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Abstract: In the years 1917-1919 Tullio Levi-Civita published a number of papers presenting new
solutions to Einstein’s equations. This work, while partially translated, remains largely inaccessible
to English speaking researchers. In this paper we review these solutions, and present them in a
modern readable manner. We will also compute both Cartan-Karlhede and Carminati-Mclenaghan
invariants such that these solutions are invariantly characterized by two distinct methods. These
methods will allow for these solutions to be totally and invariantly characterized. Because of the
variety of solutions considered here, this paper will also be a useful reference for those seeking to
learn to apply the Cartan—Karlhede algorithm in practice.
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1. Introduction

In the years 1917-1919 Tullio Levi-Civita (LC) published nearly a dozen papers intro-
ducing and analyzing a variety of new solutions to Einstein’s field equations (collected
works in Italian available in Volume IV at [1]). Recently, several key papers have been
republished in English, including two of Levi-Civita’s original papers [2,3], and [4] contain-
ing an overview of several solutions not included in any of the other translations. In [2], a
homogeneous Einstein-Maxwell spacetime is derived; in [3], a spacetime with a potential
analogous to the logarithmic Newtonian gravitational potential is derived; and [4] dis-
cusses derivation of several degenerate vacuum spacetimes. There are additional spacetime
solutions in literature not translated into English [5,6] which are similar, but distinct from
the other degenerate vacuum solutions.

The age and structure of these papers has resulted in more contemporary works citing
these papers in confusing or incorrect ways. Here, we clarify the structure of works on
exact solutions that are of interest. First, a homogeneous solution was published in 1917 as
a standalone paper [7]. Then, in the years from 1917 to 1919, a series of nine notes were
published starting with [8] and ending with [9]. It is not uncommon to find the different
papers in this series cited by the general heading of the entire series or by referencing to
only the first article in the series.

Additionally, we will provide an invariant (local) characterization of these solutions
via two different methods. First, we will utilize the Cartan—-Karlhede (CK) algorithm [10]
to generate an invariant coframe and the corresponding scalar quantities which uniquely
characterize these spacetimes. The variety of solutions considered in this work will result in
the CK algorithm running in several markedly different ways. We will present an overview
of the algorithm itself, as well as a comprehensive guide that fully outlines and computes
each step of the CK algorithm for the different spacetimes. Thus, this paper should serve
as a useful resource for those attempting to learn to apply the CK algorithm in practice.
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Second, we calculate the Carminati-McLenaghan (CM) [11] scalar invariants to con-
struct a coframe independent classification of each solution. The set of CM invariants is
advantageous as they are of the lowest possible degree and are generally the minimal
independent set for any valid Petrov and Segre type spacetime. All spacetimes considered
herein are of a Segre type, such that only CM invariants are needed, i.e., we do not need the
extended set of invariants given in [12]. In fact, in several of the cases considered the space-
time is sufficiently special, such that only a subset of the CM invariants are needed [13].
We do note explicitly that the CM invariants will only uniquely characterize these solu-
tions to zeroth order (in derivatives), but such invariants are useful for distinguishing LC
solutions. In several cases, we will also present “Z” invariants [14], as these invariants
are distinct from the CM invariants and may contain information regarding algebraically
special surfaces [14,15]. For completeness, we note that all spacetimes considered here
are 7 non-degenerate, as the only case considered with constant scalar invariants is ho-
mogeneous [16]. We also note that the CK algorithm will always generate a complete
classification of the spacetime, thus there is no possibility this may fail for the specific cases
considered here.

We will also consider several generalizations of these solutions in cases where our
methods of characterization extend directly, and in an instructive manner. In particular,
we are interested in the work given by [17], which generalizes the solution in [2,7] to one
which is not conformally flat, and in [18] which generalizes the work in [3,9] to a solution
which is not generally static.

Throughout, the (—1,1,1,1) signature convention will be used. Greek indices will
be taken to run from 0 to 3, and follow the Einstein summation convention. Parentheses
(brackets) around indices will denote the usual (anti)-symmetrized indices. Partial deriva-
tives in the form % will always be taken to be covariant, and null tetrads will always be
listed in covariant form. The null vectors {I,k, m, 7} will be taken to have normalization,
such that [,k# = —1 and m,m" = 1.

2. Overview of the CK Algorithm

Here, we provide an overview of the practical CK algorithm used throughout this
paper. For a review of the theoretic underpinning of the general Cartan process, see [19].
For a review of this process’s application to general relativity, refer to [10,20,21]. In this
algorithm we will use g to denote the order of differentiation, which tracks the current
iteration of the algorithm. In the steps given here, we will also depart from the “standard”
description of the algorithm by treating the g = 0 order step as a distinct “initialization”
step and all steps with g > 1 as the repeated part of the algorithm. We do this as the zeroth
order step is the only step in which we will require full knowledge of the algebraic type of
the tensors considered as it will usually be the step at which the parameters of the isotropy
group are fixed the most.

The CK algorithm will run as follows:

1.  Take the order of differentiation to be 4 = 0;

2. Determine the Petrov and Segre types of the spacetime. Practical algorithms for
this can be found in [22,23], respectively. These types will be used to determine the
possible invariant forms to use at zeroth order;

3. Construct a null tetrad for the spacetime;

4. Calculate the components of the Riemann tensor along the current null tetrad. It will
be useful to split the Riemann tensor into its irreducible parts;

5. Using the known Petrov and Segre types, along with the forms of the curvature
computed above, determine an invariantly defined frame for the spacetime which
fixes the frame as much as possible. Here we will make use of the invariant forms
given in [24]. We also note that while it is possible to start with any frame and
determine the transform which brings it to its standard form, we will usually try to
determine a frame which is in (or as close as possible to) an invariant form at zeroth
order. At this step, one will often have to select, by hand, if one is setting the Ricci



Symmetry 2021, 13, 1469

3of21

or Weyl tensor into an invariant form, as it is not generally possible to find a frame
which fixes both tensors into their canonical form;

6. Using this canonical form, determine the number of functionally independent terms
which are now invariantly defined by the given frame. One method of doing this is
constructing the Jacobian for the functions and determining its rank;

7. Setq=1;

Calculate the gth derivatives of the tensor which has been set into an invariant form;

9. Determine the isotropy group which leaves these derivatives invariant. This group
will be a subgroup of the isotropy group at order g — 1, and thus one only needs to
check how the gth derivatives transform under the (g — 1)st isotropy group and find
the new maximal invariant subgroup;

10. If the new invariant subgroup is smaller than the previous group, fix the transforma-
tion parameters such that the derivatives are in an invariant form;

11. Determine the number of new functionally independent terms appearing at order g;

12.  If the isotropy group and number of functionally independent terms has not changed
from the g — 1 step, the algorithm terminates. The full set of CK invariants are all of
the derivative components computed thus far. If the isotropy group or functionally
independent terms has changed, then set 4 = g 4 1 and return to step 8.

