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Abstract: In a Hadamard manifold, let the VIP and SVI represent a variational inequality problem
and a system of variational inequalities, respectively, where the SVI consists of two variational
inequalities which are of symmetric structure mutually. This article designs two parallel algorithms
to solve the SVI via the subgradient extragradient approach, where each algorithm consists of two
parts which are of symmetric structure mutually. It is proven that, if the underlying vector fields are
of monotonicity, then the sequences constructed by these algorithms converge to a solution of the
SVI. We also discuss applications of these algorithms for approximating solutions to the VIP. Our

theorems complement some recent and important ones in the literature.

Keywords: parallel subgradient extragradient rule; Hadamard manifold; system of variational
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1. Introduction

Suppose that the operator F is a self-mapping on a real Hilbert space (H, (-, -)). Let the
set C C H be nonempty, convex, and closed. Consider the classical variational inequality
problem (VIP) of finding a point Z € C s.t.:

(Fz,x —z) >0 VxeC. (1)

It is well known that variational inequalities like VIP (1) have played an important
role in the study of economics, transportation, mathematical programming, engineering
mechanics, etc. Let F be L-Lipschitzian with constant L > 0. Given ¢ € (0, %) In 1976,
Korpelevich’s extragradient rule was first introduced in [1] for solving VIP (1). For any
initial vy € C, let the sequence {v;} be generated by

{ z) = PC(UZ _EFUI)I (2)
U141 = Pc(ZJ[ - éFZl) vl >0,
where P( is the metric projection of H onto C. To the most of our knowledge, Korpelevich’s
extragradient rule has become one of the best effective numerical methods for the VIP and
related optimization problems. Moreover, many authors improved it in various kinds of
ways; see, e.g., [2-11] and references therein, to name but a few.

In 2008, Ceng et al. [8] considered the following system of variational inequalities
(SVI): find (p*,q9*) € C x Cs.t.

(" —q*+0Fg,p—p*) >0 VpelC, 3)
(* —p*+bhp*,q—q) >0 VYqeC,
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where Fj is a self-mapping on H and /j is a positive constant for k = 1,2. It is clear that the
SVI (3) consists of two variational inequalities which are of symmetric structure mutually.
It is worth mentioning that the SVI (3) has been transformed into the following fixed-point
problem (FPP).

Lemma 1 (see [8], [Lemma 2.1]). A pair (p*,q"*) € C x C, is a solution of SVI (3) if and only
if p* is a fixed point of the mapping G := Pc(I — ¢1F)Pc(I — (2 F), ie., p* € Fix(G), where
q" = Pc(l = LE)p™.

In terms of Lemma 1, Ceng et al. [8] suggested and analyzed a relaxed extragradient
algorithm for solving SVI (3). In 2011, the subgradient extragradient rule was first proposed
in [6] for solving VIP (1), where the second projection onto C is replaced by the projection
onto a half-space:

qi = Pc(pr = SFpy),

CG={yeH:(p—CFp—q,y—q) <0},

piy1 = Pc,(pr — EFq;) V1 >0,
with constant ¢ € (0, %) The above rule is more advantageous and more subtle than the
rule (2) in the case when C is a feasible set with a complex structure and the calculation of
projection onto C is oppressively time-squandering.

In 2018, Yang et al. [12] designed the modified subgradient extragradient rule for

solving VIP (1). For any given Ag > 0, ug € H and p € (0,1), let the sequences {u;} and
{v;} be generated by

v; = Pc(u; — g Fuy),
Ci={ye€H: (u—¢Fu —v,y—v;) <0},
ujy1 = Pe,(u; — ¢;Fvy) V1 >0,

where ¢;, 1 is chosen as

2 2
= { min{ y(\lzrzglvﬂlp;:!\uﬁl_—;;z)\\ L, ¢}, if (Fuy — Fojuppq —0)) >0,
Sl otherwise.
It was proven in [12] that {u; } and {v;} converge weakly to a solution of VIP (1).
On the other hand, suppose that C is a nonempty, convex and closed subset of a
Hadamard manifold M, and A : M — T M is a vector field, thatis, Au € T,M Yu € M.
In 2003, Németh [13] introduced the new VIP of finding u* € C s.t.:

(Au*,explu) >0 Yuec, 4)

where exp ! is the inverse of an exponential map. The solution set of VIP (4) is denoted by
S. Subsequently, some rules and methods are extended from Euclidean spaces to Rieman-
nian manifolds because of some important advantages of the extension; see, e.g., [14-17].
Furthermore, inspired by the SVI (3) and the multiobjective optimization problem in [17],
Ceng et al. [18] introduced a system of multiobjective optimization problems (SMOP) in a
Hadamard manifold and invented a parallel proximal point rule for solving the SMOP.

It is remarkable that the research works on the algorithms for VIP (4) are mainly
focused on a proximal point algorithm [19] and Korpelevich’s extragradient rule [20]. Very
recently, Chen et al. [9] suggested the modified Tseng’s extragradient method to solve
VIP (4). Moreover, their results gave an affirmative answer to the open question put forth
in [21].
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Let C be a nonempty closed convex subset of a Hadamard manifold M, and Ay : M —

TM be a vector field for k = 1,2, i.e., Ayu € T,M Yu € M. According to problems (3) and
(4), Ceng et al. [22] introduced the new SVI of finding (u*,v*) € C x Cs.t.
(exp,d u* + pAjo*,exp,lu) >0 YueC, (5)

(expl}1 v + yzAzu*,exp;*l v) >0 VveC,

where constants i1, 4 € (0,00), and exp ! is the inverse of exponential map. In particular,
if Ay = Ay = A and u* = v*, then SVI (5) reduces to VIP (4).

In this paper, we design two parallel algorithms to solve the SVI (5) via the subgradient
extragradient approach, where each algorithm consists of two parts which have a mutually
symmetric structure. It is proven that, if the underlying vector fields are of monotonicity,
then the sequences constructed by these algorithms converge to a solution of the SVI (5).
We also discuss applications of these algorithms to the approximation of solutions to the
VIP (4). Our results improve and extend the corresponding results announced in [8,9,12,22].

The remainder of the paper is arranged below. Some preliminary concepts, notations,
important lemmas, and propositions in Riemannian geometry are recalled in Section 2. It is
remarkable that one can find most of them in every textbook about Riemannian geometry
(e.g., [23]). Two new parallel algorithms based on the modified subgradient extragradient
approach [12] are proposed for SVI (5), and some convergence theorems are proved in
Section 3.

