1 (s0) + (8(50) Ty (50) + 7u (s0)cg (50)))
=(3(s0)xn(s0)b(s0) — 0(50) T (50), (=6 (s0)x(30) — g (50) Tg(30)) £(50)
+ (8(s0) T (s0) — 8(s0)x5(50) )1 (50) + (8(50) T4 (S0) + % (50)cg (50)))
=xg(s0) (T3 (s ) 51(50)) + 8(s0) (17, (s0) T (s0) — K (50) T4 (50))
=0(s0)e(s0) #

—detA =(n,(sp) A
{1y (

-

={n
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Therefore, rank A = 3. Moreover, the rank of

5 < ny(so) ma(so) m3(so) ) _ ( 1y (s0) )
—0(80)%n(s0)t(s0) + 0(s0) Tg(s0)b(S0)

is also always 2.
If gx, has an Aj-singularity at s (k = 2, 3), then G is an R-versal unfolding of Sx,- This
completes the proof. [

5.2. Proof of Theorem 3
Proof of Theorem 3. Now, we prove the main result of Theorem 3. By straightforward

calculations, we obtain

00D A 00D
ou 0s

=To (udTgicg + uicy )ty — Kn (1 + UTy + udKyKg )1y

=(ue — K )n.
We know that (s, up) is non-singular if and only if

00D

Jd0OD
ou A ds # 0.

It is equivalent to uge(sg) — k. (sg) # 0. Thus, we finish the proof of the assertion (1).
According to Proposition 1, the discriminant set D of the Lorentzian support func-
tions G of y with respect to n,, is the osculating developable surface of M along .
Suppose €(sg) # 0. By assertions (3), (4) and (5) in Proposition 1, gy, has the A-
singularity (respectively, the As-singularity) at sy if and only if

and o (sg) # 0 (respectively, o(sg) = 0 and 0’ (sg) # 0). Then, by Theorem 4 and Proposi-
tion 2, we know assertions (2), (i) and (3) hold.

Suppose £(sp) = 0. By assertions (6) and (7) of Proposition 1, gx, has the A,-singularity
at sg if and only if e(sg) = 0, x,(sp) = 0 and

K (80) — 1o ( — 55, (S0) +28(s0) Tg(s0) g (s0) + 8(50) Tg (50)x5 (50)) # O

It means that
—1, (50) +20(50) T4 (50) g (50) + 6(50) Tg (S0)Kg (S0) # O

and
iy £ K5, (s0)
07" =x/(s0) + 26(50) T} (50)Kg (50) + 8(50) T (501 (s0)”

or
—K, (s0) +26(s0) T4 (50)xcg (s0) + 6(50) g (50) K (s0) = 0 and x;,(so) # O.

Since €'(sp) = 0 is equivalent to —x;; (so) + 26(so)xg(s0) Tg(S0) + 6(s0)xg (S0) g (50) = 0. By
Theorem 4 and Proposition 2, we obtain the assertions (2), (ii) and (iii). Therefore, we finish
the proof. [
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6. Invariants of Non-Lightlike Curves on Timelike Surfaces

In this section, we will consider geometric meanings of the invariant o.

LetI': I — ]Ri’ X S% be a curve and F : Ri’ X S% — R be a submersion. We say that
T and F~1(0) have the contact of at least order k at t = tg if the function g(t) = FoT'(t)
satisfies g(tg) = ¢'(tp) = --- = §®) (ty) = 0. Moreover, if T and F~'(0) have the contact
of at least order k at t = o and satisfy the condition gkt (t9) # 0, then we say that I’
and F~1(0) have the contact of order k at t = ty. Meanwhile, for any x € R?, we define the
function g, : R:i" X S% — Ras gy(a,b) = (x — a,b). Then, we have

07 '(0) = {(a,b) € R} x 5{|(a,b) = (x,b)}.

For a fixed b € S2, g;1(0)|R? x {b} is a timelike plane that is defined by (a,b) = c, where
¢ = (x,b). For the reason that this plane is pseudo-orthogonal to b, it is parallel to the
tangent plane T,,S7 at b. On the other hand, we can represent the tangent bundle of S?
as follows:

TS = {(a,b) € R} x S?|(a,b) = 1}.

Let 712]g; 1 (0) : g5 1(0) — S? be the canonical projection, where 7, : R} x 53 — S2. Then,
g5 1(0) : g5 (0) — S? is a bundle over S7. Moreover, a map ® : g;1(0) — TS7 is
defined by <I>(a, b) = (a/(x,b),b); then, ® is a bundle isomorphism. Here, we denote
TS3(x) = gy 1(0). Meanwhile, we call it an affine tangent bundle over S? through x.

