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Abstract: The objective of the present paper is to obtain a quadruple infinite integral. This integral
involves the product of the Struve and parabolic cylinder functions and expresses it in terms of the
Hurwitz–Lerch Zeta function. Almost all Hurwitz-Lerch Zeta functions have an asymmetrical zero
distributionSpecial cases in terms fundamental constants and other special functions are produced.
All the results in the work are new.
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1. Significance Statement

In 1927, Watson et al. [1] published work on the infinite integral involving the product
of the Struve HHHv(βt) and parabolic cylinder Du(αx) functions expressed in terms of the
quotient of gamma functions. In 1945, Mitra [2] extended the work achieved by Watson et
al. by deriving and evaluating other forms of these infinite integrals involving the product
of Struve and parabolic cylinder functions. In this current work, we take this previous
important work a step further by deriving a quadruple definite integral involving these
special functions. We will derive a quadruple integral and express in terms of a Hurwitz–
Lerch Zeta function. Special cases are derived in terms of the Polylogarithm function Lik(z),
Catalan’s constant C, Hurwitz Zeta function ζ(s, v), the Harmonic function Hn, the Zeta
function of Riemann ζ(k), and log(2). An interesting invariant property of the indices in
the Struve HHHv(βt) and parabolic cylinder Du(αx) functions is evaluated. This invariant
property, related to multiple integrals, is a new topic to the best of our knowledge. We
will be investigating this property along with other multiple integrals in future work. We
will be looking at any similarities this property has to multiple definite integral of these
functions and any real world applications which they possess.

2. Introduction

In this paper we derive the quadruple definite integral given by:

∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0
x−m/2tm−v−1y−

m
2 −u+1z−m+2v+1Du(xα)HHHv(tβ)

e−b(y2+z2)− 1
4 α2x2

logk

(
at√

x
√

yz

)
dxdydzdt (1)

where the parameters k, a, α, β, u, v, and m are general complex numbers and Re(u) <
Re(m) < 1/2, Re(m) < Re(v). This definite integral will be used to derive special cases in
terms of special functions and fundamental constants. The derivations follow the method
used by us in [3]. This method involves using a form of the generalized Cauchy’s integral
formula given by:
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yk

Γ(k + 1)
=

1
2πi

∫
C

ewy

wk+1 dw. (2)

where C is, in general, an open contour in the complex plane where the bilinear concomitant
has the same value at the end points of the contour. We then multiply both sides by a
function of x, y, z, and t, then take a definite quadruple integral of both sides. This yields a
definite integral in terms of a contour integral. Then, we multiply both sides of Equation (2)
by another function of x, y, z, and t and take the infinite sums of both sides such that the
contour integral of both equations are the same.

3. Definite Integral of the Contour Integral

We used the method in [3]. The variable of integration in the contour integral is
r = w + m. The cut and contour are in the first quadrant of the complex r-plane. The
cut approaches the origin from the interior of the first quadrant; the contour goes round
the origin with zero radius and is on opposite sides of the cut. Using a generalization of
Cauchy’s integral formula, we form the quadruple integral by replacing y with log

(
at√

x
√

yz

)
and multiplying by x−m/2tm−v−1y−

m
2 −u+1z−m+2v+1Du(xα)HHHv(tβ)e−b(y2+z2)− 1

4 α2x2
, then

taking the definite integral with respect to x ∈ (0, ∞), y ∈ (0, ∞), z ∈ (0, ∞), and t ∈ (0, ∞)
to obtain

1
Γ(k + 1)

∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0
x−m/2tm−v−1y−

m
2 −u+1z−m+2v+1

Du(xα)HHHv(tβ)e−b(y2+z2)− 1
4 α2x2

logk

(
at√

x
√

yz

)
dxdydzdt

=
1

2πi

∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0

∫
C

aww−k−1x
1
2 (−m−w)tm−v+w−1y

1
2 (−m−w)−u+1

z−m+2v−w+1Du(xα)HHHv(tβ)e−b(y2+z2)− 1
4 α2x2

dwdxdydzdt

=
1

2πi

∫
C

∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0
aww−k−1x

1
2 (−m−w)tm−v+w−1y

1
2 (−m−w)−u+1

z−m+2v−w+1Du(xα)HHHv(tβ)e−b(y2+z2)− 1
4 α2x2

dxdydzdtdw

=
1

2πi

∫
C

π3/2aww−k−1α
m+w

2 −1 sec
(

1
2

π(m + w)

