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Abstract: Much research has been conducted on two-sided Exponentially Weighted Moving Average
(EWMA) control charts, while less work has been devoted to the one-sided EWMA charts. Traditional
one-sided EWMA charts involve resetting the EWMA statistic to the target whenever it falls below
or above the target, or truncating the observations above or below the target and further applying
the EWMA statistic to the truncated samples. In order to further improve the performance of
traditional one-sided EWMA mean (X) charts, this paper studies the performance of the Modified
One-sided EWMA (MOEWMA) X charts to monitor a normally distributed process. The Monte-Carlo
simulation method is used to obtain the zero- and steady-state Run Length (RL) properties of the
proposed control charts. Through extensive simulations and comparisons with other charts, it is
shown that the proposed MOEWMA X charts compare favorably with some existing competing
charts. Moreover, by attaching the variable sampling intervals (VSI) feature to the MOEWMA X
charts, it is shown that the VS MOEWMA charts outperform the corresponding charts without the
VSI feature. Finally, a real data example from manufacturing process shows the implementation of
the proposed one-sided charts.

Keywords: one-sided EWMA X charts; variable sampling interval; monte-carlo simulation; run
length; zero-state; steady-state

1. Introduction

A main objective for a process is to continuously improve its quality, which can be
statistically expressed as variation reduction. Chance and assignable causes exist and lead
to variation in a process. The variation caused by change is unavoidable and always exists
in a process, even if the operation is carried out using standardized raw material and
methods. It is not practical to eliminate the chance cause technically and economically,
while variation caused by assignable causes indicates that there exist some unwanted
factors to be detected.

Statistical Process Monitoring (SPM) provides a large set of tools to help practition-
ers in monitoring manufacturing or service processes to quickly detect assignable causes.
Among these, control charts are widely used online and can be implemented with a chart-
ing statistic related to the process mean or/and dispersion. The aim of a control chart
is to detect abnormal changes in the process as soon as possible. Many univariate mean
(X) charts, such as the Shewhart X chart, Cumulative Sum (CUSUM) X chart, and Expo-
nentially Weighted Moving Average (EWMA) X chart were investigated by researchers;
see Brook and Evans [1], Nelson [2], Lucas and Saccucci [3], and Hawkins and Olwell [4].
More recent works on control charts can refer to Li et al. [5], Mukherjee and Rakitzis [6],
Zwetsloot et al. [7], and Perry [8], to name a few. The Shewhart charts are known to be
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effective when the shift size in the process is large. For the detection of small to moderate
shifts, both CUSUM and EWMA charts using the current and former samples information
perform much better than Shewhart type charts, see Montgomery [9].

Since the primary works of Crowder [10], Lucas and Saccucci [3], and Domangue and
Patch [11], EWMA type charts have received much attention. For example, for non-normal
and autocorrelated processes, the properties of EWMA X charts were first investigated by
Borror et al. [12] and Lu and Jr. [13], respectively. The performance of the EWMA X chart
was investigated by Jones et al. [14] when the process parameters are estimated. Recently,
Celano et al. [15], Calzada and Scariano [16], and Hagq et al. [17] studied the run length
performance of the EWMA f charts. To summarise, only a two-sided EWMA chart was
used in the above researches. In practice, the direction of the out-of-control shift is usually
known in advance, which implies that it is possible to tune the upward and downward
parts of EWMA charts separately [18]. Then two separate one-sided EWMA charts were
studied by some researchers. For instance, Tran et al. [19] and Tran and Knoth [20] studied
the properties of two one-sided EWMA charts to monitor the ratio of two variables. Zhang
etal. [21] and Muhammad et al. [22] investigated the performance of two one-sided EWMA
charts for monitoring the coefficient of variation (CV).

In this paper, the work in Zhang et al. [21] is highlighted for the new resetting model
of the Modified One-sided EWMA (MOEWMA) charting statistic. In the EWMA charting
statistic, information of former and current samples are both used and the charting statistic
is reset to the target if it is smaller than the target. While their work studied the EWMA
chart for monitoring the CV, as far as we know, there is no research on the proposed
scheme for monitoring the mean of a normally distributed process. In fact, a normally
distributed quality characteristic usually exists in some industrial processes. To fill this
gap, we investigate the properties of the MOEWMA X charts. In addition, it is known that
control charts with the variable sampling interval (VSI) features are more efficient than the
corresponding fixed sampling interval (FSI) charts in the detection of shifts. In the past
decades, much research has been conducted on VSI control charts. For instance, Nguyen
et al. [23] suggested a VSI CUSUM chart to monitor the ratio of two normal variables and
showed that the proposed chart had some advantages over the corresponding FSI CUSUM
chart. Using extensive Monte-Carlo simulations, Haq [24] studied the performance of the
weighted adaptive multivariate CUSUM chart with VSI feature. It was shown that the
proposed charts perform uniformly better than the corresponding FSI charts in terms of the
ATS (Average Time to Signal) and AATS (Average Adjusted Time to Signal) performances.
Coelho et al. [25] proposed a VSI nonparametric Shewhart type control chart, which was
shown to be better than the existing FSI chart. For more research works, we direct readers
to the works [26-31] and the references cited therein. To further increase the sensitivity of
the MOEWMA X charts and gain motivation from the above works on the VSI charts, the
VSI MOEWMA X charts are proposed, and it is expected that the VSI MOEWMA charts
perform better than the corresponding FSI one-sided charts.

The remainder of this paper is organized as follows: Section 2 reviews several types of
one-sided EWMA X charts and presents the MOEWMA X chart. The zero-state (ZS) and
steady-state (SS) Average Run Length (ARL) performances of the proposed MOEWMA X
charts are presented in Section 3 and are compared with other competing charts. Section 4
presents the detailed construction of the MOEWMA X charts with the VSI feature and,
moreover, both the ZS and SS performances of the proposed VSI MOEWMA X charts are
investigated. A real data example is used to illustrate the implementation of the MOEWMA
X charts in Section 5. Finally, some conclusions and recommendations are made in the
last section.

2. One-Sided EWMA Type Charts

Assume that {X;1,..., X}, t =1,2,...is asample of size n > 1 from an independent
normal distribution, i.e., X; ~ N(ug + 609, 0p), where py and oy are the in-control mean
and standard deviation, respectively, and J is the magnitude of the mean shift. When é =0,
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the process is considered to be in-control. Otherwise, the process is out-of-control. At each
sample point t = 1,2,..., the sample mean X; = % 2?21 X jis computed for the process
monitoring, where X; ~ N(pg + 60y, %) Without loss of generality, we assume g = 0
and oy = 1 in this paper.

2.1. Traditional One-Sided EWMA Charts

The traditional two-sided EWMA X chart construct the monitoring statistic
Zi = AXe+ (1= A)Zi—4,t = 1,2,3,..., with a fixed smoothing constant A € (0,1] and
the initial value Zy = pg. The upper (UCL) and lower (LCL) control limits of the EWMA
X chart are generally selected based on the constraint of the desired in-control ARL. If
Z; € [LCL, UCL], the process is considered to be in-control. Otherwise, if Z; ¢ [LCL, UCL],
the process is deemed to be out-of-control. Instead of using a single two-sided EWMA X
chart, when the direction of the shift is known, three types of one-sided EWMA X charts
were suggested by some researchers. These charts are summarized as follows:

(1) A simple use of the one-sided EWMA X chart is to set only an upper control limit
(UCL) or a lower control limit (LCL) with the traditional charting statistic
Zi = AXi + (1 — A)Z;_1 and the initial value Zg = pug. This chart is denoted as
SEWMA X chart. That is to say, the upper-sided SEWMA X chart declares an alarm
when Z; > UCL and the lower-sided SEWMA X chart declares an alarm when
Z; < LCL. More details of the SEWMA X chart can be seen in Robinson and Ho [32].