&

3. The Homogeneous Levi-Civita Solution (1917)

In 1917, Levi-Civita presented a solution to Einstein’s field equations which described
a space permeated by a homogeneous, non-null Maxwell field [2,7]. This solution was
later rediscovered independently (and nearly simultaneously) in [17,25], and, as such, is
often called the Bertotti-Robinson metric in literature. It was [17] that presented a slight
generalization (discussed below) which has a non-vanishing cosmological constant. It was
shown in [26] that this metric was generally singularity free. This spacetime can also be
shown to be a limiting case of the more general Petrov solution [27].

Later considerations of more general Maxwell spacetimes have also revealed several
interesting properties regarding this solution. First, this is the only homogeneous non-
null Maxwell solution [28]. Generalizations where the Maxwell field does not share the
homogeneous symmetry also give interesting solutions (not discussed here) which are
algebraically more general [29,30].

3.1. Forms of the Metric and Nature of the Coordinates

In present literature, there are at least six equivalent forms of the homogeneous 1917
Levi-Civita line element. Here, we will introduce these different forms and discuss the
relations between them when possible and mention any relevant coordinate artifacts that
might be present. We will also present several new forms of this metric and discuss several
cases in which no coordinate transforms exist in the literature, nor can it be derived without
the use of complex transforms.

The original form of the line element [2] was given in cylindrical coordinates as:

2
ds? = — (cleZ/” + cze_Z/“) dr? + dpz +a? sin(p/a)zdgb2 +dz?, 1)

where ¢; and c¢; are integration constants originally derived by Levi-Civita and a is a
constant usually associated with an electric or magnetic field strength [2,7]. If ¢; and
¢ are both non-zero and of opposite sign, this metric will be singular for z = §In | % .
Additionally, this metric is singular for p = nma, where n € Z.

One may define an angular parameter 6 = p/a, such that (1) can be rewritten in the
form given in [31] as:

2
ds? = — (cleZ/”‘ + cze_Z/“) dt? 4+ dz? + a*dQ)?, (2)
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where d0? is the line element for the 2-sphere. We explicitly note that 6 € R. This metric
can also be be put into a secondary set of cylindrical coordinates [31] by taking p’/a = sin 6
giving:
2 12
ds? = — (c1eZ/“ + cze_Z/”> dr? + —dp 5
(1= ('/07%)

We note here that o’ € [0, a]. In these coordinates the countably infinite singularities
in the original radial coordinate have been reduced to only p = 0 and p = a.

We may once again rewrite (1), this time in the associated Cartesian coordinates,
previously exploited in [32], as:

+ 0'2d¢? + dz?, (3)

(x dx" +y/ dy’)z
a2 — (x’2+y’2)’

2
ds?> = — (cleZ/“ + cze_Z/“> dt? +dx' 2+ dy'? + dz* + 4)
where we explicitly note that the primed coordinates x’ and y’ are restricted to take values
subject to x'2 + /2 < a2.
It is also possible to eliminate ¢y and c; via a transform on both ¢ and z. By scaling ¢
and translating z, the original metric can be rewritten into one of two equivalent forms:

ds? = — sinh(z)2dt? + a?dz* + a*d()? ()

or
ds®> = — cosh(z)?dt* + a?dz> + a*d)?, 6)

where, for real coordinate transforms, one can get either a sinh or cosh solution depending
on the relative signs of c; and ¢,. Interestingly, it appears that the only method of connecting
these two equivalent solutions is via complex transformations on both t and z, although it is
not presently understood why this method works. We do note that this property of certain
complex transformations, resulting in the same solution in different forms, is remarkably
similar to the application of the Newman-Janis trick when applied to Minkowski space [33].

Here we also present a new form of this metric which is not related to previous
solutions by any known transform, real or complex:

ds? = —e%df? + a2dz? + a2d02. 7)

Using this form and making the coordinate transform r = e™*

in t) we get the form seen in [20], given as:

(along with a rescaling

2
ds® = ‘;7 (er — dtz) + a?dO?. ®)

This reference also presents the form

2 2 2
ds? = —(1+Zz>dt2+ <1—y2>dx2+ (1—%)
a a a

which we see is a special case of the more general metric considered in (17).
Throughout the rest of this paper we will work with the metric and coordinates given
by (8). A convenient choice of covariant null tetrad is given by:

j_ @ 2 0 K a (9 0
~7ml-a) v E)

2 | .. 0 _ 0 . . 0
m:\%<ae+lsn’l(9)a¢>, m:\ji<ae—lsln(9>a4)>

1 22
2 2
dy” + (1 + a2) dz*, )

(10)
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3.2. Curvature Invariants and CK Classification

Using the null tetrad defined in (10), one may calculate the only non-vanishing

curvature component
1

2a%
This constant solution is therefore both conformally flat and Ricci flat. Since this
curvature component is constant and is an invariantly defined frame, (11) is the only
non-vanishing CK invariant [24].
Additionally, this result fixes all CM invariants to be either zero or of the form ca®" for
a,c € Rand n € Z. For example, the only two non-vanishing CM invariants are

Dgy = (11)

n=2y%= g, (12)

where only r is independent since the spacetime is of warped product type B, [13].

