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Abstract: In order to deal with the fast, large-angle attitude maneuver with flexible appendages, a
finite-time attitude controller is proposed in this paper. The finite-time sliding mode is constructed
by implementing the dynamic sliding mode method; the sliding mode parameter is constructed to
be time-varying; hence, the system could have a better convergence rate. The updated law of the
sliding mode parameter is designed, and the performance of the standard sliding mode is largely
improved; meanwhile, the inherent robustness could be maintained. In order to ensure the system’s
state could converge along the proposed sliding mode, a finite-time controller is designed, and an
auxiliary term is designed to deal with the torque caused by flexible vibration; hence, the vibration
caused by flexible appendages could be suppressed. System stability is analyzed by the Lyapunov
method, and the superiority of the proposed controller is demonstrated by numerical simulation.

Keywords: attitude control; fast large-angle maneuver; finite-time control; flexible appendages

1. Introduction

Current space missions, such as push-broom imaging and stare imaging, need satellites
that have the ability to perform fast large-angle maneuvers. However, standard controllers,
such as the PID controller and the sliding mode controller, have the issue of a low con-
vergence rate. It is necessary to develop an attitude controller with a faster convergence
rate. Furthermore, the deformation and vibration of flexible appendages would bring
unexpected torque on the satellite system; hence, the overall goal of this paper is to develop
a satellite attitude controller subject to fast large-angle attitude maneuvers with a better
convergence rate compared to standard controllers. Meanwhile, the flexible vibrations
could be suppressed.

In the field of satellite attitude control, PID control and sliding mode control are the
most mature and widely used methods. They both have the advantage of simple structures
and strong robustness; hence, a lot of work has been performed by researchers. However,
a low convergence rate is the main drawback of these two methods. Li [1–3] developed
PID controllers for satellite’s fast maneuvering with flexible appendages, and standard PID
controllers are modified in his work. Hence, the system could have a better convergence
rate. There is also some work [4,5] focusing on satellite orbit control, and the main goal
of these two papers is to optimize energy consumption. The sliding mode controller is
also a mature method in the field of satellite attitude control. Chakrabarti [6] and Ye [7]
designed sliding mode controllers for satellite attitude maneuvers; the standard sliding
mode for satellite attitude control is modified in these works, and the system robustness is
enhanced. However, the system convergence rate is not taken into consideration in these
works. In order to improve the system convergence rate, Li [8,9] has done some work,
and the standard sliding mode is modified by Bang-Bang logic and dynamic sliding mode.
The system convergence rate is largely improved by implementing the updated law of
the sliding mode parameter. Moreover, Xiao [10–12] has performed some work focusing
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on the modification of sliding mode controllers. The controllers with fault-tolerant and
strong robustness are proposed in these works. Ye [13] also designed a sliding mode control
algorithm for an attitude tracking controller, and his main focus is the system convergence
rate. In his work, it is pointed out that by optimizing the trajectory of angular velocity, the
system could have both a fast convergence rate and low energy consumption. However, the
common drawback of these works is that the system convergence rate is exponential, which
means the system state would reach its equilibrium point with infinite time. The terminal
convergence rate is relatively low in these works, and it is necessary to develop a controller
with a better convergence rate, especially for fast attitude maneuverable conditions.

In order to deal with the exponential convergence rate issue, finite-time control theory,
which could largely improve the system convergence rate to near its equilibrium point,
is developed by researchers. Li [14] developed a finite-time controller with three stage
structures, and a braking curve for angular velocity is constructed. The system convergence
rate is improved by maintaining angular velocity revers to attitude quaternion; meanwhile,
its norm is reaching its upper bound for as long as possible. The singularity issue is solved
by using the property when the angular velocity is reversed to the vector of the Euler Axis.
Liang [15,16], Wang [17,18] and Wu [19,20] also designed finite-time controllers for satellite
attitude control, and their main focus is the structure of the finite-time sliding mode. It is
pointed out that the key to achieving finite-time stability is to construct the fraction order of
the system state properly. However, these works do not consider the flexible deformation of
large flexible appendages, such as solar sails and large antennas, which are very common in
satellites. Noting that when a satellite is on a fast attitude maneuver, the flexible vibrations
can not be ignored; hence, it is necessary to design controllers that are robust to flexible
deformations.