(2) A second use of the one-sided EWMA X chart is to reset the traditional EWMA
statistic to the target whenever it is smaller than the target (for the upper-sided chart)
or whenever it is larger than the target (for the lower-sided chart). This chart is denoted
as REWMA X chart. The charting statistics Z;" and Z;~ of the upper- and lower-sided
REWMA X charts are given as follows,

Z} =max(uo, AXs + (1—-N)Z,",), @

and
Z; =min(po, AXi + (1 - A)Z, ). )

with the initial value Zy = pup. An out-of-control signal is triggered as soon as
Z;” > UCL (for the upper-sided REWMA X chart) or Z; < LCL (for the lower-sided
REWMA X chart), respectively. More details of REWMA type charts can be seen in
Hamilton and Crowder [33] and Gan [34].

(3) A third use of the one-sided EWMA X chart is first truncate the sample mean X; below
the target to the target value (for the upper-sided chart) or above the target to the
target value (for the lower-sided chart), and then apply the EWMA recursion to these
truncated values. This chart is denoted as IEWMA X chart. The charting statistic Z; of
the IEWMA chart is given as follows:

Zi =AW+ (1-A)Z_q, 3)

W/ —(uo+1/V2mog) / /1 . ) B _
tUO 58.5_0.5 e /U N the standardized value of W, = max(uo, X;) (for

; _Wi—(po—1/V2m00)/\/n
the upper-sided chart), and W;= fUO 0505/ 0/

W/=min(po,X;) (for the lower-sided chart). The initial value Z is set as 0. An out-of-
control signal is given when Z; > UCL in the upper-sided chart or Z; < LCL in the
lower-sided chart. More details of this chart can be seen in Shu and Jiang [35] and Shu
etal. [36].

where W;=

is the standardized value of
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2.2. The Proposed MOEWMA X Charts

In this section, the MOEWMA X charts with a new resetting model are investigated.
As it will be shown in Section 3, the proposed charts outperform the traditional one-sided
EWMA X charts presented in Section 2.1.

It can be seen from Equation (1) that, when AX; + (1 — )L)Zttl is smaller than g, then
Z, = ppand Z;:—l = max(po, AXs+1 + (1 — A)pg). All the samples information collected
before time t 4- 1 are lost. As the main advantage of EWMA type charts is to use both current
and former samples information, the charting statistic of the upper-sided MOEWMA X
chart is constructed as,

Z" = max(po, AXe + (1 = A)Z—1), @)

where Z; 1 = AX;_1 4 (1 — A)Z;_; and the initial value Zy = pg. It can be noted that the
charting statistic Z,” in Equation (4) uses all samples information collected before. The
chart triggers an out-of-control signal if Z;" is larger than the UCL. Similarly, a lower-sided
MOEWMA X is suggested with the following charting statistic,

Zt_ = min(yo,}\)_{t + (1 — A)Zt—l)/ (5)

where the initial value Zg = pg. An out-of-control signal is triggered if Z,” is smaller than
the LCL.

3. Numerical Results and Comparisons

In this section, some RL measures, including the ARL and the Standard Deviation of
Run Length (SDRL) are used to investigate the performance of the one-sided EWMA charts
in Section 2. The ARL is defined as the expected number of samples on the chart until a
signal occurs. A control chart is desirable when the in-control ARL is large and at the same
time, the out-of-control ARL is as small as possible. In addition, the SDRL determines
the variability of the RL distribution. The smaller the SDRL value, the better the ARL
performance of a control chart, see Haq [37]. In addition, the subscripts 0 and 1 are used
with ARL and SDRL to denote the in-control and out-of-control properties, respectively.
To obtain these RL properties of the proposed chart, the Monte-Carlo method is adopted in
this paper. Under each simulation run, 10° iterations of RL values are used to calculate the
values of ARL and SDRL.

3.1. Comparisons with Some Competing Charts

In this section, to provide some direct insight into the performance of the proposed
charts, the (ARL, SDRL) of the MOEWMA X charts are compared with the ones of the
SEWMA, REWMA, and IEWMA X charts. The properties of the SEWMA, REWMA, and
IEWMA X charts can be obtained using the Markov chain approach. For the EWMA type
charts, values of 0.05 < A < 0.25 were recommended by Montgomery [9]. Moreover, a
relatively small smoothing parameter A is usually suggested for monitoring small shifts
while larger values of A are suggested for larger shifts. In this paper, A € {0.05, 0.1,0.2, 0.25}
are selected for illustration and the corresponding control limits of EWMA type charts
can be obtained with the constraint on the desired ARLg. For simplicity, the ARLy is set
to be 200. For the proposed one-sided MOEWMA X chart, a bisection algorithm similar
to Dickinson et al. [38] is used to find the control limit. The algorithm stops when the
in-control ARL falls within the interval [ARLy — 1, ARLy + 1].

Table 1 presents the (ARL;, SDRL;) values of these EWMA control charts for different
shifts  varying from 0.1 to 3 when n € {3,5}. It can be noted from this table that, for the
upper-sided MOEWMA X chart, a small value of A is relatively effective for small shifts &
and vice verse. For instance, when n = 3 and § = 0.1, the (ARL, SDRLq) = (54.06, 45.94)
of the upper-sided MOEWMA X chart when A = 0.05 is smaller than the (ARLy, SDRL;) =
(75.26, 71.98) of the chart when A = 0.25. Compared with the competing EWMA (SEWMA,
REWMA, and IEWMA) charts, some conclusions are made as follows:
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Irrespective of the values of 6 and n, the ARL; and SDRL; values of the upper-
sided MOEWMA X chart are generally smaller than the ones of the upper-sided
REWMA X chart, especially for small shifts. This fact clearly demonstrates the ad-
vantage of the proposed chart. For instance, whenn = 3, A = 0.1, and § = 0.1, the
(ARLq,SDRLy) = (60.12,54.07) of the upper-sided MOEWMA X chart are smaller
than the (ARLy, SDRLy) = (70.17,62.84) of the upper-sided REWMA X chart.

The proposed chart always has a little smaller ARL; value than the one of the upper-
sided SEWMA X chart. For example, for the same values of 1, A and § presented
above, the (ARLy, SDRLy) = (61.11,54.11) of the upper-sided SEWMA X chart are
close to the ones of the upper-sided MOEWMA X chart.

Compared with the upper-sided IEWMA X chart, the proposed chart performs better
for small shifts and worse for moderate to large shifts. For instance, when n = 3
and A = 0.1, the upper-sided MOEWMA X chart with (ARL;, SDRL;) = (60.12, 54.07)
is better than the upper-sided [EWMA X chart with (ARL1, SDRL;) = (68.17, 63.64)
for the detection of 6 = 0.1. However, for the detection of § = 1, the upper-sided
MOEWMA chart with (ARL;, SDRL1) = (3.81, 1.29) is worse than the upper-sided
IEWMA chart with (ARL;, SDRL;) = (3.38, 1.43).

