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Abstract: The article is devoted to the noncommutative integration of a diffusion partial differential
equation (PDE). Its generalizations are also studied. This is motivated by the fact that many existing
approaches for solutions of PDEs are based on evolutionary operators obtained as solutions of the
corresponding stochastic PDEs. However, this is restricted to PDEs of an order not higher than 2 over
the real or complex field. This article is aimed at extending such approaches to PDEs of an order
higher than 2. For this purpose, measures and random functions having values in modules over
complexified Cayley—Dickson algebras are investigated. Noncommutative integrals of hypercomplex
random functions are investigated. By using them, the noncommutative integration of the generalized
diffusion PDE is scrutinized. Possibilities are indicated for a subsequent solution of higher-order
PDEs using their decompositions and noncommutative integration.
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1. Introduction

For the studies and analysis of dynamical systems and inverse problems, random
functions are frequently used. They play a very important role in the integration of partial
differential equations (PDEs), diffusion-type PDEs (for example, [1-4]). For these purposes,
matrix or operator measures are studied and used [1-3,5,6]. In [1,6], real and complex
measures, stochastic PDEs, and their applications to solutions of second-order PDEs were
described over real and complex fields. In [2,5], random functions, stochastic processes,
Markov processes, and stochastic PDEs are described, and their applications to solutions
of PDEs using evolutionary operators, generators of their semigroups are given. In [3,4],
these themes are also provided, but the emphasis is on Feynman-type integrals, and their
convergence in suitable domains of function spaces.

However, there are restrictions for these approaches because they work for partial
differential operators (PDOs) of an order not higher than 2. Indeed, they are based on
complex modifications of Gaussian measures. Nevertheless, if a characteristic function ¢(t)
of a measure has the form ¢(t) = exp(Q(t)) where Q(t) is a polynomial, then its degree is
not higher than 2 according to the Marcinkievich theorem (Chapter 1I, §12 in [7]).

On the other side, hypercomplex numbers open new opportunities in these areas.
For example, Dirac used the complexified quaternion algebra Hc for the solution of the
Klein-Gordon hyperbolic PDE of second order with constant coefficients [8]. This is
important in spin quantum mechanics, because U(2) C H. It was proved in [9] that, in
many variants, it is possible to reduce a PDE problem of a higher order to a subsequent
solution of PDEs of an order not higher than 2 with hypercomplex coefficients. In general,
the complex field is insufficient for this purpose.

On the other hand, algebras of hypercomplex numbers, in particular, the Cayley—
Dickson algebras A, over the real field R are natural generalizations of the complex field,
where A, = H is the quaternion skew field, A3 = O denotes the octonion algebra, 4y = R,
A; = C denotes the complex field. Then, each subsequent algebra A, is obtained from
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the preceding algebra A, with the doubling procedure using the doubling generator [10-12]
(see also Appendix A).

They are widely applied in PDEs, noncommutative analysis, mathematical physics,
quantum field theory, hydrodynamics, industrial and computational mathematics, and
noncommutative geometry [8,13-21].

This article is motivated by the fact that many existing approaches for solutions of
PDEs are based on evolutionary operators obtained as solutions of the corresponding
stochastic PDEs. However, this is restricted to PDEs of an order not higher than 2 over a
real or complex field. This article is aimed at extending such approaches to PDEs of an
order higher than 2.

Previously, measures with values in the complexified Cayley-Dickson algebra A, ¢
were studied in [22]. They appear naturally with a solution of a second-order hyperbolic
PDE with Cayley-Dickson coefficients. In this work, the results and notation of [22] are used.
They are recalled in Appendix B. Relations between different forms of the diffusion PDE
(such as backward Kolmogorov, Fokker-Planck-Kolmogorov, and stochastic) are discussed.

This article is devoted to dynamical systems such as hypercomplex generalized diffu-
sion PDEs. For this purpose, measures and random functions having values in modules
over the complexified Cayley-Dickson algebras are investigated. An integration of gen-
eralized diffusion processes is investigated. For their study, hypercomplex transition
measures are used. Noncommutative integrals of hypercomplex random functions are
studied. The existence of novel random functions and Markov processes over hypercom-
plex numbers is studied in Theorem 1, Corollary 1. Integrals of hypercomplex random
functions and operators acting on them are investigated in Theorems 2-5. Properties of
hypercomplex stochastic integrals are described in Propositions 1-3. In Theorem 6, their
stochastic continuity is investigated. Necessary specific novel definitions are given. No-
tation is described in detail. Lemmas 1-5 are given in order to prove the theorems and
propositions. These lemmas concern estimates of hypercomplex stochastic integrals, which
was not performed before. In Theorems 7 and 8, and Corollary 2, solutions of general-
ized diffusion PDEs with hypercomplex random functions and operators are scrutinized.
Ordered products of appearing operators are studied. Generators of semigroups of
evolutionary operators are also studied for the generalized diffusion PDE in its stochastic
form over the complexified Cayley-Dickson algebra. The stochastic Cauchy problem
related with the generalized diffusion PDE is investigated for modules over complexified
Cayley-Dickson algebras. Basics of hypercomplex numbers and measures are recalled
in Appendices A and B (Formulas (A1)—-(A40)). This opens new possibilities for a subse-
quent solution of higher-order PDEs using their decompositions and noncommutative
integration, which is also discussed in the conclusion.

The main results of this work were obtained for the first time. The noncommutative
integration developed in this paper permits to subsequently analyze and integrate PDEs
of orders higher than 2 of different types, including parabolic, elliptic, and hyperbolic.
The obtained results open new opportunities for subsequent studies of PDEs and their
solutions regarding inverse problems.

2. Generalized Diffusion PDEs
Definition 1. Suppose that A is an additive group contained in R. Suppose also that T is a

subset in A containing a point ty. Let Xy = X be a locally R-convex space that is also a two-sided
A, c-module for each t € T, where 2 < r < co. Then,

(XT/ U) = H(Xt, Ut)

teT

for the product of measurable spaces, where Uy is the Borel o-algebra of X;, U is an algebra of
cylindrical subsets of Xt generated by projections 7ty : Xt — X7, where X9 := 1TTteq Xt is a left-
ordered direct product, q C T is a finite subset of T, Xt} = X;, Xtobnit = X, | x (Xhotn)
foreacht; < ... <t,y1inT.
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Function P(t1,x1,ty, A) with values in the complexified Cayley—Dickson algebra A, ¢ for
eacht; <ty € T, x1 € Xy, A € Uy, is called a transitional measure if it satisfies the following
conditions:

the set function vy, 1, t,(A) := P(t1,x1,t2, A) is a measure on (X,, Uy, ); 1)

the function ay, 1, a(x1) := P(t1,x1,t2, A) of the variable x1 is Uy, -measurable, that is,
11y 4 (B(AC)) C U o

P(t,x1,t2,A) = /X P(t,y, tp, A)P(t1,x1,t,dy) foreacht; <t <ty € T (3)

Z

so that P(t,y,t, A) as the function by y is in L' ((X;, Ut), Vap iy 00 Arc). A transition measure
P(t1,x1,t, A) is called unital if

P(ty,x1,t2,Xt,) = 1foreacht; < t, € T. 4)

Then, for each finite set g = (to, t1, ..., ty+1) of pointsin T, such that ty < t; < ... < t,41;
there is defined a measure in X8

n+1

VJqCO (D) = / 1 H P(tkfl/xkflrtk/ ka), D e Ug = lHUtl (5)
D=1 teg

where g = q \ {to}, variables x1, ..., x,+1 are such that (x1,...,x,+1) € D, xg € Xy, is fixed.
Let the transitional measure P(t,x1,t,dxy) be unital. Then, for the product D = Dj X

(th x Dy), where Dy € 1]_[;;} Uy, Dy € ZH?j]}H Uy,, the equality

n+1
V.?Co(D) = / |:l H P<tk71/ Xk—1/ tk/ dxk):|
DaxDy L k=1

j—1
X |:|:/X P(tjfll x]‘,l,t]‘,dx]‘) |:l Hp(tk_l,xk_l,tk, dxk):|:| = ‘u;g(D2 X Dl) (6)
tj k=1

is fulfilled, where r = q \ {t;}. Equation (6) implies that

7_[‘1 [
[l ) = u3, @)

for each v < gq, where finite sets are ordered by inclusion: v < q if and only if v C g, where
m, + X8 — XU is the natural projection, g = q \ {to}, w =10\ {to}.

Yt denotes the family of all finite linearly ordered subsets q in T, such that ty € q C T,
v < q € Yy, my: Xp — X8 is the natural projection, § = q\ {to}. Hence, Conditions (4),
(5), (7) imply that: {p%; 7T}; Y1} is the consistent family of measures that induces a cylindrical
distribution fix, on the measurable space (Xt,U) such that

fixy (7,1 (D)) = uly (D) (8)

foreach D € US.

The cylindrical distribution given by Formulas (1)—(5), (7) and (8) is called the A, c-valued
Markov distribution with time t in T.

Remark 1. Let X; = X foreach t € T, Xy x, := {x € X7 : x(to) = x0}. Put 7ty : x — x4 for
each x = x(t) in Xr, where x4 is defined on q = (to, ..., ty41) € Y7 such that x4(t) = x(t) for
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each t € q. To an arbitrary function F : Xr — AL . a function can be posed (SyF)(x) := F(x,) =
Fq(yo, - -, yn), wherey; = x(t;), Fy : X9 — Alr,c/ I € N. Put

F:={F|F: X1 — Alr,C,SqF is UT — measurable for each q € Y}.

IfFeF, t=tyeq, tg <ty <...<tyy, then the integral

n+1
]q(F) = / (SLIF) (XO/ .- '/x”> 1 H P(tkflrxkflrtkrdxk) (9)
X1 k=1

can be defined whenever it converges.

Definition 2. A function F is called integrable relative to a Markov cylindrical distribution py, if
the limit

iz Jy(F) = J(F) (10)

along the generalized net by finite subsets q = (to, ..., ty,+1) € Y7 of T exists (see (9)). This limit
is called a functional integral relative to the Markov cylindrical distribution:

JF) = [ FGxps(a). a

to,x0

Remark 2. Spatially homogeneous transition measure. Suppose that P(t, A) is an A, c-
valued measure on (X,U) for each t € T such that A — x € U for each A € U and x € X, where
A € U, X is a locally R-convex space which is also a two-sided A, c-module, U is an algebra of
subsets of X. Suppose also that P is a spatially homogeneous transition measure:

P(tl,xl,tz,A):P(tz—tl,A—xl) (12)

foreach A € U, t; <ty € Tand ty — ty € T and every x1 € X, where P(t, A) also satisfies the
following condition:

Pty + ty, A) = /XP(tz,A —y)P(t1,dy) (13)
foreacht; < tpandty +trinT.
Then,
(1, x1, b2, ) == /X P(t1, x1, b2, dx) exp (iy(x)) (14)

is the characteristic functional of transitional measure P(ty,xq,tp,dx) for each ty < t, € T and
each x1 € X, where X notates the topologically dual space of all continuous R-linear real-valued
functionals y on X, y € Xg. Particularly for P satisfying Conditions (12) and (13) with ty = 0
its characteristic functional ¢ satisfies the equalities:

¢(t1,x1, b2, y) = P(t2 — 1, y) exp(iy(x1)), (15)

where
Y(ty) = /XP(t,dx) exp(iy(x)) and (16)
P(t+t,y) = ¢t y)p(t,y) (17)

foreachty <ty € Tandty —t; € Tand t; 4+t € T respectively and y € Xg, x1 € X, since
Z(A,c) =C.

