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Abstract: In this article, we use the homotopy perturbation transform method to find the fractional
Kersten—Krasil'shchik coupled Korteweg-de Vries (KdV) non-linear system. This coupled non-linear
system is typically used to describe electric circuits, traffic flow, shallow water waves, elastic media,
electrodynamics, etc. The homotopy perturbation method is modified with the help of the p-Laplace
transformation to investigate the solution of the given examples to show the accuracy of the current
technique. The solution of the given technique and the actual results are shown and analyzed
with figures.
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Fractional-Order Kersten—Krasil 1. Introduction

Shchik Coupled KdV System, via a Fractional calculus has a long history that began at the end of the 17 century and con-
New Integral Transform. Symmetry tinued until the 20th century. Many scientists and mathematicians have spent the last few
2021, 13,1592. hitps://dot.org/ decades researching numerical and analytic results to nonlinear fractional partial differen-
10.3390/sym13091592

tial equations in engineering and science. Due to their use in many implementations, such
as viscoelasticity, fluid mechanic, physics, biology, dynamic schemes of control theories,
electric networks, optics, chemical physics, and signal processing, fractional differential
equations have gained special attention. Many books contain various definitions and basic
concepts of fractional calculus [1-4].

A differential equation symmetry is a transformation that makes the differential
equation invariant. The existence of such symmetries may aid in the solution of the
differential equation. A scheme of differential equations line symmetry is a continous
symmetry of a scheme of differential equations. Solving a linked set of ordinary differential
equations can reveal symmetries. It is sometimes easier to solve these equations than it is
to solve the original differential equations. The symmetry structure of the system consists
of integer partial differential equations and fractional-order partial differential equations
with the fractional Caputo derivative.

Using the symmetry construction, we consider two particular cases: pure fractional-
order partial differential equations, whose symmetry condition is divided into two parts
of integer-order and fractional, and the linear scheme of fractional partial differential
equations, which acknowledges an infinite dimensional insignificant generator continu-
ously. Second, we built a theoretical structure of potential symmetry and constructed three
potential schemes to analyze potential symmetries of time-fractional partial differential
equations with a divergence form using the composition rule of fractional derivatives. Still,
when dealing with linear equations, it is impossible to find their exact results.
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technique [8], homotopy perturbation technique [9], differential transform technique [10],
homotopy asymptotic technique [11], and Galerkin technique [12].

The fractional coupled Kersten—Krasil’shchik Korteweg—de Vries (KdV) nonlinear
scheme and homogeneous two component fractional coupled third-order KdV schemes are
significant fractional-order nonlinear systems for identifying wave behavior elaborating
numerous nonlinear phenomena in physics. The fractional-order coupled system is widely
used to investigate complex behavior containing multi-components, such as atoms, ions,
and free electrons. Many scholars have attempted to study this behavior numerically.

Recently, Paul Kersten and Joseph Krasil’shchik analyzed and modified the KdV equa-
tion, proposing absolute complexity between coupled KdV nonlinear systems to analyze
the behavior of nonlinear systems. Numerous variations of this Kersten—Krasil’shchik
coupled KdV-mKdV nonlinear system have been introduced by many researchers [13-16].
Many researchers applied different analytical and numerical methods to investigate KdV
equations, such as the homotopy analysis method [17], expansion method [18], shifted
Legendre polynomials [19], and natural decomposition method [20].

The homotopy perturbation method (HPM) was first proposed by He [21]. For solving
differential and integral equations, linear and nonlinear has been the subject abstract and
applied analysis of extensive analytical and numerical studies [21]. The HPM is efficient
and effective and eliminates an unconditioned matrix, complicated integrals, and infinite
series. This method does not need a specific parameter of the model. The p-Laplace
transformation is a modified transformation of the Laplace transform.

It should be remembered that, with the use of p-Laplace transform, absolute dif-
ferential equations with variable coefficients cannot be solved by Laplace and Sumudu
transforms [22,23]. The homotopy perturbation transformation method (HPTM) com-
bines the p-Laplace transformation and the homotopy perturbation method. Numerous
researchers have utilized HPTM to solve various equations, such as Navier-Stokes prob-
lems [24], heat-like problems [25], gas dynamic models [26], and Fisher’s and hyperbolic
equation [27].

2. Basic Definitions

In this section, the generalized fractional integral, the generalized fractional derivative,
the Mittag-Lefller function, and the p-Laplace transformation are defined.

Definition 1. The fractional-order generalized integral o of a continuous function g : [0, +-00] — R

is given as [22]
0—1
1 (X[ x°P—sf g(s)ds
op —

the gamma function denote by I', p > 0, x > 0and 0 < ¢ < 1.