)
2

1
4 (5(m+w)+2(u−2v−7))

β−m+v−wb
3(m+w)

4 + u
2−v−2dw (3)

from Equation (3.326.2) in [4], equations (3.9.1.3) and (3.15.1) in [5] where Re(β) > 0, 0 <
Re(w + m) < 3/2, |Re(w + m + β)| < 1, | arg α| < π/4, and using the reflection formula
(8.334.3) in [4] for the Gamma function. We are able to switch the order of integration over
x, y, z, and t using Fubini’s theorem for multiple integrals see (9.112) in [6], as the integrand
is of bounded measure over the space C× (0, ∞)× (0, ∞)× (0, ∞)× (0, ∞).

4. The Hurwitz–Lerch Zeta Function and Infinite Sum of the Contour Integral

In this section we use Equation (2) to derive the contour integral representations for
the Hurwitz–Lerch Zeta function.

4.1. The Hurwitz–Lerch Zeta Function

The Hurwitz–Lerch Zeta function (25.14) in [7] and [8] has a series representation
given by
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Φ(z, s, v) =
∞

∑
n=0

(v + n)−szn (4)

where |z| < 1, v 6= 0,−1, .. and is continued analytically by its integral representation
given by

Φ(z, s, v) =
1

Γ(s)

∫ ∞

0

ts−1e−vt

1− ze−t dt =
1

Γ(s)

∫ ∞

0

ts−1e−(v−1)t

et − z
dt (5)

where Re(v) > 0, and either |z| ≤ 1, z 6= 1, Re(s) > 0, or z = 1, Re(s) > 1.

4.2. Infinite Sum of the Contour Integral

Using Equation (2) and replacing y with log(a) + log(α)
2 +

3 log(b)
4 − log(β) + 1

2 iπ(2y +

1) + 5 log(2)
4 , then multiplying both sides by π3/2(−1)yα

m
2 −1e

1
2 iπm(2y+1)2

1
4 (5m+2(u−2v−7))+1

βv−mb
3m
4 + u

2−v−2, taking the infinite sum over y ∈ [0, ∞), and simplifying in terms of the
Hurwitz–Lerch Zeta function we obtain

1
Γ(k + 1)

πk+ 3
2 e

1
2 iπ(k+m)α

m
2 −12

1
4 (5m+2(u−2v−5))βv−mb

3m
4 + u

2−v−2

Φ
(
−eimπ ,−k,

i(−4 log(a)− 3 log(b)− 2 log(α) + 4 log(β)− 5 log(2)− 2iπ)

4π

)

=
1

2πi

∞

∑
y=0

∫
C

π3/2(−1)yw−k−1α
m
2 −1βv−mb

3m
4 + u

2−v−22
1
4 (5m+2u−4v+5w−10)

exp
(

1
4
(w(4 log(a) + 2 log(α) + 3 log(b)− 4 log(β)) + 2iπ(2y + 1)(m + w))

)
dw

=
1

2πi

∫
C

∞

∑
y=0

π3/2(−1)yw−k−1α
m
2 −1βv−mb

3m
4 + u

2−v−22
1
4 (5m+2u−4v+5w−10)

exp
(

1
4
(w(4 log(a) + 2 log(α) + 3 log(b)− 4 log(β)) + 2iπ(2y + 1)(m + w))

)
dw

=
1

2πi

∫
C

π3/2aww−k−1α
1
2 (m+w−2) sec

(
1
2

π(m + w)

)
2

1
4 (5m+2u−4v+5w−14)β−m+v−wb

1
4 (3m+2u−4v+3w−8)dw (6)

from Equation (1.232.2) in [4] where Im(π
2 (m + w)) > 0 in order for the sum to converge.

