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Abstract: In many industries, extremely high-performance cooling is a crucial requirement. However,
the fundamental challenge to developing energy-efficient heat transfer fluids required for cooling is
insufficient thermal conductivity. In this case, the utilization of nanofluid is effective to overcome
these challenges. The current study aims to examine the two-dimensional (2D) stretching wall jet heat
transfer fluid flow induced by a water-based alumina nanofluid embedded in a porous medium with
buoyancy force. In addition, irregular heat sink/source and slip effects are assessed. The leading
partial differential equations are changed into ordinary differential equations by incorporating
similarity variables, then these equations are computationally or numerically worked out via the
boundary-value problem of fourth-order (bvp4c) technique. The pertinent factors influencing the
symmetry of the hydrothermal performance including friction factor, velocity, and temperature
profiles, are illustrated using tables and graphs. The symmetrical outcomes reveal that the velocity
declines in the presence of nanoparticles, whereas the temperature uplifts both assisting and opposing
flows. Moreover, the friction factor augments due to porosity while the heat transfer rate declines.

Keywords: nanofluid; wall jet flow; mixed convection flow; porous medium

1. Introduction

Numerous researchers are interested in the study of laminar jet flow due to its many
experimental and prospective usages, such as computer cooling mechanisms, drying of
spray paint on vehicles or structures, cooling jets of turbo machinery parts, the flow of
sluice gate, tampering of metal and plastic sheets, etc. The estimation of the boundary
layer, which is widely employed in practice, can be used to efficiently simplify the issues
with laminar wall jets. The relevant non-similarity (or similarity) findings were found to be
important for predicting their performances.
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It is accredited that Glauert [1] is accepted as being the first to describe the issue with
the wall jet that is produced over a solid stationary wall, and provided a solution. He
claims that the outside momentum flux, a quantity that is infrequently decipherable as a
physical idea, is related to the second similarity restriction. Riley [2] looked at the impact of
mechanical features on a laminar wall jet. Merkin and Needham [3,4], and others, refined
Glauert’s model by taking into account situations when both wall suction or blowing and
wall motion are allowed. They discovered that, in the case of a traveling wall, the identical
enlightenment could only be reached by appropriately exerting lateral suction through
the requisite moveable surface. According to Magyari and Keller [5], the second similarity
limitation put forward by Glauert [1] can be maintained via the relationship between
suction and the movable wall condition. Furthermore, Cohen et al. [6], and Xu et al. [7]
showed that original results are predominantly accessible exterior of Glauert’s model
momentum limitation. It should be noted that the novel results described by Magyari
and Keller [5], and given by Cohen et al. [8] and Xu et al. [9], looked to be mathematically
disappearing outside of the wall. Moreover, the numerical and analytical developments in
the analysis of wall jet flows were considered in several articles [10–12].

Choi [13] invented the term nanofluids (NFs), which are aqueous dispersions of parti-
cles of up to 100 nm in size, distinguished by increasing viscosity and thermal conductivity.
The transport properties of NFs are influenced by the thermophysical properties of nanopar-
ticles and normal fluids. The addition of solid nanoparticles upsurges the normal fluid’s
effective thermal conductivity, which enhances the characteristics of heat transfer (HT). In
an excellent analysis, Manca et al. [14] utilized different approaches and strategies, such
as enhancing the HT surface or the factors that develop HT, and facilitating appreciably
elevated heat transfer rates in a limited volume between the surface and the fluid. Cooling
is an important mechanical concern that appears in numerous industries, including: mi-
croelectronics, manufacturing, transportation, and solid-state lighting. When millimeter-
or micrometer-sized metal oxide or solid metal particles are added to ordinary fluids,
the resulting fluid thermal conductivity rises. Zaidi and Mohyud-Din [15] explored the
analysis of Lorentz forces on the dynamics of wall jets and heat transfer flows via the
approach of phase change material (PCM). Further, the features of heat transfer on wall jet
nanoparticles flow with the influence of Lorentz forces were discovered by Sandeep and
Animasaun [16]. Jafarimoghaddam [17] calculated the analytical outcome for the heat and
mass transfer characteristics of the wall jet flow conveying nanofluid, while the existence of
this nanofluid model was first established by Buongiorno [18]. Mousavi et al. [19] presented
the experimental and theoretical models to present dual solutions of Casson fluid through
a stretchable/shrinkable sheet induced by nanofluid with magnetic effects. They observed
that the magnetic effect accelerates the velocity of the nanofluid. Dinarvand and Nejad [20]
investigated a three-dimensional (3D) flow near an off-centered stagnation point from a
spinning disk stimulated by a hybrid nanofluid. Recently, Khan et al. [21] utilized the heat
transfer flow model in the presence of SAE50-ZnO nano-lubricants, where the influence
of mass transpiration velocity and porous medium (PM) was significant in the presence
of Glauert transformations. It was discovered that the unique numerical solutions for the
existing models had varying distinct influential factors; one of the constraints, such as
nanoparticles volume fraction, amplified the behavior of the temperature, however, the
velocity declined.