3.3. Regarding Electromagnetic “Wormholes”

It has been suggested that this solution may in some sense constitute a wormhole
supported by electromagnetic stress [34,35]. It was shown in [31,36,37] that, despite there
being a coordinate singularity at o’ = a in (3), this does not correspond to a wormhole
throat, as an appropriate choice of coordinate transform can be made, such that the spatial
part of the metric becomes that of a hypercylinder. Here, we will highlight two different
methods of characterizing this surface, which provide a secondary method of determining
that this solution is not a wormhole.

Working with the coordinates and metric given by (3), we choose the following null
tetrad to analyze the surface p = 4, where we have dropped the prime out of convenience,

1 d a d
= — | —|c1e¥" +coe™ /| = —=— |,
ﬁ( ’ ot ,/gZ_pZE)p

1 d
k= (—‘clez/”—f—cze_z/” =

a9 (13)
V2 ot JaZ—prop)
1/ 9 .9 1 (92 .0
m=aleng i) e )

The null expansions along ! and k are, respectively,

9(1) = (ﬂ“’VﬂlV and G(k) = qw/vykv , (14)

where § = guv +21(,n,) is a local, induced two-metric and V, is the standard covariant
derivative. In terms of the given null frame, these are explicitly:

O =0 == 5,

It can be seen that the surface p = a is indeed a surface on which the expansion of these
null directions vanish. For this surface to correspond to a wormhole throat, the derivative
of the expansion projected along the null direction must be positive on the surface [38].
Computing these terms at the surface we can show that

1

(16)

Thus, this surface cannot correspond to a wormhole throat. It is in fact only a maximal
surface relating to the given range of coordinates [39,40]. This surface is also not detectable
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by any scalar invariants (since all invariants are constant) and, thus, is not a geometric
surface, as would be expected for a wormhole throat [15].

3.4. Bertotti Generalization

In [17], a generalization of the 1917 solution is used, with the line element taking the
form of

2 22 2 -1 22 -
A= —(1+ L |2+ (1- 5 Jd2+ (1+ 5 | df+ (1- 5| d2, 7)
e re e re

where x,y, z are Cartesian coordinates. If r # r_, this solution is no longer conformally
flat or Ricci flat. In the case where r| = r_ = g, the spacetime becomes conformally flat
and reduces to (9).

Using the null tetrad:

_ 1+£E+$i k_i — 1+x722_#i
riat /1+%8x ! 2 riat 1+%ax !
re e

(18)
o 2a i o) __af[2a i a
rroy [ poz | V2 rZdy [ 20z
2 2
the only non-vanishing curvature components are found to be
a2 1),
ey
(19)

1(1 1 1(1 1
Op=7(5+5] Ya=z(5-5)
u 4<ri+r2_> 2 6<1’?|r r2_>

which are again all constants. Since both terms in (19) are constant, and this is already an
invariantly defined frame to zeroth order, these are the only three non-vanishing Cartan
invariants.

Since this spacetime is a warped product spacetime of type By, the four invariants
given below are the complete set [13]. These are:

2 3
1 1 1(1 1 1/(1 1
R:2 A K == 7+7 7 :O/ == 5 — - . 20
<r2 ri) " <r2 ri) "2 27 36 <r2 ri) (20)

4. The Cylindrical Levi-Civita Solution (1919)

In [3,9], a solution to Einstein’s field equations is presented that serves as the analog
to the Newtonian logarithmic potential. In [41], the CK invariants have already been
computed, and in [42] these invariants were used to show that this solution can be found as
a limiting subcase of the v (or “Zipoy-Voorhees”) [43,44] solution. Here, for completeness,
we will independently compute the CK invariants.

This spacetime solution has also been of interest as an exterior vacuum solution to
various physical sources, see [41,45]. There has also been interest in global (topological)
properties of this solution as certain parameters (which do no affect local properties) are
related to cosmic strings, see [45—47] for discussion of these properties as they pertain to
this solution, and see [48] for a general review of cosmic strings.
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4.1. Forms of the Metric and Nature of the Coordinates
The line element for this spacetime is given by
ds? = —e2Vdf 4 e~ (e“ (dp2 + dzz) i r2d<p2), 1)
in standard cylindrical coordinates, where v(p, z) is a solution to
19 ([ ov 0%y
2= — =0 22
p op (pap)+azz ' -
and A is defined, up to a constant of integration, by the differential relation:
w2 v’
dA=p (E)p — 5 )dr + 20v11pdz. (23)

Once solved, particular solutions for v and A are given by

h W2 —h
eV = <PO> , M= <P) , (24)
Y 00

where & is an arbitrary real constant. Note that, with the form of line element given
by (21), it is possible to choose coordinates, such that pp may be eliminated from the metric,
although this will result in ¢ not being parameterized from (0,27). This will correspond to
a global angular defect discussed in [47,49]. Since the metric is independent of the angular
coordinate, such a reparameterization will not necessarily affect the local classification
given by either CM or CK invariants. Explicitly, we will take this metric to be

ds? = —p?hd? + pz(hz_h) (dp2 + dzz) + 0207 Mdx3, (25)
and use it for all calculations going forward. We note, once again for clarity, that x3 € [0, 4]

and a is determined by the specific value of ry taken above.
Going forward we will take a null frame given by:

1 ) 2, 0 1 ) 2_p 0
= — _h+hh>, k:(— ne hh),
ﬁ(”at P N AN ) 26
T B A S B Y N
) T o) NG Pz )
4.2. Curvature Invariants and CK Classification
In the above frame, the only non-vanishing components of curvature are
Yo =¥y = %h(hz - 1)p*2(h2*’1+1) and ¥, = —%h(h —1)2p 2R ht1) (o)

This frame is invariantly defined and thus these are the zeroth order CK invariants.
Additionally, this frame fixes out all isotropy. Taking the covariant derivatives, the only
non-vanishing terms are

(5 — h)p—3(1+h2—h)
Crmkmx = —Ciatmig = 7 ,

(R + 1) (h— 1)3p73(1+h27h)

Crmkml = Crmkt;m = —Crmtm = —Citimim = — 7 , (28)

(h— 1)2(h3 24 h)p—3(1+h2—h)
Crmit;m = Crmktzk = —Cimmtyr = —Cutimtm = — 7 ,
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none of which are functionally independent from the zeroth order invariants. Thus, the
algorithm terminates here.