2. Preliminaries

Let M indicate a simply connected and finite-dimensional differentiable manifold.
A differentiable manifold M endowed with a Riemannian metric is called a Riemannian
manifold. We denote by T, M the tangent space of M at v € M, by (-,-), the scalar
product on T, M with the associated norm || - ||,, where the subscript v is sometimes
omitted, and by TM := U,c p( Ty M the tangent bundle of M, which is actually a manifold.
Lety : [a,b] — M be a piecewise smooth curve joining v to w (i.e., y(a) = vand y(b) = w),
we define the length () = [ ﬂb |7/ (t)||dt. Then, the Riemannian distance d(v, w), which
induces the original topology on M, is defined by minimizing this length over the set of
all such curves joining v to w.

Suppose that the Levi-Civita connection V is associated with the Riemannian metric
and the smooth curve 7 lies in M. A vector field X is referred to as being parallel along
iff VWIX = 0. In case 7/ itself is parallel along 7, y is known as a geodesic, and, in this case,
|7'|| is constant. It is remarkable that this notion is different from the corresponding one in
the calculus of variations—in particular, if ||7/|| = 1, 7y is referred to as being normalized.
A geodesic joining v to w in M is called minimal if its length equals d(v, w).

Let M be a Riemannian manifold. M is referred to as being complete iff for each
v € M all geodesics emanating from v are defined for all t € R := (—c0, ). Using the
Hopf-Rinow Theorem, we infer that, if M is complete, each pair of points in M can be
joined by a minimal geodesic. In the meantime, (M, d) becomes a complete metric space
and bounded closed subsets are compact ones in M.

We denote by P, . the parallel transport on the tangent bundle T M along y w.rt. V,
defined by

P%W(b),,y(ﬂ)(v) = V(’}/(b)) Va,beR, v e T’Y(”)M’

where V is the unique vector field such that V,,(;yV = 0 for each t and V(y(a)) = v. Then,
forany a,b € R, P, ,(p) ,(s) is an isometry from T, ;) M to T, ;) M. For the convenience,
we will write Py, , instead of P, ., in the case where 7 is a minimal geodesic joining v to w.

Let M be complete. An exponential map exp, : Tp,M — M at v is defined by
exp, w = Yw(1,v) for each w € T, M, where ¥(-) = Yw(-,v) is the geodesic starting at v
with velocity v. Then, exp,, tw = 7, (t, v) for each real number . It is worth emphasizing
that the mapping exp, is differentiable on T, M for each v € M. The exponential map has
inverse exp, ! : M — Ty M, ie., ¢ = exp, ! w, and the geodesic is the unique shortest path
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with || exp, !t w|| = || exp_! v|| = d(v, w), where d(v, w) is the geodesic distance between v
and w in M.

A set D C M is referred to as being convex if, for every y, z € K, the geodesic joining
ytozliesin D, i.e., if v : [a,b] — M is a geodesic satisfying y = 7(a) and z = (D), then
v((1 —t)a+tb) € DVt € [0,1]. From now on, we denote by D a nonempty closed convex
set in M, and by Pp the projection of M onto D, i.e.,

Pp(y) ={yo € D :d(y,y0) <d(y,z) forallz € D} Yye M.

A real-valued function f defined on M is referred to as being convex if, for each
geodesic 7y of M, the composite function f o ¢ : R — R is convex, i.e.,

(foy)(sa+ (1—s)b) <s(foy)a)+(1—s)(fov)(b) Va,beR,sel01]

A Hadamard manifold M is a complete simply connected Riemannian manifold of
non-positive sectional curvature. If M is a Hadamard manifold, then exp, ! : M — T, M
is a diffeomorphism for each v € M and, if v, w € M, then there exists a unique minimal
geodesic joining v to w. Next, we always assume that M is a Hadamard manifold.

Proposition 1 (see [23]). Let v € M. Then, exp,, : T, M — M is a diffeomorphism, and, for
any points v, w € M, there exists a unique normalized geodesic joining v to w, which is actually a
minimal geodesic.

The above proposition shows that M is diffeomorphic to the Euclidean space R".
Then, M has the same topology and differential structure as R”. Moreover, Hadamard
manifolds and Euclidean spaces have some similar geometrical properties.

Definition 1 (see [20]). Let X (M) be the set of all single-valued vector fields V : M — T M s.t.
V(v) € Tp,M Vv € M and the domain D(V') of V is defined by D(V) = {v € M : V(v) # O}.
Let V € X(M). Then, V is referred to as being pseudomonotone if, for each v, w € D(V),

(V(v),exp, w) >0 = (V(w),exp,'v) <0.

A geodesic triangle A(p1, p2, p3) of a Riemannian manifold is a set consisting of three
points p1, p and p3, and three minimal geodesics 7; joining p; to p;;1, withi = 1,2,3(mod3).

Proposition 2 (see [23] (Comparison theorem for triangles)). Suppose that A(p1, p2, p3) is
a geodesic triangle. Ones denote, for each i = 1,2,3(mod3), by vy, : [0,1;] — M, the geodesic
joining p; to piq, and put I; = L(y;), and a; := Z(/(0), —=vi_1(li—1)). Then,

(i) a1 +ap +ag < 75

(i1) Zz2 + lz'2+l - Zlil,qu COSjyq < 11‘2,1/'

(iii) l; 41 cos o + ljcosa; > Iiyp.

According to the distance and the exponential map, inequality (ii) in Proposition 2 can be
rewritten as

& (pi, pie1) +d*(pica, piva) — 2{exp,} picexpy,! piva) < d*(pioa, pi),

owing to the fact that
(exp, ! piexp,t piva) = d(pi, piv1)d(pis1, piva) cosaipy. (6)

Lemma 2 (see [24]). Let ug € M and {u,} C M s.t. uy, — ug. Then, the following holds:

(i) exp, v — exp; v and exp, ! uy — exp,tug forallv € M.

(i) If y € Ty, M and y, — yo, then yo € T,y M.

(iti) Given py, qn € Ty, M and po,qo € TuyM, if pn — po and g, — qo, then (pu,qn) —
(o, q0)-
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(iv) For each v € Ty,M, the map F : M — TM, defined by F(u) = Pyu,v Vu € M, is
continuous on M.

For each u € M and C C M, there is only a point uy € C satisfying d(u,19) <
d(u,v) Vv € C. Then, the unique point is known as the projection of u onto the convex set
C, denoted by Pc(u).

Proposition 3 (see [25]). For each u € M, the following inequality holds:
-1 —1
<exppc(u) u, eXPPC(u) U> <0 Vo € C.

Proposition 4 (see [20]). Let C C M be closed and convex. Then, the metric projection Pc is
nonexpansive, i.e., d(Pc(p), Pc(q)) < d(p,q) Vp,q € M.

Lemma 3 (see [21]). Assume that M is of constant curvature, u € M and ¢ € T, M. Then,
Ly, := {v € M : (exp, 1 v,0) < 0} is convex.