For a large shift, for instance when J = 3 or larger than 3, all the charts perform simi-
larly, as the ARL is close to 1 and the SDRL; value converges to 0 with J increasing.

Table 1. The profiles (ARL;, SDRL1) of EWMA type charts when ARL(y = 200.

5

noA Chart uctL 0.1 0.3 0.5 1.0 15 2.0 2.5 3.0
3 005 SEWMA 01665 (5438 45.62) (1609 928) (899 3.96) (434 129) (295 072) (228 048) (198 030) (178 0.42)
I[EWMA 03149 (60.67 5446) (1689 11.53) (8.63 477) (361 141) (233 071) (178 052) (141 050) (113 0.34)
REWMA 01979 (6442 53.32) (1896 10.69) (1045 4.40) (497 1.40) (334 076) (256 056) (212 034) (196 0.24)
MOEWMA 0.1669 (54.06 4594) (1576 9.21) (879 393) (424 128) (288 072) (223 046) (195 031) (172 0.45)
010 SEWMA 02793 (61.11 5411) (1671 10.94) (8.75 437) (398 131) (266 070) (209 043) (1.80 042) (148 0.50)
IEWMA 05567 (68.17 63.64) (17.95 13.64) (859 529) (338 143) (214 071) (160 054) (125 044) (106 0.24)
REWMA 03133 (7017 62.84) (1893 12.79) (9.60 4.86) (425 1.39) (281 0.74) (218 045) (1.88 038) (1.59 0.49)
MOEWMA 02797 (60.12 54.07) (1626 11.02) (844 4.32) (3.81 129) (255 0.68) (202 043) (170 047) (1.36 0.48)
015 SEWMA 03710 (6601 61.12) (1715 12.62) (841 4.80) (3.59 1.33) (238 0.67) (1.87 048) (151 0.50) (120 0.40)
I[EWMA 07668 (7414 7061) (1930 1570) (877 5.87) (326 148) (202 0.73) (149 054) (117 038) (104 0.18)
REWMA 04059 (7541 69.90) (19.83 14.89) (9.42 542) (390 1.42) (254 071) (199 046) (165 049) (131 0.46)
MOEWMA 03710 (6590 6120) (17.06 12.65) (834 477) (356 132) (236 067) (1.85 049) (148 050) (1.18 0.39)
020 SEWMA 04511 (7098 67.01) (1823 14.36) (852 532) (344 137) (224 068) (172 052) (1.35 048) (111 0.31)
I[EWMA 09584 (79.07 7629) (2072 17.70) (9.05 6.48) (318 153) (1.93 075 (141 052) (113 034) (102 0.15)
REWMA 04867 (80.05 75.64) (21.08 16.96) (9.53 6.05) (370 147) (238 0.71) (1.83 051) (146 050) (1.16 0.37)
MOEWMA 04511 (7090 67.21) (1826 1454) (848 536) (340 136) (222 068) (171 053) (134 048) (1.10 0.30)
025 SEWMA 05241 (7548 72.10) (1952 16.12) (879 5.88) (3.36 143) (215 070) (1.62 054) (1.26 044) (1.07 0.25)
I[EWMA 11425 (8350 8121) (2229 19.70) (946 7.15) (314 161) (1.87 076) (1.36 051) (110 030) (102 0.13)
REWMA 05602 (8419 80.54) (2251 1898) (9.80 6.73) (3.58 1.53) (225 0.73) (170 054) (1.33 047) (1.09 0.29)
MOEWMA 05241 (7526 71.98) (1938 16.13) (8.69 585 (3.31 142) (212 070) (159 054) (124 043) (L.06 0.23)
5 005 SEWMA 01290 (4201 3331) (1199 6.07) (681 260) (339 088) (2.34 051) (195 030) (164 048) (1.23 0.42)
I[EWMA 03149 (4696 4053) (1208 745) (620 3.04) (271 091) (1.84 053) (1.35 048) (1.07 025) (100 0.07)
REWMA 01533 (50.18 39.42) (14.02 6.85) (7.88 285 (3.86 095) (264 058) (208 030) (190 031) (156 0.50)
MOEWMA 01293 (41.82 3356) (1174 6.05) (665 257) (331 088) (229 050) (192 032) (158 049) (118 0.38)
010 SEWMA 02164 (47.09 40.12) (1203 694) (645 277) (3.08 0.88) (214 046) (176 044) (133 047) (1.06 0.24)
IEWMA 05567 (5293 4823) (1241 856) (600 325) (251 091) (1.66 055 (121 041) (1.03 0.16) (100 0.03)
REWMA 02427 (5460 47.37) (1340 7.91) (700 3.01) (326 092) (223 049) (1.84 039) (144 050) (1.10 0.30)
MOEWMA 02169 (46.69 4038) (1161 6.86) (619 273) (294 086) (206 045 (1.65 048) (123 042) (1.03 0.18)
015 SEWMA 02873 (5097 46.00) (1195 7.84) (603 295) (275 0.86) (192 049) (145 050) (1.11 031) (1.01 0.09)
IEWMA 07668 (58.05 5438) (13.03 9.72) (597 350) (239 093) (154 056) (114 035 (1.01 0.12) (100 0.02)
REWMA 03144 (59.09 53.60) (13.61 9.08) (666 325 (296 092) (204 048) (159 050) (1.18 039) (1.02 0.15)
MOEWMA 02874 (50.92 46.12) (11.87 7.89) (599 295) (2.72 0.86) (190 049) (142 050) (110 030) (1.01 0.09)
020 SEWMA 03494 (5521 51.15) (1243 885) (596 3.18) (260 0.87) (178 053) (130 046) (1.05 022) (1.00 0.05)
IEWMA 09584 (6247 5955) (13.75 1090) (602 379) (230 095) (146 055) (1.10 0.30) (1.01 0.09) (100 0.01)
REWMA 03770 (6326 58.85) (1415 1030) (655 3.53) (277 092) (1.88 052) (140 049) (1.08 028) (1.01 0.08)
MOEWMA 03494 (5520 51.00) (1234 8380) (592 3.19) (257 086) (176 053) (128 045) (1.05 021) (1.00 0.05)
025 SEWMA 04060 (5920 5574) (1310 9.90) (600 345) (251 0.89) (1.68 055) (1.22 042) (1.03 0.17) (1.00 0.04)
IEWMA 11425 (6656 64.16) (1463 12.13) (615 4.11) (224 098) (141 053) (1.08 027) (1.01 0.08) (100 0.01)
REWMA 04339 (67.12 63.46) (1490 11.55) (657 3.85) (264 094) (176 055) (1.28 045) (1.04 020) (1.00 0.05)
MOEWMA 04058 (5898 55.43) (1295 9.80) (595 346) (247 0.89) (1.65 055) (120 040) (1.03 0.16) (1.00 0.03)
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As the symmetry of the normal distribution, similar conclusions are drawn for the
lower-sided MOEWMA X chart. For simplicity, these results are not presented here.

