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1. Introduction

Pursuant upon the reporting of the famous Contraction Mapping Theorem (CMT)
by S.Banach [1] in 1922, the study of the existence and uniqueness of fixed points and
common fixed points in metric and metric-like spaces and their applications has become a
subject of great interest. In 1979, Itoh [2] presented the application of fixed point results
to differential equations in Banach spaces. Many authors proved the Banach contraction
principle in various generalized metric spaces. In the sequel, the notion of rectangular
metric space was introduced by Branciari [3] in 2000. He replaced the right-hand side of the
triangular inequality of the metric space with a three-term expression and established an
analogous proof of the CMT. Since then, many fixed point theorems for various contractions
on rectangular metric spaces have appeared in the literature [4-10].

In 1965, Zadeh [11] introduced the concept of fuzzy sets, which has varied applications in
logical semantics. The concept of the continuous t-norm was introduced by Schweizer et al. [12].
Kramosil and Michlek [13] were the first to introduce the notion of fuzzy metric space,
using continuous t-norms as an analog to metric spaces, and analyzed the notions with the
probabilistic/statistical extension of metric spaces. The concept of fuzzy sets and fuzzy
metric space has varied applications in applied sciences, such as fixed point theorems,
signal and image processing including medical imaging, decision making, etc. Garbiec [14]
reported the fuzzy extension of the Banach contraction mapping theorem. Since then, many
fixed point results have been reported by researchers using different types of contractive
conditions in the setting of fuzzy metric space, dislocated fuzzy metric space, intuitionistic
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fuzzy metric space, etc.; see [15-29]. More recently, Ali et al. [30] have presented some
applications of the best proximity points of non-self maps in the setting of non-Archimedian
fuzzy metric spaces.

In the recent past, many researchers have reported fixed point results in the setting
of fuzzy metric spaces and the like. For instance, in 2018, Mlaiki [31] presented fixed
point results by defining the concept of controlled metric spaces. Konwar [32], in 2020,
defined intutionistic fuzzy b-metric space and established fixed point results under various
contractive conditions. Saif Ur Rehman et al. [33] proved some & — ¢ fuzzy cone contraction
results with integral-type application.

In the sequel, the concept of neutrosophic metric spaces was introduced by Kirisci
and Simsek and various fixed point results were established by them in the setting of these
spaces [34-36]. Subsequently, Sowndrarajan et al. [37] reported several fixed point results
in neutrosophic metric spaces. Sezen [38] presented the concept of controlled fuzzy metric
spaces and derived various fixed point results. The concept of fuzzy double-controlled
metric space was given by Saleem et al. [39] in 2021. More recently, Uddin et al. [40]
established the fixed point theorem on neutrosophic double-controlled metric space and
presented an application to the derived result thereon.

Inspired by the above, in the present work, we define the notion of neutrosophic
rectangular triple-controlled metric space and establish fixed point theorems. Accordingly,
we have organized the rest of the manuscript as follows. Some preliminaries and a mono-
graph are presented in Section 2. In Section 3, we define the neutrosophic metric space
and define the Cauchy sequence and its convergence and establish fixed point results.
We support the derived results with non-trivial examples. In Section 4, we establish the
existence of a unique analytical solution to the Fredholm integral equation. We have also
supplemented the derived results by finding the closed form of the unique solution to the
intergral equation.

2. Preliminaries

A quick review of the following definitions and monograph will be useful in the sequel.

Definition 1 ([19]). A binary operation %: [0,1] x [0,1] — [0,1] is called a continuous triangle
norm if:

(1) pxo=0cx*p,(¥V)p,0el0,1];

(2)  xis continuous;

3) pxl=g, (V)pel01];

4)  (pxo)xk=px*(c*xk), forall p,o,x € [0,1];

(5)  Ifp <xando <v,with p,o,«,v € [0,1], then p* 0o < Kk * V.

Definition 2 ([19]). A binary operation <: [0,1] x [0,1] — [0, 1] is called a continuous triangle
co-norm if:

(1) pooc=cop, foralpoel0,1];

(2) < is continuous;

(3) po0=0,forall p € [0,1];

4)  (poo)ox=gpo(cox), foral p,o,x € [0,1];

(5) Ifp <xando <v,with p,o,x,v € [0,1], then poo < xov.

Definition 3 ([2]). Given that B,T: I x § — [1, 4+00) are non-comparable functions, if 9: I X
I — [0, +o0) satisfies the following conditions

(@) 9(0,Q)=0iff0=0Q;

(b))  9(9,Q) =9(Q,9);

(c)  9(8,Q) < p(9,9)a(8,¢) +T(p, Q)a(y, Q),

forall 8, Q,p € . Then, (3, 9) is said to be a double-controlled metric space.
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Definition 4 ([39]). Suppose S # @ and B,T: I x & — [1,+00) are two non-comparable
functions, x is a continuous t-norm and W is a fuzzy set on I x I x (0, +c0). It is said to be a
fuzzy double-controlled metricon 3, for all 9, Q,p € I if

(i) W(d,9Q,0) =0;
(11) W(,Q,¢) =1forall ¢ > 0, ifand only if ¢ = Q;
(iii) W(l‘/’, Q,¢c) =W(Q,%,¢);

(v) W(9,Q,-): (0,400) — [0, 1] is left continuous.
Then, (3, W, £, %) is said to be a fuzzy double-controlled metric space.

Definition 5 ([32]). Take & # @ Let * be a continuous t-norm, ¢ be a continuous t-co-norm,

b > 1and W, E be fuzzy sets on 3 X (0, 400). If (3, W, E,*,0) fullfilsall 9, Q € J and

x6>0,

(D W(,Q9,¢)+E(8,Q,) <1,

(IT) W, Q,c) >0;

iy W, Q¢)=1<0=09;

(v)  W(®,Q,c) =W(Q,9c)

V) W(0,9,b(c+x)) = W(8,Q,6) x W(Q,¥,x);

(VD) W(9, Q,-) is a non-decreasing function of R* and lim¢_ 1o W(9,Q,¢) = 1;

vi)  £(9,9,¢6) >0;

(VIID  £(8,Q,¢) =0 8 = Q;

(IX)  £(8,Q,6) =&E(2,9,¢);

(X) &0, ,b(c+x)) <EB,FQ )0 E(Q, 9 x);

(XI)  &(9,Q,-) is a non-increasing function of R* and lim;_, 1. £(8, Q,¢) = 0.
Then, (3, W, £, %, ) is an intuitionistic fuzzy b-metric space.

Definition 6 ([36]). Let & # @, be a continuous t-norm, < be a continuous t-co-norm, and
W, E,Y are neutrosophic sets on S x I x (0, +00). It is said to be a neutosophic metric on 3, if,
forall 9, Q, ¢ € S, the following conditions are satisfied:

(1) W(,9,0)+E(8,9,6)+Y(8,9,¢) <3

2) W(,9,) >0

(30 W(9,9,6) =1forallg > 0, ifand only if 0 = O;

4 W, Q) =W(Q0cg)

B) W@, ¢p,c+x) 2 WI(8,Q,6)*W(Q,¢,x);

6)  W(9,Q,-): (0,400) — [0,1] is continuous and lim¢_, 1o W(9, Q,¢) =1,
7) £, Qc¢)<1;

(8) &(8,Q,6) =0forall¢ >0, ifand only if ¢ = Q

9 £(8,Q¢) =E&(Q,9,0);

(10)  E€(0, 9,6+ x) < E(9,Q,6)0E(Q, ¢, x);

(11)  £(9,Q,-): (0,400) — [0,1] is continuous and lim¢_, 400 £(9, Q,6) = 0;
(12) Y(9,Q,0) < 1;

(13) Y(8,Q,gc) =0forall¢ >0, ifand only if 0 = Q;

(14) Y(8, Q) =Y(Q9,¢)

(15) Y(9,9,6+x) <Y(8,Q,6) o Y(Q ¥, x);

(16) Y(8,Q,-): (0,400) — [0,1] is continuous and lime_, 1o Y (9, Q,¢) = 0;

(17) Ifg <0, then W(9,Q,6) =0,E(9,9,6) =0.
Then, (3, W, E,Y,*,©) is called a neutrosophic metric space.