Remark 3. If T is a T; N Tz 5 topological space, we denote by Cg(T, H) the Banach space of all
continuous bounded functions f : T — H supplied with the norm:

Ifllco == sup [ f ()| < oo, (18)
teT
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where H is a Banach space over R that may also be a two-sided A, c-module. If T is compact, then
CY(T, H) is isomorphic with the space C°(T, H) of all continuous functions f : T — H.

For a set T and a complete locally R-convex space H that may also be a two-sided A, c-module,
consider product R-convex space H' := [1,;c Hy in the product topology, where Hy := H for each
teT.

Suppose that B is a separating algebra on the space either X := X(T,H) = L1(T, B(T), A, H)
or X := X(T,H) = C)(T,H) oron X = X(T,H) = HT, where A : B(T) — [0,00) is a 0-
additive measure on the Borel o-algebra B(T) on T, 1 < q < oo. Consider a random variable
¢ w E(t,w) with values in (X, B), wheret € T, w € Q, (O, R, P) is a measure space with
an A, c-valued measure P, P: R — A, c.

Events Sy, ..., S, are independent in total if P(;T1}_; Sx) = 111;—; P(Sk). Subalgebras
RK C R are independent if all collections of events Sy € R are independent in total, where
k=1,...,n,n € N. To each collection of random variables ., on (), R) with v € Y is related
the minimal algebra Ry C R for which all {., are measurable, where Y is a set. Collections {C. :
v E Yl} are independent if Ry, where Y ¢ Y foreachl =1,...,n,n € N.

For X = CS(T, H)or X = HT define X(T,H; (t1,...,tn); (21,-..,2n)) as a closed subman-
ifold in X ofall f : T — H, f € X such that f(t1) = z1,..., f(tn) = zn, where t1,...,t, are
pairwise distinct points in T and z1, . . ., z, are points in H. Forn = 1and ty € T and z; = 0, we
denote X := Xo(T,H) := X(T, H; to;0).

Definition 3. Suppose that H is a real Banach space that may also be a two-sided A, c-module.
Consider a random function w(t,w) with values in the space H as a random variable such that:

the random variable w(t,w) — w(u,w) has a distribution p, (19)

where y is an A, c-valued measure on (X(T,H),B), u$(A) := u(g~1(A)) for g : X — H such
that g~ (Ry) C Band each A € Ry. Thereby, F, a R-linear operator Fy,, : X — H is denoted,
which is prescribed by the following formula:

Fiu(w) :=w(t,w) —w(u,w)

foreach u < tin T, where Ry is a separating algebra of H such that thul (Ry) C Bforeachu < t
in T, where T = [0,b] with0 < b < ooor T = [0,00), Q # ©@;

the vectors w(ty, w) — w(ty_1,w), ..., w(h,w) —w(0,w) and w(0, w) (20)

are mutually independent for each chosen 0 < t; < ... <ty in T and each m > 2, where w € ().
Then, {w(t) : t € T} is the random function with independent increments, where w(t) is the
shortened notation of w(t, w).
In addition,
w(0,w) = 0. (21)

Remark 4. Random function w(t, w) satisfying Conditions (19)—(21) in Definition 3 possesses a
Markovian property with transitional measure

P(u,x,t, A) = pln (A — x) (see also (10)-(17)).

As usual, it is put for the expectation

Erf = | f@)P(dw) = P(f)

of a random variable f : Q) — Ai’lc whenever this integral exists, where P = Py, is the A, c-valued
measure on a measure space (CYyy, () F) shortly denoted by (Q), F), where f is (F,B (Ail,c))'
measurable, h € N, B (Ail,c) denotes the Borel o-algebra on A’:,c- If P is specified, it may be shortly
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written E instead of Ep. If G is a sub-c-algebra in the o-algebra F and if there exists a random
variable g : Q) — Ai‘lc such that g is (G, B (.Ai’rc))—measumble and

J, f@Pldw) = [ g(e)p(aw)

foreach A € G, then g is called the conditional expectation relative to G and denoted by g = E(f|G).
An operator | : Al — A?,C is called right A, c-linear in the weak sense if

J(xb+yc) = (Jx)b+ (Jy)c (22)

for each x and y in R" and b and c in A, ¢, where real field R is canonically embedded into the
complexified Cayley—Dickson algebra A, c as Rig, igp = 1. Owver the algebra Hc = Ay ¢, this
gives right linear operators ] (xb +yc) = (Jx)b + (Jy)c for each x and y in A} - and b and c in
Ay ¢, since Hc is associative. For brevity, we omitted “in the weak sense”. We notate such a set of
operators with Ly (A -, A?,C)' Then

1Jz]
| 7

”]H = sup Hzl
z#0; zeAf,C

wherez = (z1,...,2n), zj € Ay c foreach j € {1,...,n}, where

n
Iz = 3 lI=11%,
j=1

llal|? = 2|b|* + 2|c|? for each a = b + ic in A, c with b and c in A, (see also Remark 2.1 of [22]).
In particular, it is useful to consider the following case: w = J& + p, where & is a R*"-
valued random variable on a measurable space (Qy), [0F ) and with a probability measure Py :
[0]}" — [0,1], where p € A?,C' where R%" is embedded into A?,C as igR™ + igiR", where
J € Ly(A}, A ). This means that & is ( o) F, B(R*"))-measurable, while w is ( () F, B(A-))-
measurable, where (Qyy, (1 F) is a measurable space, Py = (qF — A, c is a measure.
Assume that there is an injection 0 : (Qq), (0F) — (Q, [ F) and Py has an extension
P = P[%] on (Q[r]r [,,]]:) such that P[GO](Q[V] \G(Q[O])) =0, P[%](A) = P[O](Gil (A N 9(0[0}))
for each A € (yF and |Py|(Q) \ 0(Qo))) = 0. Then, it may be the case that P and Py, are
related by Formulas 2.4(2), 2.4(3) of [22] with the use of U = Uy, = J* and Uy = I using the
A, c-analytic extension. If f = F(w), where F : Al — .A’:,C is a Borel measurable function;
then, there exists a Borel measurable function G : R*" — Af,c such that G(&) = f. Therefore, if

u: A’;/C — R is a Borel measurable function, using Formulas 2.4(2), 2.4(3) of [22] we put
Eu(f) = [ u(G(E()))Pg(dw).
(0]

If
[ (G (Ew@)Py () = [ g(6(w))Pg)(dw)
T4 T A
for each A € G, where g : Q) — R is (G, B(R))-measurable, Ajg = 1A No(Q))),
09 = ~1(G N 0(Qq))), then g is called the conditional expectation of u(f) relative to G and
denoted by E(u(f)|G) = g, since P(Qpy \ 0(Q))) = 0and [Pyy|(Qpy \ 0(Q))) = 0, where G
is a o-subalgebra in ) F.
This convention is used if some other is not specified.
Let L, (A}, Af,c) denote a family of all right A, c-linear operators | from A - into A}r’,c
fulfilling the condition
J(AY) C AL (23)
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Theorem 1. Suppose that either X = C)(T,H) or X = H', where H = Alc withn € N,
2 <r < oo, either T = [0,s] with0 < s < coor T = [0,00). Then, there exzsts a family ¥
of pairwise inequivalent Markovian random functions with A, c-valued transition measures of
the type pyy,pe (see Definition 2.4 of [22]) on X of a cardinality card(Y) = c, where ¢ = 2%,
O0<teT.

Proof. Naturally, the algebra A} = & [ 1A;,c, if considered to be a linear space over

R, also possesses a structure of the R-linear space isomorphic with R? "', Therefore,

the Borel o-algebra B(A] ) of the algebra A} is isomorphic with B (R2r+1”). So, put
P(t,A) = putpt(A) for each 0<teTand A € B(H), where an operator U and a vector p
are marked, satisfying conditions of Definitions 2.4 and 2.3(«) of [22].

Naturally, an embedding of R" into A7 exists as {)R", where ip = 1. If §(t) is
an R"-valued random function, | is a right .Ar c-linear operator | : AY- — .Ar ¢ satis-
fying the condition J(A}) C A}, v € A7 (see (22), (23) in Remark 4) then generally,
w(t) = J¢(t) + ot is an A? --valued random function, where 0 < t € T, w(t) is a shortened
notation of w(t, w).

Operators B].il/ 2 exist (see, for example, Chapter IX, Section 13 in [23].), since B; is

positive definite for each j. On the Cayley—Dickson algebra A, function /a exists (see §3.7
and Lemma 5.16 in [19]). It has an extension on A, ¢ and its branch, such that \/a > 0 for
each a > 0 can be specified by the following. Take an arbitrary a = a9 + ia; € A, ¢ with
ap € Arand a; € A,. Putagg = Re(ag), a19 = Re(ay), ag’ = ap —app, a1’ = a1 — Re(aq).
If agp # 0 and a1y # 0, a can be presented in the form a = (« +iB)(u +iv’) witha € R,
BeER,uc A, v €A, Re(v) = 0. Therefore, in the latter case v/a = \/a +ifvu +iv/,
since C = Z(A,c). If ais such that agg = 0 and a1y # 0; then, for b = ia, there
are bpg = —a19 # 0and bjp = 0. On the other hand, for a with a;9 = 0, equation
(v + i(5)2 = ag + i1’ has a solution with 7y and ¢ in A,, since, by utilizing the standard
basis of the complexified Cayley-Dickson algebra, this equation can be written as the
quadratic system in 2" complex variables g + idp, ..., Yor—_1 + idr_1. The latter system
has a solution (v, ) in A2, since each polynomial over C has zeros in C by the principal
algebra theorem. Therefore, the initial equation has a solution in A, ¢. Thus, the operator
U2 — @y 41/2p1/2
=157

Particularly, ] can be | = U'/2, while as &(t), it is possible to take a Wiener process
with the zero expectation and the unit covariance operator.

If f € X, then T > t — f(t) defines a continuous R-linear projection 7r; from X into H.
Therefore, 71y, X (711, , X ... X 714, ) provides a continuous R-linear projection 77, from X
into H7 foreach0 < t; < ... < t, € T, whereq = {f,...,t,}. These projections and Borel
o-algebras B(H7) on HY for finite linearly ordered subsets g in T induce an algebra R (X) of
X. Since HT is supplied with the product Tychonoff topology, a minimal c-algebra R, (HT)
generated by R (HT) coincides with the Borel c-algebra B(HT). Topological spaces T and H
are separable and relative to the norm topology on CJ(T, H); R (C)(T, H)) = B(C)(T, H))
is also obtained.