In order to deal with the satellite attitude control issue considering flexible vibration,
some fundamental work [21–24] has been done. Wie constructed the basic structure of a
PID controller for satellite attitude control and some typical methods for stability analysis
is proposed. Some typical sliding mode surfaces are also proposed for satellite attitude
control. Generally, the basic idea to deal with flexible vibrations could be concluded as
following two aspects: 1. treat it as another kind of disturbance with a normal upper bound;
2. design a state observer to estimate it based on its dynamic model. The former is easier
for engineering practice, and the latter has better performance in theoretical research.

In this paper, a finite-time controller for a satellite capable of fast, large-angle maneu-
vers with flexible appendages will be proposed. The next section will give the dynamic
and kinetic models used in this paper, Section 3 is the core of this paper, and the finite-time
controller will be given in this section. Section 4 will demonstrate the performance by
numerical simulation, and Section 5 will conclude this paper.

2. Explanation of the Symbols Used in This Paper

In order to make it easier to understand this paper, the symbols used in this paper are
explained in the following Table 1.

Table 1. Explanation of the symbols.

J Inertia matrix of satellite (3× 3 matrix)
Ĵ Inertia matrix best estimate (3× 3 matrix)
J̃ Error inertia matrix (3× 3 matrix)
ω Angular velocity (3× 1 vector)
δ Coupling matrix between flexible appendages and rigid body
η Modal coordinate vector
u Control torque
d Unknown disturbance torque
r Norm upper bound of vector r
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Table 1. Cont.

ωni Natural frequencies of flexible appendages
ξi Associated damping of flexible appendages
N The elastic modes need to be considered
r× Product matrix of the three-dimensional vector r
‖r‖ Euclidean two-norm of vector or matrix r
λM(A), λm(A) Maximum and minimum eigenvalue of matrix A
q Attitude quaternion (4× 1 vector)
qv Vector part of attitude quaternion (3× 1 vector)
q0 Scalar part of attitude quaternion
sgn(x) Sign function of vector or scalar x

3. Dynamic and Kinetic Model

The dynamic model of the rigid satellite could be written as follows.

J
.

ω + δT ..
η = −ω×

(
Jω + δT .

η
)
+ u + d

..
η+ C

.
η+ Kη = −δ

.
ω

(1)

where ω is the angular velocity, J is the inertia matrix of satellite, which is a symmetric
matrix, d is the unknown disturbance torque with a normal upper bound ‖d‖ < d. δ is
the coupling matrix between the flexible appendages and the rigid body and δ describes
how the flexible appendages influence the rigid body, η is the modal coordinate vector, its
definition could be found in Table 1, C and K are defined as follows.

C = diag(2ξiωni), i = 1, 2 · · ·N
K = diag

(
ω2

ni
)
, i = 1, 2 · · ·N (2)

where ωni is the natural frequency and ξi is the associated damping, and N is the number
of the elastic modes need to be considered.

Product matrix r× of vector r is defined as:

r× =

 0 −r3 r2
r3 0 −r1
−r2 r1 0

 (3)

Generally, the inertia matrix J could not be accurately known, and it is assumed that:

J = Ĵ + J̃ (4)

where J is the inertia matrix best estimate and J̃ is the error matrix. Product matrix has an
important property, which will be used in the latter part that the eigenvalues of r× satisfies:

λ(r×) = 0, ‖r‖2
λmax(r×) = ‖r‖2

(5)

Define ψ and ϑ as follows.

ψ =
.
η+ δω, ϑ =

[
ηT ψT ]T (6)

The dynamic model (1) could be transformed to:

¯
J

.
ω = −ω×

(
¯
J ω + Hϑ

)
+ Lϑ−Mω + u + d

.
ϑ = Aϑ + Bω

(7)
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where
¯
J , H, L, M, A, B are defined as follows.

¯
J = J− δTδ, H =

[
0 δT ]

, L = δT[ K C
]
, M = δTCδ

A =

[
0 I
−K −C

]
, B =

[
−I
C

]
δ

(8)

The kinetic model based on attitude quaternion could be written as follows.