Now, we present our main results.
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3. Main Results

We commence this section by defining neutrosophic rectangular triple-controlled
metric space.

Definition 7. Let S # @ and B,T,17: S x S — [1,400) be given non-comparable functions,
* be a continuous t-norm, and o be a continuous t-co-norm. The neutrosophic set W &,G on
I x & x (0, +00) is said to be a neutrosophic rectangular triple-controlled metric on 3, if, for any
0,9 € S and all distinct ¢, Q € I\{0,}, the following conditions are satisfied:

(i) W, Q9,¢)+E(0,9,6)+G(8,9,6) <3;
(ii) W(,9,¢) >0;
(iii) W(,Q,¢) =1forall g > 0,ifand only if ¢ = Q;
(iv)  W(8,Q,¢) =W(Q,08,5);
(0,9,

(v) w g+)(+w)>W<19 Q,/HQ)*W(Q,x,r(g,x))*l/\/(x,tp,,?(;{flp));
(i)  W(,Q,-): (0 +00) — [0, 1] is continuous and lime_ 1o W(9, Q,¢) = 1;

(i) £(8,0,¢) <

(viii)  E£(8,Q,6) = Ofor all ¢ > 0, if and only if ¢ =

(ix)  £(8,Q¢6) =E(Q9,)

(x) EW Y c+x+w) < 5<l9 Q50 09 ) °5<Q'ﬁ' r(éx)) Qg(”’b’ 'I(fi#’))’.
(xi) £(8,Q,-): (0,+00) — [0,1] is continuous and lim. . 1 £(8, Q,¢) = 0;
(xii)  G(9,Q,¢) <1;

(xiii)  G(8,9Q,¢) =0forallg > 0,ifand only if ¢ = Q;

(xiv)  G(9,Q,6) =G(Q,0,¢);

(xv) (19,1/},(5—1—)(4—7/(}) < g<l9 Q/Ig 9,0) ) <>Q<Q L Ton Q;)) Og<x'l/}’ﬂ(fr¢)>;

(xvi)  G(9,Q,-): (0,400) — [0,1] is continuous and lim¢_, 10 G(89, Q,¢) = 0;
(xvii) If¢ <0, then W(9,Q,6) =0,E(8,Q,6) =1andY(8,9,¢) = 1.

Then, (3, W, &, G, «,©) is called a neutrosophic rectangular triple-controlled metric space.

Example 1. Let S = {1,2,3,4} and B,T,1: I x & — [1,+00) be three non-comparable func-
tions given by B(9,Q) = 0+ Q+1,T(8,Q) = 0*+ Q>+ 1, and (8,Q) = 8>+ Q> — 1
Define W,E,G: 3 x § x (0, +00) — [0,1] as

1, if 9=20Q

otherwise,

WM@Q={

g .
¢+max{0,9}’ Zf

0, if 9=0
8(19, Q, Q) = { max{9,Q} f

m, @f OtherZUlse,

and

0, if 9=20
g(8,Q9,6) = . .
( ¢) %, if otherwise.
Then, (3, W,E,G,*,©) is a neutrosophic rectangular triple-controlled metric space with
continuous t-norm o x 0 = @0 and continuous t-co-norm, o ©a = max{p,a}.

Proof. We need to prove only (v), (x) and (xv).
Letd=1,Q =2,y =3and ¢ = 4. Then

CHx+w Gt xtW

W(L,4,c+x +) = 7 - 044’
Lo+ X+ ) = o Tmax(14]  ctr+d14d
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whereas
W<12 5 ): BU2) _§ s
! /ﬁ(l,Z) ﬁ—i—max{l,Z} %—1—2 g+8,
A X
W<23 X )_ r(23) _ X
"' T(2,3) %+max{2,3} £4+3  x+36
and
W<34 d >_ 1G4 S S
G4 Iy +max{3 4} L +4 @+9%
That is,
ctxt+ad ¢ X @
C+Hx+w+3 ¢+8 x+36w+96

Then, this satisfies all ¢, x, @ > 0. Hence,

Now,
max{1,4} 4
g 1,4:, ) = > = . 7
(L e+x+) ¢+x+w+max{1,4} ¢+x+w+4
whereas
G max{1,2} 2 8
£l 1,2 = — = ¢ = ,
X max{2,3} 3 36
g 2,3, = X = X pu— ’
and
5<3 1 W ) B max{3,4} 4 9%
"7 n(3,4) ,ﬂ%izl)—i-max{fi,él} T +4a D+96
That is,

4 { 8 36 96 }
———— < max , , = .
c+Hx+w+4 ¢c+8 x+36 w496

The above expression is true for all ¢, x, w > 0.
Hence,

E(B,p,c+x+D) < 5(19, Q’ﬁ(ﬁg,Q)> <>5<;,¢,r(;‘,¢)> og(g,w,ﬂflp)).

Now,

max{1,3} 3
cHx+w c+x+w
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whereas
G max{1,2} 2 8
g<1/2/ ) - =7 = =
2 i) i
X max{2,3} 3 36
g<2/3/ ) - X - 7 - 7
I'(2,3) 23) 12
and
(34 w max{3,4} 4 9%
7 4 17(3, 4) ,d/) - Q - w .
1034 24
That is,
EERPNE
c+x+w — ¢ x'

Then, it satisfies all ¢, x > 0. Hence,

G(o, ¢,g+x+w)<g(19Q B0, Q)) Q(Q L o, x)) (?/llir(,lp))

Hence, (3, W, £, G, %, ©) is a neutrosophic rectangular triple-controlled metric space. [J

Remark 1. It can be seen that the preceding example satisfies both the continuous t-norm o xa =
min{ p,a} and continuous t-co-norm p o a = max{p,a}.

Example 2. Let S = BUU, where B = {0,3,%, 1} and U = [1,2] and [3 M IX Y =
[1, +00) be given by (8, Q) =1,T(8,Q) = 1and y(9, Q) = 1. Definev : I x I — [0, +00)
as follows:
v(9,Q) =v(Q,9) forall 9,0 € &
{1/(19,@) =0 << 9=0,
and
= v(dp =02
(3,1) =00
(3,4) =05

) = |8 — Q|, otherwise.

X,_/_
L~ A
PPN
CICHCHC
|

© o
I
< o<

Define W,E,G: 3 x & x (0, +00) — [0,1] as
_ S
W(&/Q/Q) - g+1/(l9, Q)/
__v(59) _v(©,9)
£0,00 = gy 90,00 ="72

Then, we have

} 5 X W
W, 9, + x + D) > W(l% 0 Q>> *W<Q'*’ F(Q,x)) *W<Z"l’]’ n(x,w))’

(8,0, n<els, ,(;> 5(,,?‘) 5(,,Zb)
(B 6t x+0) < ( 250,0)) V) )



Symmetry 2022, 14, 2074

7 of 36

St 1+ <000 gy ) 00 Qo g o0 (o )

Then, (3, W, E,G,*,©) is a neutrosophic rectangular triple-controlled metric space with
continuous t-norm @ x a = @a and continuous t-co-norm p o i = max{p,a}.