The inertial influences and barriers, in terms of PM, which could change flow tendency
or patterns along with heat transmission, are not taken into consideration by the Darcy
law model. It is vital to identify the situations in which these implications are impactful.
Hong et al. [22] claim that the reference of the Brinkman [23] model, which explains
Darcy’s rule, can be additionally utilized in no-slip circumstances. Ishak et al. [24] studied
the time-independent stagnation-point flow induced by a vertical object immersed in a
Darcy–Brinkman porous medium (DBPM) with a uniform wall temperature. Additionally,
the buoyancy, stagnation point, and porous medium impression through a vertical plate
flow were studied by Rosali et al. [25]. They noticed the multiple branch outcomes for
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the phenomena of opposing as well as assisting flows. Pantokratoras [26] scrutinized the
features of forced convection and HT flow over a posited heated plane geometry embedded
in DBPM. The bio-convective nanofluid flow over a heated wedge in the existence of DBPM
was carefully examined by Zaib et al. [27]. Recently, the significant role of the porous
dissipation, slip effects, and frictional heating over a stretchable sheet saturated in the
extended DBPM was investigated by Kausar et al. [28].

Numerous engineering techniques rely on mixed-convection or buoyancy flow. Some
transportation technologies including photovoltaic cells, nuclear reactors, semiconductors,
and boilers, use a combination of free and forced convective movement. When the hydro-
static pressure caused by the thermal gradient between both the solid surface and the free
stream increases and has a substantial impact on the thermal fields in addition to the flow, a
mixed convective flow is necessary. Ramachandran et al. [29] scrutinized the 2D flow across
a vertical surface approaching a boundary layer under mixed convection while accounting
for fluctuations in variable surface heat flux and arbitrarily high wall temperature. Multiple
outcomes were found in that specific zone of flow for a particular range of buoyancy
parameters, and they showed that an area of down flow was generated in the domain of
oppositional flow. Devi et al. [30] comprehend their work in the case of time-dependent
flow, where the unsteady velocity of the free stream magnifies the imbalance in the flow
and temperature. Ishak et al. [31] examined the mixed convection-induced stagnation
point flow and heat transfer over a permeable plate. In contrast to the frequently reported
solutions for the opposing flow, it was shown that two different solutions occurred for the
buoyant aiding flow.

Following the outcome of an intensive review of the literature, it is paramount to
update the body of knowledge with not only the effects of rising velocity slip on the wall
jet flow of water conveying alumina nanoparticles subject to irregular heat sink/source
through porous medium, but also to establish a comparative analysis between the assisting
and opposing nature of buoyancy forces. In addition, the similarity solutions of the
boundary layer equation will be sought; according to which, the forms of the velocity
distribution across the jet and the heat transfer coefficient associated with variable hot fluid
at the surface of the plate are assumed. Numerical solutions were constructed for the case
of assisting and opposing flows for the given models in the form of several graphs and
tables showing the impact of distinct influential parameters. To the best of our knowledge,
this problem has never been addressed or considered before, and the findings are new
and novel.

2. Mathematical Background of the Problem

Consider the phenomenon of the wall jet flow configuration model, which is shown
schematically in Figure 1. The existing physical model is a 2D laminar mixed convective
wall jet flow and heat transfer stimulated by nanofluid through a stretching and slippery
surface, with the inspiration of irregular heat sink/source and Darcy–Brinkman porous
medium. The assumption is that the synchronized x− and y− axes are represented in
the posited direction of the wall and orthogonal to the geometry of the sheet, respectively.
The velocity of the surface of the wall jet is taken to be the sum of the stretching velocity
plus slippery velocity, and mathematically defined as u(x, 0) = 4√

x B + uslip, where B is the
stretching rate factor. In addition, the non-linear variable wall and far-field temperatures
are denoted by Tw(x) and T∞, respectively. Moreover, QAAA denotes the non-uniform heat
source/sink term, which is taken in the energy equation and later it is explained in detail.
These presumptions enable the following leading equations (see Refs. [1,10]) to be obtained:

∂u
∂x

+
∂v
∂y

= 0, (1)

u
∂u
∂x

+ v
∂u
∂y

= εa
2 µe f f

ρn f

∂2u
∂y2 − εa

2 µn f

ρn f K(x)
u +

g(ρβ)n f

ρn f
(T − T∞) (2)
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(
ρcp
)

n f

(
u

∂T
∂x

+ v
∂T
∂y

)
= kn f

∂2T
∂y2 + QAAA (3)

subject to the boundary conditions (BCs)

u = 4√
x B + γ1(x)µn f

∂u
∂y , v = 0, T = Tw(x) = T∞ + T0x−2, at y = 0,

u→ 0, T → T∞ as y→ ∞.

}
(4)
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Figure 1. The physical configuration of the wall jet flow embedded nanofluid.