By virtue of Proposition 2.7 of [22] and Formulas 2.4(2) and 2.4(3) of [22], a character-
istic functional of Py ,(t, A) := puy,pe fulfils Condition (17). It is worth to associate with
Py, (t, A) a spatially homogeneous transition measure Py ,(t1, X1, t2, A) according to Equa-
tion (12) in Remark 2. Representation 2.10(2) of [22] implies that a bijective correspondence
exists between c-additive norm-bounded A, --valued measures and their characteristic
functionals, since it is valid for each real-valued addendum y; x (see, for example, [1,7]) and
Z(A,c) = C. Moreover, a characteristic functional of the ordered convolution (y * v) of
two o-additive norm-bounded A, c-valued measures y and v is the ordered product /i - ¥
of their characteristic functionals 1 and 7, respectively. Therefore, Conditions (1)-(4) in
Definition 1 are satisfied.

Then, Formulas (5), (7) and (8) in Definition 1 together with the data above describe
an A, c-valued Markov cylindrical distribution Py, on X (see Corollary 2.6 of [22] and

exists and it evidently belongs to L, (A} -, A’ ).
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Definition 1), since t = t, —t; > 0 foreach 0 < t; < t; € T. The space H is Radon by the
Theorem 1.1.2 of [1], since H is separable and complete as the metric space. From Theorem
2.3 and Proposition 2.7 of [22], it follows that P, is uniformly norm-bounded. In view
of Theorem 2.15 and Corollary 2.17 [22], this cylindrical distribution has an extension to a
norm-bounded measure Py, on a completion Rp(X) of R(X), where R,(X) = B(X).

Considering different operators U and vectors p, and utilizing the Kakutani theorem
(see, for example, in [1]), we infer that there is a family of the cardinality c of pairwise
nonequivalent and orthogonal measures of such type Py, on X since each P has the
representation 2.10(2) of [22].

Let (O = Q) be the set of all elementary events

w:={f:feX(T,H(to,t1,.--,tn); (0,x1,..., %))},

where A, is a finite subset of N, x; € H, (t; : i € Ay) € Yrisasubset of T\ {fo} (see
Remarks 1 and 3), where ty = 0, where t; < t foreachi < jin A,. Hence, an algebra 0
exists of cylindrical subsets of Xo(T, H) induced by the projections 7, : Xo(T, H) — HY,
where g € Y7 is a subsetin T \ {0}. This procedure induces algebra R(Q2) of Q). So, one
can consider a Markovian random function corresponding to Py, (see Definition 3). [

Corollary 1. Let w(t, w) be a random function given by Theorem 1 with the transitional measure
pu,pt for each t > 0, then

E(w(ty, w) —w(ty,w)) = (t2 —t1)p (24)

and
E((wi(t2, w) — pit2) (wp(tr, w) — put1)) = (t2 — t)ajbep,_, n—p,_;i9j) (25)

foreachkand hin {1,...,n}, where0 < t) <t € T, 1+Bj 1 <k<Bjand1+p_1 <h<p,
j=1,...,m 1 =1,...,m where E means the expectation relative to PLLLP.

Proof. By virtue of Theorem 1, random function w(t, w) has the transitional measure
P(ty, x,t2, A) = pfan (A —x) = P(Ltz—tl)u (t—ty)p where x = w(tf,w). Therefore,
Formulas (24) and (25) follow from Proposition 2.8 and Theorem 2.9 of [22]. O

Definition 4. Let (Q), F, P) be a measure space with an A, c-valued o-additive norm-bounded
measure P on a o-algebra F of a set Q) with P(Q)) = 1. There is a filtration {F; : t € T},
if Ft, C Fy, C F foreach t; < tyin T, where F; is a o-algebra for each t € T, where either
T = [0,s] with0 < s < coorT = [0,00). A filtration {Fy : t € T} is called normal
if{Be F :|P|(B) =0} C Foand Fy = Nrsp>t Foforeacht € T.

Then, if for each t € T a random variable u(t) : Q0 — X with values in a topological space X is
(Ft, B(X))-measurable, random function {u(t) : t € T} and filtration {F; : t € T} are adapted,
where B(X) denotes the minimal o-algebra on X containing all open subsets of X (i.e., the Borel
o-algebra). Let G be a minimal o-algebra on T x Q) generated by sets (v, t] X A with A € Fy, also
{0} x A with A € Fy. Let also y be a o-additive measure on (T x Q, G) induced by the measure
product A X P, where A is the Lebesgue measureon T If u : T x Q) — Xis (G, B(X))-measurable,
then u is called a predictable random function, where G, denotes the completion of G by |u|-null
sets, where || is the variation of y (see Definition 2.10 in [22]).

The random function given by Corollary 1 is called an A7 -valued (U, p)-random function
ot, in short, U-random function for p = 0.

Remark 5. Random functions described in the proof of Theorem 1 are A, ¢ generalizations of the
classical Brownian motion processes and of the Wiener processes.

Let w(t) be the A} ~-valued (U, p)-random function provided by Theorem 1 and Corollary
1. Let a normal filtration {F; : t € T} on (Q, F,P) be induced by w(t). Therefore, w(t) is
(Ft, B(A} -))-measurable for all t € T; w(t + ta) — w(ty) is independent of any A € Fy,
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for each ty and t1 + to in T with t, > 0. In view of Theorem 1 and Corollary 1, conditions
P(Q\ 0(Qq)) = 0and [Py [(QA\ 0(Qp))) = 0 are satisfied, where QO = Qy, F = [y F (see
Remark 4).

Suppose that {S(t) : t € T}isan Ly(A}, Ai’/c) valued random function (that is, random
operator), S(t) = S(t,w), w € Q) (see also the notation in Remark 4). 1t is called elementary if a
finite partition 0 =ty < t; < ... < ty = s exists, so that

k-1
- Z St chiy ), (26)
1=0
where S : QO — Ly( rc,A ) is (F1, B(L( rC,A c))-measurable for each1 = 0,...,k -1,
where n and h are natural numbers, where chy, 4, denotes the characteristic function of the
segment (t;,t; 1] ={teR:t; <t <t 1}, T= [0, s|. A stochastic integral relative to w(t) and
the elementary random function S(t) is defined by the formula:

t
/O Z Si(w(tipa A t) —w(t At)), (27)

where t A t' = min(t,t') for each t and t' in T. Similarly, elementary L,;(A” -, A .) random
functions and their stochastic integrals are defined. Put

<x, Y >=x1Y1 + ...+ x5y (28)

for each x and y in Ar cr
wherey = (y1,...,yp) with y; € A,c foreachl, =z — 2’ for each z = zg + 2’ in A, ¢ with
zp € Randz' € A, c, Re(z') = 0.

Q" denotes an adjoint operator of an R-linear operator Q : A} - — A?,C/ such that

< Qx,y >=<x,Q%y > (29)

foreach x € Al -andy € Af,c.
Then, we put for Q = A+ iB with Aand Bin L, ;(A" ., Al )

Q|3 = 2Tr(AA*) + 2Tr(BB*). (30)

Lemma 1. Let

(i) S(t) be an elementary L, (A7 -, A’:,C)—valued random variable with E(||S(t)|||Fa) < oo
P-almost everywhere on (Q), F) for each t € [a, b], and let

(ii) w = wo + 1wy be an A} c-valued random function with Uo- and Uy - random functions
wo and w1, respectively, having values in A, so that Uy and U, belong to Lr,,-(A:‘,C, ':,C), and
operator U = Uy + iU fulfils Conditions 2.3(«x) and of Definition 2.4 of [22], where wy and w;
are independent; 0 < a < b < oo, [a,b] C T (see Definitions 2.10 of [22] , Remarks 4 and 5 above).

Then, E(fab S(t)dw(t)|Fa) = 0 P-almost everywhere on (Q, F).
Proof. This follows from Corollary 1(24), and Formulas (26) and (27), since 0 < (b —

a)E():;:& IIS1]||Fa) < oo P-almost everywhere and E(w(tp, w) — w(t;,w)) = 0 for each
tp > t1 in [a, b] for the U-random function w. [

Lemma 2. Let S = A + iB, with A and B belonging to Lr,i(Af,c/ Af,c), wheren € N, h € N,
2 <r < oo. Then,

|S]13 = Tr[(A +iB)((A* —iB*)] + Tr[(A — iB)((A* +iB*)] < co and (31)

1S]| < [IS]]2. (32)
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Proof. Since A and B belong to L, ;( A}, Al;,c)/ then
|A +iB|)5 = 2Tr(AA*) +2Tr(BB*) < oo (33)

by Formula (30), where Tr(AA*) denotes the trace of operator AA¥, as usual. On the other
side,
[(A+iB)((A* —iB")] + [(A —iB)((A* +iB*)] = 2(AA* + BB").

Since A € L,;( rC"A ), then < Aey, e, >€ A, foreachk =1,...,n,1=1,...,h,
where {¢; : k=1,.. m} denotes the standard orthonormal base in the Euclidean space
R™, where m = max(n, h); R" is embedded into A? - as igR". Therefore, we deduce using
Formulas (28), (29), and (33) that

Tr(AA*) =Y | <e, Aep > > >0, (34)
Lk

since Tr(AA*) =Y < AA%ej,ep >= Y < A¥ej e >< e, A'ep >.
This implies Formula (31). From the Cauchy-Bunyakovskii-Schwarz inequality,
Remark 4, Formulas (31) and (34), one obtains Inequality (32). O

Theorem 2. If S(t) is an elementary random function with values in L, ;(A! -, Af,c) and w(t) is
an U-random function in A} as in Definition 4 with U € L, ;( Al -, Al -), then

E[ < /ﬂtS(T)dw(r),/OtS(T)dw(T) > fa}

t
—E| [ TS@U AU (2ol 7 @)
P-almost everywhere foreach0 <a <t cT.

Proof. Since Ew(t) =0and U : A — Al', U € L, ;(A}, A} ) by the conditions of this
theorem, a; € A, \ {0} for each and hence U'/2 : Ale = Al c and U2 e L, ( ror AL,
since U satlsﬁes the conditions of Definition 2.4 and 2. 3( ) [22] (see also Theorem 1).
Therefore, w(t,w) € AZ; hence, S(t,w)w(t,w) € Al for each t € T and P-almost all w € ),
where w(t) is a shortening of w(t, w), while S(t) is that of S(t, w). On the other hand,

h h
<xx>=|x*= Exjf]-: Z\xj|2 (36)
j=1 j=1

for each x € A’ﬁ, where |z|2 = zZ = Zl "} 22 for each z in the Cayley-Dickson algebra A,,

where z = zpig + . .. + zpr_1ipr_1 with z; € R for each [, {iy, ..., i»r 1} is the standard basis
of A,.