Definition 8. Let (3, W, &, G, x,©) be a neutrosophic rectangular triple-controlled metric space,
an open ball with center 9, radius v,0 < v < land ¢ > 0 on G(9,,¢) is defined as below:

G0,t,q)={QeW(,Q9,¢)>1—1E(0,Q,¢) <t,G(¥,9,6) <t}

Definition 9. Let (3, WV, 5 G, *, ) be a neutrosophic rectangular triple-controlled metric space
and {0} be a sequence in 3. Then, {0;} is said to be

(a) convergent if there exists & € S such that

lim W(®;,0,6) =1, lim £(9,9,¢) =0, hm 9(19),19 ¢)=0 forall ¢>0,

j—+oo j=rtoo
(b) Cauchy, if and only if, for each @ > 0,¢ > 0, there exists jo € N such that
W(8,0m,6) >1—3,E(8,0m,¢) <a,E(0,0m,c) <a forall jm>j,

(S, W, E,G,x,0) is called a complete neutrosophic rectangular triple-controlled metric
space if every Cauchy seqeunce is convergent in ¥

Lemma 1. Let (3, W, E,G, %, ) be a neutrosophic rectangular triple-controlled metric space. If,
forsomeQ < p < 1and forany ¢,Q € S,¢ >0,

W(8,0,¢) > w(ﬁ, Q,;’;>,5(19, Q) < 5(19, Q,f)),gw, Q,¢) < g(a, QE) M)
then, 8 = Q.

Proof. (1) implies that

W(9,Q,¢) > w(ﬁ, Q,;),e(ﬂ, Q,¢) < s(&, Q,;>,Q(ﬁ, Q,¢) < g(&, Q,;>,j €N,g>0.
Now,

W(4,Q,¢) > lim W<19 Q, ) 1,

j——+o0
£(,9,¢) < lim &£(9,9,% | =0,
v00 me(oof)
6(0,0,0) < tim 6(,0,5) =0.c>0.
j——+o00 o)
Moreover, from (iii), (viii), (xiii), we have ¢ = Q. [

Theorem 1. Suppose (3, W, E, G, *, o) is a complete neutrosophic rectangular triple-controlled
metric space in the company of B,T,n: I x F — [1,+00) with0 < p < 1. Let p: I — S bea
mapping satisfying

W(pt,pQ,p06) > W(8,Q,¢),
E(pY,pQ,0¢) <E(8,Q,6) and G(pd,pQ,pc) <G(8,9,¢), 2)

forall 8, Q € Sand g > 0. Then, p has a unique fixed point.
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Proof. Let 8 € 3. Define the sequence 8; by 8; = p'8dy = pd;_1,j € N.
For all ¢ > 0, we have

W(191/l9;+1/P€) :W(pﬁ] 1/]3191/P€) > W( j— 1/ / )> W( j— 2/ j—1s E)

>W< j— 3/ j— 2/(52) 2"'ZW<190,191,F)J.§1>,

5(191/19)+1/p€) = g(pl%—l/pﬂypg) S g(ﬁj—ll ]/ ) < g( j— 2/ j— 1/2)

G
<5( i3, 05 2,p2) S"'§5<l90,191,pJ 1)

G (85, 0511,p06) = G(p%_1,p0,6) < G(85_1,8j,6) < g( j—2, 05— 1;°;>

6 6
<g< j— 3/ j— 2/p2> Sgg(ﬁo’ﬁl’p]l>

W(8;,8;41,00) > W<l90, ﬁl,pfl),

and

We obtain

E(95,%41,06) < 5(190, %, p]gl> and  G(9,941,06) < Q(ﬂo, %, p]gl) 3)
Using (v), (x) and (xv), we have the following cases:

Case 1. Wheni =2m + 1, i.e., iis odd, then

W(8,8+2m+1,6)

c S
> . . Y AT(G: 1 &)
> W(ﬁ”ﬁ’H'S(ﬁ(ﬂ 19]+1))> *W( j+1s J+2,3(r(l9j+l/l9j+2)))

¢
* W 819, 9; , >
( L B (0 (842, Bs2mr1))

c 6
> . . N7 A7 n A N BT(S 1.8 .n))
= W(ﬂj,ﬁj—&-l/ 3(!3(19 19]+1))> *W( j+1s J+2r 3(r(l9]+1,l9)+2)))

G
0 2/ 3/ >
12T 32(B(8512, 8543)7 (0512, O 12m11))

19 7 +4’ Z 19 +

I 2 3 1
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c S
>W(0,8.1,—2 | xW Vit 3T 8
n ( i Oyt ﬂ;,ﬂiﬂ))) ( y+1s B34 3(r(‘9j+1'0i+2))>

6
O542, 943,
j+2, 03 32(B(O42, O543)1 (8542, l9j+2m+1)))

G
U043, /
i3, 0j44 32(T (013, O554)7 (D542, 19j+2m+1))>

5
( rear 034533 .B(l9j+4/191+5)77(l91+4/191+2m+1)77(l91+2'l95+2m+1)))

G )
5/ 6/
J+ J"" 33 I (19j 5/19j 6)17(l9j+4,19j+2m+1)77(éi+2’[j 2m 1>)

5
*W 7 4
( 6 Oyame1 33(77(19j+6,19;+zm+1)'7(l9j+4rl9j+2m+1)77(191+2f191+2m+1))>

W(9,8512m+1,6)

c S
> . . o~ A T(E 1.0 .5))
> W(ﬁ,,ﬁ,ﬂl 30806, 19]+1))) *W( i1, 042, 3(r(l9j+1/19j+2)))

* W

+ + 9 ¢ 2% 2mt )
2/ 3’
] j 32([3( 427 j+3)77(19j+ 7 Vj+2m 1))

* W

3/ 4,
13,054 32(1"(19j+3,ﬁj+4)l’](l9j+2/l9j+2m+1)))

* W

/—\/—\/—\

¢
9; 4/ 5/ )
T B3 (B (854, 8505)1 (By44, Oy42m 1)1 (8542, By 2m1))

* W

/N

S
9 5/ 6/ )
T IEO B(T (515, B516)1 (544, Oy42m 1)1 (8542, By 42m+1))

* W

¢ )
6/ 2 1,
Oy46: Bisamt (18516, O52m+1)1 (%44, O42m41)7 (8542, B512m 1))

* /_\

* e

G
W(ﬁ _ 119, 1, )
M2 Il 3 (B9 2m—2, 9 2m—1)1 (B 2m—2, Or2ms1) - 1(By+2, By42m1))

—1s *g’ T ’ >
j+2m—1 lfj+21ll) } (lsj‘FZIll 2 é;+2 ll+1) }(lf j+2 ﬁj+2lll+1))

4 —< 4 )
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3m—1pi2m =T (8 om—3, Oj12m—2)7 (Fj42m—4, Ojt2m) - - 1 (D542, Oj2m))
9
71(%12m—2, %jr2m )1 (Fj4om—4, Ojrom) - - 71 (P42, Fjom))

e O

°g (190' %, 3m—Lpit2m—3(
Asj — 400, we have

hm W(l9],l9)+l,g) =1x1x---%x1= 1,
j——+o0
lim &(9,94i,6) =0000---00=0,

j——+o0

and

lim g(ﬂj,ﬁj_i_i,g) =0¢00---00=0.

j—+oo

Therefore, {¢;} is a Cauchy sequence. Since (3, W, E,G, x,¢) is a complete neutro-
sophic rectangular triple-controlled metric space, we have

lim 8 = 9.

j——4o0
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Now, due to the fact that ¢ is a fixed point of p, utilizing (v), (x), and (xv), we obtain

c 5
w(o6) > (0.5 555 ) W (80057775

G
* W 8.1, 19,)
<’“” 3(7(9541,99))

=W (ot sty ) (vt sz )
Y (p 355 )
= (0 i) (B o)

(0 558,

—1x1x1=1 as j— +oo,

- (“ @) (PP s )° (”J"“" W)

Sg(“ifm)“(l ” 'm)“(‘%‘%m)

—00000=0 as j— +oo,

and
¢ (S
9,p0,c) < 9,0, ——— %, 0.1, Y, T
G(dp g)—g( 13(5(19,0j)))0g<’ 1 3(T(8;,8;11)) >°g( 1P n(0j+1,p19)))
:gwj's(ﬁ(g,ﬁj)))°g(”"’ % 38, 80)) > ( wifpﬂ»)
(9 9

Sg(l"”i':s(ﬁw,ﬁj)))w(l 1% 3, m)))°g<l’i’l”3<nwj+1,pﬁ>>)
—00000=0 as j— +oo.