In the above equations, v and u are the respective velocity components in the requisite
directions of y- and x- axes while T is called the nanofluid temperature. Further, γ1(x)
represents the slip velocity, which is mathematically defined as Ax3/4, where A is the
positive arbitrary constant. Further, K(x) and εa signify the permeability coefficient of the
PM and the porosity parameter, respectively. Likewise, the last term QAAA in Equation (3)
illustrates the significance of an erratic or non-uniform heat sink/source as demonstrated
in [32]:

QAAA =
kn f ur(x)

xvn f
(Tw − T∞)

[
A∗a e−ξ + B∗a G(ξ)

]
, (5)

where the locus point velocity is denoted by ur(x) = 4√
x (see Refs. [33,34]). Meanwhile, the

heat source/sink, similar to the temperature-dependent and the corresponding exponential
decay space coefficients, are represented by the respective arbitrary constants A∗a and B∗a .
As a result, the phenomena of a heat source correlate to the positive value of A∗a and B∗a ,
whereas the behavior of a heat sink correlates to the negative value of A∗a and B∗a .

In the aforementioned equations, the rest of the symbols represent the thermophysical
properties of the posited nanofluid (NF). Other symbols include the thermal expansion
coefficient (ρβ)n f , viscosity µn f , thermal conductivity kn f , density ρn f , and heat capacity(
ρcp
)

n f . The correlation of the NF model is given by:

µn f

µ f
=

1

(1− ϕ)2.5 ,
ρn f

ρ f
= ϕ

(
ρsnp

ρ f

)
+ (1− ϕ), (6)
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(ρβ)n f

(ρβ) f
= ϕ

(
(ρβ)snp

(ρβ) f

)
+ (1− ϕ). (7)

kn f

k f
=

ksnp + 2k f − 2ϕ
(

k f − ksnp

)
ksnp + 2k f + ϕ

(
k f − ksnp

) , (8)

(
ρcp
)

n f(
ρcp
)

f
= ϕ

((
ρcp
)

snp(
ρcp
)

f

)
+ (1− ϕ). (9)

The above leading equations illustrate the physical features of the water-based alumina
nanofluid, where ϕ illustrates the volume fraction of nanoparticles. Additionally, f and
snp are the subscript used for regular water fluid and the nanoparticles. Table 1 contains
the data of the base working fluid and alumina nanomaterials.

Table 1. The thermo-physical data of the (water/alumina) nanofluid [35].

Properties cp (J kgK) ρ (kg/m3) k (W/mk) β×10 − 5 (1/K) Pr

Water 4179 997.1 0.613 21 6.2
Alumina 765 3970 40 0.85 —

2.1. Similarity Procedure

Here, we include the similarity transformation procedure according to Glauert [1] in
order to analyze the given wall jet flow model under consideration:

ξ =
(

α2
f x3
)−1/4

y, ψ =
(

α2
f x
)1/4

F(ξ), G(ξ) =
T − T∞

Tw − T∞
, (10)

where the stream function is represented by ψ. Further, in components form it is indicated
by (u, v) = (∂ψ/∂y,−∂ψ/∂x). Therefore, the consequent components of velocity in the
simple closed form may be written as:

u =
4√
x

F′(ξ), v = −√α f x−3/4(F(ξ)− 3ξF′(ξ)
)

(11)

2.2. Momentum Similarity Equation

In this portion, it is crucial to exercise Equations (10) and (11) in the leading governing
Equations (1) and (2). However, Equation (1) is identically satisfied while Equation (2) is
transformed to the following reduced form:

εb
ρn f /ρ f

F′′′ + FF′′ + 2F′2 −
µn f /µ f

ρn f /ρ f
KaF′ +

(ρβ)n f /(ρβ) f

ρn f /ρ f
λG = 0 (12)

where εb =
υe f f εa

2

α f
, Ka =

υ f εa
2

K0
, and λ =

gβ f T0
4 = Grx/Rex

2 represent the modified poros-
ity, the non-dimensional permeability, and the mixed convection parameter, respectively.
Additionally, the local Grashof number and the local Reynolds number are expressed by

Grx =
gβ f (Tw−T∞)43x3

42υ2
f

and Rex = ur x
υ f

, respectively.

2.3. Energy Similarity Equation

To adjust the structure of Equation (3) to a more straightforward form, Equation (5) is
substituted into Equation (3), to obtain the energy equation in the following simplified form:

u
∂T
∂x

+ v
∂T
∂y

=
kn f(

ρcp
)

n f

∂2T
∂y2 +

kn f ur(x)ρn f

xµn f
(
ρcp
)

n f

[
A∗a(Tw − T∞)e−ξ + B∗a (T − T∞)

]
(13)
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Additionally, we replace each term in the Equation (13) by using the well-known
similarity variables (10). Thus, the following dimensionless form of equation is obtained:

kn f

k f
G′′ +

(
ρcp
)

n f(
ρcp
)

f

(
8GF′ + FG′

)
+

4
Pr

(
kn f /k f

)(
ρn f /ρ f

)
µn f /µ f

(
A∗a e−ξ + B∗a G

)
= 0, (14)

where Pr =
υ f
α f

is called the Prandtl number.