We do note that for certain special cases this spacetime is of type D (h =-1,1 2) [20,42].

727
In these cases, the algorithm must be approached separately as the frame given is only
invariantly defined when i = —1. Additionally, since the Weyl tensor is now more

algebraically special, there will be boost and spin isotropy remaining at zeroth order. This
means that, in general, one will need to compute higher order derivatives to fully classify
these special cases. Here, we will work each of these three cases explicitly.

When h = —1, the frame given by (25) becomes

_ 1 (_ 0 29 _ 1/ 49 5,0
l_\ﬁ< o aﬁ"ap)' k_ﬂ( o P ap)

29
TR A AT Ry ) )
“ e\ a ) T APz )
In this frame, the only non-vanishing curvature component is
¥y =20"°, (30)

where we have one functionally independent term, and remaining isotropy

<g lxgl),with o € Cand (_01 (1)> (31)

At first order, the non-vanishing derivatives are
-9
Chmttzn = Crmmig = ~Crmmig = —Cuimim = 6207, (32)

which are not functionally independent of the zeroth order components. At first order, the
isotropy group is reduced to just

i0
(eo eoi(;), with 6 € R. (33)

The non-vanishing second derivative components are

Crmkm;mm = Crmitkin = Crmit;imk = Crmmik = Cmimtt = Crimtim = Crtimtml
= Camtmm = —Cumtmm = —Cimkiim = —Crmmtmm = — Crambm (34)
4 4 4 4 48
= — 5 Comktynt = — 5 Comimtxt = — 5 Commt;ik = — 5 Cutrtmk = o1z’

which do not reduce the above isotropy. Thus, the algorithm stops at second order.
In the following two cases, the functional independence follows exactly as above. At
zeroth order the isotropy is identical, but in both cases, at first order, it is reduced to

(/g ﬁ01>,with BeR. (35)

Forh = %, using the frame:
1 d ] 1 d ]
= (i) (v i)

(36)
o 1 71/4 a . ,1/4 a — 1 71/4 a . ,1/4 a
"= V2 (p dp L V2 P dp o)
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we have the CK invariants:

1
Y, — = *3/2[
2 8P
3 _
Crmit;t = Cimimtm = Crmimt;m = Crmix = *mp o4,
37
Crmkm;tt = Cimktim = Crmktml = Cikmktit = Crmintkl = Chmint;k 57
= Cmint;mm = Ckmmtmm = Crimikm = Crmtmk = Crimimk = Crlmi;kk
4 4 4 4 3 _
= gckmkl;lm = gckmﬁzl;mﬁz = gckmmlmm = gcklml;km = 16° 3.
For h = 2, using the frame:
1 ) d 1 0 0
1= — (o422, k=— (-2 -p2),
\@( P az> ﬁ( TR = -
ne (P2 ei2) moL(p2 i0)
Va\" o " poxs )’ Va\" 9 " paxs)’
we have the CK invariants:
Tz = 2p_6,
Crmktt = Crmimtzm = Ckmitm = Crimix = —6V207,
Crmkmiit = Cromktim = Ckmikt;mt = Cromkizmt = Cimmiki = Crmm;ik (39)
= Cimimt:mm = Cimmtnm = Crmikmn = Crmime = Crmtmk = Ciimikk

4 4 4 4 _
= gckmkl;lﬁz = ngmmz;mm = ngmml,-mm = nglmz;kl =48p 12,

Here, we can see that the h = 1/2 and h = 2 solutions are in fact identical as their CK
invariants can be found to be compatible.

In the case where I = 0,1, the spacetime is (locally) flat, and, thus, all invariants will
vanish, although globally there are topological properties mentioned above not captured
by this approach.

The only two non-vanishing CM invariants are

oy = 2(h2 - h)z(h2 s 1)p—4(h2_h+1), Wy = 73(}12 B h)4p—6(h2—h+l), (40)

which reduces as expected for the special values of h.

4.3. Kasner Generalization

In [18], a generalization of the 1919 solution was given as
ds? = —r?Pdt? + ?Adr? + rPE2Baz? + o?r?F12Cdg?, (41)

which is in general stationary (rather than static). The constants in this solution are related
via the Kasner constraints

A+B+C=A*+B24+C>*=1, D+E+F=D*+E*+F*=1, (42)

and take specific values given by:

2s+H (2s—1)(2s+€(2s—1)) (1-25)(1+€(2s—1))
A=2"2 B= , C= ,
S+H S+H S+H (43)
D:§, EZZS(Zs—l) F:1—25

S S ’ S 7’
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where s is a real constant, ¢ = +1, and
H:e(4s2—1) +(1-2s)% S=48%—25+1. (44)

Computing the curvature with respect to the null tetrad

_ L ( p9 a9 _1(_ pd a9
l_ﬁ( TR 8r>' k_ﬁ( 5 )

(45)
1 (EB9  .2FcO — 1 (eB9 .o2FcO
m \/E<r az+wcr 84)' m ﬁr %z zarta¢,
we have the non-vanishing Ricci components:
Dgy = _%(B(D — E) + C(D _ F) + A(E + F))t72+E+F;,72+B+C’
(46)
Dy = %(B +C+E —3BE — 2CE + F — 2BF — 3CF)r—2tEFF=2+8+C)
and
_ 1 (C(—z + B +2C)AEHF)
0~ 2p2p2
+(C—E+B(3E—1)+F—3CF)rE 8 C L F(—2 + E+ 2F)t2<B+C>),
1/ BCr20 EFt24
Yo=5| - 47
272 ( t2 + 72 )’ (47)
_ 1 _ 2(E+F)
¥y = o (C(-24 B+20)r
+(B + E—3BE — F+ C(3F — 1))rE*Ft#+C 4 F(—2 4 E 4 2P)2(B+0)),
This frame is not canonical, as this spacetime is Petrov type I, and ¥y # ¥4, but the
boost
(Yo/¥a)"® 0
1/8 | (48)
0 (Y4/Yo)

will bring it to the canonical form

‘P(l) = TZI =V \1101114, (49)

Y, =¥,.