Hence, pd = 0.

Now, we examine the uniqueness. Let px = « for some x € J, then
1> Wik, 8,¢c) = W(pk, pd, ¢) > W(K, 9, f)) - W(px,pﬁ, f))
ZW(K/ﬁ/Fi)ZZW(K/ﬂ,;)_)l as ]_>+OO,
0 < &(x,8,6) = E(px, pd, g) < €<K,z9, f)) = 5(]31{,]319, f;)
< 5<K,l9,g2) <. < 5(1{,19,9) —0 as j— +oo,
P 0’
and
0<G(x,0,6) =G(px,pd,c) < g<K,19,f7> = Q(px,pﬂ,;i)

SQ(KA%p%) S'-'SQ<K,19,;) —0 as j— +oo,
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by using (iii), (viii) and (xiii), = x. O

Definition 10. Let (3, W, E, G, x,©) be a neutrosophic rectangular triple-controlled metric space.
Amap p: S — S is an NRT(neutrosophic rectangular triple)-controlled contraction if there exists
0 < p < 1, such that

1 1
- 1<l 4
Wit p0,c) = [W(ﬂ, 0,0 } @
E(pd,pQ,¢) < pE(Y,Q,0), (5)
and
G(pt,pQ,¢) <pG(8, Q,¢), (6)

forall 8,Q € Sand g > 0.

We now present the fixed point result for an NRT (neutrosophic rectangular triple)-
controlled contraction.

Theorem 2. Let (3, W, &, G, *,©) be a complete neutrosophic rectangular triple-controlled metric
space with B,T,1: I x I — [1,400). Let p: & — I be an ND-controlled contraction. Further,
suppose that for an arbitrary 0y € S, and j, q € N, where 95 = Py = p®i_1. Then, p has a unique
fixed point.

Proof. Let ¢y € 3. Define ¢; by ¢; = Py = pd;_1,j € N. From (4)—(6), forallg > 0,j > q,
we deduce

T [ } _ P _
W(85,941,6) W(pdi_1,p8,6) =P W(%-1,%,¢) W(%-1,%,¢)
1 P 0
= < + (1 — < +o0(l—p0)+(1—p).
W(85,8511,6) — W(8-1,8;,6) (=) W(bj-2,8-1,6) p=p)+{1=p)

Proceeding in this way, we have

1 Pj i—1 j—2
< +0 7 1-p)+0?A-p) 4+ +p(1—p)+(1—
WB;,01) = W(do, 01, ¢) P (1=p)+p " (1-p) p(l—p)+(1-p)

o

0’ .
S —
W(d,0,0) TP

<S4 (@ P+ (1 —p) <
W0, 01,6) (p 4 )1 —-p)
We obtain

1
j .
W(w‘lo)rwlrg) + (1 - p])

< W(%, %11,6) @)

E(05,841,6) = E(pV—1,085,6) < pE(V-1,85,6) = E(pj—2,p8-1,6)
S P25(19j72r ﬁj—lr Q) ~ " S PJS(ﬂO/ l91r Q); (8)

and
G(%,911,6) = G(p-1,p8;,¢) < pG(%-1,85,¢) = G(p¥—2,pBi_1,6)
< 929(19;72,19;—1,9) << PIG(0, B4, ¢). )

Using (v), (x) and (xv), we have the following cases:
Case1l. Wheni =2m+1,1i.e., iis odd, then
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C 6
W85, Biam+1,6) 2 W 85, 81, grars=g—y | * W i1, 542, =5
(85, 8542m+1,6) ( j+1 3(‘[3(19j,19j+1))> ( i1 042 3(T(l95+1,l9j+2))>

w
* W 842, 1 0m41 :
)+ Fytamt '3(17(l9j+2,19j+2m+1))

. -5

S
19 7 19 7
< j+2, Y43 32(,3(l9j+2r l9j+3)77(l9j+2/ l9j+2m+1)))

6
19 7 l9 7
j+3, Vi+ds 33 (T(O543, 05+4)7 (842, Oj12m+1)) )

* W (ﬂ]+4, l9j+2m+lr 32( - . . ; j >
w

n (19]+4/ l9]+2m+1)77 (191+2r Bitamt1 )

.5 -5

S
W 19 119' 7
( i+2,Vj+3 32(ﬁ(l9j+2,19j+3)17(l9]‘+2,19j+2m+1)))
"

G
19' 7 19 7
43 Tt 32(r(19,+3,19;+4)17(19j+2ﬂ9j+2m+1)))

6
* W , ’
( 4 Oits 33(ﬁ(19j+4,19j+5)17(z9j+4,ﬁj+zm+1)77(l91+2/l91+2m+1)>)

5
* W s ’
( 5/ Bis 33(F(l9j+5,l9j+6)77(191+4/191+2m+1)17(l91+2rl91+2m+1)))

6
* W 7 4
( 6 Dy2me1 33(’7(l9j+6,l91+2m+1)’7(191'+4/19J+2m+1)’7(19j+2’19”2“‘“))>

W(l9 l9]+2m+11 g)

G
EW(“"%H' 3(6(6;, 19;+1)))*W( el ’+2'3<r<z9j+1,ﬂj+z>>)

¢
2/ 37
IR 32(B(0542, 0531 (852, 19j+2m+1)))

S )
+4/ +57 m+
% J 33 (B(0544,0545)1 (B4, O 2m+1)7 (8542, B 2m41))

* W(
( +3,Yj+4 - )
i3, 9 32(T (843, O514)7 (0512, Oj42m+1))

S )
+5/ +67/ 19 m
9 j 33(T I'(85+5, 05461 (%514, Oj12m+1)1 (%42, Oj42m+1))

6
* W ’ ) * e *
( o Oyome 33(’7(19j+6/191+2m+1)’7(l9j+4/l9i+2m+1)’7(0i+2’l91+2m“)))
6
W(ﬁ — 119' -1 )
a2 T 3 (B8 2m -2 B r2m 1)1 (O s2m-2, O 42mr1) 1 (512, By 12m 1))
S
*W ; — /19' ’
( jram=1,%+2m 3‘“(1"(191+sz1,19;'+2m)’7(l9)+2m72/191‘+2m+1)'"’7(19”2’191*2‘“*1)))

5
1(B542m/ G5 2m 1)1 (G 42m-2, F42mt1) - - 78542, G5 2m41)) )

* W (19j+2m/ 19j+2m+1/ 3m(
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c S
g 19,19 , g , <>(€ 7 Py uaeeree e
(95, O42m+1,6 < i+l 19,,l9,+1))> ( i1 0542 3(r(19j+1r19j+2))>

9
o &\ % 27 2 1, >
2 Oiams 3(1(8j+2, %j+2m+1))

G ¢
(ot )¢ (s )
V3895, 8541)) B2 3(T(F41,9542))

G
05 W s 7
42 J+3 32 (19]+2,19]+3)17(19j+2,19j+2m+1)))

g )
(191+3/ 19;+4)’7(19j+2/ 191+2m+1))

o0& (19]+3/ j+4s 32

05 l9]+4/ ]+2m+1/ 2 g )
3 (77(19)+4rl9;+2m+1)77(7~9j+2/ l9j+2m+1))

19
5 N E—
g<l9 it 19;,19;+1))>08< s +2'3(T(19j+1r19j+2))>

G
XARZ 2, 3, >
( 2, Vit 32 (19]+2, 19]+3)77(19j+21 19j+2m+1))

o0& ]+3/ J+4/ 2 o )
32(T (%43, 0544)1 (8542, Oj42mr1))