2.4. Reduced Boundary Conditions (BCs)

Equation (4) is transformed by utilizing Equation (10) to the following dimensionless form:{
F′(0) = B +

µn f
µ f

ΣaF′′ (0), F(0) = 0, G(0) = 1, at ξ = 0,

F′(ξ)→ 0, G(ξ)→ 0, as ξ → ∞,
(15)

where Σa =
Aµ f√

α f
represents the velocity slip parameter and B is called the stretching

parameter whose default value is fixed to be 0.01 throughout the simulations.

2.5. Engineering Quantities

This work contains two important engineering quantities: the skin friction coefficient(
C f
)
, and the local Nusselt number (Nux), which are expressed as:

C f =
1

ρ f u2
r

(
µn f

∂u
∂y

∣∣∣∣
y=0

)
, and Nux =

kn f /k f

(Tw − T∞)

(
−x

∂T
∂y

∣∣∣∣
y=0

)
(16)

Now exercising Equation (10) into Equation (16), one obtains

2

√
Rex

Pr
C f =

µn f

µ f
F′′ (0) and

2Nux√
Pex

= −
kn f

k f
G′(0) (17)

where Pr =
υ f
α f

,Pex = ur x
α f

, and Rex = ur x
υ f

, indicate the Prandtl number, the Peclet number,
and the Reynolds number, respectively.

3. Results and Discussion

This paper considers the scenario of slip effects on the dynamics of stretching wall
jet and heat transfer flows through a porous medium subject to a non-uniform heat
sink/source. The analysis of this problem is analyzed to observe the phenomena of assisting
and opposing flows. The numerical scheme exercised here is bvp4c which is available in the
MATLAB software. It operates the three-stage Lobatto formula to compute and illustrate
the numerical results, which are then presented in the forms of tables and graphs. In this
technique, a new set of variables are introduced to transform the higher-order ODEs into
first-order ones. The numerical solutions for the influential control parameters, i.e., the
nanoparticle volume fractions ϕ, the porosity parameter εb, the buoyancy parameter λ, the
dimensionless permeability porous medium parameter Ka, the velocity slip parameter Σa,
and the irregular heat source/sink parameter A∗a , B∗a , are computed for the wall jet flow,
heat transfer, friction factor, and temperature profiles. Note that for computation purposes,
the following fixed or default values are used Ka = 0.05, Σa = 0.50, A∗a = 0.10, B∗a = 0.10,
εb = 0.70, and ϕ = 0.025. Additionally, Table 1 presents the data of the physical properties
of the base water fluid and the nanomaterials while the comparison of the friction factor
for the limiting cases is shown in Table 2. In this comparison table, the current results
are matched with the available values of the friction factor for the normal fluid with the
results of Glauert [1] and Wiani et al. [35]. The outcomes are comparable with the available
work, which gives us confidence that the present method is applicable for finding the new
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results. The impressions of the various factors on the dynamics of jet flow, temperature,
friction factor, and heat transport phenomena are depicted graphically in Figures 2–15, and
quantitatively in Tables 3 and 4. In addition, the analysis of the whole paper is completed
to determine the circumstance of assisting flow (ASF) as well as the opposing flow (OPF).
In all graphs, solid black is used for the ASF and red is used for the OPF, and can be
easily differentiated.

Table 2. Shear stress values are compared with available reported works for several values of ϕ when
Σa = 0.0, εb = 1.0, λ = 0.0, A∗a = B∗a = 0.0, Ka = 0.0 and B = 0.0.

ϕ Glauert [1] Waini et al. [35] Present

0.000 2/9 ≈ 0.2222 0.2222 0.2222
0.025 - - 0.4006
0.028 - - 0.59401
0.031 0.71393
0.034 - - 0.87302
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Table 3. Friction factor numerical values for the several influential parameters.

ϕ Ka εb Σa
Friction Factor

0.003 −0.003

0.025 0.050 0.70 0.40 0.7932338189 0.6242576091
0.030 - - - 0.8007564604 0.6318354940
0.035 - - - 0.8087430070 0.6392456091
0.025 0.050 0.70 0.40 0.7932338189 0.6242576091

- 0.060 - - 0.9128620017 0.7721701525
- 0.070 - - 1.0149934900 0.8938132833

0.025 0.050 0.70 0.40 0.7932338189 0.6242576091
- - 0.75 - 0.8210591513 0.6518865063
- - 0.80 - 0.8346447633 0.6597975267

0.025 0.050 0.70 0.40 0.7932338189 0.6242576091
- - - 0.50 0.5888994647 0.4347352368
- - - 0.60 0.4556107366 0.3117279003

Table 4. Heat transfer numerical values for the two influential parameters.