For compactness we will write curvature components of the new canonical frame in

terms of the old frame, where the new frame will be primed and the old frame unprimed. At

zeroth order we have no remaining isotropy and have only two functionally independent

terms. The first order derivatives, shown below, cannot reduce the isotropy further and
contain no new functionally independent terms, and so the algorithm terminates.

_ 1 Can 2\ 3(E+F) B
Comtonk = 55375 (zc (4 3B—5C+2BC+C )r + (4(E - F)
+B(1 — 6E + C(7 — 4E — 13F) + 3F) + C(—15 + 14E + C(14 — 17E — 17F)

+23F))2(E+E)B+C 4 (_E 4 15F — 7F(E 4 2F) + C(4 + E(—3 + 13F)
+F(=23 +17F)) 4 B(—4 + E(6 + 4F) 4 F(—14 + 17F)))rEHF2(B+C)

_2F (4 — 3E—5F+2EF + FZ) t3(B+C)) (‘I’o
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1
Crmkm;l = _m (ZC((—l + C)C + B(—l + 2C))r3(E+F) + (C(—l +2F

+C(2—3E = 3F) + F) 4+ B(—1+ C + 2E + F — 3CF) )X E+F)B+C
+(E(=1+2B +C+ F —3CF) + F(=1+ 2B + C + 2F — 3(B + C)F))rFF2(B+C)

1},4>1/4

F2F((—1+ F)E+E(~1+ 2F))t3<B+C)) <‘P
0

_ 1 A B 3(E+F)
ckmkz;m—4ﬁr3t3( 4C((~1+C)C+ B(~1+20))r

+(—B(-1+C+2E+4CE+F—-5CF)+C(1+F+C(-2+E+F)))
x2EFEBHC 4 (F(14-C 4 (—2+ B+ C)F) — E(~1+C + F — 5CF

1/4
+B(2 + 4F)))rFHFRBHC) _4F((—14 F)F + E(—1+ 2P))t3<B+C>) (i‘*) ,
0

Copiors = ———p STEFF4=3+B+C(B 4 C —2BE + (-2 + C)CE
kmkl;m 4\/5 (( ( )

—BF — C(1+ C)F 4 BC(—=3 + 2E + F))rF*+F 1 4BCr2(E+F) 4~ B-C
+(E — CE+2BE(—=1+F) + F+ (=34 C)EF + B(—2 + F)F — CF(1 + F))

1/4
S 1B+C +4EF1,7E7Ft2(B+C)> (‘h) /

o
1
Chmmig = —=r 21+D)y=3(1+4) (PP, 3D43 4 prydpa
kmiml;k \/i (
¥ 1/4
+(—1+B+C)EP71+2Dt2+A+BC(—1+E+F)72+Dt1+2A) <1I;4> ,
0

+—3(14+D) -3(1+4)
1/a
¥
va(#)
+(—=1+ B+ C)EFr+2P2+4 _BC(—1+E + F)r2+Dtl+2A),

(—EPrSDt3 + BCrR34

Crmimt;l =

—3+E+F;—3+B+C
Cumtm = ! ! (-(B+C—-2BE+ (—2+C)CE—-BF-C(1+C)F

1/4
Y
w2()
+BC(—=3+42E + F))r¥tF 4+ 4BCr2E+E)~B-C | (E — CE 4 2BE(—1+F)
+F + (—3+ C)EF + B(—2+ F)F — CF(1+ F))t?C — 4EPr*E*Ft2<B+C>),

1
¥ 1/4
4\/§r3t3(‘¥—3)
+(B(=1+4C+2E+4CE 4+ F —5CF) — C(1+ F + C(=2 4 E 4 F)))2(E+F)B+C
+(F(1+C+ (=2 + B+ C)F) — E(~1+ C + F — 5CF + B(2 + 4F)))rETF2(B+0)
+4F((—1+ F)F + E(—1 +2P))t3(B+C>),

Crimlim =

(—4(:((—1 +C)C + B(—1+2C))3EFF)
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1
¥ 1/4
2\@1’3153(\1,—3)
+(C(=1+2E +C(2 = 3E = 3F) + F) + B(—1+ C + 2E + F — 3CF) )2 ETF)B+C
+(=E(—=1+42B+C+ F —3CF) + F(1 —2B — C — 2F + 3(B 4 C)F))rE+F{2(B+C)
+2F((=1+ F)F + E(—1 +2P))t3<B+C>),

Crainlk = (—2C((—1 +C)C+ B(~1 +2C))r3(E+F)

1
2\@1’3153(%)3
+(—4E +4F + B(—1+ 6E — 3F + C(—7 + AE + 13F)) + C(15 — 14E — 23F
+C(—14+ 17E 4+ 17F)) )2 E¥D)B+C o (_F 1 15F — 7F(E 4 2F)
+C(4+ E(—3+ 13F) + F(=23 + 17F)) + B(—4 + E(6 + 4F)
+F(—14 + 17F)))rETFR(B0) 4 oF (4 — 3E—5F+2EF + Fz) t3(B+C>).