<>(€<l9j+4,l9j+5, 3 6 >
33(B(0514, %545)7 (%14, O 2m+1)7 (F542, Ojy2ms1))

<>5<l9j+5,l9j+6, 3 6 )
33(T (45, %46)17 (B4, Bt 2m11)7 (B2, B 2mi1))

G
<& g ’ ’
< 6 Dyam+1 33(’7(l9j+6/l9j+2m+1)77(l9j+4rl9j+2m+1>77(l9j+2/l9j+2m+l))>

E(%5, 42m+1,6)

/\

9 9
3<ﬁ<ﬂj,ﬂj+1>>>°5 Oy, ’“'3(r(19j+1,191+2>>)

o€ ’ ’
< j+2, 0543 32(B(012, Bj+3) (l9j+2,l9j+2m+l))>

o€

= |n = |n

3/ ’
Or43, Bys 32(T (0543, 8j44) (191+2,l9j+2m+1)))

o€

9
o & , ,
<]+4 33 (l9j+4rl91+5)'7(19j+4/l9j+2m+1)77(191+2r195+2m+1)))
9
< 45 Do 33( (19j+5/19j+6)’7(191+4,l9j+2m+1)’7(191+2/l91+2m+1)))
6 > S O
18546, Oi+2m11)1(F544, O 2m11)7 (O 42, O 2m11))
9
3™ (B(B+2m—2, Wj+2m—1)1 (Fj+2m—2, Fj2m+1) - - 7 (B2, l9j+2m+1)))
9
3™ (C(O512m—1, Oj+2m) 7 (Fj12m—2, Fjr2m+1) - - 1(B42, 19j+2m+1)))
; )
1 (8542m, O 2m+1)1 (Qj42m—2, Oj12m+1) - - 1( 42, Oj1om+1)) )

<>g< 46/ ;+2m+1,33(

& <l9j+2m72/ % om-1,

o0& <l9j+2m—1/l9j+2m/

o0& <l91+2m, 4 2mt1s 3 (
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and

c 6
g 19 9 , g < 7 > < g ( s ’ >
(85, Bit2m+1,6 %13 3(B(95,8511)) 109542 3(F(By41,9542))

6
%10, ’
<>g< j+2, Ojram+1 3(7’](19]+2119)+2m+1)>)
A .
B(9;, 19]+1)) 3(T(F41,0542))
6
<>g 19 7 7 )
( i+2 J+3 32 (l9]+2/l9]+3)77(l91+2’191+2m+1))
6
<>g 19 7 7 >
< ]+3 j+4 32 (19}+3,19)+4>17(l9j+2,l9j+2m+l))
6
oG B4, ’ >
( j+4 1+2m+1 32(,7(19]+4, 191+2m+1)77(l9j+2' l9j+2m+1))

c 5
S o )R CEBE omeney)

G
Og 19 7 7 )
( j+2,Uj43 32( (B(®42, 543)1 (F42, Oj42m+1))

oG

5 >
3/ +4, O
J+ j 32 (ﬂ) 3/191 4)17(l9j+2, j+2m+l))

<>g<l9j+4/19j+5/ 3 : )
33 (B(V+4, %5+5)1 (0514, Oj12m+1)7 (0512, Oj12m+1))

©G <l91+5/ ¥i+6/ 73 ° )
33 (T (845, 0516)7 (%544, Oy 2m+1)7 (8542, Oj12m+1))

<>g< 467 ]+2m+1/ 33( K R . . : j j )

1 (@546, 05+2m+1)7 (F544, Bj2m11)7 (F512, B 2m41))

c S
90, Bami1:6) < 9 (00101, 30505%5 5 ) 06 (B2 57 )

S
(o4 g 7 4
( j+2 J+3 32(,3(19j+2/ 19j+3)17(l9j+2, l9j+2m+1))>

5
<& g 7 s
( i3 04 32(T (013, 0j14)1 (Y42, l9j+2m+l))>

<>Q(19;+4, 045, o3 : )
33(B(0514,0545)7 (0544, O 12m+1)7 (0542, G 12m 1))

5
<o g 7 4
( +5 Yive 33( (l9j+5, l9j+6)7](19j+4/ ﬁj+2m+1)’7(1‘91+2' l9j+2m+1)) )

Og( j+6/ Uj+2m+1/ 33 : ><>W<>
331 (546, O+2m 1)1 (0514, Bir2m 1)1 (8542, Gy 2m41))

S
g(& — ,19' —1r )
j+2m—2,Yj+2m—1 3™ (B(O+2m—2 Bj2m—1)1(F+2m—2, Gjram+1) - 7 (F12, Bjr2m+1))
S
Og 19 — /19' 4 )
( Jram ol Tam 3™ (T (F12m—1, O+2m) 1 (Fj42m—2, Fj2mt1) - - 7 (Fi42, Fj12m11))

g )
1(8j42m, Bi2m+1)7 (%42m—2, Biomr1) - 1 (F42, Bj42mi1)) )

fod g (l9j+2m/ l9j+2m+1r 3m(



Symmetry 2022, 14, 2074

23 of 36

Using (3) in the above inequalities, we deduce

W(95, %12m+1,6) > o ! x +1 ! -
+(1—p)) £ +(1—pitl)
w (00’191’3@‘(”;%1») w (%ﬁyWM)
1
pit+2 + (1 _ pj+2)
W (190'191' (842, ‘9]+3)’7C(‘91+2'L9j+2m+]))>
1
pit3 + (1 _ pj+3)
w (190,191,32 513 ‘91+4)’7€(‘9i+2'”i+2m+1)) )
1
Pt +(1—pit)
W <l90'l91'33 (%544, '9;+5)’7('9]+4"9ii2m+1)’7(191+2'19i+2m+1)) )
. 1
o + (1 —pi3)
w <190,191’33(r(19j+5,19j+6);7(19j+4,19]i2m+1)17(19j+2,l9j+2m+1)))
* _ 1 Kok
0116 (1= pt)
w (ﬂo'ﬂl'33(11(!9j+6'19j+2m+1)'7(‘91+4f9j+2m+1)'/<"j+2f01+2m+1)) )
* j+2m—2 !
o + (1 — pit2m-2)
w <l90’l91’3m(ﬁ(l9j+2m2/‘9j+2m1)’](19j+2mg2"9j+2m+1>""7(‘9j+2/l9)+2m+1)) )
* T2m—1 !
P Ha—pim)
w <00’01’3m(1"(0j+2m1"9j+2m)’7(‘9j+2mg2f‘9j+2m+1)“"7(0j+2’oi+2m+1)) >
. 1

pi+2m

1)

W 8,0 <
071 3 (1 (81 s 2m V54 2m+ 11 B 2m—2 O+ 2m+1) 1 O 428 1 2m11))
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E(95, %+2m+1,6)

j 9 j+1 ( G )
<€ G, Y, | 00T E (8, N, ——T——
=P (0 13<ﬁ<z9j,ﬂj+1>>> P 00 3T (8511, 812))

o i+25<190,19, & >
P Y 32(8(0512,%+3)1 (9512, % 12m11))

<& j+35 190, 191, 6 )
3 32(T (843, %544)1 (%512, Oj12m+1))

¢
190/ 191/ )
33(B(814, %545)1 (0544, Ojp2ms1)1 (F542, Bjp2mt1))

(
(

o0 *3€ (190, o, ¢ )
(

33(F(19j+5f l9j+6)77 (ﬁj+4/ l9j+2m+1)77(19j+2r ﬁj+2m+1))