Lete, € Al-and f; € A?,C' wheree; = (0 : k= 1,...,n)and f; = (01 : k =
1,...,h), where ;4 is the Kronecker delta. Then, for an operator ] in L, ; (A, .Ai’/c) and
each x € A}, the representation is valid:

n h
Jx =YY Jixxcfi, (37)
k=11=1

where x = x1e1 + ...+ xpeu, X € A, cand i € A, foreach kand 1.
From the conditions imposed on U (see Definition 2.4 of [22]), it follows that U and

=1
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belong to L; (A}, A}l ), since the positive definite matrix [B;] 1/2 with real matrix elements
corresponds to the positive definite operator B; for each j, and z1/2 € A, foreach z € A,.
By virtue of Proposition 2.5, and Formulas 2.8(2) and 2.8(3) in [22], uy;p is the A,-
valued measure for each t > 0, since the Cayley—Dickson algebra .4, is power-associative
and exp;(z) = exp(z) for each z € A,.
Random function S(t)w(t) is obtained from the standard Wiener process ¢ in R" with
the zero expectation and the unit covariance operator with the use of operator U'/2:

S(bw(t) = S(HU?¢(t) (39)

according to Theorem 1. Therefore, the statement of this theorem follows from the Ito
isometry theorem (see, for example, Proposition 1.2 in [1], Theorem 3.6 in [2], XII in Chapter
VIII, Section 1 in [5] ), Formulas (36)-(39) above and Remarks 4 and 5. [

Theorem 3. Suppose that
(i) S(t) is an elementary L, (A} ., -Ail,c) valued random function and
(it) w = wo + iwy is an A} --valued random function satisfying Condition (ii) in Lemma 1.

Then,
E H /ut S(t)dw(7)

P-almost everywhere for each0 < a <t € T.

2

t
|]__a} gmax(HUé/zH%rHU%/zH%) E|:/a ||S(T)||%dea] (40)

Proof. We consider the following representation: S(x +1iy) = (Sox) + (Soay) +1(S1,0x) +
i(S1,1y) of Swith Sj € L (A7, A]:,C> forevery I,k € {0,1} and z = x +iy € A} with x
and y in A}. For eachz = x +iy € A, we have 1Sz|? = |(So0x) + (So1y)|*> + |(S10%) +
(S11y)|* (see Remark 2.1 of [22] and Formula (36) in Theorem 2 above). On the other
hand, |v|?> =< ©v,v > for each v € Al'. For two operators G and H in Li’,i(‘A:},C' Af,c)f
the inequality is valid |Tr(GH*)|> < [Tr(GG*)] - [Tr(HH*)] due to Representation (37).
Applying Theorem 2 and Lemma 2 (see also Remarks 4 and 5) to Soowo + So1w1 = (So,0 B
50,1)77 and S10wp + Sl,lwl = (Sl,O D 51/1)17, where 1 = wg @ w1 and U = Uy & U, we

infer that
EH /;S(T)dw(r) i }—

2|, (lk TS H (U S (e )l

< max([U3 213 12 B) E| [ Is(olfar|7] )

P-almost everywhere for each 0 < a < t € T, since |Tr(GH*)| = |Tr(HG*)| and |a + b| <
|a| + |b| for each a and b in A?. O

Lemma 3. If conditions (i) in Theorem 3, (ii) in Lemma 1 are satisfied, then

{

[ stiatn)| > pmax 11 121} <

a

ap 2+ P{ /ab 15(6)|12dt > a} 42)

foreacha >0,6>0,[a,b]CT,0<a<b< oo
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Proof. According to Formula (26) S(t) = S(#;) foreacht; < t < t;,1, wherea =ty < t; <
. <ty = b. Since S(t) is (Fy, B(Lr (A}, Ai‘lc))—measurable for each t € (#,t;41], then

/ ;’“ 1S(t)|3dt is (F,, B([0, 0]))-measurable. We consider a modified elementary random
function S, (#) such that S,(f) = S(¢) for each t < #; if f;’“ |S(#)[|3dt < a; otherwise
S,x( ) = 0 for each t € (t;,b] if ft’ IS(H)|3dt < a < f;’“ |S(t)||5dt for some I. Therefore,
f |Sa(t)||5dt < a for each t € [a, b]; hence,

P{sup 18,()~ ()12 > 0} = P{ [ Is(o)lBat > n . @)

te(a,b]

Then, we deduce that

{.

[ sutoydts) + [750) = Su(o)du(s)| > pmax(Iu 2l ||u}/2||z>} <

/abS(t)dw(t)H > Bmax(||Us?(|2, ||U}/2||2)} _

g

{4

Su(0)lt) | > pmax(uy s, 1i21a) |} + | ['(56) - suopaaio)] > o}

E[ 7 Sa(B)dw(t) T

b
< pd [ls0) 3 > o}
Fmax(IUY 23, U2 E) T s

by Chebyshév inequality (see, for example, in Section I1.6 [7]), Equality (43) above, Formu-
las 2.10(1) and (2) in [22]. By virtue of Theorem 3 (see also Formulas (40) and (41))

2
e | < max(jug/213, ) | [ Istolar],

since E[E((|F,)] = EC for a random variable { : Q — [0, 00] which is (F,, B([0,0]))-
measurable (Section 1.7 [7]). This implies Inequality (42). [

b
Sa(H)dw(t)

Theorem 4. If w is a U-random function and {S(t) : t € T} isan L,;(A}, Ai‘lc)—valued
predictable random function satisfying the condition

B[ HS(@UM 2} {(U2)°s* (1) ] < o o

for each 0 < a < t in T, where operator U is specified in Definition 2.4 [22], such that
U € Li(Alc, Al c); then, a sequence {Sc(t) : x € N} of elementary random functions ex-
ists with t € T such that

lims L[ T(S(7) = S(ODUM (U2 (8* (1) — Se(x) e =0 @)

a

foreach0 <a <tinT.

Proof. Tr({S(t)U'/?}{(U"/?)*S*(1)} > 0 for each T € T, since U € L, ( rerALC)
implying aj € A,; hence, a}/z € A, for each j. In view of Formulas (35), (37) random
function S(t)U"/? having values in L,; (A, A!) has the decomposition into a finite

R-linear combination

27—

n h
U2 =YY Y me ® fij (46)

I=1k=1 j=0

[any

-
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of real random functions 7, 1,; using vectors e, f; and the standard basis {io, 11, ..., ir_1}
of the Cayley—Dickson algebra A, over R. For each real-valued random function, the
condition

t
E[/u Mg dT] < oo (47)

is fulfilled for each 0 < a < tin T by (44); hence, a sequence of real-valued random
functions 7 k., exists, such that

t
limc-sooEL | (55— i) ) = 0 (48)
for each t € T. Thus, Formulas (46), (47), and (48) imply (45). O

Theorem 5. If w fulfills Condition (ii) in Lemma 1 and S(t) isa L, (A}, A’:’C)—valued predictable
random function satisfying the following inequality:

b
E[/ F(S; Up, ul)(r)dr} < oo (49)
foreach0 < a < bin T, where
1
F(S;Un, Uy) (1) = Y. Tr({Sp( UL H{UL) Sx(0))). (50)
1,k=0

Then, a sequence {Sx(t) : x € N} of elementary random functions exists with t € T, such that

ZimeE[/bF((S(T) Sk (T)); Up, Uy ) (T)dT| =0 (51)
forevery0 <a <binT.

The proof is analogous to that of Theorem 4 with the use of Formula (41), using
(49), (50) and (51), since E(E(Z|F;)) = EC with { = fab F(S;Up, Uy)(T)dt, T > 0 P-
almost everywhere.

Definition 5. A sequence {S(t) : k € N} of elementary L, (A} -, Ah c )-valued random functions
with t € T is mean absolute square convergent to a predictable Lr(A”C, Ah c)-valued random
function {S(t) : t € T}, where w satisfies Condition (ii) in Lemma 1, if Condztzon (51) in Theorem
5 is satisfied. The corresponding mean absolute square limit is induced by Formulas (41) and (51),
and is denoted by l.i.m.. The family of all predictable L, (A7, Al c)-valued random functions
{S(t) : t € T} satisfying Condition (49) is denoted by V,, (U, ul,a b,n,h)

A stochastic integral of S € V,1(Uo, Uy, a,b,n,h) is:

t t
/ S(T)dw(T) i= Lit.xseo / Sx(T)dw(T), (52)

0 0
where w = wq + 1wy is an A’;,C—valued random function with Uy and Uy random functions wy
and wy, respectively, having values in A}, where 0 < a <t < bin T, where w satisfies Condition

(ii) in Lemma 1.

Proposition 1. Let the conditions of Theorem 5 be satisfied, and let S € Vo1 (Uo, Uy, a,b,n,h),
0<a<c<beT. Then, there exists fg S(t)dw(t) foreacha < p <y < band

/ab S(H)dwl(t) = /;s(t)dw(t) n /Cb S(E)dw(t). (53)
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Proof. In view of Theorem 5, Definitions 4 and 5, and Remark 5, there exists f 8 (t)dw(t)
foreacha < B < 4 < b. Formula (53) for elementary random functions S, for each

x € N follows from Formula (27). Hence, taking l.i.m.x_ ., we infer Equality (53) for
S € Vo1(Uy, Uy, a,b,n,h) by Theorem 5. O

Proposition 2. If S € V,1(Uy, Uy, a,b,n,h), Sx € Vo1(Up, Uy, a,b,n,h) for each k € N, w
satisfies Condition (ii) in Lemma 1, and

b
lim E [ F(S — Sg; Uy, Uy)(#)dt =0, (54)

k=00  Jg

where 0 < a < b € T, then there exists
b b
Li e so / Se(t)dw(t) = / S(t)dw(t). (55)
a Ja

Proof. In view of Proposition 1, stochastic integrals f S(t)dw(t) and f Sk (t)dw(t) exist
for each ¥ € N. Then, Equality (55) follows from Theorem 5, Equahty 54), and Formula
(52) in Definition 5. [

Proposition 3. If S € V,1(Uo, Uy, a,b,n,h), and if w satisfies Condition (ii) in Lemma 1, where
0<a<beT,then

b
E[/ S(t)dw(t)‘]—'u} =0 P-almost everywhere and (56)
a

2

/ut S(t)dw(t)

d

|]-“a] :2E{/Otp(s; Uo, ul)(r)dﬂ]-"a}

< max(U3 213, 12 B) E| [ Is(olfar|] &7
P-almost everywhere foreach 0 < a <t € T.
Proof. From Lemmas 1 and 2, and Proposition 1, Identity (56) follows. Then, Theorem 3 and

Proposition 1 imply Inequality (57), since E(E({|F;)) = E with { = fab F(S; Uy, Uy)(¢)dt
and since

b
P{w cq: E{/ F(S; Up, Ul)(t)dt‘]-"u} (w) = oo} —0;, (>0
a
P-almost everywhere. [
Remark 6. Let chigo(t) =1 for each t > 0, and chjy .o (t) = O for each t < 0 be a characteristic

function of [0, 00), [0,00) C R. Then, G(t) € Vo1(Uy, U1,a,b,n,h) foreach t € [a,b], if S(T) €
Va1 (Uo, Uy, a,b, 1, h), where G(T) := S(T)chg o) (T — ). It is put

7(t) :/atS(T)dw(T) — /:S(T)ch[o,oo)(t—'r)dw(r) (58)

foreach t € [a,b]. From Proposition 3, it follows that 1(t) is defined P-almost everywhere. By virtue
of Theorem 1V.2.1 in [5], 1(t) is the separable random function up to the stochastic equivalence since
(AL, | - |) is the metric space. Therefore, 1(t) is considered to be the separable random function.

