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Abstract: In this work, we investigate invariance analysis, conservation laws, and exact power series
solutions of time fractional generalized Drinfeld-Sokolov systems (GDSS) using Lie group analysis.
Using Lie point symmetries and the Erdelyi-Kober (EK) fractional differential operator, the time
fractional GDSS equation is reduced to a nonlinear ordinary differential equation (ODE) of fractional
order. Moreover, we have constructed conservation laws for time fractional GDSS and obtained
explicit power series solutions of the reduced nonlinear ODEs that converge. Lastly, some figures are
presented for explicit solutions.

Keywords: conservation laws; Lie symmetry analysis; generalized Drinfeld-Sokolov systems;
symmetry reduction; Erdelyi-Kober operators

1. Introduction

Because of the great importance of nonlinear fractional partial differential equations
(NFPDEs) in physics, mechanics, hydrology, viscoelasticity, image processing, electromagnet-
ics, and other fields, researchers have long been aware of the solutions and applications of
fractional partial differential equations [1-12]. In recent years, parallel to the increase in mathe-
matical techniques and the use of computer programs, many authors have an increased desire
to work on fractional analysis. Therefore, many methods are used to solve the NFPDEs—for
example, the finite-difference method [13], the multiple exp-function method [14], the ho-
motopy perturbation method [15,16], the variational-iteration method, the exp method [17],
the fractional sub-equation method [18], and the Lie invariance method [19-21]. When we
look through the literature, we realize Sophus Lie firstly put forward a methodology about
symmetry analysis at the end of the nineteenth century [22]. After that, some impressive
Lie group methods were considered in order to obtain symmetries, symmetry groups, and
symmetry reduction. These are the classical and nonclasical Lie group approaches [23,24] and
the Clarkson and Kruksal direct methods [25,26]. The main role of Lie symmetry methods is
to construct invariance properties having partial equations as invariant forms. With the aid of
these properties, we can reduce an NFPDE into a nonlinear ODE of fractional order with the
help of the Riemann-Liouville (RL) derivative.

The link between Lie symmetry analysis and conservation laws of differential equa-
tions was revealed by Noether [27]. A generalized Noether theorem was used in [28] to
construct conservation laws of NFPDEs with fractional Lagrangians. However, some differ-
ential equations do not arise from Lagrangians. To overcome this problem, Ibragimov [29]
put forward a new method without Lagrangians. Lukashchuk [30] showed important
results towards obtaining conservation laws of NFPDEs.
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F=t+et(t,x,u,0)+0(e

In this study, we deal with exact solutions of the time fractional GDSS by using Lie
symmetry analysis and conservation laws. The time fractional GDSS that models 1D
nonlinear wave processes in two-component media has the form

Dfu + ajuity + bytbyyy + c(v7)x =0, )
{0+ a2uvx + byvyyx =0,
where a1, a3, by, by, c, and g are arbitrary constants, and D} is the RL fractional derivative
defined in (2). We could not take by = by = 0, because the time fractional GDSS may develop
finite time singularities [31-33]. According to our research, Lie symmetry methods have
not been applied to the time fractional GDSS until now. With some special choices of a;,
a, by, by, c, and g, the equation can be reduced to the time fractional Drinfeld-Sokolov-
Satsuma-Hirota equations discussed in [34].
The RL fractional partial derivative [35] is defined by

a;”t”, xa=méeN,

Dltxu: 1 oM
ma)at”’fo sdz, m—1<a<m,

m € N, @

ac+1 )

where I'(z) is a Gamma function defined by
I(z) = / e 'L,
0

which converges in the complex plane when Re(z) > 0.