Lemma 4 (see [20]). Suppose that C is a nonempty closed convex subset of a Hadamard manifold
M. Then, d(Pc(p),q) < d*(p,q) — d*(p, Pc(p)) Vpe M, qeC.

Lemma 5 (see [13]). Let A be a continuous and monotone vector field on C, given z € C. Then,
<Az,expz‘1 v)>0VwelC < <Av,expljlz> <0VveC.

It is easy from Proposition 3 to see that the following hold:

Proposition 5 (see [20]). The following assertions are equivalent:
(i) u™* solves the VIP (4);
(ii) u* = Pc(exp,,. (—BoAu’*)) for some By > 0;
(iii) u* = Pc(exp,«(—BAu*)) forall B > 0;
(iv) r(u*, B) = 0, with r(u*, B) = exp,! [Pc(exp,. (—BAu*))].

The following two lemmas play a crucial role in the convergence derivation of
the algorithms.

Lemma 6 (see [26]). Suppose that A(u,v,w) is a geodesic triangle in M, a Hadamard manifold.
Then, 3,7, w' € R? s.t.

d(u,0) = |u' =7, d(v,w) = —'|| and d(w,u)=|w" —1i].

The triangle A(u',v',w') is called the comparison triangle of A(u, v, w), which is unique up
to isometry of M. The following result can be proved by using element geometry. This is also a
direct application of the Alexandrov’s Lemma in R? (see [27]). It explains the relationship between
two triangles A(u, v, w) and A(u', 7', w') involving angles and distances between points.

Lemma 7 (see [28]). Let A(u,v,w) be a geodesic triangle in a Hadamard manifold M and
A(u', o', w') its comparison triangle.
(i) Assume that o, B, 7y (resp., &', B', ') are three angles of A(u, v, w) (resp., A(u’, 7', w'")) at
three vertices u, v, w (resp., u',v',w'). Then, the inequalities hold: « < &/, B < B’ and y < 7.
(ii) Assume that the point z lies in the geodesic joining u to v and z' is its comparison point in
the interval [u',v'] satisfying d(z,u) = ||z’ — u'|| and d(z,v) = ||z' — v'||. Then, the inequality
holds: d(z,w) < ||z/ — /||
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Definition 2 (see [9]). A vector field f defined on a complete Riemannian manifold M is referred
to as being Lipschitzian if 3L(M) = L > 0 s.t.

d(f(v), f(w)) < Ld(v,w) Yv,w € M. (7)

Besides the above concept, if for each vy € M, IL(vg) > 0 and 3o = o(vy) > 0s.t. (7)
holds, with L = L(vy), for all v,w € By(vg) := {z € M : d(vg,z) < 6}, then f is said to be
locally Lipschitzian.

Finally, by the similar inference to that of transforming SVI (3) into the FPP in [8], we
obtain the following.

Lemma 8 (see [22], [Lemma 5]). A pair (p*,q*) € C x C is a solution of SVI (5) if and only if
p* is a fixed point of the mapping G := Pc(exp;(—u1A1))Pc(exp;(—p2Az)), ie., p* € Fix(G),
where q* = Pc(exp;(—pu242))p".

3. Algorithms and Convergence Criteria

In this section, inspired by the algorithms in [9], we suggest two new parallel algo-
rithms for solving VIP (5) on Hadamard manifolds via the modified subgradient extragra-
dient approach in [12].

From now on, the following assumptions are always adopted:

Hypothesis 1 (H1). The solution set of SVI (5), denoted by S, is nonempty.
Hypothesis 2 (H2). A1, Ay : M — T M arevector fields, i.e., Ayu € Ty,MYu € Mfork=1,2)

Hypothesis 3 (H3). Aj and A, both are monotone, i.e., for k = 1,2, (Apx — Axy, expy‘1x> >
0 Vx,ye M.

Hypothesis 4 (H4). A; and Ay both are Lipschitzian with constants Ly, Ly > 0, i.e., for k =
1,2, 4L, > 0s.t.
d(Axx, Agy) < Lid(x,y) Vx,y € M.

Next, we recall the notion of Fejér convergence and related result.

Definition 3 (see [29]). Suppose that X is a complete metric space and C C X is a nonempty
set. Then, a sequence {x;} C X is referred to as being Fejér convergent to C, if d(x;,1,y) <
d(x,y) Yy e C, 1 >0.

Proposition 6 (see [24]). Suppose that X is a complete metric space and C C X is a nonempty
set. Let {x;} C X be Fejér convergent to C and assume that any cluster point of {x;} belongs in C.
Then, {x;} converges to a point of C.

3.1. The First Parallel Algorithm
Algorithm 1 is the first parallel algorithm for the SVI.
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Algorithm 1: The first parallel algorithm for the SVL.

Initialization: Given xo € M arbitrarily. Let yt; o > 0and A, € (0,1) fork =1,2.
Iteration Steps: Compute x,,; 1 below:
Step 1. Compute
{ Zy = PC(eprn(*PQ,nAzxn))/
Yn = Pc(exp,, (—p1,nA12n)).
Step 2. Construct
Copn={xeM: (exp;ﬂ1 Xy — yz,,,Azxn,exp;nl x) <0},
Cip={xeM: (exp%1 Zy — ;,tllnAlzn,expy_”1 x) <0},
and calculate
{ zn = P, , (exp, (—H2,nA2Zn)),
Xp1 = PCL,, (expz,, (—H1,nA1Yn))-
Step 3. Calculate

min{ )‘Z(dz(x"’i")+d2<z"’2”)),yz,n} if (Apxy — AxZy, exp; tzy) >0,
Hont1 = 2 ") "

Axxy —Azz,,,exp;nl z
U2,n otherwise.

: )nl(dz(z”,yn))erz(x,,ﬂ,y,,) : _ -1
Hin+1 = { mln{ 2<Alzn*A1ynr6XpV7nl xn+l> ’yl'n} if <A1Z” Alyn,expyﬂ Xn+1> > 0’

Hin otherwise.
Again, putn :=n + 1 and go to Step 1.

(8)

In particular, putting A; = Ay = A in Algorithm 1, we obtain the following algoritm
(Algorithm 2) for solving VIP (4).

Algorithm 2: The first parallel algorithm for the VIP.

Initialization: Given x( € M arbitrarily, let y;o > 0and Ay € (0,1) fork =1,2.
Iteration Steps: Compute x,,11 below:
Step 1. Compute
{ Zn = PC(expxn(_,uZ,nAxn))/
Yn = Pc(exp,, (—p1,nAzn)).
Step 2. Construct
Copn={xeM: <expz~_n1 Xy — ]42,,1Axn,expzfn1 x) <0},
Cip={xeM: <expy_n1 Zy — yllnAzn,exp; x) <0},
and calculate
{ zn = Pc,, (exp, (—p2nAZn)),
Yny1 = Pey, (exp,, (=H1nAYn)).
Step 3. Calculate

mln{ Ay (dz (xnlfn ) +d? (Zn,fn
U2+l = 2(Axy —AZ,,,exp;n1 Zn
Uon otherwise.