Definition 6. Let {(t), t € T, bea Lh c-valued random function adapted to the filtration { F; :
t € T} of o-algebras Fy and let E|{ (¢ )| < oo foreacht € T. If E({(t)|Fs) = ¢(s) foreach s < t
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in T, then the family {{(t), F; : t € T} is called a martingale. If {(t) € R for eacht € T and
E(g(t)|Fs) > ¢(s) foreachs < tin T, then {{(t), Ft : t € T} is called a sub-martingale.

Lemma 4. Assume that S(t) € Vp1(Uo, Uy, a,b,n, h) and w satisfies Condition (ii) in Lemma 1,
0<a<b<oo,[ab] CTand

E[/bF(S; U, Ul)(t)dt‘]-},} < oo (59)

and 1 (t) is provided by Formula (58); then, {5(t), F; : t € [a, b]} is a martingale and { |1 (t)|?, F; :
t € [a, ]} is the submartingale.

Proof. By virtue of Proposition 3 #(t) is (F¢, B(Ail,c) )-measurable and E(#7(t2) — 7 (t1)|Ft, ) =
E [ :12 S(t)dt

martingale.
Random function 7 (t) has the decomposition:

]:tl} = 0foreacha < t; < t; < b. Hence {5(t),F: : t € [a,b]} is the

n(t) = )y ki, (B)ijie, (60)
ke{0,1}; je{0,1,...2r—1}; Ie{1,... i}

with ;1 (t) € R, for each k, j, I, where {¢; : I = 1,...,h} is the standard orthonormal

basis of the Euclidean space R, where R" is embedded into Ai’lc as igR". Therefore, each
random function 77y ; ;(t) is the martingale. Then,

n(t)? = ). 1 (£) (61)
ke{0,1}; je{0,1,....27—1}; 1€{1,... b}

By virtue of Theorem 1 and Corollary 2 in Chapter III, Section 1 [5], Inequality (59) and
Formula (57) above { |y, () |2, Fi : t € [a,b]} is the submartingale for each k, j, I. Conse-
quently, {|(t)|?, F : t € [a,b]} is the submartingale by Formulas (60) and (61). [

Lemma 5. Let S(t) € Vo1 (Uy, Uy, a,b,n,h) and w satisfy Condition (ii) in Lemma 1 such that

b
E[/ F(s;uo,ul)(t)dt‘fa} < oo 62)
a
Then,
t
P{sup | [ S(x)dw(r)| > p max((|Uy/ 2, U3 2)|Fa} <
telab] 1 74
b
/3‘21-3[ / F(S; Uo, Ul)(t)dt’}"a], (63)
ot
P{sup | [ S(0)dw(r)| > B max(|Uy/ |2, U3 2)} <
tela,b] | 74

f2E {/bp(s; Uo, Ul)(t)dt} (64)

a
Proof. Inequality (64) follows from Inequality (63). Therefore, (63) remains to be proven.
We take an arbitrary partitiona = ty) < t; < ... < t, = b of [a,b]. Then, we consider

Nk = f;" S(T)dw(t). In view of Lemma 4 {1, F, : | = 1,...,n} is the martingale and
{|m|? Ft, : 1 =1,...,n} is the submartingale.
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Therefore, from Theorem 5 in Chapter III, Section 1 [5], Formulas 2.10(1), (2) of [22]
and Inequality (62), we deduce that

P{ sup |m| > pmax(||Up |2, 112 ]12)| Fa} < B72E(Iiul*| Fa)

0<I<n

(see also Remark 5). Together with Proposition 3 above and the Fubini theorem (I1.6.8 [7]),
this implies that

P{ sup > p max([|Ug"?[l2, [[Uy"?[12)| Fa} <

0<I<n

/t’ S(7)dw(7)

ﬁZE[/ﬂbp(s; Uo, L) ()dt| Fa . (65)

Random function f S(7)dw(7) is separable (see Remark 6); hence Inequality (63) follows
from Inequality (65). O

Theorem 6. Let S € V3 1(Up, Uy, a,b,n, h) be a predictable L. (A} -, Ah c)-valued random func-
tion, let w satisfy Condition (ii) in Lemma 1, [a,b] C T. Then, mndom function y(t) =
f S(7)dw(7) is stochastically continuous, where t € [a, b].

Proof. If SK( ) is an elementary L,(A}, Afc)—valued random function, then 7,(t) =

f Sk( ) is stochastically continuous by Formula (27), since w(t) is stochastically con-
tmuous
For each S € V,1(Uy, U1, a,b,n,h) according to Definition 5 and the Fubini theorem

f E(F(S;Up, Uy))(t)dt < oo. By virtue of Theorem 5, there exists a sequence {S«(t) : k €

N} of elementary Ly(A" ., A" .)-valued random functions, such that Limit (51) is satisfied.
From Lemma 5 and the Fubini theorem, we infer that

t t
P{sup | | S(7)dw(7) —/ Se(T)dw(t)| > e max(||Up”? (|2, U3 "%|2)}
tefab] 70 a

<e? /b E(E(S — Sx; Up, Uy)) ().

Therefore, there exists a sequence {EK 1K E N} with limy_,. €x = 0 and a sequence
{nx € N: k € N}, such that

Ze / E(S = Sy Up, Uy)) (£)dt < oo

Consequently,

ad b
Y. P{sup | " 5(c)dw(r) - [ sn(@dn(@)] > e < .

k=1  telab] /4

In view of the Borel-Cantelli lemma (see, for example, Chapter II, Section 10 [7]) a natural
number kg € N exists, such that

P{sup | [ ! s(v)dw(t / S, (T)dew(T)| > e} = 1

tela,b]

for each k > k. Hence, [ ; S(t)dw(7) is stochastically continuous since | ; Sn, (T)dw(T) is
stochastically continuous for eachk € N. O
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Definition 7. The generalized Cauchy problem over the complexified Cayley-Dickson
algebra A, c. Let

H:Tx A" — L(Ac, Al ) and (66)
G:Tx «4]:,(: — .A,,C be mappings , (67)
w = wq + 1wy be a random function in A?,C (68)

satisfying Condition (ii) in Lemma 1, where n and h are natural numbers.
A stochastic Cauchy problem over A, c is:

dY(t) = G(t, Y(1))dt + H(t, Y(£))dw(t) with Y (a) = {, (69)

where Y (t) is an A" ~-valued random function, { is an .Ar C—valued random variable which is
Fa-measurable, t € [a b] C T,0 <a < b, where H, G, w are as in (66)—(68). Problem (69) is
understood as the following integral equation:

Y(t) =C+ /at G(t,Y(7))dt + ./: H(t,Y(7))dw(T), where t € [a,b] C T. (70)

Then, the random function Y (t) is called a solution if it satisfies Conditions (71)—(73):

random function Y (t) is predictable, (71)

Vit € [a,0] P{Y(1) /HGTY )ldt = o} = 0and (72)

PlweQ: 3teiab],

B #C+ /at G(t,Y(7))dt + /;H(T,Y(T))dw(’f)} =0, (73)

where Y (t) is a shortened notation of Y (t, w).

Theorem 7. Let G(t,y) and H(t,y) be Borel functions, w satisfy Condition (ii) in Lemma 1, and
K = const > 0 be such that
() Gt x) = Gt y)[l + |[H(t x) = H(E y) |2 < K|lx = y|| and
(i) Gt y)|12+ |H(ty)|3 < K21+ |ly||?) for each x and y in A", t € [a,b] = T, where
0<a<b<oo,
(iii) E[||Z]%] < o
Then, a solution Y of Equation (70) exists (see Definition 7); if Y and Y1 are two stochastically
continuous solutions, then

P{sup [[Y(t) -Yi(t) >0} = 0. (74)
te(a,b]

Proof. We consider a Banach space By « = By o[, 1] ¢ on31sting of all predictable random
functions X : [a,b] x Q — Ahc such that X (t) is (F, B(A" ' c))-measurable for each t € [a, D]

and sup;¢(, ;) E[[|X(t )||?] < oo with the norm

1XIl3,, = (sup E[IX(5)II*])"2 (75)
tela,b]

In view of Proposition 2, there exists operator Q on B  such that

QX() =+ / "Gt X(0))dT + / ' H (7, X(7))dw(7) (76)
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for each t € [a,b], since G and H satisfy Condition (ii) of this theorem. Then, QX(t)
is (Ft,B(Ai’,C))—measurable for each t € [a,b], since G and H are Borel functions and
X € By By virtue of Proposition 3, using the inequality (a + B + )% < 3(a? + B2 + 9?)
for each «, B and v in R, the Cauchy-Bunyakovskii-Schwarz inequality, (75), (76), and
Condition (ii) of this theorem, we infer that

E[IQX()IP] < 3ELZI7) +3(b —a) [ K1+ | X(0) P)ar +3E [ K21+ |X(0)|P)ar

< 3E[IZI) +3K71(b — ) + 1JE [ (14 [X(0)[ e

< 3E[lIZ)1%] +3K2(b — a)[(b — a) + 1] (1 + || X]I3, ,)-

Thus, Q : By o = Ba. Then, using the Cauchy-Bunyakovskii-Schwarz inequality,
2.3(12) of [22], Proposition 3, Condition (i) of this theorem, and inequality (a + )% <
2(a? 4 B?) for each a and B in R, we deduce that

EIIQX() — X: (4]7) < 26— a) [ EllG(r, X(1)) = G(x, X (0)) Plae

+ 28] [ (H (e X(0) - Hw X (0) Yaw(o) |2

<G [ ElIX() - X (o) e < G- )X - X,

for each X and Xj in By, t € [a,b], where C; = 2K2(b —a + 1). Therefore, the operator
Q: Byo = By is continuous. Then, we infer that

E[Q"X(t) = Q"X (1)|*] < G /at E[|Q"X(7) — Q" Xy (1) |*dT

<..< CT// E[||X (tn) — X1 (bn) |1P)dts - .. iy
a<h <.<tp<t

< CP1X - X3, (b — )" /m!
for each X and Xj in By oo, m = 1,2,3, .. .. Therefore,

Q"X — Q"X||},, < CI'(b—a)"(|QX — X]|[3,_/m!

foreach m = 1,2,3,.... Hence, the series ), _; || QX — Q"X B, ., converges. Thus, the
following limit exists limy, o Q™ X (t) =: Y(t) in By . From the continuity of Q, it follows
that lim;, 0 Q(Q™X) = QY, hence QY = Y. Thus,

QY —Y||p,,, = 0. Consequently, P{Y(t) = QY(t)} = 1 for each t € [a,b]. This
means that Y(¢) is the solution of Equation (70). In view of Theorem 6 and Condition (i)
of this theorem, solution Y () is stochastically continuous up to the stochastic equivalence.