By, %, 3 6 ><>~--<>
33(17 (%16, Oj+2m+1)1 (44, Oy 2m+1)17 (8542, Oj4om+1))

prmrE (190' b 3™ (B(j42m—2, l9j+2m71)77(l9j+2m52/ iram+1) (8542, 8542m1)) )
optImTlE <190' %, 3™(I'(%+2m-1, 19j+2m)77(19j+2m—(2;f Bitoms1) - 1 (B2, ‘9j+2“‘+1))>
oprine (190, o 3™ (17(05+2m, l91+2m+1)’7(19j+2mj, Fvamt1) - 1(F42, Giam1)) ) I
and
G(9;, 812m+1,6) < p'G (190, o WW) °r <l90' o m)
. S
opt2g <190, b, 32(B(%12,%+3)7 (%12, % 2me1)) )
<>pi+3g <l90, U1, 32(T (0,1, 0j+4);(;(ﬁj+2, B+om+1)) )
| 6
°p'™G <l90' o 33 (B(05+4,0545)1 (0544, 04 2m+1)7 (842, Oy 2m41)) )
) 6
°p'"G (190, B 33 (T(05+5, 05+6)1 (054, O 2m+1)17 (542, l9j+zm+1))>
0p'*°g (190, o, : ) o
B (1(G5r6 By42m+1)7 (G514, B52m41)7 (8542, B 12m 1))
TG <ﬂ0' o 3™ (B(By+2m—2, 19;+2m—1)77(l9j+2mfzf Fiami1) - 1 (Fj2, 191+2m+1)))
op2molg (190, O, 3™ (L (B 42m—1, l9j+2m)’7(l9j+2m—§/ F42ma1) - 77 (Bj42, ﬁi”m“)))
oprng (190' o 3™ (17(842m, 191+2m+1)’7(l9j+2mjf Fi2mi1) - 1(842, Oiom 1)) ) .
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Case 2. When i = 2m, i.e., iis even, then

9 9
W (85, Oj1om, 2W<19»,l9~ , )*W( , , >
By Prs2m:¢) 7 3(B (8, 8541)) 1O S8, 0110))

6
42/ ]+2m’ U(§j+2,l9j+2m)))

G
19 4 *W 7 A/ /.a a4\
Bt 19;,19,+1))> < 1,52 3(r(l9j+1,l9§+2))>

(e
(
(
o
(

G
)'7(19j+2,l9j+2m)))
19]-1-3/ 44, 32 (19 Y ° - ) >
i+3s J+4)17(l9]+2’l9]+2m))
l9]+4/ ]+2ml e )
32(17(%5+4, O2m)7 (8512, Bj12m))

6 6
19 4 *W 7 A/ /a a4\
]H l91r191+1))> < s ]+2 3(r(l9j+lrl9j+2))>

~— |

v
427 ]+3;
32(B(By+2, V43

Na}

;7 ]+2/ ]+2m )
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~—

i3, 0514)7 (%42, %5 42m))

§§§§§§

; )
5/ 67
Bres: Bt 33(C (0545, 0546)17 (044, Oj2m )1 (%542, Ojpom))

19 7 7
(’*4 33 (ﬂj+4,19j+5>nw]+4,19]+2m>n<19]+2,19j+2m>>)
*W(

g )
67 2ms
6Oyt am 33(1 (056, O 2m )1 (%54, O54 2 )1 (8542, O 12m))

G G
W(9;, 9; L)W, %0, 0 | X W , Py e —
(B By2m,¢) < i+ 3(/3(19 ﬂm) (’“ 2 3<r<ﬂj+l,ﬂj+z>>)

*W 7 7
< 2 HB 32(5( j+2s J+3)77( J+2/ ]+2m)))

¢
*W ’ ’
( j+3, Uja 32(T (813, Oj+4)1 (842, 0 ]+2m))>

¢
(st )
Oy 33(B(8+4, 85+5)1 (0514, O512m )1 (%42, Fj12m))

G
* W 7 7
( 5/ D6 33<r<19j+5,19;+6>n<z9j+4,z9j+2m>nwj+z,ﬁj+zm>>)

G
* W , ’ * ek
< 6 Dy2m 33(’7(191+6/191+2m)71(19j+4r191+2m)’7(l9j+2rl91+2m))>

G
W(ﬁ‘ 4, % _3, >
yramo Tiam s 3" L (B(842m—4s 05 r2m—3)1 (O 2m—4, O512m) - (552, 01 2m))
9
* W| _3,U; _o, )
< Jrame3 Titam 2 3" U (O12m—3, Oj2m—2)1 (Fjr2m—a, Ojom) - - 1 (8542, Fjrom))

; )
1(012m—2, Oj+2m) 1 (Oj12m—1, Ojrom+1) - - - 7(%j42, Oj42m)) )

* W (l9j+2m—2, Oj+2m, 1
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G G
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o€ (19j+2, B3, 30

~— |

B(0+2, %45 77(19j+z,19j+2m))>

Np)

<

5<l9' 3, Vj14, )
)+ 5+ 32(T (043, %54+4)7 (%542, Oj12m))

6
08 19 /19. 4
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Jror T 33(T (0545, O546)1(Vj44, l91+2m)’7(191+2/19i+2m))>

05(19;'+6, Bjr2ms 73 . )
32 (171 (6, Oj+2m )1 (44, Oj12m) 1 (%542, Fj42m))

c 6
E(5,042m,6) < E %, 041, 75— ) ©€ PR T (00, 0020))
(%5, % 42m,6) ( jr Uj+1 3([;(19],,1%“))) ( i1, 9542 3(F(19j+1,191+2)))

o0& , ,
( 42 03 32(B(Y42, ;+3)77( j+2, 0 J+2m))>

: )
3/ 4/
J+ i+ 32 ( 437 ]+4)77( i+2s ]+2m))

o€

; )
P HO 3BT (8515, 9516)7 (%514, B 420)1 (8542, O 2m))
¢

o 6 Djt2m, ><>'
i+6: By t2m 33(171(F5+6, Oj42m )1 (0544, B2 1 (B2, Bj2m )

G
o0& , Uits,
( +4 )+5 33 <l95+4,l9j+5)77(19j+4r19j+2m)77(l9j+2/ﬂj+2m)))
(3105.0
( N

: )
j+2m—4, 191+2m73)7’](19j+2m74/ ﬂj+2m+1) e 77(19j+2, ﬂj+2m))

g (‘9i+2m74/ B 1om-3, 3m-1(B(8

9
i+2m—3, O 12m—2)7 (% 42m—4, Oj12m) - - - 11 (P42, 9 +2m))>

05( j+2m—3/ ]+2m 2, 3m— 1(1—~(l9

¢
o€ , , !
< am—2 Oy 2m 3" (17(52m—2, O512m) 1 (G4 2m—4 Ojr2me1) - - - 1(Fj42, Oy 2m))
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and

c 9
19 19 m’ , 7 Yy N
G (85, 0542 g< Oe1r3 ;,19;+1))> <>g< Oy 3(F(191+1/l91+2))>

B(0
o G| 42, 042 g
j+2:Y) m/ 1’](19]+2, 7-9J+2m))
c g
<g <19 , ) <>g< , ’ >
1 3(8(8;,0541)) 102 318511, 0,12))
6
oG | o, ’ )
<J+2 " 32 (9542, 8543)1 (B2, B r2m))
G
oG | B3, ’ >
< 3 O o (C(05+3, 85+4)1 (9512, Bi12m))
S
0G| By, ’ )
( 40yt 2m 32 (1 (%14, Bi12m)1 (%12, Bj12m))

c 5
<6(% 01 sg5.577) (O 02 57 )

~—

oG 19J+2/ j+3s 32 (19)4-2/ 19]-1-3

Nat

1 (542, j42m)) )

<>g 19]4»3/ 44, 32 (19

~—

i+3, 0i44)1 (8512, Oj42m))

©G l9]+5/ )46/ 3(T . )
33 (T (45, O516)11 (O+4, O512m) 11 (%542, Fj42m))