Lety : I - M C R? be a non-lightlike curve with T +x2 #0. Assume that e(s) # 0.
According to the proof of Theorem 2 (B), we have the derivative of the vector-valued
function f, which is f’(s) = o(s)D(s). Thus, if we suppose that c(s) = 0, then f is a
constant vector xy. We have

Therefore, we obtain
920 (7(5),11(5)) = 8xy(5) = (¥(s) — x0,1m,(s)) = 0.

On the other hand, if there exists xy € R? such that gy, (7(s), 71, (s)) = 0, then we can obtain

1(6) 30 = - 2D(s)
and o(s) = 0. We consider such a curve (,n,) : I = R} x S2. Then, we have

Proposition 3. Let v : I — M C R3 be a non-lightlike curve with ng +x2 # 0and e(s) # 0.
Then, there exists xo € R3 such that (7y,n)(I) C TS3(xo) if and only if o(s) = 0.

The result of the proposition above states that the geometric meaning of the singu-
larities of OD is related to both the curve and the shape of the timelike surface along
the non-lightlike curve. Let 7 : I = M C R} be a non-lightlike curve with Tg% + 2 # 0.
Meanwhile, we consider the support function gy, (s) = gx,(v(s),7,(s)). According to
Proposition 1 (2) , one can find that (v, n,) is tangent to TS?(xo) at s = sp if and only if
x9 = OD(s, ) for some uy € R. In addition, we have the following.

Proposition 4. Let v : [ — M C R} with T3 + x; # 0 be a non-lightlike curve and ¢(s) # 0.
For xg = OD(sy, ), we have the following:

(1) (v, ) and TS3(xq) have contact of order 2 at s = s if and only if ug = KE”((SSO)) and o(sq) # 0.
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(2) (7, ) and TS3(xg) have contact of order 3 at s = sg if and only if ug = ';”((SZO)) ,0(sp) = 0and
o'(s0) # 0.

Proof. By Proposition 1, (3) and (4), one can obtain gx,(so) = g%, (50) = g%, (50) = 0 and

g,((so)(so) # 0 if and only if ug = Kg"((sz%) and o(sg) # 0. Since gy, (Y(s),11(s)) = gx,(5),

the conditions above imply that (v, n,) and TS?(xo) have contact of order 2 at s = s.
By using Proposition 1, (4) and (5), we can obtain the assertion (2) similar to the case
above. [

Moreover, for the classification results of Theorem 3, we show the geometric meaning
as follows.

Theorem 5. Let y : [ — M C R} be a non-lightlike curve with T; +x2 # 0and e(s) # 0.

(1) (y,mny) and TS?(xo) have contact of order 2 at s = s¢ if and only if ug = % and

o (so) # 0. In this case, the image of the osculating developable surface OD of M along vy is
locally diffeomorphic to the cuspidal edge C x R at (sg, ).

(2)  (v,n,) and TS?(xq) have contact of order 3 at s = s if and only if ug = Ks”(gzo)), o(sg) =0

and o’ (sg) # 0. In this case, the image of the osculating developable surface OD of M along
7y is locally diffeomorphic to the swallowtail SW at (sg, up).

7. Curves on Special Timelike Surfaces
7.1. Curves on the de Sitter 2-Space

De Sitter 2-space 57 = {x € R}|(x,x) = 1} is a special timelike surface in R}. We
consider the non-lightlike curves on S2. Let  : I — S? be a non-lightlike curve. In this
case, the Darboux frame along < is {t,v,b}. We have x;,(s) = —d(s) and 1¢(s) = 0. The
Frenet-Serret-type formula is as follows:

t'(s) = =6(s)v(s) — 6(s)xgh(s),
v (s) = £(s),
b'(s) = —0(s)kg(s)t(s).

It follows that D(s) = 6(s)b(s) and OD(s,u) = v(s) + ué(s)b(s). Therefore, we have

£(s) = —d(s)rg(s), o(s) = )
Then, as a corollary of Theorem 3, we have the following theorem.

Theorem 6. Let y: [ — S% be a non-lightlike curve. Then,

(1) (OD, (so, ug)) is regular if and only if —ugkg(sg) +1 # 0.