5. Definite Integral in Terms of the Hurwitz–Lerch Zeta Function

Theorem 1. For all k, a, α, β, u, v, m ∈ C, Re(b) > 0, Re(u) < Re(m) < 1/2, and Re(m) <
Re(v), then

∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0
x−m/2tm−v−1y−

m
2 −u+1z−m+2v+1Du(xα)HHHv(tβ)

e−b(y2+z2)− 1
4 α2x2

logk

(
at√

x
√

yz

)
dxdydzdt

= πk+ 3
2 e

1
2 iπ(k+m)α

m
2 −12

1
4 (5m+2(u−2v−5))βv−mb

3m
4 + u

2−v−2

Φ
(
−eimπ ,−k,

i(−4 log(a)− 3 log(b)− 2 log(α) + 4 log(β)− 5 log(2)− 2iπ)

4π

)
(7)
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Proof. The right-hand sides of relations (3) and (6) are identical; hence, the left-hand sides
of the same are identical too. Simplifying with the Gamma function yields the desired
conclusion.

Example 1. The degenerate case

∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0
x−m/2tm−v−12

1
4 (5m+2(u−2v−5))y−

m
2 −u+1z−m+2v+1b

3m
4 + u

2−v−2

Du(xα)HHHv(tβ)e−b(y2+z2)− 1
4 α2x2

dxdydzdt

= π3/2α
m
2 −1 sec

(πm
2

)
2

1
4 (5m+2(u−2v−7))βv−mb

3m
4 + u

2−v−2 (8)

Proof. Use Equation (7) and set k = 0 and simplify using entry (2) in Table below (64:12:7)
in [9].

Example 2. The Polylogarithm function Lik(z)∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0
x−m/2tm−v−1y−

m
2 −u+1z−m+2v+1Du

( x
2

)
HHHv(2t)e−

x2
16−

3√2(y2+z2) logk

(
it√

x
√

yz

)
dxdydzdt

= πk+ 3
2 e

1
2 iπ(k+m)−iπmLi−k

(
−eimπ

)
(
−2

1
4 (5m+2(u−2v−5))+ 1

3 (
3m
4 + u

2−v−2)− 3m
2 +v+1

)
(9)

Proof. Use Equation (7) and set a = i, β = 2, b = 21/3, α = 1/2 simplify using Equation
(64:12:2) in [9].

Example 3. Catalan’s constant C

∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0

t−v− 1
2 y

3
4−uz2v+ 1

2 Du
( x

2
)
HHHv(2t)e−

x2
16−

3√2(y2+z2)

4
√

x log2
(

it√
x
√

yz

) dxdydzdt

=
(−1)3/4(π2 + 48iC

)
2

1
6 (4u−2v−37)

3
√

π
(10)

Proof. Use Equation (9) and set k = −2, m = 1/2 and simplify using Equation (2.1.2.2.7)
in [10].

6. The Invariance of Indices u and v Relative to the Hurwitz–Lerch Zeta Function

In this section, we evaluate Equation (7) such that the indices of the Struve HHHv(βt)
and parabolic cylinder Du(αx) functions are independent of the right-hand side. These
types of integrals could involve properties related to orthogonal functions. This invariant
property occurs as a result of how the gamma function is chosen for the definite integral of
the contour integral to reduce to a trigonometric function. The derivation of this invariant
property is not dependent on all the parameters involved.

Example 4. The Polylogarihm function Lik(z)
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∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0
x−m/2tm−v−1y−

m
2 −u+1z−m+2v+1Du

( x
2

)
HHHv(t)e

1
16 (−x2−8(y2+z2)) logk

(
it√

x
√

yz

)
dxdydzdt

= −
√

2πk+ 3
2 e

1
2 iπ(k−m)Li−k

(
−eimπ

)
(11)

Proof. Use Equation (7) and set a = i, β = 1, b = 1/2, α = 1/2; simplify using Equa-
tion (64:12:2) in [9].