- M@ () AP (X 1,Yn) . o -1
Pt = { i = Aoy T o) Pt 1 (AZn = Ay expy “xuia) > 0,

Ui otherwise.
Again, putn :=n+ 1 and go to Step 1.

>)>,y2,n} if (Ax, — Ain,expg”1 zy) >0,

Lemma 9. For k = 1,2, the sequence {yy,} generated by Algorithm 1 is a monotonically
decreasing one with lower bound min{ %’j, Hio}-

Proof. It is clear that {yy, } is a monotonically decreasing sequence for k = 1,2. Since
Ay is a Lipschitzian mapping with constant Ly > 0 for k = 1,2, in the case of (Ayx, —
Arz,, expgn1 zy) > 0, we have

Ao (d*(xn, Zn) + d* (20, 20))

2A0d (X, Zn)d (20, 20)) S Ad(xn, Zn) _ A2
2(Axxy — Azzn,expgn1 Zn)

= . 9
Zd(Azxn,Azin)d(Zn,Zn) - de(xn,Zn) Ly ( )

>
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Thus, the sequence {}i2, } has the lower bound min{%, t20}. In a similar way, we

can show that {1, } has the lower bound min{ ’L\—i, Mo} O

Corollary 1. For k = 1,2, the sequence {jy ,} generated by Algorithm 2 is a monotonically
decreasing one with lower bound min{ %, Hio}-

Lemma 10. Let {x,} and {z,} be the sequences generated by Algorithm 1. Then, the sequences
{xn} and {z,, } are bounded, provided for all (p,q) € S and n > ny,

(1- M)Lz)dz(xnzzn) +(1— M)Ll)dz(Z”’y”)

H2,n41 Hin+1

+ 24,0 (Azp, exp, " Zu) + 21, (A1p,exp, " yn) >0,
(1 Ho,n41 A2)d2(xn+1/2n+1) + (1 _ M Al)dz(zn/yﬂ)

H2,n+2 Hin+1

+ 2012 041(A2q, expy ! Zug1) + 2010 (Arq, exp ! yu) > 0.

Proof. Take a fixed (p,q) € C x C arbitrarily. Then, from the monotonicity of A,, we
get (AxZ, — Aasp, exp;1 Zn) > 0, which hence yields <A22n,exp;1 Zn) > (Aap, exp;1 Zn).
That is, <AzZn,epo_n1 Zn + exp;1 zn) > (Aap, exprj1 Zn) Vn > 0. Thus, it immediately
follows that

(Azin,exp;nl p) < (Azin,exp;ll Zn) — (A2p, exp;1 Zy) Vn>0. (10)
By the definition of C; ,, we have (exp;_ Yy — ponAoxn, exp;. 12,4) <0. Then,

< - VZ,nAZZn/ eXpZTnl Zn>
= <expZ — HonAoXy, exp‘;n1 Zn) + Mon(A2xy — AzZy, expzfnl Zp) (11)
< Mo, n<A2xn — AgZy, exps zy).

Now, by fixing n > 0, we consider the geodesic triangle A(x,, Z,, p) and its comparison
triangle A(x},Z;,,p'). Then, d(x,,p) = d(x),,p"), d(Zn,p) = d(Z,,p"), and d(xn,2,) =

d(xy,Z),). Recall from Algorithm 1 that z, = Pc,, (exp, (—p2nA2Zy)). The comparison
point of z}, is Pc, , (X}, — p2,uA2Zy). Thus, in A(xj, Z;,, p'), (10) and (11) can be rewritten as

(Astl, b~ 24) + (Aap!, 2 — ') < (Ao, %)~ 2h), (12)

(xh = monAoZy — 2y, 2 — 2) < pon(Axxy — AaZy, 2, — Zy). (13)
Then, by Lemma 7 (ii), (10) and Lemma 4, we have

< d*(zy,,p') = |IPc,, (x), — ponA2Zy) — p'II?

< lxy, — Hon Aoz, — p'II? = 1%y, — pou Aoy — 2|

= |lxy, = P'I1> = [}, — 21> + 2p2,n (A2Z),, ' — 2),)

< lx, =P/ I1* = llx, — nH2+2ﬂzn(<A22n,Z —z,) — (Aop, 2, — ')

= x5, P||2 |2 — 25, + 2, _Zn||2+2,u2n(<AZanZ —zp) — (Aap', 2 —p'))

= |lx, = p'lI* =[x}, — "n\lz— 12, — 2|17 (14)

!/

+2<x — Hon Azl — Zn, 20 — 2h) — 2up n(Asp’, 2 — P)

_d2

=d?

+2< ,UZnAZZ

+2<X —;42,1Azz ;z
/

(xp, p') — d*(x),2,) — dz(zwz )
zy — Z) — 2pon(A2p’, 2, — 1)
d (zn,zn)
12 = Zn) = 2H2n(A2p’, 2y — p').

Consider the geodesic triangle A(a, b, ¢) and its comparison triangle A(a’, V', ¢"). Then,
seta = expzfnl Xn — PonArZy and b = expgn1 zy, (vesp., a' = xj, — pp,Arz), — 2z, and

(xn, P) dz(xn, Zn)
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b =z, —2,). Let p and B’ denote the angles at ¢ and ¢, respectively. Then, f < B
by Lemma 7 and so cos ' < cos B. Then, by Proposition 2 and Lemma 6, we have

(@, b") = a'lll|t"]| cos B < [|a'|[|[V"]| cos B = [lall[|b]| cos p = {a, ]).

Hence,

((x), — ponAZ), — 20,z — 20)) (expzf1 Xy — M2, ,1A2;Zn,exp;1 Zn). (15)

<
Similarly, we get (—2p2 , Aop’, 2, — p') < (—2up, Aap, expp Z,,). This together with (14)
and (15) imply that

dz(zn/ P) < dz(xn/ P) - dz(xn/ Zn) - dz(zn/ Zn)
+2(x), — ponArZy — 2,2y — Z) — 2pon(A2p’, 2, — ') (16)
< dz(xnr P) - dz(xn/ zn) - dz(fn/ Zn)

+ (exps,” xn — yzlnAﬂn,epo_nl Zn) — 2424 (A2p, exp];1 Zn).