¥ 9. n 9 ; 9 +2m )1 + +2m )
7 +2][l/ ‘l; 19
j+6 J (77( j+6s +2m) ( j+4,Yj+2 ) ( j+2, Yi+2 ))

l9 7 7
<>g< j+4, 045 33( (19J+4,19]+5);7(19]+4,19]+2m)77(19;+2/l9j+2m))>
<>g<

g(19 l9]+2mr )

Y S , , 6
=9 (ﬁ" O, 3(ﬁ(l91/191+1))) °9 <19’H'l9]+2' 3(F(l9j+1,l9j+z))>

og< i+2: %43, 73 6 )
3 (ﬁ(ﬁ]+21 ]+3)’7 j+27 J+2m
G
Og 37 4, )
<]+ BT (0513, 0514)7 (8542, O542m) )

Og 7.9 7 7 >
< j+4 J+5 33 (l?j+4,l9j+5)77(l9]+4/19]+2m)71(19]+2/19j+2m))

6
Og 7 7
<1+5 6 33( (19j+5,19j+6)17(19;+4,191+zm)'7(l9j+2/19j+2m)))

<> ]+6r )+2mr : )0.”0
77(19j+6,191+2m)77(19j+4/l9j+2m)’7(l9j+2/§i+2m))
G
g<l9 — ,19‘ —37 )
A IS T (B(0) 24 Oy+2m—3)1 (9 2m—2, Oys2m) - 71 (9112, Oj+2m))
Og( j+2m—3/ J+2m 2, 1 . )
3T (12m-3, O 42m-2)7 (Bj12m—a, Bj2m) - - (842, Fj42m))
Og( j+2m—2, J+2m/ 1 : >
31 (17 (G2m—2, Oj2m ) (Fj42m—1, O2m+1) -+ (G542, Fj12m))
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Using (3) in the above inequalities, we deduce

W(05, 042m,6) > 5 ! —* o1 ! .
+(1—-p) + (1)
w (190,191,m) w <ﬁ0rﬁlrm)
1
* pi+2 +(1_pj+2)
w (‘90’191'32<ﬁ<0,v+z,wj+3)fz<0j 128 12m)) )
1
* pi 3 41— o)
W (00'191'32(“"1+3rf’i+4>g*7("i+2r0i+2-n)) )
. 1
Ak Fa-pH)
w (00,01,33</5(§j+4"9i+5)V/(‘9i+4/ggj+2m)’7(’91+2/0i+2m)) )
1
* pits +(1_Pj+5)
w (190'191'33@(”1+5/05+6)'/(0j+4;i+2m)7/(191+2r”i+2m)) )
% i 1 sk
P +(1—pit6)

WL 8,4, £
( o7 33('1("j+6rl";+2m>’7(f’j+4:91+2m)*1(9i+2r"j+2m>)>
1

Pi+2m—4

W 00,01, £
3B 1 2m 495 12m -3 fom 485 om) (51285 4 om))

1

+ (1 — pj+2m—4)

pi+2me

73 LT (85 45 m -39 12m—2)1(85 1 2m a5 42m ) 1051285 12m))

1

pi+2m—2

c
185 12m 28 12m )18 12m —485 +2m+1) 185 12,85 12m ) )

w (190,191,3,,,,1(

g(ﬂl’ 1’91+2m/ g)

B L S B P
P58, 0000) ) T AT I BT (8110, 8510))
opT2g <l9 ,01, 5 )

P OV 32(B(8512,913)1 (8512, % 12m))

o j+3g<19’l9/ 9 >
P 0P BT (9,13, 051)7 (0522, 5 12m))

+ (1 _ pj+2m72)
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op™4G (90,01, 25 6 )
b OV B3 (B(054, 05451 (954, O42m) 1 (9512, Byi2m))

OijrSg (190/ 1911 d )

(0545, B546)1 (%44, O512m )1 (8542, Fj42m))

"G 80,81, 25 (%j+6, l9j+2m)’7(l91+i/ F+2m )1 (8542, 19i+2m))> o
P (190, o 31 (B(Bj42m—4s 19;+2m—3)77(19jfzm—4/ Givam) -1 (D42, 19”2‘“)))
op Mg (190' B 3™ 1(T(842m—3, l9j+2m72)77(l91+me74/ Bi42m) (042, Biom)) )
op Mg (190’ O 3w (1 (F512m—2, 19j+2m)77(l9j+2€m—4/ Byr2m) 1 (D42 Bjom))
E(Y5, 8512m,6)
<oe(o0s s g ) 0 (B 0 s )
o pI*2E (190, 1, 32(B(0,2, 0 J+3§’7( +2,z9j+2m))>
o t3E ( By, 191/ 9545, 0 ]H)Q’?( %12, 19j+2m)))

op™E (B0, 01, 25 6 )
P ! J+4r19j+5)77(l91+4rl9i+2m)’7(‘9j+2f19j+2m))

op™*0E (80,81, 33 ° )<>~
P O 33 (1956, 052m) 1 (9514, By2m) 1 (9512, By 2m) )

j+2mf4€ 80, 1, ¢ >
P oo 3 1(B(O12m—4s Ot 2m—3)1(Oj12m—4, Ojt2m) - - - 1 (42, Oj42m))

o j+2m—35 (19 0, G )
3 OV 3 T(T (95 0m-3, O542m—2)1 (B +2m—1, Ojr2m) - (0512, Biiom))

o i+2m25<19,19, 6 >
P O 3Ty (851 2m—2, O2m) 11 (B4 2m—t, Oy42m) - 1 (952, Bi2m))

Asj — +o00, we deduce

e O

opt5E <l9 8, 6 )
! 815, %516)1 (%514, O 2m )1 (%42, O 42m))

Eim W(85, 0j4q,6) =1x1x---x=1,

j—+o0

lim E(9, 81 q,c) =0000---60=0,
Jim E(9,0y1q,6) = 00000

and

jEng(ﬁj,l‘)Hq,g) =0000---00=0.

Therefore, {9;} is a Cauchy sequence. Since (3, W, &, G, *,©) is a complete neutro-
sophic rectangular triple-controlled metric space, we have

lim ¢; = ¢.

j—+o0
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Now, we examine that ¢ is a fixed point of p. Utilizing (v), (x) and (xv), we obtain

1 1 0
- - 1<p|—— | =—F
W(pd;,pd,g) — — p{W(ﬂj,ﬂIG) } W(%;,9,¢) P
1
= < W(pd;,p0,¢).

0
Wi, g T 1)
Using the above inequality, we obtain
W(8,p09,¢) > W (0, 9, L) W (ﬂj 1, #) W (ﬂjﬂ,pﬁ, 4)
36(0,)) 3T(6,,8,11) 31(0y1,00)

W(19 % Sﬁ(ﬂ 8 )) *W(w’*l'pﬂ” 3F(191,l91+1)> *W<pl9”pl9' 3;7(19j+1,p19)>

1 1
ZW(ﬂ,ﬂj, (3,3(19,l9j))>* > ‘ * 5
W(ﬂo'ﬂl'm)ﬂlim) W<”i 45 - ﬂ)) +(1-p)
7895410

—1x1x1=1asj— +oo,

| # e &

E(9,p9,6) < (
ElY o€ p1941p19~$ o€ ;:19-;3194
o 3/5(1919 T BE(85, 9541) YT 39551, 99)

0o

IN
>

IN

j—1 . G
¢ M”sﬁ(w )” 5( 1% 3178, 19,+1))°pg(ﬁ]’l”3n<z9m,z9>)

0o0=0asj— +oo,

and

G 9 9
G (9, pd, Sg(ﬁ,ﬁ‘, )Og(é‘ % ,7><>g<l9‘ , 19,7)
(B.p8,¢) " 3B(0,9) VBT (85, 8541) T TEAT)
) o6 (rtvmti i) 9 (5 )

9
<6000 36.57) 20900t ) P9 (0 )

—+00000=0asj— +oo.