2. Preliminaries for Symmetry Analysis

In this chapter, we give the basic idea of the Lie symmetry method. Consider a
system of time fractional partial differential equations with independent variables x and ¢
as follows:

fu(x,t) = Fy(x,t,u,us, Uy, Uxx, U, V¢, Ux, Uxx,...), 3)

D?’U(x/ t) = Fz(x/ t/ u/ utl u.X/ uXX/ 'U, 'Ut, Z))C/ Uxx,...)/ (4)

where the subscripts denote partial derivatives. Equations (3) and (4) are invariant under a
one-parameter Lie group of point transformations given as follows:

), % =x+el(t,x,u,v)+0(),

i=u+eu(txuuv)+ O(ez),
o

+epd(t,x,u,v) + O(e?),

Pl

oii 0

87; — al +eu*(t,x,u,v) —I—O(ez),
?a  du

a—; =33 + e (t,x,u,v) + O(€2),
%5 9%v

2 + €0 (t, x,u,0) + O(e?),

o =v+4ep(t,x,u,v) +0(e),

o )
T +€00(t, x,u,v) + O(e?),
25 R
g? — g Y en (tx,u,0) + O(e2), ©)
00 0
az az + €0*(t, x,u,v) + O(€?),
5 v

Pyt + €0™ (t,x,u,v) 4+ O(€?),
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where
pt= Dx( ) — uxDx(§) — utDx(7),
u* = Dx(p") — uxxDx() — uxt Dx(7),
V Dx(.uxx) - uxxxDx(g) - uxxth(T)/
P = Dx(p) - vxDx(g) - Uth(T>/

0™ = Dy(p%) — 0exDx(Z) — 0uDx(7), ©
P = Dy (™) — 0xxxDx () — vxxtDx(7),

1y = Df () + ZDf (ux) — Df (Qux) + D (u(Dyp)) — Dy (pu) + oDyt (),

o8 = Df(p) + {D§ (vx) — D (Zox) + D (0(Dyp)) — D1 (po) + pDf 1 (v),

wherein D, and D; are total differential operators given as follows:

d d d d d
Dy=—+uy=— +Uyys— +Ux5— + Vx5 + ...,

ox Ju July Ju 00y %

D i—i—uinLu i—i—vi—i-v i+

o ou T M ouy T T ow T ey
The infinitesimal generator of Equations (3) and (4) consists of a set of vector fields
given by
0 9 d

X = g +T +ya +pav 8)

One can prove that the mf1n1tes1mal generators defined above must satisfy the follow-
ing invariance criterion for Equations (3) and (4):

Pr”X(A1)|A1:0 =0 and PTnX<A2)|A2:0 = 0, n= 1,2,.., (9)
where
Al = Dttxu(x/ t) - Fl (x/ t/ u,ut, Uy, Uxx,0,0t,0x, Uxx,...)r

and
Ay := Dfv(x,t) — F(x,t,u, Us, Uy, Uyy, U, U, Ux, Uxx,..)-

As the lower limit of integral in (1) is fixed, it is going to be invariant under the
transformations given in (5), so the corresponding invariance condition becomes

T(t,x,u,v) = 0. (10)

Under the condition (9), the a-th infinitesimal related to RL fractional time deriva-
tive [36] is given by

o Mu 9" 0" "0 & QN n o ya—n
= T G = D) G — Sl o T2 5 (%) D) DE

at“ atlx atlx at = n
%) [ an,uu . 14 n+1 a— 71 anyv
" n;l |: (7’[) ot" <1’l + 1) Dt ( D + Z ot" t (U) + A/
9" J*v o* a"‘ 9y ) Q
n = 7() - — Pu — Po — n x—n
pIX - atlx + (Pv lXDt(T)) ata u attx at“ +Pu at“ nzl (1’1) Dt (Z;)Dt ('Ux)

B0 ( oo £ () o
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where

© L mokom ko n\ /n—m k k 1 e
1= () G () G )
n;z m14;n:2=2 k]Z::o rlz::o k;O r;o n/ \mjp my r1)\r2) kilka! T(n+1—a)

. . om ukl—rl amkaz—Vz an—ml—m2+k1+kzy
X (—u)"t (o) ,
fm 2 oh—my 7m28uklavk2

and

0 n mo ko omy kp o n n—miq kl k2 1 £
=L, 2L B EE N 06 C) Cmmms

my k1 —r1 Mmoo ko—ry yn—my—my+ky+k
o (_u)rl(_v)fza 1yf1=r gagka=r2 g 1Mk 2P.
fm tmz2 - gn—mi—mygyki gyka

Theorem 1. u = vy (x,t) and v = vy(x, t) are invariant solutions of Equations (3) and (4) if and
only if
(i) u=vi(x,t)and v =vy(x,t) satisfy the following expressions:

X =0« <€£c +T%+V% —i—pai))vl =0,
and
X,=0& (gaax +T%+V% —l—paav)uz =0.
(ii)) u=v1(x,t) and v = vp(x,t) are also solutions of (3) and (4), respectively.