Combining (11) and (16), we get

dz(zn/ p) < dz(xn, p) — dz(xnrzn) - d2<2nrzn)
+ (exp;ﬂ1 Xp — yzrnAzin,epo?nl zn) — 2pon(A2p, exp];1 Zn)
< d?(xn, p) — d*(xu,2n) — d*(Zu, z0)
+ 2up n (Apxy — AdZy, exp;nl Zn) — 2420 (A2p, exprj1 Zn) (17)
=d%(xn, p) — d*(xn, 2n) — d*(Zn, zn)

+ 2;;211 Hont1(Azxy — AZy, eXPz_nl Zn) — 242 0 (A2p, exp];1 Zn).

By the definition of i ,, if (Axx, — Azin,expzfnl zn) > 0, then

22y i (Agxy — Aoz, exp; ' zp) < 2 5 (2 (xn, 2n) + 32 (2 En));
Hon+1 H2n+1

in the case of (Ayx, — AxZ,, exp;ﬂ1 zy) <0, itis clear that

2 H2n Hont1(Aaxy — Azzn,exp~ zy) <0< ﬂz" (dz(xn,Zn) + dz(zn,in)).
W2 n+1 W2 n+1
Thus,
dz(zn,lp) < d%(xy, p)— d?(xn, 2n) — d%(2u, z1)
2 2 (2 (i, Z) + (2, Z)) — 22, Az, expy ! 20) (18)
= d2(xp,p) — (1— ﬁ/\z)dz(xn,in) —(1- ;gj—il/\z)d%fn,zn) — 22,0 (A2p,exp, ! Zn).
In a similar way, we get
dz(xn—i-lr ‘7) (19)
< A (zn,q) — (1= 0225 A0)d (20, yn) — (1= 22 A0)d (Y, Xn41) — 20,0 (A1, expy yn).

Note that the limit lim;_sc —- Hk /\k = Ay € (0,1) for k = 1,2. Hence, there exists
np > 0 such that ﬁ)‘k €(0,1)Vn Z ng fork =1,2.

Next, we restrict (p,q) € S. Then, substituting (18) for (19) with g := p, we obtain
that, for all n > ny,

(11, p) & (xn, p) — (1 — L2 05)d? (Zn/xn)_ZVZ,n<A2PIeXP;12n>

H2n+1
— (1= )@ (g, 20) = 21l Arp expy o)
) = (1= LAy ) = (1= ) )

Hin+1

2H2n<A2P,Epr Zn) — 2;41,”(A1p,exp;1yn).
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This, together with the assumptions, guarantees that d(x,,11, p) < d(x,, p) Vn > ny.
Thus, the sequence {x,} is bounded.

In the same way, substituting (19) for (18) with n := n + 1 and p := g, we obtain that,
for all n > ny,

P (z021,4) < (20 q) — (1= SA1)d (Y, 20) — 2p1,0(Ard, expy " )

H1n+1

1- ﬁi e A2)d?(Zn 41, Xni1) — 2M2n41 (A, equ_1 Zuy1)

(
— (
= d*(zn,q) — (1 - Zinﬂ A2)d? (211, %p41) — (1 — ﬁ)\l)dz(ynrzn)
— 2pp 1 (A2q, expy ! Zy1) — 21,0 (Arg, expy " yn).-

This, together with the assumptions, guarantees that d(z,+1,q) < d(zx,q). Thus, the
sequence {z,} isbounded. [

Corollary 2. Let the sequences {xy } and {z,, } be generated by Algorithm 2. Then, {x, } and {z, }
both are bounded sequences.

Proof. We denote by S the solution set of VIP (4). Take a fixed p € S arbitrarily. Notic-
ing A1 = Ay = A, we deduce from (18) and (19) that, for each n > ng, d(x,11,p) <
d(xn, p), d(znt1,p) < d(zn, p), and

dZ(an,p) < dz(xn,p) —(1- Han_ A2)d (xXn,2n) — (1 — Han_ /\z)dz(zn,zn)

ﬂz +1 142 +1

— (1= YA d? (20, yn) — (1 — 2 A0)d2 (Y, Xng1)-

Hin+1 Hint+1

Hence, {x,} and {z,} both are bounded sequences. Moreover, it is clear that, for all
nz no,
(1— 22 20)d? (xn, 20) + (1 —

Lo o) (2, 20

Vz

+ (1 - HTM Al)dz(zn/]/n) ( - HP;lil Al)d (]/n/ xn-i—l)
< dz(xn,p) dz(xnﬂ, p)-
Since limy e L2-A; = A; € (0,1) for i = 1,2, we conclude that d(xy,Z,) —

Hin+1
0, d(Zn,zn) — 0, d(zn, yn) — 0and d(yn, x4 41) — 0asn — co. [

Theorem 1. Let the sequences {x,} and {z,} be generated by Algorithm 1. Suppose that the
conditions in Lemma 10 hold. Then, {(xy,z,)} converges to a solution of SVI (5) provided

limy o {d(xXn, yn) +d(zn,2n)} = 0.

Proof. First of all, by Lemma 9, we have p; := limy e ptj > min{%, ‘14]'/0} forj=1,2.
Moreover, by Lemma 10, we know that {z, } and {x, } both are bounded, and that, for all
n > np,

d(zpt1,9) < d(zn,q) and d(xui1,p) < d(xa,p) V(pq) €S.

Noticing limy o {d(Xn, yn) + d(zn,Zn) } = 0 (due to the assumption), we deduce that
{Zu} and {y, } both are bounded. We define the sets S1, S as follows:

S={peC:3g€Cst. (pg) €S} and S, ={ge€C:IpeCst (pgq) €S}

From Definition 3, we know that {x,} and {z,} are Fejér convergent to S; and S,
respectively. Let p be a cluster point of {x, }. Then, there exists a subsequence {x,, } C {x,}
such that limy_,, x,, = p. From the boundedness of {z, }, we might assume that z,, — 7
as k — oo. Since limy ;0o {d (X4, yn) +d(2z4,Z4)} = 0, we obtain that Z,, — §and y,, — p.
In addition, noticing

an = PC(eprnk(_P‘Z,nkAzxnk))/
ynk = PC(esznk (_,ul,VIkAlzi’lk))/
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by Proposition 3, we infer that, for all x € C,

0 < (expy, Zn + HomAsn, expz, X)
= (expy,, Zng expz, X) + pn (Agtn, exp, %) )

_ -1z —1 —1 -1
= (expx”k Zngs €XP3, x) + yz,nk<A2xnk,exp2nk Xn, ) + yz,nk<A2xnk,expxnk x),
and

0 < <eXpZ:zi Ym + Vl/"kAlz”k’eXpyin}( *)
= {expz, Yn Py, X) + i (Arz, expy, X) 2
= (exp2,] Y Xy, %)+ purn (Arzn, Py} 20) + i1 (Arzn, expr! x).