.
q =

[ .
q0.
qv

]
=

[
− 1

2 qT
v ω

1
2 (q0I3 + q×v )ω

]
=

1
2

[
−qT

v
F

]
ω (9)

where F = q0I3 + q×v and the eigenvalue of F satisfies:

λ(F) = |q0|, 1
λM(F) = 1

(10)

In order to simplify the text, the maximum and minimum eigenvalue of matrix A is
described as λM(A) and λm(A).

Considering that q and −q describes the same attitude, it is assumed that q0 ≥ 0 in
this paper.

Furthermore, it is worth noticing that in engineering practice, system angular velocity
ω and control torque u has its norm upper bound, and it is assumed to be ! and u in this
paper.

4. Finite-Time Controller
4.1. Problem Description

The sliding mode control method has been proposed for a decade, and a lot of work
based on this method has been performed on the satellite attitude control issue. The most
widely used and standard sliding mode for satellite attitude control could be written as
follows.

s = ω + kqv, (k > 0) (11)

After reaching this sliding mode surface, the system state has such properties:

ω = −kqv.
qv = 1

2 (q0I3 + q×v )ω = − 1
2 kq0qv

(12)

When the system maneuvers along (11), the angular velocity vector is reversed to the
attitude quaternion vector, and a lot of work has been done based on this sliding mode.
The model uncertainty and unknown disturbance issue could be effectively solved using
sliding mode (11), and it could be concluded that the reverse property could improve
system robustness. However, based on Equation (11), it could be easily found that the
convergence rate of qv is exponential, which means the system would reach the equilibrium
point with infinite time and the convergence rate needs to be improved.

In order to improve the system convergence rate, a finite-time controller is an effective
method. Generally, in order to achieve the finite-time stability, a fraction order feedback is
used as follows to construct the sliding mode.

.
x = −ksign(x)|x|r, 0 < r < 1 (13)

Sliding mode (13) would bring another issue, i.e., the singularity issue. Since the
control torque is always related to

..
x, i.e., the second derivative of x, the singularity term

xr−1 would be brought into the controller. In order to deal with the singularity issue, some
typical finite-time controllers are designed [14]. However, the system robustness issue is
not taken into consideration, and the reverse property does not hold in these works. System
robustness needs to be improved to suppress the perturbations, such as inertia matrix
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uncertainty and unknown disturbance. In summary, the robustness issue and singularity
issue should be both taken into consideration to design the robust finite-time controller.

Based on the discussion above, the goal of this paper could be: design a finite-time
controller for satellite stabilization issues and the following properties should be satisfied:

1. Compared with the standard sliding mode, the system convergence rate near the
equilibrium point should be largely improved;

2. Finite-time stability should be satisfied, i.e., there exist positive scalar ε, ε′ and T to
satisfy following inequality;

‖qv‖ ≤ ε, ‖ω‖ ≤ ε′ f ot ∀t ≥ T (14)

3. The singularity issue should be solved, i.e., qv,
.
qv, ω,

.
ω are all bound during the whole

control process;
4. The controller should be robust to inertia matrix uncertainty and unknown distur-

bance torque.

4.2. Finite-Time Sliding Mode

In paper [9], the author pointed out that the fixed sliding mode caused the low
convergence rate, and a dynamic sliding mode is constructed in this paper. The maneuver
stage with constant angular velocity and converge stage with constant angular acceleration
are designed based on the updated law of sliding mode parameter k, and the system
convergence rate is largely improved compared to the standard sliding mode. Inspired by
the method in [3], the finite-time sliding mode proposed in this paper could be written as
follows.

s = ω + kqv
.
k =

{
0 ‖s‖ > ε1

k(1− α)βq0‖qv‖
α−1 ‖s‖ ≤ ε1

(15)

1/2 < α < 1, β = k(t0)/‖qv(t0)‖α−1 (16)

where the initial value of k satisfies k(t0) > 0, ε1 is a small positive scalar, and α, β are all
positive scalars.