Example 5. The inverse hyperbolic cosine function cosh−1(x)

∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0

t−v− 3
5 y

4
5−uz2v+ 3

5 Du
( x

2
)
HHHv(t)e

1
16 (−x2−8(y2+z2))

5
√

x log
(

it√
x
√

yz

) dxdydzdt

=
1

40

(
√

2π +
√

10π − 2i
√(

5−
√

5
)

π

)(
2π − 5i cosh−1

(
3
2

))
(12)

Proof. Use Equation (11) and set k = −1, m = 2/5 and simplify.

Example 6. The Hurwitz Zeta function ζ(s, v)

∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0
t−v−1y1−uz2v+1Du

( x
4

)
HHHv(t)e

1
64 (−x2−32(y2+z2))

logk

(
it√

x
√

yz

)
dxdydzdt

= e
iπk
2 (2π)k+ 3

2

(
ζ

(
−k,

1
2
+

i log(2)
4π

)
− ζ

(
−k, 1 +

i log(2)
4π

))
(13)

Proof. Use Equation (7) and set m = 0, a = i, b = 1/2, α = 1/4, β = 1 and simplify using
entry (4) in Table below (64:12:70) in [9].

Example 7. The Harmonic number function Hn

∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0

y4/3z7D− 1
3

( x
4
)
HHH3(t)e

1
64 (−x2−32(y2+z2))

t4 log
(

it√
x
√

yz

) dxdydzdt

= −i
√

2π

(
H i log(2)

4π

− H− 1
2+

i log(2)
4π

)
(14)

Proof. Use Equation (13) and set u = −1/3, v = 3 and apply l’Hopital’s rule as k → −1
and simplify using Equation (14) in [11].

Example 8. The Zeta function of Riemann ζ(k)

∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0
t−v−1y1−uz2v+1Du

( x
2

)
HHHv(t)e

1
16 (−x2−8(y2+z2)) logk

(
it√

x
√

yz

)
dxdydzdt

= −
√

2
(

2k+1 − 1
)

e
iπk
2 πk+ 3

2 ζ(−k) (15)

Proof. Use Equation (7) and set a = i, m = 0, b = 1/2, β = 1, α = 1/2 and simplify using
entry (4) in Table below (64:12:7) and entry (2) in table (64:7) in [9].
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Example 9. The fundamental constant log(2)

∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0

t−v−1y1−uz2v+1Du
( x

2
)
HHHv(t)e

1
16 (−x2−8(y2+z2))

log
(

it√
x
√

yz

) dxdydzdt

= −i
√

2π log(2) (16)

Proof. Use Equation (15) and apply l’Hopitals’ rule as k→ −1 and simplify using Equation
(25.6.11) in [7].

Example 10. Apéry’s constant ζ(3)

∫ ∞

0

∫ ∞

0

∫ ∞

0

∫ ∞

0

t−v−1y1−uz2v+1Du
( x

2
)
HHHv(t)e

1
16 (−x2−8(y2+z2))

log3
(

it√
x
√

yz

) dxdydzdt

=
3iζ(3)

2
√

2π3/2

(17)

Proof. Use Equation (15) and set k = −3 and simplify.

Plots of a Special Case Involving ζ(k)

In this section, we evaluate the right-hand side of Equation (15) for complex values of
the parameter k. The Figures 1–3 are below:

Figure 1. Plot of real part of −
√

2
(

2k+1 − 1
)

e
iπk
2 πk+ 3

2 ζ(−k).
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Figure 2. Plot of imaginary part of −
√

2
(

2k+1 − 1
)

e
iπk
2 πk+ 3

2 ζ(−k).

Figure 3. Plot of arg of −
√

2
(

2k+1 − 1
)

e
iπk
2 πk+ 3

2 ζ(−k).

7. Conclusions and Observation

In this paper, we have presented a novel method for deriving a new integral transform
involving the product of the Struve and parabolic cylinder functions along with some
interesting definite integrals using contour integration. We also derived an invariant index
form of the quadruple integral. We observed that the single integral of the product of
the Struve and parabolic cylinder functions is in terms of the gamma function, while the
higher dimensional integrals of the product of these functions can be constant. We will be
investigating this property in future work. The Figures 1–3, and results presented were
numerically verified for real, imaginary, and complex values of the parameters in the
integrals using Mathematica by Wolfram.
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