3. Lie Symmetry Analysis and Reduction of Time Fractional GDSS

In this part of the work, we acquire an infinitesimal generator of the Generalized
Drinfeld-Sokolov systems by applying Lie point symmetries. Assume that Equation (1)
are invariant under one parameter transformations (5). We then have that

if + ayfiily + byfigzz +c(97); =0, a1

77? + aru0xz + b25fff =0.

Applying the second prolongation Pr? transformation to Equation (1), then using
transformation (6), we obtain invariant equations as follows:

yg + ayuxp + aqup™ + by 4+ cq(g — l)zﬂ*2pvx =0,
XXXX — O. (12)

09 + avyp + axup® + cp

Putting the values of pd, ud,0u u*, y**, p*, and p*** from Equation (6) into
Equation (12) and then isolating the coefficients in partial derivatives with respect to
u and v, we obtain a determined system of linear equations stated as
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Puw =Poo =Cu =Tu =T =Ta =lu = To = Tc = o = Tau = Puuu = - = Pxou = 0,
a1t +3ux =0,

— A UTy + txcqvq_lru — 31 Tyxo = 0,

wayuts + cv’ g0, — ajuly =0,

— auly + agp — balxxx + 3b2pxxo + a1t = 0,

a\ [ 9"py 1 [«
(o) (52— 55 0)

+ Dta—nUthnng + Dttx—n?]thng

Dtafn UDt1+n XT — Dtafn UDt1+n nt

=0. n=234,..

Solving all these determination equations, we obtain an explicit form of infinitesimal
symmetry for Equation (1) as

{ = —ciaqx + ¢, T = —3tqcq, u = 2ugera, 0 = 4oacy,

where c; and ¢ are arbitrary constants. Thus, we can construct corresponding vector fields:

0 0 0 0
X = (—ciaqx + cz)a — 3tqc1§ + 2“‘10(01@ + 4vac1%. (13)

It is stated that there are two vector fields spanning Equation (1):

0 0 ] 0
X1 = =— Xy = —aqxo — 3tq§ —I—Zuqrxg +4va%. (14)

Case 1. For the symmetry X;, we can write characteristics equations as follows:

dx dt du do
1 0 0 0
Solving these characteristic equations, we can easily obtain a trivial solution.

Case 2. Lastly we focus on symmetry Xy, so we can write characteristic equations as

dx dt du dov

“agx  —3qt  2qau  dva’

Solving these characteristic equations, we get both the similarity variable and the similarity
transformation as follows:

—2n —4u

C = Xt%af u= tTf(é‘), U= tvg(é’), (15)

where f and g are arbitrary functions of ¢.

Theorem 2. The similarity transformations (15) reduce Equation (1) to a nonlinear ODE with a
fractional order of the form

19

(Pi_sf'“f ) (§) + arffe + b fezg + cq8" 'z = 0,
(16)

1—0(—%—‘;‘,04
P, g (&) +axfgs +bageze =0,
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where the Erdelyi—Kober (EK) fractional differential operators [37] are given as

n—1 d
<P§""f> @ =11 <T+J B dg) (KHM 'Xf) (©), 17)

j=0

T,& nd . d T+a,n—u
(P g)(@) H(w 5 d§>(1< 2)(@), (18)

j=0
and with the EK Fractional integral operators [38,39] defined as

1

1 (o, 1\a—1,—(t+a) B
<K7ﬁr+zx,n—zxf> (g) — {F(zx) f1 (u l) Ty—(7+ f<§u/3>du, a >0, (19)

<KT+DC,H—D¢g> (C) = % f (M - 1)“ 1 *(TJrIX)g <§Mﬁ>du, n > 0, (20)

and

n:{[w]+1, a € N, (21)

x, a & N.