A sliding mode (15) has the same structure as a standard sliding mode; hence. the
reversed property could be maintained. Moreover, the same structure could make it
possible to design a robust finite-time controller based on standard sliding mode methods.
Based on (15), it could be found that the maneuvering process is constructed in two stages:
in the first stage, i.e., ‖s‖ > ε1, the system performance is totally the same as that of a
standard sliding mode, and the sliding mode parameter k is fixed; in the second stage, i.e.,
‖s‖ ≤ ε1, it could be treated as a system that has reached the sliding mode, and angular
velocity vector has been reversed to the attitude quaternion vector. In this stage, the sliding
mode parameter k begins to update. Moreover, based on the updated law of k, it could be
found that k is monotonically increasing to affect the exponential convergence rate. The
key work of this paper is the updated law of the sliding mode parameter k and when the
system convergences along (15), i.e., s = 0, system (5) would converge to its equilibrium
point within finite-time, and during this process, ω and

.
ω are all norm upper bound.

The next step is to discuss the finite-time stability of the sliding mode (15). When the
system reaches the sliding mode (15), it is defined as follows, and its derivative could be
calculated as:

Vq = qT
v qv = ‖qv‖

2 (17)
.

Vq = 2qT
v

.
qv = −kq0qT

v qv = −kq0‖qv‖
2 (18)

In order to achieve the goal of finite-time stability, the derivative of Lyapunov function
should satisfy the following inequality:

.
Vq ≤ −γq0‖qv‖

α+1, with α ∈ (0, 1) , γ > 0 (19)
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Compared with (14) and (15), it could be that if there exists a positive scalar γ to satisfy
the following inequality, the finite-time stability could be ensured.

k = γ‖qv‖
α−1 (20)

In order to satisfy the finite-time condition (20), the fixed parameter k is not feasible
since the right part of (20) tends towards infinite, and a very large k would cause the control
torque of an angular velocity to exceed the system upper bound drastically. Hence, it is
necessary to design a time-variable parameter k and its update law to satisfy (20), and that
is how the dynamic sliding mode (15) is found. In fact, selecting parameters as follows, it
could be found that:

γ = k(t0)/‖qv(t0)‖α−1, β = γ (21)

Noting that the structure of the sliding mode parameter update law in (15), it could be
found that:

k(t0) = γ‖qv(t0)‖α−1

.
k = 1

2 k(1− α)βq0‖qv‖
α−1 =

dγ‖qv‖
α−1

dt

(22)

Based on (21) and (22), it could be found that finite-time condition (20) is satisfied, and
(19) could be transformed to:

.
Vq = 2qT

v
.
qv = −kq0‖qv‖

2 ≤ −βq0‖qv‖
α+1 = −βq0Vα+1/2

q (23)

The system converge time satisfies:

t f ≤
2V

1−α
2 (t0)

βq0(t0)(1− α)
(24)

The next step is to improve on sliding mode (15), ω,
.

ω are all norm upper bound. It
is obvious that angular velocity ω satisfies following the property and is the norm upper
bound.

‖ω‖ = ‖−kqv‖ = ‖qv‖
α (25)

Calculating the derivative of angular velocity, it could be found that:

.
ω = −k

.
qv −

.
kqv

= −k(q0I3 + q×v )(−kqv)− k
2 (1− α)βq0‖qv‖

α−1qv
= q0k2qv − k

2 (1− α)βq0‖qv‖
α−1qv

= q0β2‖qv‖
2α−1e− 1

2 (1− α)β2q0‖qv‖
2α−1e

(26)

where e is the unit direction vector of attitude quaternion, which is defined as e = qv/‖qv‖.
Noting that 1/2 < α < 1, hence, ω,

.
ω are all norm upper bound during the whole maneuver

process, and the demand control torque is also the norm upper bound, i.e., the singularity
issue is solved. However, it is also worth noticing that on sliding mode (15), the system
parameter k tends towards infinite since

.
k is not the norm upper bound. In order to avoid

this situation, we rewrite the sliding mode as follows.

s = ω + kqv
.
k =

{
0 otherwise
k(1− α)βq0‖qv‖

α−1 ‖s‖ ≤ ε1 &‖qv‖ > ε2

(27)

where ε1 and ε2 are all small positive scalars. The difference between sliding mode (15)
and (27) is simple when the system approaches the equilibrium point, the sliding mode
parameter stops updating, and the singularity issue of k could be solved, and the system
state could converge to the field of ‖qv‖ > ε2 within finite-time, hence, if a small enough
parameter ε2 is selected (in fact, considering the disturbance system could not reach the
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absolute equilibrium point, hence reaching the field near system equilibrium could be
treated as reaching equilibrium point), the systems finite-time stability could be ensured,
and this property will be proven in next section.