Now, let Y and Y7 be two stochastically continuous solutions of Equation (70). We
consider a random function gy (), such that gy () = 1if ||Y(7)|| < Nand ||[Y1(7)]| < N
for each T € [a,t], gn(t) = 0 in the opposite case where t € [a,b], N > 0. Therefore,
gn(t)qn(T) = qn(t) for each T < tin [a, b]; consequently,

t

an(O[Y () =Ya()] = gn(B)[ | an(D)[G(T, Y (7)) — G(T, Vi (1))JdT

a

[ an(HE Y (1)) — H(z, Y (0)))dw(7).

a
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On the other hand,
an(D[IG(T, Y(7)) — G(T, Ya(7)) | + [|H(T, Y (7)) — H(T, Ya(7))|[]

< Kgn(7)[[Y (1) = Ya(7)|| < 2KN

by Condition (i). This implies that E[qx(t)||Y(t) — Y1(t)||?] < co. Then, using the Fubini
theorem, 2.3(12) of [22], Proposition 3, Lemma 5, we deduce that

Elax (01Y(0) = ()] < 2Eln()] [ an(DIG(x, Y (0)) = 6w, vi (x))ael] +

2E[gn ()] [ an(OIH(E Y () = H(x v (0)da(0)|)
<206~ a) [ Elan(2)|G(x, Y () - (e, 1a(2) e
+4 [ Elan(0)F(H(T,Y(0)) ~ H(z, Y (2));Up U Jde

t
< 26C[o — a4+ max((|Uy/23, |U}218)) | Elgn () [Y(7) = Yi () Pl

Thus, a constant C, > 0 exists, such that

Elgn()]Y(H) =) < & _/ut E[qn (DY (1) = va(7)|*]dr.

The Gronwall inequality (see Lemma 3.15 in [2], Lemma 1 in Chapter 8, Section 2
in [5]) implies that E[gn ()||Y () — Y1(#)|?] = 0. Consequently,

P{Y(t) #1(t)} < P{tSI[JIZ] Y (B[l > N} + P{ts?pb] YA ()] > N}

Random functions Y () and Y; (¢) are stochastically continuous and hence stochasti-
cally bounded. Consequently,

lim P{ sup ||Y(t)|| > N} =0and
N=veo “telap)

Z\%im P{sup ||Yi(t)]| > N} =0.

— telab]

Therefore, random functions Y(¢) and Y (t) are stochastically equivalent. This implies
Equality (74). O

Corollary 2. Let operators G and H be G € Lr(Al:,crAﬁ,c) and H € L,( ?,C,.A’:,C) such that G
be a generator of a semigroup {S(t) : t € [0,00)}. Let w(t) also be a random function fulfilling
Condition (ii) in Lemma 1. Then, the Cauchy problem

Y(H) =+ /0 "Gy (t)dr + /0 ' Hdw (o), 77)
where t € T, E[||Z||?] < oo, has a solution
Y(t) = S(H + /Ot S(t — 7)Hdw(7) (78)

foreach0 <teT.
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Proof. Condition G € Lr(.Ai”C, A’;’C) implies that ||G|| = SUPye Al x| =1 ||Gx|| < oo, where

1?2 = llxl?+ .-+ |lxnll? x = (x1,...,x3) € .Ar cr Xk € A, c for each k. As a realization
of the semigroup S(t), it is possible to take {S(t) = exp;(Gt) : t > 0} since G is a bounded
operator and | exp,(Gt)|| < exp(||G||t) for each t > 0 by Formulas 2.1(9) and 2.3(12)
in [22]. Therefore, from Theorem 7 applied to Equation (77), Assertion (78) of this corollary
follows. [

Theorem 8. Let G, H, and w satisfy conditions of Theorem 7, and Yy (t) be an A" c-valued
random function satisfying the following equation:

Yia(t) =z + /t'” G(T, i (7))dT + /t ! H(T, Yo (1) )dw (), (79)

where z € Ai‘c, t <tpinfa,b) CT,0<a<b < oo Then, random function Y satisfying
Equation (70) is Markovian with the following transitional measure:

P(i’,Z, fl,A) = P{Yt,z(tl) € A} (80)

foreach A € B(A’:,C).

Proof. Random function Y(¢) is (F;, B (.Ai"c))—measurable for each t € [a,b]. On the
other hand, Y;.(t1) is induced by the random function w(t;) — w(t) for each t; € (t,b],
where w(t;) — w(t) is independent of F;. Therefore, Y;.(t1) is independent of Y(¢) and
each A € F; (see (79)). By virtue of Theorem 7, Y(t;) is the unique (up to stochastic
equivalence) solution of the following equation:

+/ (t,Y(t dT+/ Y (T))dw(T) (81)

and Y, y ) (t1) is also its solution. Consequently, P{Y(t1) = Y,y (t1)} = 1.
Let f € CO(Ai’C, Ay ), where CO(Ar cr Ay c) denotes the famlly of all bounded con-

tinuous functions from A" ,cinto A, c. Letg € Ry(Q, A, ), where Ry (Q), A, c) denotes
the family of all random Varlables g : QO = A, c such that there exists C; = const > 0 for
which P{||g|| < C¢} = 1, where Cy may depend on g. We put

q(z,w) = f(Yiz(t, w)). (82)

Hence, f(Y(t,w)) = q(Y(t1), w), where Y (t) is a shortening of Y (t, w) as above, w € Q)
(see (81)). Assume first that g has the following decomposition:

W) = ¥ (@), (83)
k=1

where gy : A c = Arco g : Q = A, c, m € N. This implies that uy(w) is independent of
Fi for each k Therefore using (82), we deduce that

E[gkmzl qe(Y (1)) u(w)] = IiE[qu(Y(f))]Euk(w)
quk ))]Euy(w) and

m
E[Z (Y (t))ug (w) 2 gk (Y (t)) Euy(w). Consequently,
k=1

Egf(Y(t)) = ESE[f (Y (t1))[Y(#)] (84)
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for g of the form (83). This implies that

E[f(Y(t1))|Fi] = v(Y(t)), (85)

where v(z) = Ef (Yiz(t)).

Then, E[[|lgq(Y (1), w)|*] < C3|If|% for each T € [a,b] by 2.3(12) [22], since g and f
are bounded, where ||f||¢ := sup, . Al | f(z)]| < co. Therefore, for each € > 0, there exists
fle) € Cg(Ai”C, Ay c) for which q)(z,w) = f(¢)(Yiz(t1, w)) has the decomposition of type
(83) and such that E[[|q()(Y(t),w) — q(Y(t),w)|?] < e/Cﬁ. Taking € | 0, one obtains
that Formulas (84) and (85) are accomplished for each f € CS(AI:,c/Ar,C)~ Therefore,
P{Y(t;) € A|Fi} = P{Y(t1) € A[Y(t)} for each A € B(Al.), t < t; in [a,b], since
the families R,(Q, A, ) and Cg(Ail,C' A, ) of all such g and f are separate points in
Ai"c. This implies that P{Y(t1) € A[F:} = P,y(;)(t1, A) for each A € B(Af,c), where
Pi-(t1,A) = P{Y::(t;) € A}. Thus, Equality (80) is proven. [

3. Conclusions

The results obtained in this paper, namely, random functions and measures in
modules over the complexified Cayley-Dickson algebras, and the integration of the
generalized diffusion PDE, open new opportunities for the integration of PDEs of an order
higher than 2. Indeed, a solution of a stochastic PDE with real or complex coefficients of an
order higher than 2 can be decomposed into a solution of a sequence of PDEs of order 1 or 2
with A, ¢ coefficients [9,24]. They can be used for further studies of random functions and
integration of stochastic differential equations over octonions and the complexified Cayley—
Dickson algebra A, ¢. Equations of the type (70) are related with generalized diffusion
PDE:s of the second order. For example, this approach can be applied to PDEs describing
nonequilibrium heat transfer, fourth order Schrodinger- or Klein-Gordon-type PDEs.

Another application of obtained results is for the implementation of the plan de-
scribed in [22]. It is related with investigations of analogs of Feynman integrals over the
complexified Cayley—Dickson algebra A, ¢ for solutions of PDEs of orders higher than 2.
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Appendix A. Basics on Hypercomplex Numbers

Remark A1l. Quaternions and octonions (over the real field R) are the particular cases of hy-
percomplex numbers. The algebra O of octonions (octaves, the Cayley algebra) is defined as an
eight-dimensional nonassociative algebra over R with a basis, for example,

b3 :=b:={1,i,j,k1,il,jl, kl} such that (A1)
P=P=k=1%=-1,ij=k ji=—k jk=1i ki = —i, ki=j, ik = —j, li = —il,

jl = —1j, kI = —Ik; (A2)

(+ B (7 +61) = (ay — 6B) + (6a + py)! (A3)

is the multiplication law in the octonion algebra O for each o, B, v, 6 € H, where H denotes
the quaternion skew field, ¢ := a+ Bl € O, 7 := v+l € O, Z := v — wi — xj — yk for
z=v+wi+xj+yk e Hwithv,w,x,y € R.
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The octonion algebra is neither commutative nor associative, since (ij)l = kl, i(jl) = —kl,
but it is distributive and R1 is its center. If { := a + Bl € O, then
E=a—pl (A4)
is called the adjoint element of ¢, where a, B € H. Then
@n) =78, -+ = (E+n) and & = |a|* + |BP, (A5)
where |a|?> = a@ such that
G = (¢l and |¢| (A6)
is the norm in O. Therefore,
Sl = 1¢]ln] (A7)

Consequently, O does not contain divisors of zero (see also [12,25-27]). The multiplication of
octonions satisfies Equations (A8) and (A9) below:

(&mn = ¢(nm), (A8)

¢(én) = (&o)n, (A9)

which forms the alternative system. In particular, ((€)& = &(EE). Put ¢ = 2a — &, where a =
Re(&) := (¢4 &)/2 € R. Since R1 is the center of the octonion algebra O and & = && = |&|*.
Then, from (A8) and (A9) by induction, it follows that for each { € O and each n-tuplet (product),
neN,EE(...¢¢)...) = (... (EC)C...)E the result does not depend on an order of brackets (order
of multiplications). Hence, the definition of {" := ¢(&(...&¢) ...) does not depend on the order of
brackets. This also shows that m&" = e, @mEm = Emen for each n,m € N and & € O.

Apart from the quaternions, the octonion algebra can not be realized as the subalgebra of the
algebra Mg(R) of all 8 x 8-matrices over R, since O is not associative, but the matrix algebra
Mg (R) is associative (see, for example, [10,25-28]). There are the natural embeddings C — O and
H — O, but neither O over C, nor O over H, nor H over C are algebras, since the centers of them
are Z(H) = Z(0O) = R equal to the real field.