ϕ A*
a,B*

a
Heat Transfer

0.003 −0.003

0.025 0.05 −0.7557537084 −0.9303200468

0.030 - −0.6358841159 −0.8093478976

0.035 - −0.5239899765 −0.6990133988

0.025 0.05 −0.7557537084 −0.9303200468

- 0.10 −0.9587543760 −1.2569368340

- 0.15 −1.2013738070 −1.7892556200

0.025 −0.05 −0.4291625318 −0.4968754566

- −0.10 −0.2934822708 −0.3352141018

- −0.15 −0.1710612547 −0.1951264997

3.1. Analysis of the Tables

Tables 3 and 4 elucidate the numerical output of the friction factor and heat transfer
for the assisting flow (ASF; 0.003) as well as the opposing flow (OPF; −0.003) with varying
values of the distinct parameters, respectively. The outcome divulges that the friction
factor escalates for ASF and OPF with increasing values of ϕ,Ka, and εb while it reduces
with greater impact of Σa. In addition, the friction factor is larger for the case of ASF as
compared to the case of OPF. The computational quantitative data of the HT for both ASF
and OPF cases are presented in Table 4 with deviation in the impact of ϕ and the internal
heat source/sink factor. It is noted from the results that the HT augments with ϕ and heat
sink factor (A∗a , B∗a < 0) while it reduces with the heat source factor (A∗a , B∗a > 0) for both
ASF and OPF. The heat transfer is smaller for the case of ASF as compared to the case of
OPF. In other words, the heat transfer rate is escalating for both cases owing to the impact
of superior values of the heat source factor, whereas the heat transfer declines due to the
heat sink factor.

3.2. Interpretation of the Velocity Profiles

The velocity profile F′(ξ) for different values of ϕ, εb, Ka and Σa in the existence of the
water-based alumina nanoparticles are depicted in Figures 2–5. It is evident from these
graphs that the dimensionless velocity decelerates for the diverse values of ϕ, εb, and Ka.
Generally, a higher impact of nanoparticles makes the fluid flow phenomenon more viscous,
therefore, the motion of the wall jet flow (MWJF) and MBLT shrink, as shown graphically
in Figure 2. The graphical behavior of Figure 3 illustrates that the higher values of the
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porosity parameter are directly following the relation with viscosity. Increasing the porosity
results in the viscosity upsurges, and in response, the motion of the wall jet flow falls for
both assisting and opposing flows. However, in the specific range of 0 ≤ ξ < 2, the velocity
declines and then monotonically upsurges due to the larger values of Σa. In addition, the
velocity is approximately 1.125 higher in the vertical direction and lower by approximately
0.534 for the larger impacts of dimensionless permeability and velocity slip parameters,
respectively, as shown in Figures 4 and 5. Physically, this behavior occurs because of the
stretched surface that may carry the liquid particles, which causes a decrease in the MWJF
as the velocity slip factor increases. When the slip effect exists, the stream motion of the
fluid near the surface is no longer equal to the speed at which the surface is stretched. Due
to the limited ability of the stretching surface to communicate with the liquid under slip
conditions, the fluid motion decreases, and slip velocity rises as the slip impact enhances.

3.3. Interpretation of the Temperature Profiles

The impact of parameters ϕ, εb, Ka, Σa, A∗a , B∗a > 0, and A∗a , B∗a < 0 on the temperature
profile for ASF and OPF cases in the existence of water-based alumina nanoparticles are
graphically exhibited in Figures 6–11, respectively. Figure 6 shows that the curves of
temperature and the thermal boundary layer thickness (TBLT) initially behave distinctly
for the higher values of ϕ and then the pattern of curves continues to increase as we
move forward in the horizontal direction. The behavior of the temperature distribution
is demonstrated by the inset zoom window, which shows clearly visible outcome gaps.
Moreover, the TBLT is initially higher in the phenomenon of OPF and later, it increases
in the case of the ASF. Physically, the improvement in the nanoparticles volume fractions
leads to advancing the thermal conductivity. As a response, the behavior of the TBLT
and the dimensionless temperature upsurge. The temperature profile initially upsurges
in the approximate range 0 ≤ ξ < 1.6, and then declines abruptly for the rest of the
domain for both cases owing to the higher porosity parameter as shown in Figure 7, while
the reverse pattern is observed for the superior values of Ka (see Figure 8). From the
mathematical expression, it is seen that the porosity parameter is inversely related to the
thermal diffusivity. Thermal diffusivity is equal to the ratio of thermal conductivity to
specific heat capacitance. Physically, the increase of the porosity parameter leads to a
decline in thermal diffusivity. The amount of thermal conductivity is affected by this
decrease in thermal diffusivity. Hence, the TBLT and the temperature profile decelerate.

Figures 9 and 10 illustrate that the profile of temperature initially boosts up, and then
smoothly falls with the larger impression of the slip parameter, as well as the internal heat
source factor, respectively. From both plots, it is induced that profiles are better for OPF
in the range of 0 ≤ ξ < 2.25, and then changes to the ASF phenomenon for the rest of the
domain along the horizontal direction. Generally, the existence of the heat source factor
absorbs more heat in the form of energy due to the pertinent surface of the wall jet, which
ultimately rises the temperature. The temperature declines and then increases for the rest
of the domain with the greater impressions of the heat sink factor as shown in Figure 11.
Here, the TBLT and temperature decelerates due to less energy being absorbed in the form
of heat, due to the existence of the heat sink factor. In addition, the outcome for the case of
assisting flow is better than that of the opposing flow.