4.3. Finite-Time Controller

After the finite-time sliding mode surface is derived, the next step is to construct a
finite-time controller to ensure the system state could converge to the proposed sliding
mode surface within finite time and could converge to its equilibrium point along this
sliding mode surface. Furthermore, the proposed controller could resist the disturbance
torque caused by flexible appendages.

u = −kssigr(s) + ω× Ĵω− 1
2 kĴFω− l1sign(s)

otherwise
u = −kssigr(s) + ω× Ĵω− 1

2 kĴFω− l2sign(s)
−k(1− α)βq0‖qv‖

α−1Ĵqv
i f ‖s‖ ≤ ε1 &‖qv‖ > ε2

(28)

where ks is a positive scalar, r is a positive scalar which satisfies 0 < r < 1, sign(x) is the
sign function of vector x, vector function sigr(x) and li is defined as follows:

sigr(x) = x/‖x‖r (29){
l1 = d + λ‖ω‖2 + k

2 λ‖ω‖+ υ

l2 = d + λ‖ω‖2 + k
2 λ‖ω‖+ kλ(1− α)βq0‖qv‖

α + υ
(30)

where λ is a positive scalar which satisfies λ ≥ λM

(
J̃
)

with λM

(
J̃
)

as the maximum

eigenvalue value of the error inertia matrix J̃. Furthermore, υ in (30) is a positive scalar,
which is meant to resist the disturbance torque caused by flexible appendages, and the
method to select this parameter will be given in a later text.

The next step is to discuss the system stability governed by the controller (28). We
select the Lyapunov function as follows

V =
1
2

sTJs (31)

It is obvious that Function (31) is a semi-positive definite when and only when s = 0
Function (31) equals zero. Except for the condition that ‖s‖ ≤ ε1 &‖qv‖ > ε2, we calculate
the derivative of (31) and the substitute controller (28), and it could be found that:

.
V = sTJ

.
s

= sTJ
( .
ω + k

.
qv
)

= sT(−δT ..
η−ω×

(
Jω + δT .

η
)
+ u + d

)
+ 1

2 sTJFω

= −‖s‖2−r − sT(−δT ..
η−ω×δT .

η+ υ
)

+sT
(

J̃ω− 1
2 J̃Fω + d

)
− l1sTsign(s)

(32)
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Similarly, we calculate the derivative of Lyapunov function at the stage of ‖s‖ ≤ ε1 &
‖qv‖ > ε2, it could be found that:

.
V = sTJ

.
s

= sTJ
( .

ω + k
.
qv +

.
kqv

)
= sT(−δT ..

η−ω×
(
Jω + δT .

η
)
+ u + d

)
+ 1

2 sTJFω

+ k
2 (1− α)βq0‖qv‖

α−1sTJqv
= −‖s‖2−r − sT(−δT ..

η−ω×δT .
η+ υ

)
+sT

(
J̃ω− 1

2 J̃Fω + k
2 (1− α)βq0‖qv‖

α−1J̃qv + d
)

−l1sTsign(s)

(33)

Noting the definition of l1 and l2 in (30), it could be easily found that the last two terms
in (32) and (33) are negative definites, i.e.,:

sT
(

J̃ω− 1
2 J̃Fω + d

)
− l1sTsign(s) ≤ 0

sT
(

J̃ω− 1
2 J̃Fω + k

2 (1− α)βq0‖qv‖
α−1J̃qv + d

)
−l1sTsign(s) ≤ 0

(34)

Hence (32) and (33) could be transformed to:

.
V ≤ −‖s‖2−r − sT

(
−δT ..

η−ω×δT .
η+ υ

)
(35)

It is obvious the first term in (35) satisfies the finite-time stability condition, and if the
last term in (35) is a negative definite, the system could converge to the designed sliding
mode surface within a finite time. Moreover, it could be found that the term that needs to
be suppressed is the flexible vibration; although, its modal state is hard to get by sensors
on satellite, its dynamic model is known; hence, the modal state could be estimated by a
state observer. We define η̂ and its update law as follows.