/4 (ZC (4 —3B—5C+2BC+ C2>r3(5+p)

Gt =

(50)

Here, the non-vanishing CM invariants are:

r1:\/2r3:—%(B+C+E—3BE—2CE+F—2BF—3CF)

X (B(D — E) + C(D — F) + A(E + F))p2(E+F=2) 2(B+C-2),

1
24t

+(C—E+B(3E—1)+F —3CF)rE*FB+C L F(E +2F — 2)t2<B+C>)

2
wy (3 (BCr (P47 — ERE(O) 4 (C(B +2C —2)2F+)
X (C(B +2C —2)r2E+F) 4 (B4 E —3BE — F+ C(3F — 1))rFFB+C 4

FF(E+2F —2)20+0))),

_ 3 2E+F) _ pp2(B+0)\° 2(E+F) _ pp2(B+C)
wy = 4r6t6(<BCr EFR(+0))" — (Ber EFR(5+0))

x (C(—z + B+2C)2E+F) 4 (C— E+ B(—1+3E)
+F = 3CF)rEH BT C L F(—2 + E + ZF)tz(BH:))
X (C(—z + B +2C)r?E+E) 1 (B4 E —3BE — F + C(—1+ 3F))rErFB+C
+F(—2+E+ 2F)t2(B+C>)),
my = %(B(E _ D)+ C(F—D)— A(E+F))
X (—E — F + B(—1+3E 4 2F) + C(—1 + 2E + 3F))4(-2+E+ D) jA(=2+B+C)
X (—EFrZDtZ n BCthZA),
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my = é(B+C+E—3BE—2CE+F—ZBF—3CF)

X (B(D — E) + C(D — F) + A(E + F))2(-4+E+F) 2(=4+B+C)

X (_ (BCr(E+F) — EF+0)’  (C(~2+ B+ 20) 2
+(C—E+B(=1+3E)+F—3CF)/EtFBHC L F(2 4+ E+ 2F)t2(B+C>)
x (C(—z + B +2C)2EF) 4 (B4 E—3BE — F+ C(—1+ 3F))rEFB+C

HE(-2+E+2F)2540)),

s — 11—61’2(E+F’4)t2(3+c’4)(—2(B(E — D)+ C(F—D)— A(E+F))
x(—E — F+ B(—1+3E +2F) + C(—1 + 2E 4 3F))r 4Dt 44 (EFrZDtZ - BCthzA)2
+(B+ C+E —3BE — 2CE 4 F — 2BF — 3CF)?

x (2C22ECE) 4 CrF (B — 2)rEF 4 (1 - 3F)PC)

4 4BHC (B(3E C1)pEHE F<rE+F +o(F - 1)tB+C) n E(irE—i-F n FtB+C>))2
+(B(D—E)+C(D —F)+ A(E+F))?

X <2C2r2(E+F) + CrEtE ((B — 2Bt 4 (3F - 1)tB+C)

| 4B+C (_3(35 —rFE — PP o(F - 1) BT 4+ E (rHF + FtB+C))>2>'

m5:8

LaErr-a p(pc-4) (;(B(E —D)+C(F-D)—A(E+F))
x(—E— F+ B(3E +2F — 1) + C(2E + 3F — 1))y~ 26P4-2-64 (BCr2t2A - EFr2Dt2)3
+%(B + C+ E —3BE — 2CE + F — 2BF — 3CF)*/2(E+F-2)2(B+C-2)

x (EFrZDtZ - BCthZA) (2c2r2<E+P> + CrEHF ((B —2)rEtF 4 (1 3F)tB+C)

BHC (B(sE —1)rETF 4 P<rE+F +2(F— 1)tB+C) +E (—rE+F + PtB+C)))2
+3(B(E— D)+ C(F~ D)~ A(E+F))(~E — F + BE +2F — 1)

+C(2E +3F — 1))y 21+D) 2054 (_EF2Pg2 4 B2 (2022(E)
+CrE+F((B 2)r E+F+< F)tB—i-C) 4 B+C (B(3E_1)7E+F
+F<1'E+F +2(-1+F) tB+C) ( E+F+FtB+C)))

% <2C2r2(E+F) + CrE+F<(_2 + B)E+F 4 (3F — )tB+C) + tB+C(_B(3E — 1)rE+F

—FrEF 4 o(F ) FEPC 4 B (rEHF 4 piPEC) )

(51)

_%(B(D —E)+C(D — F) + A(E + F))?/2(72E+E) 2(=24B+C)

x (—EPrthz + BCr2t2A) (2c2r2<E+F) + CrEHF ((—2 + By EF 4 (-1 + 3F)tB+C)

L 4BHC (_3(35 — 1)rEHE — FrEE L o(F — 1)FeBTC 4 E(rHF + FtBH:)))z)’
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where we point out that the vanishing of the Ricci invariant r, and the mixed invariant my
are useful for identifying this spacetime.

5. The Longitudinal, Quadrantal, and Oblique Levi-Civita Solutions (1918)

There are three classes of solutions that are less commonly discussed in the literature
than the proceeding two we presented. These solutions are derived in [5,6,50] and all three
are reviewed and summarized in [6]. These three papers are not published in English and
the latter two remain nearly uncited directly, thus we will carefully review these solutions
in more depth. Throughout this section we will also present the non-vanishing 7 invariants
(see [14]) as these scalars contain information not present in the CM invariants, due to
being constructed from derivatives of the Weyl tensor.

5.1. The Longitudinal Solutions

Here we characterize the solutions described in [50], which Levi-Civita refers to as
longitudinal solutions, described by the metric

2 2
ds®> = —(u — en)dt? + do” + S — (52)

n?  Kon*(p—en)’

where do? is the line element for a two-dimensional space with constant Gaussian curvature
and y, 17 are coordinates which run over intervals such that the spacetime is consistent with
the chosen signature convention, y is a real constant, K is a positive constant, and € = +1.

This solution can be split into three distinct subcases depending on the sign of y. Here,
we will move to work with the coordinates given by [4], as they are closer to those typically
employed in modern references and explicitly reduce the number of free constants to one.
The three forms given are

-1
(p>0): ds*>=— (1 — 2:”>dtz + (1 — 2;”) dr® +r? (d92 - sin(9)2d¢2), (53)

wherem > 0and2m <r < oo,orm < 0and 0 < r < oo,

-1
(h<0): ds?=— (2;” - 1>dt2 + (2;” - 1> dz% + 22 (er + sinh(r)2d4>2), (54)

wherem > 0and 0 < z < 2m,
2
(n=0): ds?= —d% + zdz? + 2° (dr2 + r2d¢>2), (55)
where z > 0.