3.2. Optimal Performance of the Proposed MOEWMA X Charts

The results in Section 3.1 show the advantage of the proposed chart over the SEWMA,
REWMA, and IEWMA X charts. All of the simulations above are for a fixed value of A,
which is not optimal for the specified shift size é,,¢. To provide a fare comparison, the
optimal performances of different charts for the intended shift size are compared in this
section. The optimal design of the upper-sided MOEWMA X chart involves determining
the chart parameters (A, uc L) to minimize the ARL; at a specified mean shift J, pt, at the
same time, satisfying the constraint on the desired ARLg. The procedure can be concluded
as a constrained nonlinear minimization problem:

(A*,UCL") = argmin ARL;(n,A, UCL, 6pt),
(AUCL)

subject to
ARL(n,A,UCL,é = 0) = ARL,.

By using this model, extensive computation works are then performed to numerically
find the nearly optimal parameters (A*, UCL*) of the upper-sided MOEWMA X chart.
Table 2 presents the optimal chart parameters (A*, UCL*) of the proposed chart for J,,; and
the (ARL1, SDRL;) values of the chart at shift § varying from 0.1 to 3. As a comparison, the
nearly optimal parameters and performances of the REWMA, SEWMA, and IEWMA X
charts are also presented. All charts are designed to maintain ARLy = 200. For example, if
the specified shift size Jopr = 0.3, the UCLs of the upper-sided MOEWMA X chart are first
determined for A € {0.05,0.06, ...,0.99,1} to obtain ARLy = 200. The ARL, values are then
computed for all the combinations of (A, UCL). The parameters (A*, UCL*) = (0.05,0.17)
leading to the smallest ARL; = 15.79 are considered to be the nearly optimal parameters of
the control chart.

It can be concluded from Table 2 that:

o If the specified shift is small (Jop¢ < 0.5), the optimal upper-sided MOEWMA X chart
performs better than the optimal REWMA, SEWMA, and IEWMA X charts. For in-
stance, if 6,p+ = 0.3, the optimal parameters (A*,UCL*) of the upper-sided MOEWMA
X chart is (0.05, 0.17) and the corresponding (ARLy, SDRL,) = (15.79,9.27) is the
smallest one among these charts.

e The upper-sided MOEWMA X chart provides a good sensitivity against shifts smaller
than the specified d,,: and the upper-sided IEWMA X chart performs better than other
charts for shifts larger than the specified é,,;. For instance, if dopt = 0.3, while the
actual shift size in the process is not the specified one and is § = 0.1 (smaller than
dopt = 0.3), the upper-sided MOEWMA X chart with (ARL;, SDRL;) = (53.80,45.49)
is better than other charts. If the actual shift size is 6 = 1 (larger than dopt = 0.3), the
upper-sided IEWMA X chart with (ARL;, SDRL;) = (3.61,1.41) performs better than
other charts.

*  If the specified shift is moderate (1 < oyt < 2), the upper-sided [IEWMA X chart has
better sensitivity than the REWMA, SEWMA, and MOEWMA X charts for all the shift
sizes. For example, when J,t = 1.5, the optimal (ARLq, SDRL,) = (1.74, 0.87) of the
upper-sided IEWMA X chart is smaller than the ones of these charts, and if the actual
shift sizes is smaller or larger than 1.5, the upper-sided IEWMA X chart still performs
better than these charts.

*  If the actual shift size is large (dopr > 2.5), the upper-sided MOEWMA X chart has
the best performance among all the charts. For instance, when 6,,; = 3, the optimal
(ARLq,SDRLy) = (1.00,0.07) is the same for all the charts. If the actual shift size is
smaller than 6,,¢ = 3, it can be seen that the upper-sided MOEWMA X chart has the
smallest (ARL;, SDRL;) value among these EWMA type charts.
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The above results also indicate that both the upper-sided IEWMA and MOEWMA X
charts have a practical property of good performance over a wide range of shifts rather
than a scheme to optimize the control charts at a specified shift ,,;. This property was
considered to be important, as in applications, the value of shift size is seldom known,
and therefore a robust monitoring procedure that efficiently signals a range of shifts is
useful [39].

Table 2. The profiles (ARL;, SDRL7) of several optimal EWMA type charts when ARLy = 200 and
n=3.

Sopt = 0.1 Sopt = 0.3
SEWMA REWMA IEWMA MOEWMA SEWMA REWMA IEWMA MOEWMA
A* 0.05 0.05 0.05 0.05 0.06 0.07 0.05 0.05
§ ucrLx 0.17 0.20 0.31 0.17 0.19 0.25 0.31 0.17
0.1 (54.38 45.62) (64.42 53.32) (60.67 54.46) (54.00 45.92) (55.72 47.56) (66.74 57.56) (60.67 54.46) (53.80 45.49)
0.3 (16.09 9.28) (18.96 10.69) (16.89 11.53) (15.80 9.25) (16.09 9.61) (18.76 11.52) (16.89 11.53) (15.79 9.27)
0.5 (8.99 3.96) (10.45 4.40) (8.63 4.77) (8.80 3.94) (8.85 4.03) 9.97 4.56) (8.63 4.77) (8.80 3.93)
1.0 (434 129 (497  140) (361  141) (424  128) (421  129) (461  139) (361  141) (424  128)
15 (295 072) (334 076) (233 071) (288 072) (285 072) (308 076) (233 071) (28  0.71)
2.0 (2.28 0.48) (2.56 0.56) (1.78 0.52) (2.24 0.46) (2.22 0.46) (2.36 0.52) (1.78 0.52) (2.24 0.46)
2.5 (1.98 0.30) (2.12 0.34) (1.41 0.50) (1.95 0.31) (1.94 0.33) (2.02 0.30) (141 0.50) (1.95 0.31)
3.0 (1.78 0.42) (1.96 0.24) (113 0.34) 1.72 0.45) (1.69 0.46) (1.83 0.38) (1.13 0.34) 1.72 0.45)
50;7{ =05 Jopl =1
SEWMA REWMA IEWMA MOEWMA SEWMA REWMA IEWMA MOEWMA
A* 0.15 0.15 0.08 0.15 0.42 0.40 0.28 0.37
6 ucrL 0.37 0.41 0.47 0.37 0.75 0.76 1.25 0.68
01 (6601 61.12) (7541 69.90) (6539 60.37) (6575 61.01) (8841 86.39) (9475 9241) (8591 83.85) (3441 82.17)
03 (1715  12.62) (19.83 14.89) (1745 12.81) (1708 1263) (2459 2238) (2740 25.02) (2326 20.88) (22.80  20.46)
0.5 (8.41 4.80) (9.42 5.42) (8.54 5.07) (8.32 4.78) (10.24 8.16) (11.25 9.02) 9.73 7.57) (9.65 7.43)
1.0 (3.59 1.33) (3.90 1.42) (3.44 1.42) (3.56 1.32) (3.24 1.72) (3.45 1.81) (3.13 1.65) (3.21 1.61)
1.5 (2.38 0.67) (2.54 0.71) (2.20 0.71) (2.35 0.66) (191 0.78) (2.02 0.80) (1.84 0.77) (1.94 0.76)
2.0 (1.87 0.48) (1.99 0.46) (1.66 0.54) (1.85 0.49) (1.38 0.52) (1.45 0.54) (1.33 0.50) (141 0.53)
2.5 (1.51 0.50) (1.65 0.49) (1.29 0.46) (1.48 0.50) (111 0.32) (115 0.36) (1.09 0.29) (1.13 0.34)
3.0 (1.20 0.40) (1.31 0.46) (1.08 0.27) (118 0.39) (1.02 0.13) (1.03 0.16) (1.01 0.12) (1.02 0.15)
50}” =15 50}”[ =2
SEWMA REWMA IEWMA MOEWMA SEWMA REWMA IEWMA MOEWMA
A* 0.72 0.71 0.55 0.73 0.89 1.00 0.79 0.88
5 ucL* 1.11 1.13 2.15 1.12 1.33 1.49 297 1.32
0.1 (107.18 106.17) (111.94 110.88) (103.46 102.47) (107.06 106.43) (116.78 116.17) (122.87 122.36) (115.37 114.75) (115.66 115.35)
03 (3616 35.08) (3933 38.19) (3289 31.66) (3635 3520) (4427 4359) (5030 49.80) (4245 41.72) (4371 42.85)
0.5 (15.06 13.90) (16.42 15.25) (13.32 12.03) (15.17 14.13) (19.31 18.58) (2291 22.40) (18.06 17.26) (18.98 18.23)
1.0 (3.68 2.64) (3.86 2.82) (3.37 2.27) (3.65 2.67) (4.31 3.58) (5.02 4.49) (4.02 3.22) (424 3.52)
1.5 (1.81 0.96) (1.86 1.00) (1.74 0.87) (1.78 0.96) (1.86 1.16) (197 1.38) (1.80 1.07) (1.84 1.15)
20 (125  048) (126  050) (123  046) (123  047) (122  049) (123  053) (122  047) (122  0.49)
2.5 (1.05 0.23) (1.06 0.24) (1.05 0.22) (1.05 0.21) (1.04 0.21) (1.04 0.21) (1.04 0.20) (1.04 0.20)
3.0 (101 008) (101 009 (101 008 (L0l 007 (.00 007 (100 007 (.00 007 (100  0.07)
5gp[ =25 (Sop[ =3
SEWMA REWMA IEWMA MOEWMA SEWMA REWMA IEWMA MOEWMA
A* 0.99 1.00 0.90 0.90 1.00 1.00 0.96 0.90
) ucrr 147 1.49 340 1.34 1.49 1.49 3.58 1.34
0.1 (122.32  121.81) (122.87 122.36) (120.03 119.50) (117.74 116.67) (122.87 122.36) (122.87 122.36) (121.68 121.17) (117.27 116.27)
0.3 (49.72 49.21) (50.30 49.80) 47.11 46.54) (44.98 44.08) (50.30 49.80) (50.30 49.80) (48.93 48.40) (44.47 43.61)
05 (2255 22.08) (2291 2240) (20.82 2021) (1957 18.87) (2291 2240) (2291 2240) (2198 21.44) (1964 18.93)
1.0 (494 4.39) (5.02 4.49) (4.54 3.89) (4.35 3.64) (5.02 4.49) (5.02 4.49) 4.79 4.21) (4.35 3.65)
1.5 (1.95 1.35) (197 1.38) (1.88 1.22) (1.86 1.18) (1.97 1.38) (1.97 1.38) (1.92 1.30) (1.86 1.17)
2.0 (1.23 0.53) (1.23 0.53) (1.22 0.50) (1.22 0.49) (1.23 0.53) (1.23 0.53) (1.23 0.52) (1.22 0.49)
2.5 (1.04 0.21) (1.04 0.21) (1.04 0.20) (1.04 0.21) (1.04 0.21) (1.04 0.21) (1.04 0.21) (1.04 0.20)
3.0 (1.00 0.07) (1.00 0.07) (1.00 0.07) (1.00 0.07) (1.00 0.07) (1.00 0.07) (1.00 0.07) (1.00 0.07)