3.4. Interpretation of the Gradient

Figures 12 and 13 portray the drag force and the rate of heat transport in the existence
of the water-based alumina nanoparticles for different values of porosity parameter εb
for the ASF and OPF cases, respectively. Both figures are presented against the solid
nanoparticles volume fractions. The friction factor enriches the case of ASF as well as
OPF due to the higher impacts of εb, while heat transfer decelerates. Generally, it is seen
that the thermal diffusivity of the nanoparticles slows down with the higher porosity
parameter, whereas the effective viscosity increases. Firstly, higher viscosity means that
the fluid nanoparticles stick on the surface of the wall, due to which the flow of the liquid
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stops near the surface. The flow of the posited liquid and friction factor holds the inverse
proportional law. Hence, the friction factor upsurges. Secondly, the lowering of thermal
diffusivity creates less thermal conductivity, which provides negligible improvement to
thermal transport. Thus, the rate of heat transfer decelerates. The impressions of the
dimensionless permeability parameter on the friction factor and heat transfer for ASF
and OPF against the solid nanoparticle volume fractions are graphically presented in the
respective Figures 14 and 15. Likewise, the behavior of the friction factor upheavals in both
cases for the higher values of Ka, however, the rate of heat transport loses speed in the case
of assisting flow. Meanwhile, the heat transfer behaves differently for the case of opposing
flow as we improve the effects of the permeability parameter. In addition, the outcomes of
both gradients are higher and better for the case of assisting flow as compared to the case
of opposing flow.

4. Conclusions

The goal of this paper was to study the mixed convective and slip effects on the
dynamics of wall jet flow and heat transfer, through an extended Darcy–Brinkman porous
medium conveying water-based alumina nanoparticles, while experiencing the substantial
impacts of non-uniform heat sink/source. The leading equations were converted to ODEs
using the Glauert variables, which were fundamentally worked out numerically using the
effective bvp4c scheme. The significant findings of this investigation are as follows:

• The outcomes of the given problem are numerically solved, and graphically demon-
strated for ASF and OPF cases.

• For mounting values of the solid nanoparticles volume fractions, the fluid velocity
reduces, but the temperature upsurges.

• The fluid velocity decelerates with the enlightening value of the porosity parameter
and the dimensionless permeability parameter, while initially it declines, and then
enriches because of the impacts of the velocity slip parameter.

• Enhancing the heat sink factor reduces the fluid temperature; however, it raises due to
the heat source factor.

• The consequences of the temperature are initially upsurging and then decreasing due
to the superior effects of porosity constraint, while the reverse pattern is detected for
the impacts of the dimensionless permeability parameter.

• The friction factor coefficient is boosted due to the variation of the porosity parameter;
however, the heat transport phenomenon decelerates.

• Owing to the sophisticated impacts of the dimensionless permeability porous medium
parameter, the heat transfer reduces while the friction factor elevates.

Author Contributions: Conceptualization, S.E. and U.K.; methodology, S.E. and U.K.; software,
M.W., S.E., Z.R. and U.K.; validation, A.I., S.E., A.Z., U.K. and S.M.E.; formal analysis, A.Z., I.W.,
S.E., Z.R. and S.M.E.; investigation, U.K., I.W., Z.R. and S.M.E.; resources, I.W.; data curation, M.W.,
Z.R.; writing—original draft preparation, M.W., A.I., A.Z., U.K., I.W. and S.M.E.; writing—review
and editing, A.I., A.Z., Z.R., I.W. and S.M.E.; visualization, Z.R. and S.E.; supervision, A.I.; project
administration, Z.R.; funding acquisition, Z.R. and S.M.E. All authors have read and agreed to the
published version of the manuscript.

Funding: The author expresses their appreciation to the Princess Nourah bint Abdulrahman Univer-
sity Researchers Supporting Project number (PNURSP2022R163), Princess Nourah bint Abdulrahman
University, Riyadh, Saudi Arabia. Also, this work was funded by the King Khalid University through
a grant KKU/RCAMS/22 under the Research Center for Advance Materials (RCAMS) at King Khalid
University, Saudi Arabia.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.



Symmetry 2022, 14, 2212 17 of 18

Acknowledgments: The authors are thankful for the support of Princess Nourah bint Abdulrahman
University Researchers Supporting Project number (PNURSP2022R163), Princess Nourah bint Ab-
dulrahman University, Riyadh, Saudi Arabia. Also, this work was supported by the King Khalid
University through a grant KKU/RCAMS/22 under the Research Center for Advance Materials
(RCAMS) at King Khalid University, Saudi Arabia.