(2) The image of (OD, (so, uo)) is locally diffeomorphic to the cuspidal edge C x R if x¢(sg) # O,
Kg(S0) # 0and ug = ﬁ.
(3) The image of (OD, (so, ug)) is locally diffeomorphic to the swallowtail SW if x¢(sg) # 0,

Kg(s0) = 0, k¢ (s0) # 0 and ug = Kg(ls()).

Now, we consider some special curves on S?, such as the spacelike circle, which is the
intersection of the plane x; = k with S2. It is defined by

Cr = {x € S%|x; =k}
We call it a small circle if k = 0, and call it a great circle if k # 0. Cy, is a spacelike curve on S%.

Proposition 5. Let y : I — S be a non-lightlike curve and OD be the osculating developable
surface of S? along «y. Then, we have the assertions below.
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(1)  If v is a small circle, then OD is a circular cylinder.
(2)  If 7y is a great circle, then OD is a circular cone.

Proof. If  is a small circle, then x¢(s) = 0 and b(s) is constant. Thus, OD(s,u) =
7v(s) + ub(s) is a circular cylinder that is tangential to S7 along 7 (see Figure 3). If ¢
is a great circle, then x,(s) = ﬁ and xg(s) = 0, so that&(s) # 0and o(s) = 0. It means
that OD(s,u) = 7(s) + ué(s)b(s) is a cone tangent that is tangential to 57 along v (see
Figure 4). O

Figure 3. OD along the small circle.

Figure 4. OD along the great circle.

On the other hand, we consider the timelike hyperbolic curve, which is the intersection
of the plane x3 = k (—1 < k < 1) with S%. It is defined by

Hy = {x € S}|x3 = k}.

We call it a great hyperbolic curve if k = 0, and call it a small hyperbolic curve if k # 0. Hy is a
timelike curve on S2, and we have the proposition below.

Proposition 6. Let «y : I — S2 be a non-lightlike curve and OD the osculating developable surface
of S% along . Then, we have the assertions below.

(1)  If v is a great hyperbolic curve, then OD is a cylinder.
(2)  If v is a small hyperbolic curve, then OD is a cone.

Proof. Let y be a timelike hyperbolic curve Hy; then, one can define 7 by

¥(s) = (V1—k2 sinh ———— /1 — K2 cosh ;,k).

N VI—K2
Then, we have
s s
t(s) = (cosh ——, sinh ——,0),
(5) = (cosh T sinh =3z )

and x¢(s) = 2 —2v1—k2. If y is a great hyperbolic curve, then x¢(s) = 0 and b is
constant. Hence, OD(s, u) = y(s) — ub(s) is a cylinder that is tangential to S along v (see
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Figure 5). If v is a small hyperbolic curve, then x¢(s) # 0 and xy(s) = 0. It follows that
OD(s,u) = y(s) + ud(s)b(s) is a cone that is tangential to S along 1 (see Figure 6). O

Figure 5. OD along the great hyperbolic curve.

Figure 6. OD along the small hyperbolic curve.

The following example of a timelike curve on S? shown below serves to illustrate
Theorem 6.

Example 1. Let 7y : [ — S? be a timelike curve defined by
Y(t) = (L125,V1— 4 +12), t € (—0.41,041).
The Darboux frame along -y is {<y(t), t(t),b(t) }. Then, by a straightforward calculation, we obtain

o VI—HB4 2 21— 2 28

t(t) = ’ ’ ’
) V1—42 —t4 1 —42 — 4 \/1—4t2—t4)
b(t) — ( £5 + 2t t+1 tzx/l—t4+t2)

VI—42 -t V142 - V14 — ¢
The derivative of b(t) is given by
(1—42 — )3 (1— 42— #4)3
H2 — 2 — 1244 + 1110 + 2t8)>

(1—42 — )2 /1 -1 12

V() = <_ —2 312 4 6t4 10 2t(—2—3t> 4+ 6t* + 19)

By the Frenet-type formulae, one can obtain xg(t) = %. It follows that
1-42—14)2

(14 16> + 14+ 4 5¢8)
(1-42 )z

30(t + °)
57

) — () = 30
Ko (1) —(1—4t2—t4)? ¢ (t)

8
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We have xg(t) = 0 if and only if t = 0, at this moment, xg(0) = 2 # 0 and k3 (0) = 30 # 0.
By Theorem 6, if t = 0, the osculating developable surface OD along vy has the swallowtail
singularities (see Figure 7).

Figure 7. OD along the timelike curve with swallowtail singularities.