Proof. Letn —1 <a <n,n=1,2,3,... Using the transformations defined in (15) and the
definition of the RL fractional derivative, we have

d t —2u —u
Dfu(x,t) = % [F(nl—oc)/o (t— s)"‘“‘lsSf(xs3)ds]. (22)

Letv = é, sods = ;—{dv. Equation (22) becomes

Du(xt) = l ) / 0% (0= 1) f(Eo% o ] (23)

[ 53( KyE "‘f) (C)], (24)
Dfu(x, ) = St [aa ( o <K12f> (6))], 25)
Diu(x,t) = aa’;ni__ll [;t (tnl%’" <n - %‘" - ‘;‘g;§> (Ké_?’"_“f> (g))] . (6)

Applying the above procedure n — 1 times, we obtain
n—1 '
" _5 S5« o, d 1-% o
w3 (-2 et) (1))
pl 3 37d¢ :

Now, by using Equation (17), we can immediately write

D (1) = oot n[t“ (Kg‘%“'”‘“f><c>] =t (P%‘Sf'“f><¢>. (28)
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Consequently, we prove that the first equation defined in (1) reduces to an ODE of a
fractional order:

(Pisg’“f ) (§) + a1 ffz + b1 feee +cqg™ gz = 0. (29)

Similarly, using transformations (15) and the definition of the RL fractional derivative,
we easily reduced the second equation of (1) into an ODE:

19

1—a—3 o
<P3 . g) (¢) +acfge + bageez = 0. (30)

The proof is completed. [

4. Conservation Laws for the Time Fractional GDSS

Before obtaining the conserved vector for the time fractional GDSS, some important
definitions should be given. We can start with the RL right-sided time fractional derivative,

defined as follows:
oD} (oI"*f), (31)

where D is a total differential operator with respect to t, and the oI" ™ is the right-sided
time-fractional integral of n — a [40] given by

oI f(x, 1) = I"(nl— 3 /tp 0 {(;;Ilg)nw de, (32)

where n = [a] + 1.
All solutions of u(x,t) and v(x, t) provide the following conservation equation:

Dy(N') + Dx(N¥) =0, (33)

where N' = N¥(x,t,u,..) and N* = N*(x, t,u,..).
We use the Ibragimov method [29] to construct conservation laws of Equation (1). The
formal Langrangian of Equation (1) is defined as the following:

L= ¢(x,t)(Dfu+ ayuny + bytiyxx + cqzﬂflvx) +0(x,1)(Dfv+ auvy + byvyyy), (34)

where ¢ and ¢ define the new dependent variable of x and ¢.
Now, we express Euler-Langrangian operators [41] as follows:

0 _ d e O d 3 0

Su  ou + (Dt) aDth” xa”x Dxa”xxx’ (35)
and 5a 3 3 J

L _ 7 ayk Y I o

ov v + (Dt) an‘U xavx xavxxx, (36)

where (Df)* is the adjoint operator of Df.
Using the Euler Lagrange Equations (35) and (36), we can write the following expres-
sion:

oL oL
i 0, and 5o = 0. (37)
Thus, we have
7 J 0 t X
X+ Di(1)Z 4+ Dx(0)T = Wi— + Wo— + DiN' + Dy N7, (38)

ou ov
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where 7 denotes the identity operator, % and % represents the Euler Lagrange operators,
C" and C* are the Noether operators, and X is defined as

O A AL Y LA
“oox T Tar T Hau T Po0 T HgpEy TP D T Guy )
ad d
+ XxXx + o + XXX ,
V auxxx p avx p avxxx
and we can give Lie characteristics functions W for vector field X, as
W1 = u — tup — Quy = 2uqe + 3tqus — agxuy, (40)
and
Wy = p — Tvr — (vy = 4o + 3tqus — agxvy. (41)