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Glauert, M.B. The wall jets. J. Fluid Mech. 1956, 1, 625–643. [CrossRef]
2. Riley, N. Effects of compressibility on a laminar wall jet. J. Fluid Mech. 1958, 4, 615–628. [CrossRef]
3. Merkin, J.H.; Needham, D.J. A note on the wall-jet problem. J. Eng. Math. 1986, 20, 21–26. [CrossRef]
4. Merkin, J.H.; Needham, D.J. A note on the wall-jet problem II. J. Eng. Math. 1987, 21, 17–22.
5. Magyari, E.; Keller, B. The wall jet as a limiting case of a boundary layer flow induced by a permeable stretching surface. Z. Für

Angew. Math. Phys. 2001, 52, 696–703. [CrossRef]
6. Magyari, E.; Keller, B. The algebraically decaying wall jet. Eur. J. Mech. 2004, 23, 601–605. [CrossRef]
7. Cohen, J.; Amitay, M.; Bayly, B.J. Laminar-turbulent transition of wall jet flows subjected to blowing and suction. Phys. Fluids

1992, 4, 283–289. [CrossRef]
8. Xu, H.; Liao, S.-J.; Wu, G.-X. A family of new solutions on the wall jet. Eur. J. Mech. B/Fluids 2008, 27, 322–334. [CrossRef]
9. Selimefendigil, F.; Öztop, H.F. Pulsating nanofluids jet impingement cooling of a heated horizontal surface. Int. J. Heat Mass

Transf. 2014, 69, 54–65. [CrossRef]
10. Turkyilmazoglu, M. Flow of nanofluid plane wall jet and heat transfer. Eur. J. Mech. B/Fluids 2016, 59, 18–24. [CrossRef]
11. Zaidi, S.Z.A.; Mohyud-Din, S.T. Analysis of wall jet flow for soret, Dufour and chemical reaction effects in the presence of MHD

with uniform suction/injection. Appl. Therm. Eng. 2016, 103, 971–979. [CrossRef]
12. Jafarimoghaddam, A. Wall jet flows of Glauert type: Heat transfer characteristics and the thermal instabilities in analytic closed

forms. Eur. J. Mech. 2018, 71, 77–91. [CrossRef]
13. Choi, S.U.S. Enhancing thermal conductivity of fluids with nanoparticles. In Proceedings of the 1995 ASME International

Mechanical Engineering Congress and Exposition, FED 231/MD, San Francisco, CA, USA, 12–17 November 1995; Volume 66, pp.
99–105.

14. Manca, O.; Jaluria, Y.; Poulikakos, D. Heat transfer in nanofluids. Adv. Mech. Eng. 2010, 2010, 380826. [CrossRef]
15. Zaidi, A.S.Z.; Mohyud-Din, S.T. Convective heat transfer and MHD effects on two dimensional wall jet flow of a nanofluid with

passive control model. Aerosp. Sci. Technol. 2016, 49, 225–230. [CrossRef]
16. Sandeep, N.; Animasaun, I.L. Heat transfer in wall jet flow of magnetic nanofluids with variable magnetic field. Alex. Eng. J. 2017,

56, 263–269. [CrossRef]
17. Jafarimoghaddam, A. Closed form analytic solutions to heat and mass transfer characteristic of wall jet flow of nanofluids. Therm.

Sci. Eng. Prog. 2017, 4, 175–184. [CrossRef]
18. Buongiorno, J. Convective transport in nanofluids. J. Heat Transf. 2006, 128, 240–250. [CrossRef]
19. Mousavi, S.M.; Rostami, M.N.; Yousefi, M.; Dinarvand, S.; Pop, I.; Sheremet, M.A. Dual solutions for Casson hybrid nanofluid

flow due to a stretching/shrinking sheet: A new combination of theoretical and experimental models. Chin. J. Phys. 2021, 71,
574–588. [CrossRef]

20. Dinarvand, S.; Nejad, A.M. Off-centered stagnation point flow of an experimental-based hybrid nanofluid impinging to a spinning
disk with low to high non-alignments. Int. J. Num. Meth. Heat Fluid Flow 2021, 32, 2799–2818. [CrossRef]

21. Khan, U.; Zaib, A.; Ishak, A.; Waini, I.; Sherif, E.S.M.; Pop, I. Analysis of Jet Wall Flow and Heat Transfer Conveying ZnO-SAE50
Nano Lubricants Saturated in Darcy-Brinkman Porous Medium. Mathematics 2022, 10, 3201. [CrossRef]

22. Hong, J.T.; Yamada, Y.; Tien, C.L. Effects of non-Darcian and non-uniform porosity on vertical plate natural convection in porous
media. ASME J. Heat Transf. 1987, 109, 356–362. [CrossRef]

23. Brinkman, H.C. On the permeability of media consisting of closely packed porous particles. Appl. Sci. Res. 1947, 1, 81–86.
[CrossRef]

24. Ishak, A.; Nazar, R.; Pop, I. Dual solutions in mixed convection flow near a stagnation point on a vertical surface in a porous
medium. Int. J. Heat Mass Transf. 2008, 51, 1150–1155. [CrossRef]

25. Rosali, H.; Ishak, A.; Pop, I. Mixed convection stagnation-point flow over a vertical plate with prescribed heat flux embedded in a
porous medium: Brinkman-Extended Darcy formulation. Transp. Porous Media 2011, 90, 709–719. [CrossRef]