We consider also the Cayley—-Dickson algebras A, over R, where 2" is its dimension over R.
They are constructed by induction starting from R such that A, is obtained from A, with the
help of the doubling procedure, in particular, Ay == R, A1 = C, Ay = H, A3 = Oand Ay is
known as the sedenion algebra [10,28]. The Cayley—Dickson algebras are x-algebras, that is, there
is a real-linear mapping A, > a — a* € A, such that

a’* =a, (A10)
(ab)* =b*a* (A11)
foreach a,b € Ay. Then, they are nicely normed, that is,
a+a* =:2Re(a) € Rand (A12)
aa* =a*a > 0foreach 0 # a € A,. (A13)
The norm in it is defined by the equation:
|a|? == aa*. (A14)

We also denote a* by d. Each nonzero Cayley—Dickson number 0 # a € Ay, has a multiplica-
tive inverse given by a~' = a*/|al|?.
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The doubling procedure is as follows. Each z € A, 41 is written in the form z = a + bl, where
2=-1,1¢ A, a,b e Ay. Theaddition is component-wise. The conjugate of a Cayley-Dickson
number z is prescribed by the formula:

z* :=a* — bl (A15)
Multiplication is given by:
(a+bl)(c+dl) = (ac —db) + (da + b¢)l (Al6)
foreach a,b,c,d in A,.

Remark A2. By {iy,iy,...,ipr—_1}, the standard basis of the Cayley-Dickson algebra A, = A, r
is denoted over the real field R such that iy = 1, il2 = —1and ijiy = —igi; for each | # k
withl < land 1 < k. For r > 3 the multiplication of them is generally nonassociative (see
also Remark A1). In particular Aj is the octonion algebra. Henceforth, the complexified Cayley—
Dickson algebra A, c = A, ® (A,i) is also considered where i> = —1, ib = bi for each b € A,,
2 < r < oo. This means that each complexified Cayley—Dickson number z € A, can be
written in the form z = x + iy with x and y in A,, x = xgig + X101 + ... + Xpr_1ipr_1, while
Xo,...,Xpr—1 are in R. The real part of z is Re(z) = xo = (z+z*)/2, the imaginary part
of z is defined as Im(z) = z — Re(z), where the conjugate of z is z* = Z = Re(z) — Im(z).
Thus, z* = x* — iy with x* = xpig — x1i1 — ... — Xor_1ior_1. Then, |z|> = |x|> + |y|?, where
x| =xx* =x3+...+x3_ .

Clearly, the F-algebra structure on A, g induces the F-algebra structure on AZV,F such that
w+z = (w1 +2z1,...,w +z) and x(w,z) = (w1z1,...,w;z;) for each w and z in .Al,/F,
w = (wy,...,wy) withw, € A,y foreachk =1,...,1, where x : Alr,F X Alr’ Ar p, Where
2 < I. This also induces the Ar p-bimodule structure on Ar g such that k1 (b,w) = (bwy, ..., bwy)
and x3(b,w) = (w1, ..., wb) foreach b € ArF and w € .Ar g Where ;@ Ay g X Alr,F — .Alr,F
foreach j € {1,2}.

If U is a domain in ¥'?', then to each vector u = (uy, ..., uy_1) € U a unique Cayley—
Dickson number z = 2(u) = ugiy + Uiy + . .. + tpr_1ipr_q is posed, where either F = R or F =
C uj€ Fl foreachj=0,...,2" —1; 1 € N. This gives adomain V = {z : z = 2(u), u € U} in
Alr,F Vice versa, to each Cayley—Dickson number z €,V, a unique vector 1t(z) = ii(z) = u € U,
corresponds to:

uj = 1;(z) for each j, (A17)

where 7T; : ALF — F! is a F-linear operator given by the formulas:

2r—1
7j(z) = (—zi; +ij( 2) Y —z+ Z ir(zif)} (A18)
foreachj=1,2,...,2" -1,
-1
mo(z) = (z+ (2" —2) " H{—z+ Z ik(zig)}) /2, (A19)

where 2 < r € N, z is a Cayley—Dickson vector (or a number for I = 1) presented as follows.
z= ZOi() + Zlil +...+ ZZr—liZV—l S AV,F/ Z]' € Fl (AZO)

foreachj=0,...,2" —1;z" = zgip — z1i1 — ... — Zpr _1ipr_1 (see Formulas 1I(1.1)-(1.3) in [29]).
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Appendix B. Hypercomplex Measures

In Appendix B, basic facts on hypercomplex measures from [22] are given.

Remark A3. PDEs. A, denotes the Lebesgue measure on the Euclidean space R". Consider a
domain U in R", such that U C cl(Int(U)), where Int(U) denotes the interior of U, while cl(U)
notates the closure of U in R".

Let {ip,i1,...,ipr_1} notate the standard basis of the Cayley—Dickson algebra A, over the
real field R, such that ip = 1, il2 = —1and ijiy = —iyi; foreach | # kwith1 < land 1 < k (see
also Remark 1 and Definition 2 in Introduction). The Cayley-Dickson algebra A, is nonassociative
for each v > 3 and nonalternative for each r > 4, for example, (iyip)iy = —iq(ipiy), etc. Then,
A, c stands for the complexified Cayley-Dickson algebra A,c = A, & (A,i), where i = —1,
ib = bi foreach b € A,, 2 < r < oo Therefore, each complexified Cayley—Dickson number
z € A, c has the form z = x + iy with x and y in A,, x = xgip + X101 + ... + Xpr_qipr_1,
while xy, . .., xpr_1 are in R. The real part of z is Re(z) = xg = (z + z*) /2, the imaginary part
of z is defined as Im(z) = z — Re(z), where the conjugate of z is z* = Z = Re(z) — Im(z),
that is z* = x* — iy with x* = xgig — X1i — ... — Xpr _1ior_1. Then |z|> = |x|> + |y|?, where
x> = xx* = x%+...+x% . Itis useful also to put ||z|| = |z[V/2.

Each function f : U — A, ¢ has a decomposition

2r—1

f(x) = ;) fs(x)is/

where f; : U — C for each s, A, c denotes the complexified Cayley—-Dickson algebra (see above).
Function f(x) is differentiable (in real variables) at x in U if and only if fs(x) is differentiable at x
foreachs =0,1,...,2" — 1.

Sobolev space H*(U, Ay, A, ) is the completion by a norm || ||y of the space of all k times
continuously differentiable (in real variables) functions f : U — A, c with compact support, where

I :—]fé S IFD @A), (A21)

U (x) = DLf(x) denotes the j-th derivative poly-R-linear operator on R™ at a point x, where n is
a natural number. Particularly, it may be U = R".

Suppose that an operator B; is realized as an elliptic PDO BJ- of the second order on the
Sobolev space Hz(Rmf,/\mj, R) by real variables X14Bi g e KBy where my = 0, Bp = 0, ,B]- =
mo+...+mj, mj €N foreachj=1,2,...

We consider a second-order PDO of the form

N T
B=—3) aB; (A22)

where a; = ajo + ia; 1 are nonzero coefficients, aj € A, c, ajo and a;y belong to A, where BJ- is
an elliptic PDO of the second order on HZ(R”’f , )\mj, R) by real variables X14B; yrm- - KBy where
2<r < oo

There are the natural embeddings H2(Rmi,)xmj,A,,c) — Hz(R”,/\n,Arrc), where n =
my+ ...+ my = Bm. Thus, B and all B’j are defined on HZ(R”,/\n,Ar,C). Let o* also be a
first-order PDO

o f(x) =) 0 f(x)and (A23)
j=1
Bj

i = Y gL (A24)
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for each f € Hl(R”,An,Arlc), where Bi = mo+...+m; for each j, mg = 0, By = 0;
Yr;j € Ay c for each k and j. Then, the operator

§:3+B+a* (A25)
ot
is defined on a Sobolev space H>'(R" x R, A, 41, A, ), where HY (U x V, A,y 1, Ay c) is the com-
pletion relative to a norm || ||, ; of the space of all functions f(x,t) : U x V — A, ¢ continuously
differentiable k times in x and | times in t with compact support, where V. C cl(Int(V)) C R,

k1 .
£ = Y X [ IDADEF (5, HPAn i (d), (A26)

j=05=0

where x € U, t € V. Evidently, Hk! (U %V, Apy1, Ay c) has a structure of a Hilbert space over R,
also of a two-sided A, c-module. Particularly, H*(U, Ay, A, c) = L2(U, Ay, A, ).
Using the change in variables, we consider operators with constant coefficients

m

J 2 x
B = 1 bus If ) (A27)

i ’
1 aqurﬁjfl axkﬂg;‘q

u

foreach f € HZ(R”,/\n,Ar,C), where by x.; € R for every u, k, j, Bj =mo+...+mjmg=0,
Bo = 0. [B;] denotes a matrix with matrix elements b, 1.; € R for every uw and k in {1,...,m;},
where j = 1,...,m. Bj notates a linear operator B; : R™ — R™ prescribed by its matrix [B].
Since the operator Bj is elliptic, then without loss of generality, matrix [B;] is symmetric and
positive definite. Then, using a variable change, it is also frequently possible to impose the condition
Re(yjpy;) = O ifeither k # ior j # 1.

Let A be a unital normed algebra over R, where A may be nonassociative, and let its center
Z(A) contain the real field R. Then, by | [T}, ux, we denote an ordered product from right to left,
such that

m m—1
T = G [T o) (A28)
k=1 k=1

for each m > 2, where H}l:l Up = Uq; Uy, ..., Uy are elements of A. Then, we put

exp(z) =1+ il l (;,n ), (A29)

where 1(z") = ;T1{_, z, which corresponds to the ordered product from right to left (see above
(A28)), z € A, that is, for the particular case uy = z,....,u, = z.

Definition Al. Let X be a right module over A, c such that
X - X() @ Xli] @ .. @ er_1i2r_1,

where Xo,...,Xpr_1 are pairwise isomorphic vector spaces over C. If an addition x +y in X is
jointly continuous in x and y and a right multiplication xb is jointly continuous in x € X, and
b € A, c and X; is a topological vector space for each j € {0,1,...,2" — 1}, then X is a topological
right module over A, c.

For the right module X over A, ¢ an operator h from X into A, ¢ is called right A, c-linear in
a weak sense if and only if it h(fb) = (h(f))b for each f € Xoand b € A, c. Then, X; denotes
a family of all continuous right A, c-linear operators h : X — A, c in the weak sense on the
topological right module X over A, c.

An operator h : X — A, c is right A, c-linear if and only if h(fb) = (h(f))b for each f € X
andb € A, c.



Symmetry 2022, 14, 2049

26 of 28

Symmetrically, on a left module Y over A, ¢ such that
Y == YO EB ilYl EB “en @ i2r_1Y2r_1,

where Yy,. .., Yor_1 are pairwise isomorphic vector spaces over C are defined left A, c-linear operators
and left A, c-linear in a weak sense operators. A family of all continuous left A, c-linear operators
§:Y — A, c on the topological left module Y over A, c in the weak sense is denoted by Y".

X is a two-sided module over the complexified Cayley-Dickson algebra A, c if and only if it is
a left and right module over A, c and i;x; = x;i; for each x; € Xjand j € {0,1,...,2" —1}.

Theorem A1. Let a PDO $ be of the form (A25), fulfilling the condition
(a) Re(ajo) > |qj| - | singy| with g7 = |Im(a;p)|* — [Tm(aj)|* — 2iRe(ajoa;1),
q; € C, ¢; = arg(q;) for each j, where 2 < r < co. Then, a fundamental solution KC of the equation

SK = 6(x,t) is (A30)

ot 1 . .