Hence, p¢ = ¢. For uniqueness, consider that px = x for some x € 3. Then,

1 .1
W(8,x,¢) W(pd, px, c)
1 1
<ple— 1| < 1
—p[ww,x,@ Fww,x,g) /

E(8,%,6) = E(pB, px,¢) < pE(8,%,6) < E(B,%,¢),
and
G(8,x,6) = G(pd,px,¢) < pG(8,x,6) <G(d,x,¢),

which are contradictions.
Thus, we have W(9,x,5) = 1,E(9,x,6) = 0 and G(4,x,6) = 0, and accordingly,
d=x. O
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Example 3. Let & = [0,1) and B,T,17: S x & — [1,+00) be three non-comparable functions

given by
1+max{d9,Q .
1+m1nji{z9 Q}]j lf v#Q,
F 0=0
max{9%,0%} .
iimlnfgz gz} if 0#Q
and

1+max{9?,0} .
1+m?n{l92 o} if 9#Q.

{ if =0,
) =

Define W,&,G: 3 x & x (0, +00) — [0,1] as
_ G
W0 = g
_ \l’-QI
G(9,0,¢) = Il9 gQI

Then, (3, W, E,G, *,©) is a complete neutrosophic rectangular triple-controlled metric space
with continuous t-norm p = o = po and continuous t-co-norm o ¢ = max{p,c}.

Define p: S — S by p(9) = 12" and take p € [1,1), then

1-39 1-39
W(pﬁ,pQ,pg)=W< R ,pg>

_ &5 _ o5
pg+ 1 3 9 17§*Q pg+w

s _ 506 N G — W
L0 0] S grpp—g V9

PG

1-39 1-39
5(pz9,pQ,pg)=5( R ,pr;)

_n-0 _23-9
B Eaines 5057
pc+ | 1= — 71—3*9 PG + %
379 _3-9 L) L)

T 500+ 3 9-39 T 50+ [0-Q] ~ ¢+ [0 Q]
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and

1-39 1-39
g(pﬂ,pQ,pg)—G( E g ,pg>

1970 1582 e s
_ 5
s s
370379 _[8-9Q _[|8-Q
— < < =§G(9,9,¢).
50¢ 506 ( ¢)

Thus, all conditions of Theorem 1 are satisfied with 0 as the unique fixed point for p.

Application
Let & = C([c, a], R), the set of real-valued continuous functions defined on [, a].

Consider the integral equation

8(t) = A(T) + 6 / "B(r,0)8(t)vo for 1,0 € [cq] (10)

where § > 0, A(v) is a fuzzy function of v: v € [¢,a] and U: C([¢,a] x R) — RT. Define W
and £ by means of

9
W3 (1), 9(7),¢c) = su forall 9, Q€ Sand¢ >0,
P20 = o o) - o)) Jand ¢

S
EW(7),A(7),6) =1— forall 9,0 € S andg >0,
(8(1), Q(7),¢6) rilflc},)a]€+|l9(7)_Q(T)| or a S and g
and
G(9(1), Q(1),¢) = sup WT)_QQ(T)' forall 9,0 ¢S andc¢ >0,
T€[¢,a]

with the continuous t-norm and continuous t-co-norm defined by p xoc = p - ¢ and
p o0 = max{p,c}, respectively. Define 8,T,7: I x ¥ — [1, +00) as

%,9Q) = max .
09~ (g 1 070

r(ﬁ/ Q) = max{ 92,02 .
{T—T—min%gz,’gzi if 9709,

and
n(8,Q) = {Lmax{ﬂz 0 %f r=9
m if ¢#0.
Then, (3, W, E,G, *,¢) is a complete neutrosophic rectangular triple-controlled metric
space. Let |O(7,0)d(7) — U(1,0)Q(7)] < |9(7) — Q(7)| for 8, Q € ,p € (0,1) and for

allt, v € [c, a]. Moreover, let 5(t,v)(6 | ca vv) < p < 1. Then, the integral Equation (10) has
a unique solution.

Proof. Definep: & — S by

p19(T):/\(T)+5/aU(T,u)z9(T)vn forall 7,0 € [¢al.
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Now, for all ¢, Q € &, we deduce

06
W(pd(T), , =
(PO(T)PO(T)P6) = SUP o) — 500
= Sup a pg a
rele,a] PS + A (T) +6 [ O(T,0)8(T)ve — A(T) =6 [ O(T,0)8(T)vo]
= Ssup a Pe a
r€c,a] PS T 16 [ 6(T,0)0(T)vo =6 [ T(T,0)0(T)vo|
s
= su M
o e+ 10(T,0)8(7) — U(7,9)Q(1)|(8 [7 vv)
G
>
= e 80 — (7))
> W(8(1),Q(1),¢),
I8
E(pd(1), oc)=1—
(PO} PRAT) PG =1 = SUP o Tos(r) — pO(T)]
=1- sup a - a
rele,a 6+ A (T) +6 [7T(T,0)0(T)vo — A(T) — 6 [ O(T,0)8(T)vv|
. I8
T P e 18 T O 0)8(x)ve — 8 T (T, 0)8(r)v]
s
=1- su a
e e+ 10(T,0)8(7) — U(,9)Q(T)|(8 [7 vv)
G
<1-—
B Til[lcl,)a] ¢+ ‘19(7) - Q(T)‘
< &(8(1), Q(7),¢6),
and
0g
iod , , =
G(pd(7)pQ(7), p5) Til[lfa] oc T 79(T) —pO(T]
= Ssup a Pe a
t€c,a] PS T |A(T)+6 [ O(T,0)8(T)vo — A(T) =6 [ T(T,0)8(T)vo|
= sup a pg a
rele,a P§ + 10 [ O(T,0)8(T)vo — 8 [FT(T,0)0(T)vo|
~ sup s _
rele,a) PS +10(T,0)9(7) — B(7,0)Q(1)[ (6 [ vv)

6
< Tzl[lfa] ¢+ 19(t) — Q1)
<W((r), Q(7),¢),

Thus, all the conditions of Theorem (1) are satisfied and operator p has a unique fixed
point. This proves that (10) has a unique solution. O

Example 4. Consider the integral equation

1 1
(1) = |cosT| + 7/ vd(v)vy, forall v € [0,1].
0

Then, it has a solution in 3.
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Proof. Letp: & — S be defined by

1
vd(v)vy,
0

S—

pd(7) = | cosT| + ;

and set U(7,0)8(1) = +v0(v) and U(t,v)Q(1)
7,0 € [0,1]. Then, we have

%UQ(D), where ¥, Q € S, and for all

[5(1,0)8(7) ~ B(x,0) Q(1)| = | 508(0) ~ 70Q(v)|
= 2[8(v) — Q(v)| < [8(v) — Q(v)].

2 2
Furthermore, see that } fol ovy = %(% — %) =p < 1, where § = 1. Itis easy to

verify all other conditions of the preceding application and hence a solution exists in &. [

Indeed, the closed form of the unique solution for the integral equation of Example 4
using the software is found to be

a(7) = | cos 7| + 0.0574712,

and the graph of the solution is shown in Figure 1.

1.0

0.6 | 5 . | i
00 02 04 06 08 1.0
T

Figure 1. Solution of Example 4.

4. Conclusions

In the above work, we have defined neutrosophic rectangular triple-controlled met-
ric spaces and defined some topological properties of such spaces. We have proven the
existence of a unique fixed point under various contractive conditions in these spaces,
supported with non-trivial examples. To substantiate the derived results, we have pre-
sented the existence of a unique analytical solution to the Fredholm integral equations,
outperforming those present in the literature. We have also presented the closed form of
the unique solution to Example 4 to supplement the derived results. It is an open problem
to explore the possibility of extending our results thorugh various contractive conditions,
such as Meir-Keeler contractions, Ciric-type contractions or by using more generalized
verisons of the defined spaces.
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