3.3. The Steady-State Performance of the Proposed Chart

The results presented in the previous section are for the case in which the shift occurs
from the beginning of the process or the charting statistic is at its initial starting value
when the shift occurs. The computed ARL in this way is referred as the zero-state ARL.
The steady-state ARL is based on the assumption that the process remains in-control for
a long time and a shift occurs later in the process. The steady-state ARL of control chart
is considered to be more realistic than the zero-state ARL, see Zwetsloot et al. [7]. For the
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steady-state case, 10° Monte-Carlo simulations are used to estimate the steady-state ARL
values of control charts and the shift is assumed to happen in the process after 50 in-control
samples, see Dickinson et al. [38], Xu and Jeske [40], and Haq [24].

The out-of-control steady-state ARL; and SDRL; of the proposed chart together with
the ones of the REWMA, SEWMA, and IEWMA X charts are presented in Table 3 for
different combinations of n, A, and 4. The in-control ARL is set to be 200. It can be
noted from Table 3 that the steady-state performance of the upper-sided MOEWMA X
chart is almost the same as the upper-sided SEWMA X chart. Moreover, for a small shift
(6 < 0.3), both the upper-sided MOEWMA X chart and the upper-sided SEWMA X chart
generally perform better than the upper-sided [EWMA and REWMA X charts. For instance,
whenn = 3, A = 0.1, and § = 0.1, the steady-state (ARL;, SDRL;) = (58.66, 54.58) and
(ARLy,SDRL,) = (58.63, 54.38) of the upper-sided SEWMA and MOEWMA X charts are
smaller than the steady-state (ARL;, SDRL1) = (67.22, 63.92) and (ARL;, SDRL;) = (65.35,
62.84) of the upper-sided IEWMA and REWMA X charts. Moreover, for the shifts larger
than 0.5, we can note that the upper-sided IEWMA X chart generally performs best among
these charts. The upper-sided REWMA X chart is preferred only when § = 0.5.

Table 3. The steady-state profiles (ARL1, SDRL) of EWMA type charts when ARLy = 200.