For completeness, we note that (55) is not the only solution for # = 0 (we also note
that the degenerate static vacuum fields are also listed in Table 2-3.1 in [51], in which
Equation (53) is classified as “Al”, (54) is classified as “A2”, and (55) is classified as “A3”,
where b = 2m). In particular, this solution takes Gaussian flat two-spaces to be a two-
dimensional plane. An equally valid choice would be to take these two spaces to be
cylinders,

2 dr? 2, 2(32, 2.2
ds? = =T 4 2d72 + 2 (dp +a2dg ) (56)

but these solutions are only different globally, and, thus, both the CK algorithm and CM
invariants will not be able to detect this difference.

The solution given by (53) is the Schwarzschild solution which has been invariantly
characterized via the CK algorithm in [10], via CM invariants in [52], and via Z invariants
as a subcase in [14]. The solutions given by (54) and (55) are distinct and, as such, we will
explicitly state CK and scalar invariants.
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For (54), the null frame:

i o 1 2
V2 z ot \/27’”7—132 ’
A w0 1 2 67)
ot oz |’
1 a . . 0 _ 1 a . . 0
m= \ﬁ <Zar + zzsmh(?’)a>r m= \ﬁ <Z£9r - zzsmh(r)aqb>,

gives the only non-vanishing curvature component to be

k=

Y, = mz 3. (58)

This frame is, therefore, invariant to zeroth order, and the remaining isotropy is given
by (31). The independent, first order, non-zero derivatives (components) are

3m  [2m
Crmii:in = Trmmtk = —Crmmiy = —Crimim = —=—1\/ — — L, 59
kmkl;m = Crmmlk kil amin = 53\ (59)
which are not functionally independent of the zeroth order components. At first order, the
isotropy group is reduced to just (33). Since the isotropy group has been reduced at first
order, the algorithm proceeds to second order, where the independent non-vanishing terms

are
Crmiim = Ckmint;mm = Crkmmtmm = Criatkm = —Ckmkm;mm = —Ckmkikm = — Cmkl;mk
3m(2z — 4m)
= —Cikmintkk = —Crmmtit = —Crtintim = —Crimtm = — Ciatintmm = — % (60)
3m(2z — 5m)
Crmktint = Ciommikt = Chmmiik = Crtntimk = —— 5

which possess the same isotropy and produces no new functionally independent terms.
Thus the zeroth, first, and second order terms are the CK invariants needed to fully
characterize this spacetime.

In this case, the non-vanishing CM invariants are:

1 z3
W =——==-— 61
eV, m 1
and the non-vanishing 7 invariants are
2 2 4
2m — 2m —
I = 48m7, I; = 720%92), Is = 82944%52). (62)
b4 z z

We note in this case that the I3 and I5 invariants both vanish for the extremal value
z = 2m, which indicates this hypersurface is invariantly defined in much the same way
that the Schwarzschild solution’s event horizon is.

For the spacetime given by (55), the algorithm proceeds identically to the preceding
case with the null frame given by

1 10 d 1 1 0 d
G AR e I e = A It
El
ar

9\ 1/ . 2 (63)
cergg) me )
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which gives CK invariants at zeroth, first, and second order as:

1
Y, = 7273,
279
C =C =-C =-C =3
kmkl;m — “kmmlk — — “kmml]l — T “klmlm — mz s
(64)
Crmkmzmin = Crmkikm = Crmkt;mk = Crmmtik = Ckmmtn = Crimtim = Crimimi
= Camtmm = —Crmktiin = —Cmmtmm = — Ckmmtmm = — Crimlkm
4 4 4 4 3
= —gckmkz;mz = —gckmml;kl = —gckmmz,-nc = —gcklmz;mk =%

A particularly interesting remark is that this special case coincides (at least locally)
with (21) where h = —1.
We also have the following non-vanishing CM invariants:

3 3
1 =56 W2= "0 )
and 7 invariants 12 180 5184

5.2. Quadrantal Solutions

In [5], Levi-Civita gave a second set of vacuum solutions. These are similar to, but
distinct from, the longitudinal solutions (which he called quadrantal solutions). He gave
the following line element

20() 1 de?
ds2 = —& dt2+(H+E§d2+d 2), (67)
GRS TG A
where (&) = u¢® + eZ?, Ky is a positive constant, y is a real constant, and € = +1. Note
that the coordinate range of ¢ is restricted to the subset of R such that £(¢) > 0. The
undetermined function {(¢) is defined by the differential equation

= ebW) 4 pel®) =, (68)

which will have solutions of the form

p>0: et = cos(\/uy),
u<0: e&W = cosh(y/|uly), (69)
u=20: W) = Y.

Working in the null frame

l_i,féﬂﬂ+;Lj, o L[ Wa 1 9
V2 g oot JKgop ) T V2 g ot VKpgop )

70
LA e ifmwa) L1 1 o ifmoa 0
vilevka@a e\ ko) " T Va\ ke &\ Ko oy )’
the only non-vanishing curvature component is
¥y = JeKol?, @)

2
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which is in an invariant form to first order. The remaining isotropy is given by (31). The
independent first derivative components are

3
3eKZ et
Crmkt;t = Ckmimtm = Crmimtm = Crimix = V2 VH+eg, (72)

which are not functionally independent of ¥, and the isotropy is reduced to (35). The
second derivative components are

Crmkm;it = Cimktim = Crmktml = Cimktimt = Crmimtkl = Ckmmtik = Crmmlzmm

= Cmintmim = Cititkin = Cititmk = Cutmiink = Canmie = 3€K5E (4 + €€), (73)
3
Crmitiim = Ckmimtzmn = Crmimtzmin = Chimlkm = Z'EK(%@S(‘W + 5¢¢),

which have the same isotropy and introduce no new functionally independent terms. Thus
the algorithm terminates here. In the special case where y = 0 and € = 1, this solution will
coincide with (21) where h =1/2 or h = 2.

In this case, the non-vanishing CM invariants are given by

3
wy = 51<5¢6, wy = —7e1< 3, (74)

and the non-vanishing 7 invariants are given by
I = 12K3E°, Iz = 180K3E® (i +€§), Is = 5184K55™ (p + €). (75)

Once again the derivative 7 invariants will vanish at the extremal value of the coordi-
nate ¢ (if that coordinate is restricted due to the signs of y and €).