Definition 2. The fractional-order generalized derivative of o of a continuous function g : [0, +c0] — R
is given as [22]

-
50 = (190 =t (o) [ ("p ; Sp) Bolds

where we define the gamma functionT', p > 0, x > 0and 0 < o < 1.

Definition 3. The fractional-order Caputo derivative ¢ of a continuous function g : [0, +00] — R

is expressed as [22]
Y
1 X[ xP —sP <(s)ds
op —
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wherep>0,)(>O,ﬁ:)(1_f’%and0<Q<1.

Definition 4. The p-Laplace transform of a continuous function g : [0,4+o0] — R is defined

as [22] , ;
_ [Tt X
Lz} = [T 075

A continuous function g as the fractional-order Caputo generalized rho-Laplace transform
derivative is defined by

n—1
Lo{D%g(x)} = s°Lp{8(x)} — ’gsg‘k‘l(fg’pﬁ”g) (0).

3. The General Methodology of HPTM
In this section, the HPTM for the general form of FPDEs

Do(x,¥) +Mo(x,S) + No(x,¥) =h(x,S), $>0, 0<o<1, (1)

with the initial condition

¢(x,0) = g(x)- 2
where D%q)( x ) = % is the Caputo fractional derivative of order 9; M and N, are linear
and non-linear functions, respectively; and & is the source operator. Using the p-Laplace
transform of Equation (1),

Lo[D&o(x, ) + Mo(x,3) + No(x,3)] = Lo[h(x,S)], >0, 0<o<1,

©)
P(03) = <800 + 5 Lolhlx 3)] — LlMp(x,3) + No(r, 3)].

Now, by taking inverse p-Laplace transform, we obtain

1 1

#(09) = 1y 5800 + G LolhGe ]| — Lot SLoMo 9) + No(r 90}, @

o(09) = 800+ Ly | Ll 9| ~ 1,71 | GLolML ) +No(r )], 6

Now, the perturbation method parameter p is defined as

(X, Q) = ZO Pe(xS), (6)
=

where the perturbation term p € [0, 1].
The non-linear functions can be defined as

No(x,S) = ZOP’H;(%), @)
=

where H,, are He polynomials of ¢g, ¢1, @2, - - , ¢, and can be determined as

1 om 0
Hm((POI(Pll’¢m):WW[N<Zp]¢]>] ,m=0,1,2---. (8)
! =0 o

putting Equations (7) and (8) in Equation (5), we have
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prqo] =500+ Lo | G Lolh )] - x [Lp1{;Lp{Miopf¢]<x,s>+ipr]<<o]>}H- ©)
L

J=0

With both sides comparison coefficient of p, we have

P gl ) =50+ L Lol ),

(10)
P pi009) = 1 | LMoo, ) + Hle)),
a0 9) = 1 | LMo (1,9) + F (g,
)
1
Vg =L, Lng(prjl(x, 3) + HJ1(¢))], ]>0, JEN.
e(x,3) = lim ZcP] X ). (12)

M—o00 =1

4. Numerical Experiments

Example 1. Assume time fractional Kersten—Krasil'shchik coupled KdV-mKdV nonlinear system as:

DS+ pay — 6ty + 393y +39x 92y — 3y ¢” +619py =0, >0, xR, 0<0 <1, (13)
D& + 93 — 3979y — 3y +3jiyg =0,

with the initial conditions

u(x,0) =c — 2csech®(Vey), >0,
¢(x,0) =2v/csech(v/cx).

Using p-Laplace transform on Equation (13) by the application of the initial condition given
by Equation (14), we find

(14)

~ 1
Lp[n(x, 3)] = ¢ — 2csech?(Vey) — <2 Loltax — 6ty + 39@ay + 392y — By 9® + 6199y ],

15)
Lolp(x, 3)] = 2v/esech(Vex) — Lp[‘P3x —3¢%gx — 3pgx + 3y 9]
Apply the inverse p-Laplace transform, and we obtain
1|1
n(x, ) = ¢ = 2esech?(Vey) — L, ! L?Lp [H3x — 61ty + 3993y + 39x P2 — 3 @® + 619yl |,
(16)

4|1
9(x,¥) = 2/esech(vex) — L, ! {@Lp[%x — 3979y — 3pgy + Bpxg)
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Use HPM on Equation (16), and we obtain

Z p"un(x,S) = ¢ — 2csech?(v/cx)

el )

iop"fpn (x, ) = 2v/csech(v/cx)