5

noA Chart ucL 0.1 0.3 0.5 1.0 15 2.0 2.5 3.0
3 005 SEWMA 01665 (5208 46.35) (1567 10.34) (8.83 4.95) (433 2.04) (296 128) (231 094) (193 075) (1.69 0.64)
IEWMA 03149 (59.80 55.06) (1697 1225) (878 542) (371 1.82) (2.39 1.01) (1.83 070) (152 056) (132 047)
REWMA 01979 (57.16 53.11) (1543 1090) (8.17 4.61) (3.80 1.62) (257 095) (2.00 0.68) (1.69 054) (149 0.50)
MOEWMA 0.1669 (5249 46.75) (1569 10.34) (8.86 495) (433 2.04) (296 128) (231 094) (193 075 (169 0.63)
010 SEWMA 02793 (58.66 54.58) (15.85 11.30) (832 4.84) (3.81 172) (257 1.03) (2.00 075 (1.68 061) (146 053)
IEWMA 05567 (6722 6392) (17.68 13.89) (856 553) (341 1.65) (217 088) (165 061) (136 049) (1.17 037)
REWMA 03133 (6535 62.84) (1652 12.86) (8.02 4.98) (344 151) (228 084) (178 059) (150 051) (1.27 0.44)
MOEWMA 02797 (58.63 54.38) (1590 11.38) (829 483) (3.80 172) (257 1.03) (200 075) (167 061) (147 0.53)
015 SEWMA 03710 (64.65 6124) (1669 12.79) (820 507) (353 1.61) (234 092) (1.82 067) (1.53 055) (132 047)
IEWMA 07668 (7310 70.67) (19.06 15.80) (8.68 6.02) (327 163) (204 082) (154 057) (126 044) (1.09 0.29)
REWMA 04059 (71.85 69.83) (1793 14.92) (821 550) (326 149) (212 079) (165 057) (135 048) (114 035)
MOEWMA 03710 (6457 61.00) (16.67 12.83) (817 506) (353 1.60) (235 093) (1.82 0.67) (152 055) (132 047)
020 SEWMA 04511 (69.62 67.06) (17.75 14.59) (8.28 546) (337 157) (220 0.87) (170 0.62) (142 051) (122 042)
I[EWMA 09584 (77.87 76.16) (2049 17.75) (896 6.55) (318 163) (195 081) (146 055 (1.19 039) (1.05 0.22)
REWMA 04867 (77.02 7544) (1947 17.00) (849 6.06) (317 153) (202 077) (154 056) (1.25 044) (108 0.27)
MOEWMA 04511 (69.70 67.05) (17.77 1452) (830 546) (337 157) (220 087) (170 062) (142 051) (122 042)
025 SEWMA 05241 (7430 72.09) (19.03 16.30) (852 594) (326 157) (2.09 0.84) (1.61 059) (1.33 048) (115 0.36)
IEWMA 11425 (8289 8177) (2213 19.77) (942 724) (313 166) (1.89 0.80) (140 053) (1.15 036) (1.03 0.18)
REWMA 05602 (82.05 80.61) (21.21 19.07) (892 671) (313 157) (194 077) (147 055) (119 039) (105 0.21)
MOEWMA 05241 (7437 7249) (19.02 16.10) (855 599) (327 158 (209 083) (161 059) (1.33 048) (115 0.36)
5 005 SEWMA 01290 (4036 3399) (1176 7.13) (672 351) (339 151) (237 097) (1.88 073) (1.60 0.60) (141 0.52)
IEWMA 03149 (4655 4145) (1227 821) (636 3.60) (2.80 125) (1.88 073) (148 054) (125 043) (1.10 0.30)
REWMA 01533 (4364 39.46) (1116 7.04) (607 3.08) (295 115) (206 071) (165 053) (141 049) (118 0.39)
MOEWMA 0.1293 (4053 3419) (1175 7.11) (675 353) (339 151) (238 097) (189 073) (1.60 060) (141 051)
010 SEWMA 02164 (4512 4043) (1141 733) (613 320) (294 123) (205 078) (164 059) (1.39 050) (121 041)
IEWMA 05567 (51.61 48.00) (1233 885 (601 3.52) (254 1.09) (170 0.63) (132 047) (111 031) (1.02 0.14)
REWMA 02427 (5046 47.19) (1140 7.94) (576 3.10) (2.64 1.03) (1.82 061) (146 051) (118 038) (1.03 0.18)
MOEWMA 02169 (4527 40.64) (1143 7.34) (614 322) (295 124) (206 077) (163 059) (1.39 050) (121 041)
015 SEWMA 02873 (49.61 46.09) (1161 8.12) (5.89 321) (271 112) (1.87 0.69) (149 054) (1.25 043) (110 0.30)
IEWMA 07668 (5742 5458) (1290 9.88) (595 3.67) (240 1.05) (159 059) (122 042) (1.05 021) (1.01 0.07)
REWMA 03144 (5597 5356) (1211 9.16) (568 3.30) (246 099) (169 059) (131 047) (1.08 027) (1.01 0.09)
MOEWMA 02874 (49.90 46.16) (1158 808) (588 321) (271 1.12) (1.87 0.69) (149 054) (125 044) (1.10 0.30)
020 SEWMA 03494 (5433 51.41) (1207 898) (581 3.37) (255 107) (175 0.64) (1.38 050) (1.16 036) (105 0.21)
IEWMA 09584 (61.58 59.19) (1359 1098) (597 3.88) (231 1.03) (151 057) (116 037) (1.03 0.16) (1.00 0.04)
REWMA 03770 (60.84 5842) (1290 1035) (5.74 356) (236 098) (159 057) (122 041) (1.04 0.19) (1.00 0.05)
MOEWMA 03494 (53.88 51.17) (1212 9.00) (580 3.36) (256 1.07) (175 0.65) (1.38 050) (1.16 037) (105 0.21)
025 SEWMA 04060 (5834 56.16) (1275 10.05) (5.83 3.58) (244 1.04) (165 061) (1.29 046) (110 030) (102 0.14)
[EWMA 11425 (6601 6436) (1451 1223) (612 4.19) (225 1.03) (145 056) (1.12 033) (102 0.12) (1.00 0.02)
REWMA 04339 (6524 63.38) (13.79 11.56) (585 3.85) (229 0.99) (151 056) (1.16 0.36) (1.02 0.14) (1.00 0.03)
MOEWMA 04058 (57.74 55.66) (1270 999) (581 355) (244 1.04) (1.66 062) (129 046) (110 030) (1.02 0.15)
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4. MOEWMA X Charts with Variable Sampling Intervals
4.1. Construction of the VSI MOEWMA X Charts

The MOEWMA X charts studied above are FSI type charts, which fixes the time
intervals between samples. As suggested by Reynolds et al. [41], X chart with VSI features
performed better than the corresponding FSI chart. The VSI feature allows a chart to vary
the time intervals between samples depending on the value of the charting statistic. For
the one-sided type charts, by adding an upper warning limit (UWL) of the upper-sided
chart (or a lower warning limit (LWL) of the lower-sided chart), the in-control region of
one-sided control charts are divided into a warning region and a central region. If the value
of the charting statistic falls in the warning region, it is suspected that the process is at
risk and the next sample should be taken after a short sampling interval kg. If the value
of the charting statistic falls in the central region, the process is deemed to be safe and the
next sample could be taken after a long sampling interval /i;. Otherwise, the process is
considered to be out-of-control when the value of the charting statistic falls outside the
UCL the upper-sided chart (or the LCL of the lower-sided chart).

Let UWL and LWL be the warning limits of the upper-sided and lower-sided VSI
MOEWMA X chart, respectively, and ; € {hs, h } be the sampling interval between the tth
and (t + 1)th samples. The central regions of the upper-sided and lower-sided MOEWMA
X charts are [0, UWL] and [LWL, 0], respectively. The warning regions of the upper-sided
and lower-sided MOEWMA X charts are (UWL, UCL] and [LCL, LWL), respectively. For
the upper-sided VSI MOEWMA X chart, ii; switches as follows:

b [ hs Z €0, UWL], ©)
! hy, Z € (UWL, UCL].

where Z;" is defined in Equation (4). Similarly, the ; of the lower-sided VSI MOEWMA X
chart depends on the value of the Z;” defined in Equation (5). Thus, for the VS MOEWMA
X chart, the sampling intervals h; varies as a function of the charting statistic Z; (for the
upper-sided chart) or Z,” (for the lower-sided chart).

When the process monitoring starts at time 0, no sample information is available to
select the value of hy. It might be practical to use the short sampling interval hy = hg to
protect against problems in the start-up period [41]. As suggested by Reynolds et al. [42],
when the process is in-control, the values of sampling intervals /g and i}, are obtained by
satisfying the following constraints,

{ p1hs + PihL =1, @)
p1+p2=1,

where p; and p; are the long run proportions of sampling intervals that are /g and hp,
respectively. In addition, it is noted that the charting statistics in Equation (4) is reset to 0 if
it is smaller than 0. This causes the fact that nearly half values of the in-control charting
statistics are always 0 and are in the safe region and the sampling interval corresponding
to these values is /1j. By doing many simulations, it is then found that the value of p; and
p2 are always smaller and larger than 0.5, respectively. For illustration, p; = 0.4, p» = 0.6,
and (hs,hp) = (0.1,1.6) are selected in this paper. It is noted that the value of s may be
practically determined by the minimum time required to take a sample and k1 should not
exceed the maximum time to allow the process to run without sampling. In addition, the
values of p1, p2 and (hg, hy) should satisfy the constraint in Equation (7). For simplicity, the
VSIMOEWMA X chart’s performance for other combination of p1, p2, and (hs, k1) are not
presented in this manuscript.