..
η̂+ C

.
η̂+ Kη̂ = −δτ (36)

where:
τ = Ĵ−1

(
u−ω× Ĵω−ω×δT .

η̂− δT ..
η̂
)

(37)

It could easily be found that the estimation variable η̂ has the same dynamic model as
the modal state η. We define the estimation error variable η̃ as follows.

η̃ = η− η̂ (38)

Substitute models (1) and (36) into (38), and it could be found that:

..
η̃+ C

.
η̃+ Kη̃ = −δ

( .
ω− τ

)
(39)

Obviously, the only differences are the terms τ and
.

ω caused by model uncertainty
and disturbance torque. Noting that C and K are both positive definite matrices, the
error variable η̃ is typical of the Lagrange system and η̃ would track −δ

( .
ω− τ

)
by an

exponential rate. Furthermore, noting that −δ
( .
ω− τ

)
is a relatively small term, it could be

treated that estimation variable η̂ could track modal state η, but there exists a small tracking
error. Hence, the auxiliary term υ could be defined as follows.

υ = −δT ..
η̂−ω×δT .

η̂− υ0sign(s) (40)
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The function of the last term, υ0, is to offset the effect caused by the model error
−δ
( .
ω− τ

)
. Noting the ith modal estimation error could be described as:

..
η̃i + 2ξiωni

.
η̃i + ω2

niη̃i =
(
−δ

.
ω + δτ

)
i (41)

The analytical solution of (41) could be written as follows.

η̃i(t) =
(
−δ

.
ω + δτ

)
i(t)− e−ζiωnit sin(ωdt + φ)/

√
1− ζ2

i

ωd =
√

1− ζ2
i ωni, φ = arctan

(√
1− ζ2

i /ξi

)
i f 0 < ξi < 1

(42)

η̃i(t) =
(
−δ

.
ω + δτ

)
i(t)− e−ωnit(ωnit + 1)

i f ξi = 1
(43)

η̃i(t) =
(
−δ

.
ω + δτ

)
i(t) + e−(ξi+

√
ζ2

i −1)ωnit/
(

2
√

ζ2
i − 1

(
ζi +

√
ζ2

i − 1
))

− e−(ξi−
√

ζ2
i −1)ωnit/

(
2
√

ζ2
i − 1

(
ζi −

√
ζ2

i − 1
))

i f ξi > 1

(44)

Noting that
(
−δ

.
ω + δτ

)
i(t) is a relatively small term, the major part is the transient

term, i.e., the second term in (42)–(44). The idea to offset the transient term is to design υ0’s
envelop function, as Figure 1 shows.
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Noting that ( ) ( )i t− +δω δτ  is a relatively small term, the major part is the transient 
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The basic idea to design υ0 is to ensure its norm is larger than the norm of η̃i(t), and
noting Equations (42)–(44), υ0 could be designed as follows.

υ0 = η̃i(t0) exp(−ωυt)

ωυ < min
(√

ξ2
i − 1ωni, ωni,−

(
ξi +

√
ξ2

i − 1
)

ωni

) (45)

By selecting the initial value of η̃i(t0) (in this paper, η̃i(t0) is selected five times larger
than the model error and ωυ is selected 1/5 times less than the minimum value of ωni), it
could be found that:

sT(−δT ..
η−ω×δT .

η+ υ
)

= sT
(
−δT

..
η̃−ω×δT

.
η̃− η̃i(t0) exp(−ωυt)sign(s)

)
< 0

(46)

Hence, the derivative of V in (35) satisfies:

.
V ≤ −‖s‖2−r = (2V)2−r/2 (47)
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Hence, the sliding mode state s could converge to zero within finite time, and based on
the previous discussion, the system state could converge to the field near the equilibrium
point within finite timem and the systems finite-time stability has been proven.

Moreover, it could be found that the sign function terms in (40) and (28) (except the
disturbance term d) tend to zero as the system converges to its equilibrium point and would
not cause high-frequency vibrations.

5. Simulation
Comparing Group

Set the system parameters as follows.