26. Pantokratoras, A. Forced convection in a Darcy–Brinkman porous medium with a convective thermal boundary condition. J.
Porous Media 2015, 18, 873–878. [CrossRef]

27. Zaib, A.; Rashidi, M.M.; Chamkha, A.J. Flow of nanofluid containing gyrotatic microroganisms over static wedge in Darcy-
Brinkmann porous medium with convective boundary condition. J. Porous Media 2018, 21, 911–928. [CrossRef]

28. Kausar, M.S.; Hassanan, A.; Mamat, M.; Ahmad, B. Boundary layer flow through Darcy–Brinkman porous medium in the
presence of slip effects and porous dissipation. Symmetry 2019, 11, 659. [CrossRef]

http://doi.org/10.1017/S002211205600041X
http://doi.org/10.1017/S0022112058000707
http://doi.org/10.1007/BF00039320
http://doi.org/10.1007/s00033-001-8136-1
http://doi.org/10.1016/j.euromechflu.2003.10.003
http://doi.org/10.1063/1.858304
http://doi.org/10.1016/j.euromechflu.2007.07.002
http://doi.org/10.1016/j.ijheatmasstransfer.2013.10.010
http://doi.org/10.1016/j.euromechflu.2016.04.007
http://doi.org/10.1016/j.applthermaleng.2016.03.086
http://doi.org/10.1016/j.euromechflu.2018.04.002
http://doi.org/10.1155/2010/380826
http://doi.org/10.1016/j.ast.2015.12.008
http://doi.org/10.1016/j.aej.2016.12.019
http://doi.org/10.1016/j.tsep.2017.09.006
http://doi.org/10.1115/1.2150834
http://doi.org/10.1016/j.cjph.2021.04.004
http://doi.org/10.1108/HFF-09-2021-0637
http://doi.org/10.3390/math10173201
http://doi.org/10.1115/1.3248088
http://doi.org/10.1007/BF02120318
http://doi.org/10.1016/j.ijheatmasstransfer.2007.04.029
http://doi.org/10.1007/s11242-011-9809-7
http://doi.org/10.1615/JPorMedia.v18.i9.40
http://doi.org/10.1615/JPorMedia.2018019967
http://doi.org/10.3390/sym11050659


Symmetry 2022, 14, 2212 18 of 18

29. Ramachandran, N.; Chen, T.S.; Armaly, B.F. Mixed convection in stagnation flows adjacent to vertical surfaces. ASME J. Heat
Transf. 1988, 110, 373–377. [CrossRef]

30. Devi, C.D.; Takhar, H.S.; Nath, G. Unsteady mixed convection flow in stagnation region adjacent to a vertical surface. Heat Mass
Transf. 1991, 26, 71–79. [CrossRef]

31. Ishak, A.; Nazar, R.; Arifin, N.M.; Pop, I. Dual solutions in mixed convection flow near a stagnation point on a vertical porous
plate. Int. J. Thermal Sci. 2008, 47, 417–422. [CrossRef]

32. Khan, U.; Zaib, A.; Ishak, A.; El-Sayed Sherif, M.; Waini, I.; Chu, Y.-M.; Pop, I. Radiative mixed convective flow induced by
hybrid nanofluid over a porous vertical cylinder in a porous media with irregular heat sink/source. Case Studies Therm. Eng.
2022, 30, 101711. [CrossRef]

33. Raees, A.; Hang, X.; Raees-ul-Haq, M. Explicit solutions of wall jet flow subject to a convective boundary condition. Boundary
Value Prob. 2014, 2014, 163. [CrossRef]

34. Waini, I.; Ishak, A.; Pop, I. MHD Glauert flow of a hybrid nanofluid with heat transfer. J. Advan. Res. Fluid Mech. Thermal Sci.
2021, 86, 91–100. [CrossRef]

35. Fallah, B.; Dinarvand, S.; Yazdi, M.E.; Rostami, M.N.; Pop, I. MHD flow and heat transfer of SiC-TiO2/DO hybrid nanofluid due
to a permeable spinning disk by a novel algorithm. J. Appl. Comput. Mech. 2019, 5, 976–988.

http://doi.org/10.1115/1.3250494
http://doi.org/10.1007/BF01590239
http://doi.org/10.1016/j.ijthermalsci.2007.03.005
http://doi.org/10.1016/j.csite.2021.101711
http://doi.org/10.1186/1687-2770-2014-163
http://doi.org/10.37934/arfmts.86.2.91100

	Introduction 
	Mathematical Background of the Problem 
	Similarity Procedure 
	Momentum Similarity Equation 
	Energy Similarity Equation 
	Reduced Boundary Conditions (BCs) 
	Engineering Quantities 

	Results and Discussion 
	Analysis of the Tables 
	Interpretation of the Velocity Profiles 
	Interpretation of the Temperature Profiles 
	Interpretation of the Gradient 

	Conclusions 
	References