We note that, despite this solution appearing very similar to the longitudinal solu-
tions, the fact that the first order isotropy groups are distinct guarantees that these are
inequivalent solutions.

5.3. Obligue Solutions

In [6], a third vacuum solution was given which Levi-Civita described as oblique. This
solution is characterized by the line element:

g2 - H) 4o 1 (42 dp? o Freay
T e + o (B * Aty +EO) 76)

where Kj is a positive constant and H and E are given by

B(§) =48° — g8 — g3, H(n) =41 — g + g5, (77)
with g, and g3 being real numbers. Working in the tetrad
L[ Ves—gmtdro 1 9
V2 1+ (g +8)VKolgs —gan T 4P) 91 )

k:1<\/83—8277+4’73a 1 8)
V2 n+¢ o (1+¢)VKo(gs — g2 +417%) 91

N 1 9 V8-l 48 9
a " )

] =

(78)

~ V2Ko \ (7 +&)/(—g3 — 828 + 423) (7+¢)

}’71:

1 1 0 V=g -l +4 0
V2Ko \ (11 +8)/(—g3 — 828 +4¢%) 9¢ (n+¢) o
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the only non-vanishing curvature component is
¥, = 2Ko(n +¢)°. (79)

This frame is canonical and has remaining isotropy given by (31) as before. The first
order derivative components are

Ciemit;t = Ckmmtm = Crmimt;im = Cramlke = 3\6\/K8(77 +8)°(—g3 — §28 +48%),

(80)
Crmimtt = Crtintn = — Ckmkizm = — Chkmmik = 3\6\/KS(’7 +¢)°(83 — gon1 +47%).

These terms introduce one new functionally independent term. Additionally, since
the derivatives are mixed between those seen in (59) and (72), we see that all isotropy will
be fixed out at first order. The second order derivatives are

Crmkm;tt = Ckmktiim = Ckmkt;mi = Crmint;mm = Ckmintzmm = Crimikin = Crimtmk = Calinlkk
= 12K3( +8)° (—g5 — 828 +42%),

Crmkmsmm = Crkmkikin = Ckmkiimk = Ckmimtkk = Ckmmtn = Crimtim = Crimtmi = Catmmm
= 12K3(7 +8)° (83 — g1 +41°),

Crimtmm = Crimtmm = Catmtkm = Catmtmk = Camiik = Camikd = Commimt = Crmimtim

= —Cimkmtin = — Ckmkm;imm = —Ckmkiki = —Cromki;ik
= —Crmintzkm = —Crmkt;mm = —Ckmmtmk = — Chmkl;mm
3 3 3 3
:7C :7C 1. :7C =1. :—C—_ (81)
2 kmkl;11 7 kmml;lm 7 kmml;ml 7 klml;mm
3

= =5 Clamktzmm = *%Ckmmz;km = *%Ckmmz;mk = *%Ckw;kk

= 12K3 (7 + 6)3\/(g3 — 821 +417°) (—g3 — 28 + 48°),
Cimiiim = Ckmmt;mm = Crmmtiam = Crimlkm

= 3K} (1 + &)° (—683 + 3211 — 3g2 — 167° + 12962 +208%),
Cimirml = Ckmmtki = Ckmmtie = Craml;mk

= 3K3 (1 +8)° (—6gs + 3g21 — 3g28 + 165> — 128 — 207°%),

which introduce no new functionally independent terms, and, thus, the algorithm stops
here.
The non-vanishing CM invariants are

Lt = k(g +0)°, (82)

V6

and the non-vanishing 7 invariants are

w1, = —

I =192Ko(n +8), I = ~2880K3(y +&) (g2 — 4 (12 — s + &) ),

Is = —1327104K3 (1 + &) (g2 _ 4(,72 et gz)) (83)

Note that there are cases where the Z invariants will vanish and detect some special
surface, although the physical meaning of these surfaces has yet to be understood.

6. Conclusions

In this paper, we discussed a number of historical solutions originally presented by
Tullio Levi-Civita, outlining these solutions in a modern fashion. We also presented two
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References

different invariant characterizations of these solutions, using both the CK algorithm and
CM invariants. As these methods are fully coordinate invariant they present a unique
method of identifying these solutions for future work.

The CK algorithm is used here to generate invariantly defined frames, along with
curvature components projected along those frames. These invariant quantities are used
to classify these spacetimes and provide insight into certain special cases which can now
be seen to be identical. The CK invariants are of particular interest, as this method will
extend to higher dimensional generalizations of these solutions in a natural way [19,53].
This paper should also serve as a useful reference for those who want to learn to use this
algorithm in their own work, as the numerous cases presented here allow for one to see
how the algorithm is applied under a number of different circumstances.

The CM invariants, and in some cases Z invariants, for these solutions are also con-
structed. These invariants provide a coframe independent classification of these solutions
(to zeroth order), and also offer a useful characterization in cases where the CK invariants
become complicated. In particular, the vanishing of certain invariants can be used to
distinguish solutions that might otherwise appear deceivingly similar. The Z invariants are
also of interest, as there are cases in which these invariants vanish for certain coordinate
values. This indicates that there may be interesting, and invariantly defined, surfaces
present in these solutions which have not yet been analyzed.

As gravitational wave astronomy moves into the limelight of modern physics, solu-
tions to Einstein’s General Theory of Relativity have become increasingly important as a
tield of study even as an example for proof-by-contradiction. The high non-linearity of Ein-
stein’s field equations impose difficulties on finding solutions and an even greater difficulty
in the interpretation of them. It is possible that invariantly analyzing these solutions could
prove useful in understanding gravitational wave signals from novel sources. Though the
1917 Levi-Civita solution was not a wormhole, cylindrical symmetry seems to be a way
to avoid topological censorship and consequently give hope to obtaining phantom-free
wormbholes, asymptotically flat in the radial direction [45]. Of interest is the possibility
that Levi-Civita’s metric could provide the pathway towards the engineering of artificial
gravitational fields for human spaceflight.
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