J = diag(100, 75, 50)kg·m2, Ĵ = diag(98, 77, 49)kg·m2

ω(0) =
[

0.01 −0.02 0.03
]
rad/s

q(0) =
[

0
√

6/6
√

3/3
√

2/2
]

ωn =
[

0.7 1 1.8 2.5
]T ,

ξ = 10−2 ×
[

5.6 8.6 12.8 25.2
]T

δ =


7 1.2 2.2
−1.2 0.9 −1.7
1.1 2.5 −0.8
1.2 −2.6 −1.1


(48)

Set the disturbance d as Gauss white noise and its norm upper bound as follows.

d = 5× 10−3randn(3, 1)Nm, d = 5× 10−3 (49)

Group A
In order to demonstrate the superiority of the controller in this paper, the standard

sliding mode controller (50) is compared.

s = ω + kqv
u = −kss + ω× Ĵω− 1

2 ĴFω− lsgn(s)
l = λ

(
‖ω‖2 + 1

2 k‖ω‖
)
+ d

(50)

Select the control parameters as follows.

λ = 3, ks = 2, k = 0.15
T = 300 s, t_sample = 0.1 s

(51)

The simulation results of the standard sliding mode controller (50) are given as follows.
Based on Figures 2 and 3, it could be found that the system convergence time is more
than 300 s, and the steady accuracy of angular velocity and attitude quaternion is about
8× 10−4rad/s and 4× 10−4. A system governed by a standard sliding mode controller
could converge to its equilibrium point, but the convergence rate is relatively slow. Fur-
thermore, based on Figure 4, it could also be found that the modal state also converges to
zero as the angular velocity converges to zero, and the maximum vibration is about 0.1
according to numerical simulation.
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Group B
The next step is to demonstrate the performance of the finite-time controller proposed

by Li [14] in 2017. In this paper, the author pointed out that by designing the trajectory of
angular velocity properly, the system convergence rate could be largely improved compared
to a standard sliding mode controller. Moreover, finite-time stability, as discussed in this
paper, is proven in Li’s work; hence, this method is compared with the method proposed
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in this paper. The finite-time controller proposed in Li’s work could be written as Equation
(52) and select controller parameters as Equation (53) [14].

u =


−k‖s‖pse +ϕ1ω− l1sgn(s) ‖qv‖ > α
−k‖s‖pse +ϕ2ω− l2sgn(s) β < ‖qv‖ ≤ α

−k‖s‖pse +ϕ3ω +
k2

3
2 rq0‖qv‖

2r−1Ĵe
−l3sgn(s)

‖qv‖ ≤ β
ϕ1 = ω× Ĵ− k1

2 Ĵe×
(
I3 + cot ϕ

2 e×
)

ϕ2 = ω× Ĵ− k2
2 ĴF

ϕ3 = ω× Ĵ
l1 = d + λ‖ω‖2 + k1

2 λ
(
1 + cot ϕ

2
)
‖ω‖

l2 = d + λ‖ω‖2 + k2
2 λ‖ω‖

l3 = d + λ‖ω‖2 +
k2

3
2 rλ|q0|‖qv‖

2r−1

(52)

λ = 3, k1 = 0.1, k = 5
α = 1, β = 0.2, r = 2/3, p = 0.5

T = 200 s, t_sample = 0.1 s
(53)

The simulation results of the finite-time controller (52) are given as follows.
Based on Figures 5 and 6, it could be found that the system converges to its equilibrium

point and the convergence time is about 100 s, which is largely improved compared to
a standard sliding mode controller. Furthermore, based on Figures 5 and 6, it could be
found that the system accuracy at the steady stage is about 1× 10−4rad/s and 1× 10−6

of angular velocity and attitude quaternion, which is also improved compared to Group
A. The only drawback of this controller is the flexible deformation. Based on Figure 7,
although a modal state could converge to zero along the converge of angular velocity, the
maximum modal state is about 0.35, and its frequency is also much higher than that of
Group A. The high-frequency vibration causes system state chattering near its equilibrium
point (based on Figure 5, three axes of angular velocity all have a chattering issue).
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Group C
The PID control algorithm is also a mature and widely used method in satellite attitude

control, and the set control parameters are as follows.

u = −kdω− kpqv − kI
∫

qvdt
kd = 10, kp = 2, kI = 0.1

(54)

The system performance is governed by PID controllers and are shown as follows.
Based on Figures 8 and 9, it could be found that the system governed by a PID

controller is stable, and the convergence time is about 200 s, which is slower than the
standard sliding mode controller, but the structure is the strongest and most robust. It
could be easily found that the shock of the system state near its equilibrium point is much
relieved. Moreover, based on Figure 10, it could be found that the PID controller could also
suppress the flexible vibration.
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Figure 10. Curve of modal state.