Note that limy_, o {d(xn,, ¥, ) + d(2n,, Zn, )} = 0, the subsequences {yy, }, {Z;, } are
bounded, and limy, 0 pt,, = pj > 0 for j = 1,2. Letting k — oo, we take the limits in (20)
and (21) and hence get

0 < (exp; " 7,exps " x) + pa(Asp,expy ' p) + Ha(Azp,exp, ' x),
0 < (exp; " pexp, ' x) + p1(A17,exp, ' 4) + p1(A1g,exp; ' x).
Therefore,
<exP,7_1 P+ ni(A1g, expg1 x) >0 VxeCcC, (2)
(exp; ! G+ pa(Aop,exp; ' x) >0 Vx e C.

This leads to (7,7) € S, and hence j € S1. Thus, by Proposition 6, we obtain that
Xp — pasn — oo.

Next, let § be a cluster point of {z,}. It is known that there exists a subsequence
{zm} C {zu} such that limy_, 2y, = 4. Using the boundedness of {x,}, we might
assume that x,;,, — p as k — oo. Thanks to limy, e {d(xn, yn) + d(2z4,Z4)} = 0, we obtain
that Z,,, — 4 and y,;, — p. Noticing

Zmy = PC(eprmk (_VZ,mkAmek))/
ymk = PC (expzmk (_,ul,mkAlzmk))/

by similar arguments to those of (22), we deduce that
<9XP¢7_1 p+u(Ag, engl x) >0 VxeC, )
<eXP,g71 4+ ua(Aap, exp,;l x) >0 VxeC.

This yields (p,4) € S, and hence § € S,. Thus, by Proposition 6, we obtain that
zn — § as n — oo. Consequently, using the uniqueness of the limit, we infer that {(xy, z,) }
is convergent to a solution (p,4) € S of SVI(5). [

Theorem 2. Suppose that the sequences {x, } and {z, } both are generated by Algorithm 2. Then,
{xn} and {z, } both converge to a solution of VIP (4).

Proof. Using Definition 3 and Corollary 2, we deduce that {z, } and {x, } both are Fejér
convergent to the same S. Let p be a cluster point of {x;,}. It is known that 3{x,, } C {x,}
s.t. limy_,o xp, = p. Then, using limy_, o, d(xp,, Zy,) = 0, we have limy_,, Z,, = p. Since
limy e o, = p2 and Z,, = PC(eprnk (—H2m Axny)), we obtain p = Pc(exp,(—p2Ap)).
Hence, by Proposition 3, we get p € S. Thus, from Proposition 6, it follows that x, — p
as n — co. Similarly, we can infer that z, — § as n — oo for some § € S. Using
limy o {d(xn, Zn) + d(Zn,24)} = 0, we obtain the desired result. [J
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3.2. The Second Parallel Algorithm
Algorithm 3 is the second parallel algorithm for the SVI.

Algorithm 3: The second parallel algorithm for the SVI.

Initialization: Given x, yo, zo, Z0 € M arbitrarily. Let p o = pgq > 0

and A, € (0, V2 — 1) for k = 1,2, and compute

{ 21 = Pe(expy (—p2042%0)), o { 71 = Pc(exp, (—p2,142Y0)),
x1 = Pc(exp,, (—p1,0410)) y1 = Pc(exp,, (—p1,14120)).

Iteration Steps: Compute x,,;1 and z,1 (1 > 1) below:

Step 1. Construct
Con={xeM: <exp7:,_n1 Xp — ;42,,1A22,1,1,expzfn1 x) <0},
Cip={xeM: <exp;11 Zy — yl,nAlyn,l,exp;ql x) <0},

and calculate

{ Zny1 = Po,, (exp, (—p2,nA2Zn)),
Xpt1 = Pcy, (exp,, (—p1,nA1Yn))-

Step 2. Calculate
Znt1 = Pc (eXPan (_V2,n+1A2yn)>/
Yn+1 = Pe(exp,  (—p1ni1A1Zn)),

min{bi)u‘jl(ini%ﬂ), ]12/,1} if d(AzZn, Agfn,l) 75 0,

where

Hont1 = (A2Zn,ArZ, 1
Han otherwise.

Hin+1 = A(ArymAryn_1)” Fn 1Yn, A1Yn—1 ,
’ Hin otherwise.

Again, putn := n+ 1 and go to Step 1.

(24)

In particular, putting A; = A, = A in Algorithm 3, we obtain the following algorithm

(Algorithm 4) for solving VIP (4).

Algorithm 4: The second parallel algorithm for the VIP.

Initialization: Given x, yo, zo, Zo € M arbitrarily. Let py o = prq > 0
and A\; € (0,/2—1) fork = 1,2, and compute
{ z1 = Pc(exp,, (—H2,0A%)), x1 = Pc(exp,, (—#1,0A10)),
. - and
21 = Pe(exp, (—Ha1420)) y1 = Pe(exp, (—p1,14y0))-
Iteration Steps: Compute x,,;1 and z,1 (1 > 1) below:
Step 1. Construct
Con={xeM: <expgn1 Xy — yzlnAZn_l,epo?nl x) <0},
Cip={xeM: <expy’n1 Zn — yLnAyn_Lexp}T”l x) <0}
and calculate
{ zZn+1 = Po,, (eprn (—H2nAZn)),
Xn1 = Pey, (exp,, (—p1,nAyn))-
Step 2. Calculate
Zn1 = Pelexpy  (—p2n414Yn)),
Ynt1 = Pe(exp, , (—p1nt14Zn)),

where
_ [ min{Eleie ) ifd(AZ,, AZ, ) £0,
Hont1 = i :
Uon otherwise.
. Ad(Yn, n— s
_ min{ 7&1(1/1;5 Ayy 711)),]/11/,1} if d(Ayn, Ayn—1) #0,
V1,n+1 AYn .
Uin otherwise.

Again, putn := n+ 1 and go to Step 1.
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Lemma 11. For k = 1,2, the sequence {yy , } generated by Algorithm 3 is monotonically decreas-
ing with lower bound min{ /L\—’;, Hio}-

Proof. It is clear that {yy ,} is monotonically decreasing for k = 1,2. Note that Ay
is a Lipschitzian mapping with constant Ly > 0 for k = 1,2. Then, in the case of
d(Axz,, ArZ, 1) # 0, we have

Ad(Zn,Zn1) o A2d(Zn Zu1) _ Mo
d(AxZy, AoZp_1) — Lod(Z4,2,-1) Lo’

Consequently, {12, } is the sequence with lower bound min{ }L%, H2,0}. Similarly, we can

show that {1, } is the sequence with lower bound min{ 2‘—;, Mot O

Corollary 3. For k = 1,2, the sequence {yy ,} generated by Algorithm 4 is monotonically
decreasing with lower bound min{ %, Hio}-

Lemma 12. Let {x,} and {z,,} be the sequences generated by Algorithm 3. Then, the sequences
{xn} and {z, } are bounded, provided for all (p,q) € S and n > ny,

(1 —_ M)dz(zmzn) + (1 - %)d2(2n,yn)

Ho,n+1 H1,n4+1

+ 24120 (Ao, expy 2n) + 2001, A1p,exp; ) > 0,
(1 - CDetnny o ) 4 (1 - O\, )

H2,n+1 Hin+1

+ 2424 (Azg, equ’l Zn) + 2u1 4 (A1q, equ’1 Yn) > 0.