_p(L;1 1 [<§pn¢n(xlg)>3x+ <1§an”(§0)>”)

Nonlinear steps given by He’s polynomials Hy, (i) and Hy (), which are given as

(17)

Y P"Hu(i) = —6upyx + 3993y + 39x 92y — 31y 9> + 6199y,
. (18)

Y P"Hu(@) = —3¢”gx — 3upy + 3px .
=0
Values of components of He’s polynomials are given by

Ho(p) = —6p0(p0)x + 390(90)3x + 3(90)x (90)2x — 3(10)x (90)* + 6(p0) @0 (@0) x,

Hi () = —6p1(po)y — 6p0(41)x + 3¢1(P0)3x + 300(91)3x +3(00)x (91)2¢
+3(90)2x (@1)x = 3(11)x(90)* + 6(H0) xPo@1 + 6(40) @1 (o) + 6(40) @0 (1)
6(p1)@o(9o)xs

Hy(p) = —6p2(po)xi — 641 (p1)x — 6p0(12)x +3902(P0)3x +3¢1(P1)3x +390(P2)3x
+3(90)x (92)2x +3(91)x (@1)2x + 3(92)x (90)2x — 3(42)x(@0)* — 6(p11) x P01
—6(11)xPo@2 + 6(12) Po(@o)x + 6(11) @ (@0)x + 6(12)Po(Po)x + 6(t0) P1(P1)x
+6(p1) @o(91)x + 6(Ho) Po(P2)x

Hz(p) = —6p3(po)x — 6pa(p1)x — 6p1(H2)x — 6p0(H3)x + 393(90)3yx + 3¢2(91)3y
+3¢1(p2)3y + 300(@3)3y +3(90)x (P3)2x + 3(@1)x (P2)2x + 3(92)x (91)2x
3(93) x (@0)2y — 3(H3)x 95 — 6(p2) po@1 — 6(p1) o2 — 3(1)x 91
+ po@3(Po)x + 6(11) @2(90)x + 6(11)P2(90)x + 6(13) Po(@0)x + 6(10) P2(P1)x
+6(p1)@1(91)x + 6(12)Po(91)x + 6(p0) @1(92)x + 6(11) Po(P2)x + 6(10) Po(P3)x

(19)

and

2(90)x — 3po(9o)x +3(10) x Po-

2(91)x — 69091 (90)x — 311(90)x — 3p0(@1)x +3(41)x 90 + 3(Ho)x 91
2(4’2)7( —60091(91)x — 690p2(91)x — 3(92)*(90)x — 312(90)x
—3po(@2)x +3(Ho)xp2 — 3(p1) x 1 — 3(12) x Po

3)x — 69091(92)x — 690@2(91)x — 69093(P0)x — 69192(P0)x
—3(903) 3)x — 313(@o)x — 3pa(@1)x — 3u1(p2)x — 3mo(@3)x +3(Ho)x 3
+3(p1)x P2 +3(m2) x o1 + 3(p3) x Po

( (20)
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Comparing the coefficients of same powers of p, we have
p* s po(x, ) = ¢ —2esech?(Vey),

P06 9) =~ | SLol)sy + Hol)

(21)
5 )
= 8¢2 sinh(y/cx) sech®(v/cx) Tot 1)
a0 9) =~ | Loln)ey + Hi)]
)

= —16c*[2 cosh?(v/cx) — 3] sech*(v/cx) 1“(22 1y

P00 9) =~ | SLoln)ey + Halp)
gr) %

_ 11/2 2 Al 5 (?) (22)

= 128¢''/#[cosh”(y/cx) — 3] sinh(y/cx) sech (ﬁX)I“(3Q+1)’
P a0 9) =~ | Lols)ey + Hal)l

(3)"
= —256¢”[2 cosh* (v/cx) — 15 cosh?(v/cx) + 15] sech®(+/cx) r(4i? 1)
and
P’ 9o(x, ¥) = 2V/esech(Vey),
P d) =~y halgulay + Ho(p)l .
SN

= —4c?sinh(v/cx) sech?(v/cx) Fggpjt)l) ,

P S) = -L, ! [;Lp[(qvl)sx + Hl(qv)]},
)"
— 8¢t [cosh?(v/cx) — 2] sech?’(\ﬁx)@,
(23)

P a0 d) = Lt | Lollg + Halp)l,

AN
= —16¢*[cosh’(v/cx) — 6] sinh(y/cx) sech*(v/cx) r§32 2’ 1)’

ptea(x,§) = -L, ! [;Lp[(qu)sx + Hs(qv)]},

ge\*
= 32¢"3/2[cosh*(v/cx) — 20 cosh? (v/cx) + 24] sech® (v/cx) 1“542 1 0y
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Hence, the series solution is given by