Group D
The final step is to demonstrate the performance of the controller proposed in this

paper. We selected the control parameters as follows.

λ = 3, k(t0) = 0.05, ks = 2
ε1 = ε2 = 0.001, r = 2/3

T = 200 s, t_sample = 0.1 s
(55)
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Moreover, we assume the initial modal state estimation error as follows.

η̃(t0) =
[

0.01 −0.01 0.02 −0.02
]T

.
η̃(t0) =

[
0.05 −0.01 0.01 −0.005

]T (56)

We selected the auxiliary term as follows.

υ0 = 0.2× exp(−0.01t) (57)

Generally, the larger parameter k(t0) and r could bring a better system convergence
rate; however, the system control torque and angular velocity is increased. The parameter
ks determines the rate the system converges to the desired sliding mode. The parameter
υ0 determines the suppression for the estimation error; when the initial estimation error,
disturbance and model error are relatively large, this parameter should be selected to be
larger.

The simulation results are given as follows. Based on Figures 11 and 12, it could
be found that the system converges to its equilibrium point and the convergence time is
about 45 s, which is the fastest of the three groups, and the system accuracy at a steady
stage is 1× 10−4rad/s and 4× 10−8 of angular velocity and attitude quaternion, which
is also the best in the three groups. Moreover, it could be found that the initial value of
the sliding mode parameter is 1/3 of Group A, but the system convergence time is about
1/8. This proves that by enlarging the sliding mode parameter, the system convergence
time could be largely improved. Based on Figure 13, it could be found that the modal
state converges to zero, and its maximum value is about 0.2, which is largely improved
compared to the finite-time controller in Group B. Comparing the simulation results of
Group D with Groups A, B and C, it could be found that the upper bound and frequency
of flexible vibration is suppressed. Hence, the chattering issue is largely relieved (seen in
Figure 11, the shocking of angular velocity only exists on the Z-axis and its frequency is
much lower). Based on Figure 14, it could be found that although there exists la arge initial
estimation error, the state observer could also track the real modal state, and the estimation
error tends to zero. Based on Figure 15, it could be found that the sliding mode parameter
stops updating when the system state nears its equilibrium point; hence, the system does
not have a singularity issue.
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The performance of the three groups of controllers is summarized in the following
Table 2.

Table 2. Comparison of the three controllers.

Standard Sliding Mode Finite-Time Controller PID
Controller Method in This Paper

Convergence rate Slow Medium Slow Fast
Steady accuracy Low Medium Low High
Chattering issue Weak Strong Weak Medium

Flexible vibration suppression Small Large Small Medium
Singularity issue None Exists None None

Based on the comparison in Table 2, it could be found that the major advantages of
the method proposed in this paper are its convergence rate, steady accuracy and none
singularity issue. Although the updated law of the sliding mode parameter would cause
relatively large flexible vibration, the modal state estimation algorithm and auxiliary term
could relieve the effect.

6. Conclusions

In this paper: a finite-time controller based on the dynamic sliding mode is proposed,
and the system convergence rate is largely improved compared to the standard sliding
mode and existing finite-time controller. It is proven that by implementing the updated law
of the sliding mode parameter, the system could converge to the field near the equilibrium
point within finite time, without causing the singularity issue during the whole control
process. Furthermore, it is proven that the key to improving the system performance is to
design an angular velocity trajectory properly, and the method proposed in this paper is the
updated law of the sliding mode parameter; by implementing this method, the drawback
of dropping too fast of angular velocity is avoided. Moreover, a state observer is designed
for flexible vibration, and an auxiliary term, which is converging slower than the system
state, is designed to suppress the effect of the estimation error. The simulation results prove
the effectiveness of the method proposed in this paper, and future work could focus on the
modification of the sign function in controllers to avoid high-frequency vibration near the
system’s equilibrium point.
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