Proof. Take (p,q) € C x C arbitrarily. Utilizing the similar arguments to those in the proof
of Lemma 10, we can deduce the following inequality:

d2(2n+1/ p) < d2(xn, p) — dz(an,Zn) - dz(zn,Zn)

- - - 1= 25
+ 22,0 (A2Zu 1 — AsZn,expy Zni1) — 2o (Aop, exp,t Zn). ()

We now estimate the term (AyZ, 1 — AzZy, exp;, 11 Zy11) in (25). From (6), the definition
of yp ,4+1 in Algorithm 3, we have

220 (Arzy—1 — AoZn,exps ' zui1) < 2upnd(ArZy_1, ArZn)d(zui1, Zn)

Aod (21,2 M ooy 105 =~ N
S %\yz,n%d(zrhklrzn) = #’thld(znfl,zn>d(zn+l,zn) (26)
1D n - - -
< 2 (L (2,1, 20) + V242 (201, 20)).

In the meantime, by the fact (2 + b)? < (2 + v/2)a? + /2b%, we get
A2(2p_1,2n) < (d(Zn,z0) +d(20,20-1))> < (V24 2)d% (20, 20) + V2d% (21, 20—1).  (27)
From (26) and (27), it follows that

2o (A2Zn—1 — AoZn,exps ' zui1)

(14+V2)Aopiny 12/ Aoton 12 . V2Mapan 2 =
< Y td (Zn/ Zn) + 7142,11+’11d (Zn/ Zn71> + [Ty d (Zn+1/ Zn)-

(28)

Substituting (28) for (25), we obtain

Pz, p) < d2(on, p) + 22 (2, 2, _) — (1 - DMy 25,z ) )

- (1- M)dz(znﬂlfn) —2p2,u(Asp, eXP;l Zn).

H2,n+1
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Adding = )\2}42 = d?(z41,%n) to both sides of (29), we get

Aapn -
[@ (21, p) + 20 (241, 20

Aotio s 1+v2)Agpin N
< [dz(xn/\r})ﬂL Hiyil dz(znzzn—l)] - (1 %)dz(znrzn) (30)
Watnn  Aspion . 1.
-(1- mjilf - ff;i; ) (241, 2n) — 22 {A2p, exXp, 1zy).

In a similar way, we get

(42 (1, q) + A2 ()

Hin42
Mt 1+v2) A pi
< @ (2,0) + T2 A2 (xy, y )] — (1 T2 2z, ) (31)
M, Mpag _
(1 M2 ) — 2 Ard,expy ).

From lim,—,e0 fi2,, = pa > 0 (due to Lemma 11) and A, € (0,+/2 — 1) (due to Algo-
rithm 3), we get

A
lim (1 — %) = lim (1 — V2hajian 2201y 1 A1+ v2) > 0. (32)
n—roo H2,n+1 n—co H2,n+1 H2,n+2

Hence, there exists an integer 1y > 0 such that

(L +V2)Aaua -0 and 1-— V2Xapan  Aapanii
Ho,n+1 Ho,n+1 Ho,n+2

>0 Vn>n. (33)

Next, we restrict (p,q) € S. Assume that, for all n > ny,

(1+v2) A 1\ 42 5 (1+vV2) M 1\ A2
(1- sz)d (zn Zn)+(1 Tﬂll)d( ]/n)

+2p2,u(A2p,exp, ! Zn) + 2p1,u(A1p,exp, ! yn) >

Adding (30) to (31) with g := p, we obtain that, for all n > n,,

[@2(z 1, p) + 2222025 3 5] 4 [d2 (30, p) + P2 (x, )]

/\ﬂz n+2 \ Hin42
N =1 1n
< [ (o, p) + 72222 (2,2 1)) + 8220, p) + 52202 (s, Y1)

This implies that there exists the limit

. A . A
Tim {[@2(z20, p) + 222202 (2,2, 1)) + [ (2, p) + P2 (0, 1))
o H2,n+1 Hin+1

Hence, {d?(z, p)} and {d?(xy, p)} both are bounded. Therefore, {z,} and {x,} both
are bounded. In addition, again from (30), (31), and (34), we deduce that, for all n > ng,

V2Aojiay  Aopio - VoM M
(1 2t B2, 2 4 (1 e S )
A2 = n
< [d(zn,p) + Pé‘uil d*(zn, Zy—1)] + [ (on, p) + P&yi—l a2 (2, Yn—1)]
A n ~ A n
{21, p) + B Rz 5]+ B (g, p) + R (2],
which, together with (32), leads to
i d(zen,20) = Jim d(41,90) = 0. (3)

Consequently, from the boundedness of {z, } and {x,}, we infer that {Z,} and {y,}
both are bounded. Moreover, it follows that there exists the limit limy,_,e0(d?(xy, p) +
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d?(zy,p)) for each (p,q) € S. In a similar way, we also infer that there exists the limit
limy, 00 (d%(x1,q) + d%(z4,q)) for each (p,q) € S. O

Corollary 4. Let {x,} and {z,} be the sequences generated by Algorithm 4. Then, the sequences
{xn} and {z,, } are bounded.