1 S) = io 1, 9)

= ¢ — 2csech®(v/cx) + 8¢ sinh(v/cx) sech®(v/cx) T(o+1)

AN
—16¢*[2 cosh?(v/cx) — 3] sech4(ﬁx)r§222rl) + 128c1/2[cosh?(v/cx) — 3] (24)

ge) %
sinh(+v/cx) seChS(ﬁX)FE;;—)&-l) — 256¢7 [2 cosh* (v/cx) — 15 cosh?(v/cx) + 15]

)"
sech%ﬁx)ﬁ +oy

gr\*
= 2y/csech(v/cx) — 4c? sinh(v/cx) sech?(v/cx) Fggp—i-)l) +8c2 [cosh?(v/ex) — 2]
(2)29 (2)39 (25)
sech%ﬁ;()ﬁ —16c%[cosh® (v/cx) — 6] sinh(+y/cx) sechﬂﬁx)ﬁ
ge\ 4
+32¢'3/2[cosh*(v/cx) — 20 cosh?(v/cx) + 24] sech5(ﬁ)()rg42’3‘1) Y

Putting 0 and p =1 in Equations (24) and (25), we obtain the solution of the problem as:

1(x,S) = ¢ — 2csech?(Vex) + 83¢? sinh(v/cx) sech’(v/cx) — 83%c*

[2cosh?(vex) 3] sech (vex) + % 3!/ [eosh?(v/ex) — 3] sinh (V)

sech®(v/cx) — %%407[2 cosh*(v/cx) — 15 cosh?(v/cx) + 15

sech®(v/ex) + -+,

(26)

and

o(x, ) = 2v/csech(v/cx) — 43¢? sinh(v/cx) sech?(v/cx) + 43%¢ [cosh?(v/cx) — 2]
sech®(v/cx) — 2%362 [cosh®(v/cx) — 6] sinh(~1/cx) sech* (v/ex) + %%%13/2 (27)
[cosh*(v/cx) — 20 cosh?(v/cx) + 24] sech®(v/ex) — - - -,

The solution represented by Equations (26) and (27) is similar to exact solution in closed form as:

= ¢ —2csech?(v/c(x + 2c3)),
) = 2\/csech(ve(x +2c3)).

In Figure 1, the actual and HPTM solutions of u(x, ) is calculated at ¢ = 1. In Figure 2, the
3D graphs for u(x, ) for different fractional-order shows that the HPTM approximated solutions
derived are in a strong agreement with the actual and the approximate solution. Similarly Figure 3,
the actual and HPTM solutions of ¢(x, ) is calculated at 0 = 1. In Figure 4, the ¢(x, ) for
different fractional-order shows that the HPTM approximated solutions derived are in a strong
agreement with the actual and the approximate solution. This comparison shows that the HPTM

(28)
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and the actual solutions are very close. As a result, the HPTM is a dependable new study that
requires less computation of computations, is adaptable, and simple to use.

Figure 3. The actual and HPTM results graphs at ¢(), ) of Example 1.
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Figure 4. The various fractional-order of ¢(), <) for Example 1.
Example 2. Assume a homogeneous two-component time fractional coupled third order KAV system as:

Dgy—yg,x—yyx—(p(pxzo, >0, xeR 0<o0<1,

° (29)
D3¢ +2¢3 — pox =0,

with the initial condition

1u(x,0) =3 — 6tanh2(72£),

(30)
¢(x,0) = —SC\@tanh(%)

Using the p-Laplace transform on Equation (29) by the application of initial conditions given
by Equation (30), we obtain

1
Lolu(x, %)) =3 — 6 tanh? (%) + oLolusx — mix — 99xl,

o (31)
Lp[(l’(X/S)] = —3cﬂtanh(—) - *Lp[24’3x - Vﬁox]-
2 s@
Applying the inverse p-Laplace transform, we obtain
X 1|1
nx, ) =3- 6tanh2(§) +L," L‘\,Lp[ﬂsx — Hpx — 4)4’;«]/
(32)
X 4|1
#(1,9) = —3cv2tanh () — L [SQLp 23y — V(Px]] :
Using HPM on Equation (32), we obtain
Y P ua(x,3) =3~ 6tanh2(§)
"o (33)

+p

L;l{slgLP <(7§) P pn (X, 3))3x + (g Pan(V))> }] ,
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i Plon(x,S) = —3cf2tanh(72£>
n=0