4.2. Comparison with the FSI MOEWMA X Charts

It is well known that the ATS, instead of ARL, was usually suggested to evaluate a
VSI chart’s performance. For an FSI chart, the ATS is a constant multiple of the ARL, while
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for a VSI chart, the ATS is no longer a constant multiple of the ARL due to the varying of
sampling intervals. In this case, the ATS is defined as the expected time from the start of
the process to an out-of-control signal. Similarly, if the process has been running for a long
time so the EWMA statistic is in a steady-state before the shift happens, the adjusted ATS
(AATS) is usually used to evaluate the properties of a VSI chart, see Reynolds et al. [42].
In this paper, both ATS and AATS are used together to compare the performances of the
FSI and VSIMOEWMA X charts. The Monte-Carlo method is also used to obtain the ATS
and AATS of the VSIMOEWMA X chart. The simulation settings of the VSI MOEWMA X
chart is similar to those of the FSI MOEWMA charts in Section 3.3.

Tables 4 and 5 present the out-of-control ATS and AATS of the FSI and VSI MOEWMA
X charts for different values of A and § when n € {3,5}. In addition, the subscripts 0 and 1
are used with ATS and AATS to denote the in-control and out-of-control properties of the
VSI chart, respectively. For fair comparisons, the desired in-control ATS of both charts are
matched as 200.

Table 4. The out-of-control profiles ATS; of the VSI and FSI upper-sided MOEWMA X charts when
ATSy = 200.

J
n A Chart UWL UCL 0.1 0.3 05 10 15 20 25 3.0

3 005 FSI - 0.1669 54.06 1576 879 424 288 223 195 172
VSI  0.0078 0.1669 3252 483 190 056 030 022 020 0.17
0.1 FSI - 02797 60.12 1626 844 381 255 202 170 1.36
VST 0.0218 0.2797 4062 560 2.06 054 028 020 0.17 0.14
015 FSI - 03710 6590 17.06 834 356 236 185 148 1.18
VSI  0.0290 0.3710 4589 615 206 050 025 019 015 0.12
0.2 FSI - 0.4511 7090 1826 848 340 222 171 134 1.10
VSI  0.0388 04511 51.86 702 217 049 024 0.17 013 0.11
025 FSI - 05241 7526 1938 869 331 212 159 124 1.06
VSI  0.0491 0.5241 5746 811 231 049 023 016 012 0.11

5 005 FSI - 0.1293 41.82 11.74 6.65 331 229 192 158 1.18
VST 0.0061 0.1293 2199 3.01 121 037 023 019 0.16 0.12
0.1 FSI - 0.2169 46.69 1161 6.19 294 206 165 123 1.03
VSI  0.0169 02169 2796 337 125 034 021 0.16 0.12 0.10
015 FSI - 0.2874 5092 11.87 599 272 190 142 110 1.01
VSI  0.0225 0.2874 32.03 352 122 032 019 014 011 0.10
0.2 FSI - 03494 5520 1234 592 257 176 128 1.05 1.00
VST 0.0300 0.3494 36.85 387 123 030 018 0.13 0.10 0.10
025  FSI - 0.4058 5898 1295 595 247 165 120 1.03 1.00
VST 0.0380 0.4058 4120 439 128 029 0.17 012 0.10 0.10

From these tables, it can be concluded that whether in the zero-state or steady-state, for
fixed values of 1, A and J, the VSI MOEWMA X chart has smaller ATS; or AATS; values
than the those of the corresponding FSI chart. This fact indicates that the VSI MOEWMA X
chart is substantially better than the FSIMOEWMA X chart. For example, for the zero-state
case in Table 4, when n = 3 and A = 0.1, the ATS; = 40.62 of the VSI MOEWMA X chart
is smaller than the ATS; = 60.12 of the FSI MOEWMA X chart for § = 0.1. In addition,
the VSI MOEWMA X chart with a small A performs better than the chart with a large A to
detect small shifts in the process and viceversa. For example, if the specified shift § = 0.1,
the ATS; = 32.52 of the VSI MOEWMA X chart with A = 0.05 performs better than the
ATSq = 57.46 of the chart with A = 0.25. Furthermore, if the specified shift § = 2.0, the
ATS; = 0.22 of the VSI MOEWMA X chart with A = 0.05 is worse than the ATS; = 0.16 of
the chart with A = 0.25. As the ATS; or AATS; values are close to 0 for large shifts, the VSI
MOEWMA X chart with a smaller A is generally recommended in practice. Moreover, for
fixed values of 1, A, and §, the AATS; value of the VSI MOEWMA X chart is larger than
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the ATS; of the chart. For example, whenn =3, A = 0.1, and § = 0.1, the AATS, = 47.35
(see Table 5) of the chart is larger than the ATS; = 40.62 (see Table 4).

Table 5. The out-of-control profiles AATS; of the VSI and FSI upper-sided MOEWMA X charts when
ATS, = 200.

)
n A Chart UWL UCL 0.1 0.3 05 10 15 20 25 3.0

3 005 FSI - 0.1669 5249 1569 886 433 296 231 193 1.69
VSI  0.0078 0.1669 3959 7.63 381 156 0.88 057 040 028
0.1 FSI - 02797 58.63 1590 829 380 257 200 1.67 147
VSI  0.0218 0.2797 4735 729 320 115 0.62 037 025 0.18
0.15  FSI - 03710 64.57 16.67 817 353 235 1.82 152 1.32
VSI  0.0290 03710 53.09 751 288 093 047 028 018 0.14
0.2 FSI - 04511 6970 1777 830 337 220 170 142 122
VSI  0.0388 04511 60.13 833 283 081 039 023 016 0.13
025  FSI - 0.5241 7437 19.02 855 327 209 161 133 115
VSI  0.0491 05241 6674 948 290 074 034 020 014 0.12

5 005 FSI - 0.1293 5249 1569 886 433 296 231 193 1.69
VSI  0.0061 0.1293 2728 539 276 110 0.60 037 025 0.18
0.1 FSI - 0.2169 58.63 1590 829 3.80 257 200 167 147
VSI  0.0169 02169 3234 475 219 078 039 023 0.16 0.13
0.15  FSI - 0.2874 64.57 16.67 817 353 235 1.82 152 1.32
VSI  0.0225 0.2874 3699 457 189 0.61 029 018 0.13 0.11
0.2 FSI - 03494 6970 1777 830 337 220 170 142 122
VSI  0.0300 0.3494 4244 475 174 051 024 015 012 0.10
025  FSI - 0.4058 7437 19.02 855 327 209 161 133 115
VSI  0.0380 0.4058 4782 516 170 045 021 013 011 0.10

5. A Real Data Application

To show the application of the REWMA, SEWMA, IEWMA, and the proposed MOEWMA
X charts, in what follows, a real dataset of semiconductor manufacturing in Montgomery [9]
is used to illustrate the charts’ implementation. The photolithography process is important
in semiconductor manufacturing. It transfers a geometric pattern from a mask to the surface
of a silicon wafer using light-sensitive photoresist materials. This process is complex as it
involves many engineering steps, for instance, chemical cleaning of the wafers, formation
of barrier layer using silicon dioxide, and hard-baking process to increase photoresist
adherence to the wafer surface. During the hard-baking process, the flow width of the
photoresist is an important quality characteristic that needs to be monitored, as a minor
variation (10 nm) in the thickness of photoresist will change the interference color and
discolor the photoresist film.