Using the RL time fractional derivative in Equation (1), we now write components of
conserved vectors [40,41], as follows:

N' =T+ ¥ oDr 1k (wy) DEE 1y ( w, pp 25
=T +k§60t (W1) tm*(*)] Pt 3Dt
1 42)
K= oL oL
a—1—k k _(_1\n
+1§)0Dt (WZ)Dt aODg"U ( l) ](Wz/ t a DIX )
where | is defined as follows:
1(r,s) / / L5, %) 4y (43)
’ T(n—1) (v— T)""H n
and the explicit form of N* for Equation (1) is given as
d ] ad 0 0 d
=(T+W -D D.D Wy|=—-D D,D
I+ W aux xaux 5 xauxxx L 00y J(avxx—'_ g xavxxx‘|
d 0 0 d d
+ DX(W1) [auxx T Ol yxx * Dx(W2> [avxx ~Ds OVxxx + DD Ol xxx
0
+ DDy ] .
OVxxx
We can now derive the corresponding conserved vectors respectively as follows:
i a€(0,1)

N{ = 4>0Df‘*1 (2uqa + 3tqus — agxuy) + J((2uqe + 3tqus — agxity), ¢r)
+ 09D L (4va + 3tqu; — agxvy) + J((4va + 3tqu; — agxvy), ot),

ii: ae(1,2)

= ¢oD* Y (2uga + 3tqus — agxuy) + J((2uga + 3tqus — aqxuy), ¢r)
— ¢10D* 2 (2uga + 3tqus — agxuy) — J((2uqa + 3tqu; — agxuy), ¢ir)
+ 09D 1 (4va + 3tquy — agxvy) + J((4va + 3tqus — agxoy), or)
— 010D % (dva + 3tquy — agxvy) — J((dva + 3tquy — aqxvy), on),



9of 14

Symmetry 2021, 13, 874

and
= W1(¢>a1u + blfpxx) + WZ((PCqu_l + oau + bZU'xx) - bl‘PxDx(Wl)

— sz’xDx(Wz) + bl(PDJZC(Wl) + sz’DJZC(Wz),

where
W1 = 2uqua 4 3tqus — agxu, and Wy = 4oa + 3tqus — agxvy.

5. Series Solutions of Equations (29) and (30)
In this section, we examine the power series solution of the system. This method is

more accurate and efficient for obtaining an exact analytical solution. The procedures of

the method are given in [42]. We can construct

= Z rngn, g(g) = 2 Snénr (44)
n=0 n=0
= Z nrng’”*l, feee = Z nn—1)(n— 2);’"@”*3, (45)
n=1 n=3
and - .
ge= Y msnl" 1, geee =) n(n—1)(n—2)s," . (46)
= n=>3
Substituting Equations (44)—(46) into Equations (29) and (30), we have
X Tr2—%+42 ©
Y %rnfj +aq Z me" Y (n+1)rua "
= F2—%5+7%) n=0
0 o q—1 o (47)
+b1 ) (n+3)(n+2)(n+1)ru38" +cq ( ) s,@”) Y (n+1)s,418" =0,
n=0 n=0 n=0
and
) _ 44" n"‘) ©
)3 T2—a_ 4 m) sng" + Z " Y (n+1)s, 18"
n=0 3 =0 n=0 (48)
+b Z (n+3)(n+2)(n+1)s,.3&" = 0.
When 7 = 0 in Equations (47) and (48), we obtain the following coefficients:
1 (T2-%) -1
= — | —==ro+aqror1 +cgs; so |, 49
3 6b1<r(2—53“)° 170t +¢g4sy So (49)
and ( A
1 ( F@2-3) )
3= — | ————5 S0 t+axrps1 |- (50)
6by (r(z — %)
When 1 > 1, we have the following coefficients
1 re-3+%) !
r = rm+a n—k+1)r,_rqr
n+3 bl(n+3)(n+2)(n+1)<r(25éx+ygx) n 1k§J( Jn—ky17% o

n ki kq—
+CI/] Z Z Z n—k+1)sn k+15ky —ky Skq 2—kg_ 15k 1),
k1=0ky=0 k; 1=0
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and A