7.2. Curves on a Timelike Surface of Revolution

We focus on non-lightlike curves on a timelike surface of revolution in this subsection.
A timelike surface of revolution is defined by

X(u,v) = (u, f(u) cosv, f(u) sinv)
for (u,v) € U C R?, where f(u) # 0and (f/(u))? < 1. It is easy to show that
X, = (1, f'(u) cosv, f (u)sinv), Xy = (0, —f(u)sinv, f(u)cosv).

Then, the unit spacelike normal vector field along M = X (U) is

_ f(u)f'(u) _ f(u)cosv _ f(u)sino >
VW) = ) (F W) ) = P ()2 VFw) = ) (f ())?

Then, for a non-lightlike curve
v(t) = (u(t), f(u(t)) cosv(t), f(u(t)) sinv(t))
on M, we obtain the Darboux frame as follows.

f

VA=)

1
(t) =
Vo) (f2u2 — i + f202)
b(t) =n, (t) AE(t)

n(u,v) = (

ny(t) = — (f',cosv,sinv),

(1, fliicosv — fosinv, fliisinv + focosv),

1
RO (PR — it )
— ffPicosv+ fAf'osino + fi cosv),

(f20, — fiisino + ff 2isinv + f2f'6 cosv,

where

5(t) =sign(t(t)), u=u(t), v=o(t), f = —
du . do
_E’ 0= E
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We can calculate that

7(t) = (11, fliicosv — fosino, flisinv + focosv),
§(t) = (i, f"u? cosv + f'iicosv — 2f v sinv — fisinv — fo* cos v,
fi?sinv + fliisino + 2110 cos v + ficosv — fo*sinv),

2 ¢l //u ,31/2— /L'l
1, (t) et ff 3ff (= ff',—fcosv,—fsinv)

(1= f2)]2
+ ;/( — 2 — ff"i, — fliicosv + fosinv, —flisinv — focosv).
=12

Moreover, one can obtain

{my () A7(8), ¥(1))
17 (B

Kg(t) =
. 1
ol — i+ P pa - )
+ fzf/f//uzz-} _ f3f/173),

0,y (8)
() =GO

*ff”t'tz +f2z~]2
B(1) (242 — 12+ f202),/ P21~ 1)
(ny (1), b(t))
()]l
_ frao— Ao — s
o(t) fA(1— f2)(f 202 — u? + f262)

For a timelike meridian curve (1) = X(u,v9) = (u, f(u)cosvy, f(u)sinvy), we have
o = 4% — 0. Then,

(FPio(f? = 1) + fruv(l - £2) +2(1 = f2) ff'i*o

To(t) = —

—f 1"

Ke(u) =0, xn(u) = , Tg(u) =0.

(1= 2= f7)

In this case ¢ = 0, the osculating developable surface OD along v is a cylinder (see Figure 8).
For a spacelike circle y(v) = X(up,v) = (uo, f(uo) cos v, f(up) sinv), we have it =
dsto = 0. Then,

—f 1 _
Ke(V) = ———, (V) = ——, T.(v) =0.
T ra-r Jra-r" Y

Since |f'(u)| < 1,if f'(up) = 0, we have ¢ = —«x%k, = 0. At this time, the osculating
developable surface OD along v is a cylinder (see Figure 9). If f/(uy) # 0, then e is a
nonzero constant and ¢ = 0. At this time, the osculating developable surface OD along vy
is a cone (see Figure 10).
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Figure 8. OD along the timelike meridian curve.

Figure 9. If f/(1p) = 0, OD along the spacelike circle.

Figure 10. If f' (1) # 0, OD along the spacelike circle.

8. Conclusions

By choosing the three-dimensional Minkowski space as a background in space-time,
we define the osculating developable surface of a timelike surface along a curve, whose
ruling is parallel to the osculating Darboux vector field. Our main purpose is to study
the singularities of such a surface. For this, by using the singularity theory, we classify
the generic singularities of osculating developable surfaces that are cuspidal edges and
swallowtails. In particular, these types of singularities are characterized by the invariants
g(s) and o (s). In fact, the osculating developable surface is a cylinder if and only if ¢(s) = 0;
the osculating developable surface is a cone if and only if ¢(s) # 0 and o(s) = 0. We
also show some special geometric properties of the singularities of osculating developable
surfaces from the viewpoint of contact geometry. Moreover, we obtain the dual relationship
between the rulings and the normals of osculating developable surfaces.
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