K(x,t) = (2;)),1 /R exp;(— Z;{Eﬂj(BijrYj) +i(sj yj) }t) exp(—i(y, x))An(dy), (A31)
]:

where 0(t) = 0 for each t < 0, while 6(t) = 1 for each t > 0, where2 < r < oo, y; =

(yg; 1+1,---,Yp;) with yi € R for each k,

Bi
(siyj)= Y. Sivk (A32)
k=pj_1+1

where S, 14k = Yi;jforeachk =1,...,mjandeachj=1,...,m.
Definition A2. Let a; € A, ¢ satisfy Condition («) of Theorem A1 for each j, B; : R"/ — R™

be a positive definite operator for each j =1,...,m, p € Al -, where n = By = my + ...+ my,
2<r<oo. LetalsoU : A, c — A, c bean operator such that U = 69}”:1 a;B;. We define
n
(¥,2)s = ) Yk (A33)
k=1

for each y and z in Al -, where z = (z1,...,2n), 2k € Ay for each k. (y,z) is also briefly written
instead of (y,z)s when a situation is specified. Then,

N

1 .
up(y) = expy (=5 Uy, y) +i(p,y)) (A34)
is called a characteristic functional of an A, c-valued measure 0y, on a Borel o-algebra B(R") of

the Euclidean space R", where y € R". We define a measure iy, on the Borel o-algebra B(A}! )
of the two-sided A, c-module A} - by the formula:

pu,p(p + UM 2dh) = Oy, (dx) oy, (p' + UV 2dg), (A35)

whereh =x+g, he A’-, xeR", ge X', X' = (A, c ©Riy)", R" is embedded into A! -
as Ry, p = po + p’ with pg € R" and p’ € X/,

[ F@ 00,9 = £ (436)

for each f € C)(Y', A, c), where C)(Y', A, c) denotes the family of all continuous bounded
functions f from Y into A, c, Y' = p' +UY2X.

Proposition Al. The measure py,, (see Definition A2) is o-additive on B(A} ).
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Corollary Al. If conditions of Theorem Al are fulfilled, t > 0, p = —s, measure pyjp; 15
c-additive on B(A} ).

Proposition A2. Foreachz € A, ¢, function x,(t) = exp,(zt) is a character from R considered
as the additive group into the algebra A, c, such that

exp,(zt) = (exp,(z))" and (A37)

Xz(t+ 1) = xz(H)xz(t) (A38)
foreacht € Randt; € R.

Definition A3. Let Q) be a set with an algebra R of its subsets and an A, c-valued measure
w:R — A.c,where2 <r, Q€ R. Then

2r—1
Il ==Y (Injol + ujal) (A39)

j=0
is called a variation, and |u|(QY) is a norm of the measure y, where

2'—1

=Y (ujoij + mjaiji) (A40)
=0

is the decomposition of the measure .

Hixk + R — R, [pj| denotes the variation of a real-valued measure y;y for each j =
0,1,...,2" =1andk=0,1, |u| : R — [0,00).

A class G of subsets of a set Q) is compact if, for any sequence Gy of its elements fulfilling
Niy Gk = D, a natural number | exists so that ﬂizl Gy =@.

An A, c-valued measure y (not necessarily o-additive, i.e., a premeasure in another termi-
nology) on an algebra R of subsets of the set () is approximated from below by a class H, where
H C R, if foreach A € R and € > 0 a subset B belonging to the class H exists, such that B C A
and |u|(A\ B) < € (see Formula (A39)).

The A, c-valued measure y on the algebra R is called Radon if it is approximated from below
by the compact class H. In this case, the measure space (0, R, ) is called Radon.

Remark A4. Different forms of the diffusion PDE.

In the classical case over the real field R, different forms of the diffusion PDE such as
backward Kolmogorov, Fokker—Planck—Kolmogorov, and stochastic are provided by Theorems 6 and
7 in Chapter 1, Section 4, Theorem 4 in Chapter VIII, Section 2 in [5], or by Theorems 3.7, 3.11 in
Chapter 3, Section 3.8 in [2]. The stochastic PDE

e LRI o A AT

is considered to be the diffusion PDE with m variables in Equation (14) in Chapter VIII, Section
2 in [5], where (by, ..., by ) denotes the diffusion operator reduced to the diagonal form, a is the
transition (generally may be nonlinear shift) operator, (wy, . .., wy) denotes the Gaussian—Wiener
process with values in the Euclidean space R"™. Solutions of the diffusion PDE in its stochastic form
provide evolutionary operators and their generators serving for solutions of backward Kolmogorov
or Fokker—Planck—Kolmogorov PDEs (see [1,2,5]).
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Following this terminology, a generalized analog of the Fokker—Planck—Kolmogorov PDE or
backward Kolmogorov is obtained by substituting their partial differential operator by the partial
differential operator S given by Formula (A25) in Remark A3. The generalized diffusion PDE itself
(in the stochastic form) is Equation (70) in Definition 7 above.

In more details see also [30-34].

References

1.  Dalecky, Y.L.; Fomin, S.V. Measures and Differential Equations in Infinite-Dimensional Space; Kluwer: Dordrecht, The Nether-
lands, 1991.

2. Gulisashvili, A.; van Casteren J.A. Non-Autonomous Kato Classes and Feynman-Kac Propagators; World Scientific: Hackensack, NJ,
USA, 2006.

3. Johnson, G.W.; Lapidus, M.L. The Feynman Integral and Feynman'’s Operational Calculus; Oxford Univ. Press: Oxford, UK; Clarendon
Press: New York, NY, USA, 2000.

4. Kim, B.J.; Kim B.S. Integration by parts formulas for analytic Feynman integrals of unbounded functionals. Integr. Transform. and
Spec. Funct. 2009, 20, 45-57. [CrossRef]

5. Gihman, LI.; Skorohod, A.V. The Theory of Stochastic Processes; Springer: New York, NY, USA, 1975; Nauka: Moscow, Russia, 1977.

6. Pap, E. Handbook of Measure Theory; Elsevier: Amsterdam, The Netherlands, 2002; Volume 1-2.

7. Shiryaev, A.N. Probability; MTsNMO: Moscow, Russia, 2011.

8. Dirac, P.A.M. Die Prinzipen der Quantenmechanik; Hirzel: Leipzig, Germany, 1930.

9.  Ludkowski, S.V. Decompositions of PDE over Cayley-Dickson algebras. Rendic. dell’Ist. di Math. dell’Universita di Trieste.
Nuova Ser. 2014, 46, 1-23.

10. Baez, J.C. The octonions. Bull. Am. Math. Soc. 2002, 39, 145-205. [CrossRef]

11. Dickson L.E. The Collected Mathematical Papers; Chelsea Publishing Co.: New York, NY, USA, 1975; Volume 1-5.

12.  Kantor, I.L.; Solodovnikov, A.S. Hypercomplex Numbers; Springer: New York, NY, USA, 1989.

13.  Emch, G. Méchanique quantique quaternionienne et Relativite restreinte. Helv. Phys. Acta 1963, 36, 739-788.

14. Giirlebeck, K.; Sprossig, W. Quaternionic and Clifford Calculus for Physicists and Engineers; John Wiley and Sons: Chichester, UK,
1997.

15. Girlebeck, K.; Sprossig, W. Quaternionic Analysis and Elliptic Boundary Value Problem; Birkhéduser: Basel, Switzerland, 1990.

16. Girsey, F; Tze, C.-H. On the Role of Division, Jordan and Related Algebras in Particle Physics; World Scientific Publ. Co.: Singa-
pore, 1996.

17.  Lawson, H.B.; Michelson, M.-L. Spin Geometry; Princeton University Press: Princeton, NJ, USA, 1989.

18. Ludkovsky, S.V.; van Oystaeyen, F. Differentiable functions of quaternion variables. Bull. Sci. Math. 2003, 127, 755-796 [CrossRef]

19. Ludkovsky, S.V. Differentiable functions of Cayley-Dickson numbers and line integration. J. Math. Sci. 2007, 141, 1231-1298.
[CrossRef]

20. Ludkovsky, S.V. Functions of several Cayley-Dickson variables and manifolds over them. J. Math. Sci. 2007, 141, 1299-1330.
[CrossRef]

21. Ludkovsky, S.V. Geometric loop groups and diffeomorphism groups of manifolds, stochastic processes on them, associated
unitary representations. In Focus on Groups Theory Research; Ying, L.M., Ed.; Nova Science Publishers, Inc.: New York, NY, USA,
2006; pp. 59-136.

22.  Ludkowski, S.V. Octonion measures for solutions of PDEs. Adv. Appl. Clifford Algebras. 2020, 30, 1-23. [CrossRef]

23.  Gantmacher, ER. Theory of Matrices; Nauka: Moscow, Russia, 1988.

24. Ludkovsky, S.V. Line integration of Dirac operators over octonions and Cayley-Dickson algebras. Comput. Methods Funct. Theory
2012, 12, 279-306. [CrossRef]

25. Kurosh, A.G. Lectures on General Algebra; Nauka: Moscow, Russia, 1973.

26. van der Waerden, B.L. A History of Algebra; Springer: Berlin/Heidelberg, Germany, 1985.

27.  Ward, J.P. Quaternions and Cayley Numbers: Algebra & Applications (Mathematics & Its Applications/403; Kluwer: Dordrecht, The
Netherlands, 1997; Volume 403.

28. Schafer, R.D. An Introduction to Nonassociative Algebras; Academic Press: New York, NY, USA, 1966.

29. Ludkovsky, S.V. Differential equations over octonions. Adv. Appl. Clifford Alg. 2011, 21, 773-797.

30. Freidlin, M. Functional Integration and Partial Differential Equations; Princeton University Press: Princeton, NJ, USA, 1985.

31. Ludkovsky, S.V. Feynman integration over octonions with application to quantum mechanics. Math. Methods Appl. Sci. 2010, 33,
1148-1173. [CrossRef]

32. Ludkovsky, S.V. Noncommutative quasi-conformal integral transforms over quaternions and octonions. J. Math. Sci. 2009, 157,
199-251. [CrossRef]

33. Ludkovsky, S.V. Two-sided Laplace transform over Cayley-Dickson algebras and its applications. J. Math. Sci. 2008, 151,
3372-3430. [CrossRef]

34. Ludkovsky, S.V. Residues of functions of octonion varaibles. Far East J. Math. Sci. (F/MS) 2010, 39, 65-104.


http://doi.org/10.1080/10652460802442299
http://dx.doi.org/10.1090/S0273-0979-01-00934-X
http://dx.doi.org/10.1016/S0007-4497(03)00063-0
http://dx.doi.org/10.1007/s10958-007-0042-4
http://dx.doi.org/10.1007/s10958-007-0043-3
http://dx.doi.org/10.1007/s00006-020-01062-y
http://dx.doi.org/10.1007/BF03321828
http://dx.doi.org/10.1002/mma.1243
http://dx.doi.org/10.1007/s10958-009-9315-4
http://dx.doi.org/10.1007/s10958-008-9038-y

	Introduction
	Generalized Diffusion PDEs
	Conclusions
	Appendix A
	Appendix B
	References