Proof. Let S indicate the solution set of VIP (4) and fix p € S arbitrarily. Noticing A; =
A, = A, we deduce from (30) and (31) that

[d2(2n+1,}7) + A2 i1 d2(2n+1/2n)] < [dz(xn,p) + sz"dz(zn,inq)]

fﬂ2n+2 \[ Hont1
1 Ao 2Moin Aopio, .
— (1 S (3, 5,) — (1 - Ytte — SR 5,00, 2,),
A ” A n
[d?(xp11,p) + ;ﬁ; d?(xy11,yn)] < [d(zn, p) + Hiylﬂ & (X, Yn_1)]
1+v2) A piy VIMpL, M,
= (1= TR ) = (1= 02 = AR i1, ).
Sincelimyco(1 = LEERIR) = limoco(1 = e = Bf10) = 1= A4(14 VD) >
0 for k = 1,2, we know that there exists an integer ny > 0 such that 1 — M >0

Hin+

and 1 — \/E:k’: f’” — /\;‘lf knil ~ 0 for all n > ng. Thus, it follows that, for all n > ny,

[ (241, p) + 22222802 (2,41, 2)] + [ (%10, P) + 2 (x4, )]

Ho,n+2 H1n+2

< [d2(z0, p) + 22002 (2, 2, 1)) + (@2, p) + 2HI P (2, 1))

H2,n+1 Hin+1

This implies that there exists the limit

A . A
Tim {[@(z0, p) + 22220 (2,2, 1)) + [ () + PR 0,y 1))
H2,n+1 H1n4+1

Therefore, {z, } and {x, } both are bounded. Moreover, it is easy to see that limy, ;e d(2s, Z1)
=limy oo (241, 2n) = 0and imy 00 d(2p, Yn) = limy oo d(Xy41,yn) = 0. O

Theorem 3. Let the sequences {xy },{zn} be generated by Algorithm 3. Assume that the conditions
in Lemma 12 hold. Then, {(xn,zn)} converges to a solution of SVI (5) provided limy, o {d (Xn, yn) +
d(zn,2n)} = 0 and lim, e {d?(zy, p) + d*(xn,q)} < +oo forall (p,q) € S.

Proof. First of all, by Lemma 11, we have lim,, ;0o pig, = px > 0 for k = 1,2. Using
Lemma 12, we obtain the boundedness of the sequences {x, }, {z, }, and the existence of the
limits limy—e0 (42 (xp, p) + d?(zy, p)) and limy—ye0 (d?(x, q) + d*(zn,q)) for each (p,q) € S.
We observe that, for each (p,q) € S,

lim (¢ (xu, p) + @2 (20, q))
= lim [d?(xu, p) + d(zu, p) + @ (xu,q) + @ (20, 9) — (d%(2n, p) + d*(x,9))]

n—

= lim (@ (xy, p) + (20, p)) + lim (@ (x,q) + B (20,9)) = lim (@ (20, p) + & (x2,9))
< Ho00.

We claim that each cluster point of {(x;,z,)} belongs to S. Indeed, since {(xy,zx)}
is bounded, there exists a subsequence { (X, zm, )} of {(x4,z,)} converging to (x*,y*) €
M x M. This means that x,;, — x* and z,,,, — y*. Itis clear that y,,, — x* and Z,,, — y*
because d (X, Ym, ) — 0and d(zy,, Zm, ) — 0ask — oo. Since C is closed and convex in M,
from {(ym,,Zm, )} C C x C, weget (x*,y*) € C x C. Taking into account that d(z,,Z,) — 0
and d(x,,y,) — 0as n — oo, we infer from (35) that d(Z,,Z,+1) — 0 and d(yu, yy+1) — 0
asmn —r oo.
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Noticing that z, = PC(eprn(—VZ,nAzyn—l)) and y, = Pc(expzn(—yl,nAlfn_l)),
from Proposition 3, we get

(expy !z, + yzlnAzyn,l,epo_"l x) >0 VxeC,
<e><p;”1 Yn + ,uLnAlZn_l,exp;ll x) >0 VxeC.

Hence, we have

0 < (exp; ' 2y, expzf'1 X) + o n(Agyy_1,exps  x)

= (expy ! Zn, exp; | x) + Mo (Ayn—1,€xp; "~ x) + yz,n<A2yn,1,exp;nl Zh-1),
0 < (expy ' yn, exp, !t x) + p1,n(Ar1Z—1,exp, ' x)

= (exp; yn, exp;} X) + pin (Alin,l,expyfnlil X) 4+ pin (Alzn,l,expy*nl Y 1)-

Passing to the limits in two inequalities of (36) as n := my — oo, we get

0 < (exp, y*,expyl1 x) + ;12(A2x*,expy11 x) VxeC,
0< (expy_*1 x*, expt x) + (At expl x) Vx € C.

This means that (x*,y*) is a solution to the SVI (5), i.e., (x*,y*) € S
For the rest of the proof, it is sufficient to show that the sequence {(x,,z,)} only has a
cluster point. Indeed, suppose that {(x,,z,)} has at least two cluster points (%,7), (%,7) €
S. Then, there exist two subsequences {(xy;,zy;) } and { (xp,, zm;) } of {(xn,2z,)} such that
{(xn;,z0,) = (%,7) and (xp,, zm;) — (%,7) as i — oo. By Proposition 2, we get
lm (&2, £) + (2, 9)) = im (&2, ) + & (2, )

n—oo

> lim [d?(xp,, X) + d?(%, %) — <exp3;1 Xn;, expz %)

+d*(z n,y)+d2(y, ) — 2(e Xpy- Zn, expy ' )]
(d?(xn, X) + d*(20,§)) + d*(%, 2) +d*(7,7),

and
lim (d?(xy, %) + d*(z0, 7)) = hm (d2(xm LX)+ d*(zm,, 7))
n—oo

y
> lim [dZ(xm LX) +d%(%,%) - <expx Xom; ,exp,jl x)
) -

+d(zm,,y>+d2( 2(exp; " zm;, e><1og >]
= lim (d(xy, 2) + d* (s >>+d2(>?f +d%(

Combining (37) and (38), wehave ¥ = fand 7 = 9. O

Theorem 4. Suppose that the sequences {x, } and {z,} both are generated by Algorithm 4. Then,
{xn} and {z,} both converge to a solution of VIP (4).

Proof. By Corollary 4, we know that {x,} and {z,} are bounded. Putting Ay = A, = A
and p = g € Sin (30) and (31), we deduce that

n—o0

lim d(zy, yn) = hm d(xn+1/yn) =0.

n—o0

{ lim d(zp, 2p) = lim d(zy41,20) =0,

Thus, it follows that lim, e d(zy,2z,11) = limy—eod(zn, x,11) = 0. Note that
AYns1,Yn) < dYn+1,2n41) +d(zn41,20) +d(zn,yn) — 0 (n — c0). Thus, we have
A(xXp41,Ynt1) < d(Xp41,Yn) +dYn, Ynt1) (n — o0), and hence lim, 00 d(xy, y5) = 0. In
addition, since d(x,11,z541) <  d(Xpi1,2zn) + d(zn,zpe1) (n — ), we get
limy 00 d(Xy41,20+1) = 0, and hence lim,—,00 d(xy,2z4,) = 0. Note that the SVI (5) with
A1 = Ay = Ahas asolution (p, p) € C x C if and only if the VIP (4) has solution p € C.
Therefore, by Theorem 3, we know that {(x,,z,)} converges to a solution (x*,y*) € C x C
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to the SVI (5) with A; = A; = A. Thus, from limy,_,e d(x,,2z,) = 0, it follows that {x, }
and {z, } both are convergent to a solution x* = y* € C to the VIP (4) O
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