. - o (34)
—p [Lpl{sng (2< P”fpn(x,%)) - (Z P"Hn(<p)>) }] :
n=0 3x n=0
Nonlinear steps given by He’s polynomials H, () and H, (@), are given as:
Y P Ha () = i+ 9oy
Y (35)
Y P"Hu(@) = —poy.
n=0
Values of factors of He’s polynomials are given as
Ho(1) = po(o)x + @o(eo)x,
Hi () = ma(po)x + mo(p)x + @1(0)x + @o(91)x,
Ha(p) = pa o)y + () + Ho(2)x + 92(90)x + @1(@1)x + ¢0(92)x,
Hs (1) = na(po)x + m2(p1)x + pma(p2)x + po(ps)x + @3(90)x + @2(p1)x (36)
+91(92)x + Po(93)x/
and
Ho(¢) = —po(¢0)x,
Hi(9) = —m(go)x — polg1)y,
Ha (@) = —p2(@0)x — H1(@1)x — Ho(@2)x, (37)
Hs(¢) = —pa(@o)x = pa(@1)x — m1(92)x — Ho(93)x,
Comparing coefficients of the same powers of p, we have
0. ) — 13 2(X
p° uo(x,¥) =3 —6tanh (2),
111
P 009) = Lt | Lollw)se + Ho(w),
(5)
_ 2(X X P
= 6sech (2) tanh(z)r(g+1),
1|1
a0 9) = L | Lol Gae+ Ha()] @8)
()"
— 2(XY _ 4(X 2(X)_\F
= 3[2 + 7sech <2> 15 sech (2)]sech (2) T(20 1)

P a09) = 1| Lolm)sy + Ha(w,
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and

P eo(x, S ):—SCftanh(%)
P o0 ®) = L | L Rlen)s — Holo)l,

)

— 3Cﬁsech2(&) tanh(&> F(;+ D’

2 2

P 020 %) = ~Ly | Ll ~ ()], )

g0\ 20
= 3cv/2 ;2—1—21 sech2<§) — 24sech4<%)} sech2<X)F<PQ)
P 030 %) = ~Ly| G Lal2(g2)n — el

Hence, the series solution is given by

%) = Z VH(X/ %)r
n=0

(40)

= —3cxﬁtanh(§) + 3C\/§S€Ch2< ) tanh(2>

3cv2 X X X (ﬁ)ZQ
+ > [2+21sech2(§)—24sech4(§>}sech2(§>m+---

Placing ¢ and p = 1 in Equation (40), we obtain the solution of the problem as:

n(x,8)=3- 6tanh2(2)+6\ssech2(2)tanh<)
32

E% [2+7sech2<%) - 155ech4<§)] sechZ()z—c) —,

(X, 3) = —3Cﬁtanh(i) +3%C\ﬁsech2(%) tanh(%)
3Cfo2[

+
(41)

2421 sech2(2> —24sech4(§)} sech2<%) 4+

The solution given by Equation (41) is similar to the closed form solution as:

(\,
n(x, ) =3- 6tanh2(m),
- )

(xS ):—3cftanh( 7 ).



Symmetry 2021, 13, 1592 12 of 14

In Figure 5 the actual and HPTM solutions of u(x, ) is calculated at 0 = 1. In Figure 6, the
3D graphs for u(x, ) for different fractional-order shows that the HPTM approximated solutions
derived are in a strong agreement with the actual and the approximate solution. Similarly Figure 7,
the actual and HPTM solutions of ¢(x, ) is calculated at 0 = 1. In Figure 8, the ¢(x, ) for
different fractional-order shows that the HPTM approximated solutions derived are in a strong
agreement with the actual and the approximate solution. This comparison shows that the HPTM
and the actual solutions are very close. As a result, the HPTM is a dependable new study that
requires less computation of computations, is adaptable, and simple to use.

(X, )

Figure 7. The actual and HPTM results graphs at ¢ (), ) and ¢(x, ) of Example 2 at ¢ = 1.
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(X, )
o(x,9)

Figure 8. The various fractional-order graphs of ¢(x, &) for Example 2.

5. Conclusions

In this paper, we calculated the fractional-order Kersten—Krasil’shchik coupled KdV-
mKdV nonlinear system, using an p-Laplace transform. The suggested method was applied
to obtain the solution of the given two problems. The HPTM solution is in close contact with
the exact result of the given problems. We also calculated the results of the given problems
with the fractional-order derivatives. The figures of the fractional-order results achieved
demonstrated convergence toward the results of the integer-order. Furthermore, the present
method is simple, straightforward, and requires less computational cost; the current
technique can be modified to solve other fractional-order partial differential equations.
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