Suppose that flow width can be controlled at a mean yp = 1.5 microns and the standard
deviation oy = 0.15 microns of a normally distributed process and the quality practitioner
anticipates an upward shift size § = 0.3 in the process when the process is out-of-control.
Then the upper-sided MOEWMA X chart is implemented for the process monitoring at
each sampling point. For the FSI (VSI) chart, the desired ARLg (ATSp) is maintained as 200,
and (hg, i) = (0.1, 1.6) are selected.

In Table 6, 20 samples, each with size n = 5, are generated from an out-of-control normal
distribution of the flow width with the mean y; = pg+J X 09 = 1.5+ 0.3 x 0.15 = 1.545
and the standard deviation 0y. All sample mean values {Xy, Xp, ..., Xp0} and the corre-
sponding values of the different EWMA charting statistics are listed in the table. As a
comparison, the upper-sided SEWMA, REWMA, and IEWMA X charts together with the
MOEWMA X chart are plotted in Figure 1. It can be noted from Figure 1 that all control
charts give an out-of-control signal at the 8th sample point, except for the upper-sided
REWMA X chart, where the chart gives an out-of-control signal at the 9th sample point (see
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the bolded values in Table 6). This example shows that these FSI EWMA charts take about
8 or 9 time units to detect the assignable cause while, on average, we can note from Table 1
that the MOEWMA chart detect the shift 6 = 0.3 more quick than the SEWMA, REWMA,
and IEWMA X charts.

Moreover, for the VSI-MOEWMA chart, the charting statistics Z; and Z; fall in the
central region [0, UWL], which leads to a large sampling interval /j, = 1.6 to find the sub-
sequent samples. For the charting statistic at other sampling time point, the corresponding
sampling interval is s = 0.1. This leads to a ATS; = 3.8 time unit of the VSI-lMOEWMA X
chart to detect the assignable cause. Thus, it is better to adopt the VSI-MOEWMA X chart
to monitor the process.

Table 6. Dataset from the hard-baking process and the corresponding values of the charting statistics.

SEWMA IEWMA REWMA MOEWMA
No. Xi1  Xez  Xes  Xea  Xis X; 2 Z zt zt zt

1 14843 15121 14521 16615 15718 15364 02424 00121 00123  0.0121 0.0121
2 1.6242 14130 14370 12060 1.6841 14729 —0.1809 0.0025 —0.0225  0.0025 0.0025
3 13940 14969 15511 14603 15285 14862 —0.0923 —0.0023 —0.0556  0.0000 0.0000
4 17084 14273 14462 16802 1.7809 1.6086 07239 00340 00517  0.0362 0.0340
5 1.8127 14903 14504 1.6042 1.6291 15973 0.6489 00648  0.1392  0.0668 0.0648
6 14994 15626 1.6364 15457 14819 15452 03015 00766  0.1558  0.0786 0.0766
7 15437 15712 16624 16105 15219 15819 05462  0.1001 02185  0.1019 0.1001
8 16210 15127 19105 17145 15037 1.6525 10165  0.1459 03680  0.1477 0.1459
9 17255 15221 15904 15681 15812 15974 0.6496 01711 04399  0.1728 0.1711
10 1.6233 15501 15537 14312 1.6582 15633 04220 01836 04645  0.1852 0.1836
11 16046 16137 14589 15180 15012 15393 02618  0.1876 04573  0.1891 0.1876
12 14726 17372 15157 15138 16138 15706 04709 02017 04904  0.2032 0.2017
13 15103 1.6380 15374 16795 1.8083 1.6347 0.8980  0.2365  0.6037  0.2379 0.2365
14 1.6370 15020 12816 1.6068 1.6847 15424 02829 02389 05935  0.2401 0.2389
15 17974 16347 15064 1.6271 1.6688 1.6469 09793 02759 07172 02771 0.2759
16 16303 15082 16574 15672 14228 15572 03811 02811 07202  0.2823 0.2811
17 13641 12779 14594 14907 14649 14114 —05908 02375  0.6500  0.2386 0.2375
18 16100 1.1929 16191 15542 15814 15115 00767 02295 05980  0.2306 0.2295
19 15312 12880 16937 15775 15299 15241 01604 02260 05647  0.2270 0.2260
20 15084 15094 17066 1.3353 13012 14722 —0.1854 02055 05023  0.2064 0.2055
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Figure 1. One-sided EWMA type charts applied to the dataset in Table 6. (a) SEWMA Chart
(b) IEWMA Chart (c) REWMA Chart (d) MOEWMA Chart (e) VSI-MOEWMA Chart.
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6. Conclusions and Recommendations

In this paper, we study the performance of one-sided MOEWMA X chart without-
and with VSI features. Both the zero-state and steady-state performances of the FSI and VSI
MOEWMA X chart are investigated by using extensive Monte-Carlo simulations. Through
a comprehensive comparison with the SEWMA, REWMA, and IEWMA X charts, it is
found that the MOEWMA X chart is shown to perform better than the REWMA X chart,
especially for small shifts and it performs better than the IEWMA X chart for small shifts
and worse for moderate to large shifts. Moreover, the MOEWMA X chart is always a little
better than the SEWMA X chart. In addition, by investigating the optimal performance
of the MOEWMA X chart, it can be concluded that the optimal MOEWMA X chart has a
good performance over a wide range of shifts rather than a scheme to optimize the control
charts at a specified shift. Finally, by adding the VSI feature to the MOEWMA X chart, it is
shown that the VSI MOEWMA X chart is uniformly better than its counterpart with FSI,
especially for small shifts.

As the current research works are based on the assumption of known process parame-
ters, the manner in which the control chart performs with estimated process parameters
remains an issue. Future works could be extended to this aspect. Moreover, this research is
focused on the monitoring of the process mean. The methodology can also be extended to
monitor the process variance, the ratio of two distributions, and so on.
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Abbreviations

The following abbreviations are used in this manuscript:

EWMA Exponentially Weighted Moving Average

CUsuM Cumulative Sum

MOEWMA Modified One-sided EWMA

SEWMA The simple one-sided EWMA chart

REWMA EWMA chart with resetting the charting statistic to the target
IEWMA EWMA chart with truncating the sample mean to the target
RL Run Length

ARL Average Run Length

ARL In-control ARL

ARLy Out-of-control ARL
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SDRL Standard Deviation of Run Length
SDRLy In-control SDRL
SDRL, Out-of-control SDRL
ATS Average Time to Signal
ATSy In-control ATS
ATSq Out-of-control ATS
AATS Average Adjusted Time to Signal
AATSg In-control AATS
AATS, Out-of-control AATS
VSI Variable Sampling Interval
FSI Fixed Sampling Interval
UCL Upper Control Limit
LCL Lower Control Limit
UWL Upper Warning Limit
LWL Lower Warning Limit
7S Zero-State
SS Steady-State
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