1 r2-3+%) n
s = sy +a n—k+1)s,_x117c |- 52
n+3 bz(ﬂ+3)(7’l+2)(1’l+1) (F(z—[x—ég{—?) n Zkgo( )Yl k+1"k ( )

Thus, the coefficients 1, (n > 1) and s, (n > 1) can be calculated for Equation (44) as arbi-
trary constants. This shows that there are power series solutions to the Equations (29) and (30).
We then acquire the explicit power series solutions of Equation (1) (Figures 1 and 2) as

1

- —4a 1"2—2—"‘
u(x, t) = rOtTZ +rxt™® —|—r2x2tT4 + < ( 3 )

+i ! r(27%+%a)r +a i(nkarl)r r
Zbi(n43)(n+2)(n+1)\r(2— % 4 1) it n—k+17k (53)

n ky kq72 13 —a(n+5)

np 3, —unt5)

+cq E E E (n—k+ 1)Sn—k+15k1—k2---Skq,rkq,lsk e
ki=0k=0  k,_1=0 T

q—1 3, =5
b ro +airor1 +cqsy s1 | x7E 3
1

—4a —a(q+4) —a(29+4) 1 F(Z — 4*0() —a(3g+4)
o0 ) = sof S xS b extt W+ o (r@_f@q)” hazros JE
® 1 r(2-— ;*73 + %) n (54)
+ Sp +ap n—k+1)s,_ 1"k
TZZ:lbz(n+3)(n+2)(n+1)<1"(2—vc—§;‘+’§") " k;‘)( Jon—ke1

—a(ng+3q+4)
X xﬂ+3t 37

Figure 1. 3-D plots of Equations (53) and (54) withrg = 1,7 =2,10=3,50 =s1 = =2, b= =1,a1 =1y =2,9=2,
c=2and a = 0.5.
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&

Figure 2. 3-D plots of Equations (53) and (54) withrg = 2,11 =2, 1 =2,50 =51 =sp = 1,0y =1,bp = 6,471 = —6,
ap=—-2,q=1,c=—6and a = 0.75.

6. Convergence Analysis of the Power Series Solution

In this part of the work, we will prove that the power series solutions (53) and (54) are
convergent. Considering Equations (51) and (52), we can write

ITR-%+%) |
W%KQH25 LR M ESEY
. (55)
+ Z Z Z I N N S A N I
=0ky=0 k,_1=0 1
and
T@— 4| .
|Sn+3|§ d |5n|+2|sn7k+l||rk| : (56)
T@-a-B+m)) =
Using th ties of T n easil hwthtw 1ndw
Smg eproper 1€S O , We Ccan eas ys O a ‘ (2 5:x+na)‘ S la ‘ (27 74zx+n )‘
< 1.
Therefore, we can write
n
| Puas [S M| [ |+ Y [ reign | 7 |
k=0
I ko (57)
S D I Y IS | R O P N I
k1=0k=0 K, 1=0 R
and
n
|sua SN Il 4+ Y [ sp—psr 7| ), (58)
k=0

1

— 1 1 cq - 1 a2 i
where M = max(\ B AR B > and N = max<| b | A ]) for an arbitrary n.
We can now define another power series form as

K@) =Y vl and LE) = Y 2, (59)
n=0 n=0
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andlety; =|r; |and z; =|s; |,i=0, 1, ... . We can then easily obtain

n
Yniz <M <yn + Y Ynki1Vk
k=0

A koo (60)
Y)Y ) Zn—k+1%ky —kp - Zky_o—ko_12¢ 1>,
ki=0ky=0 k;_1=0 7
and
n
Znis SN( 2o+ Y Zuoks1Vk | (61)
k=0

Thus, it is obvious that | y, |< rp, and | z, |< s, forn =0, 1, 2, ... This also confirms
that the series Equation (59) are the majorant series of Equation (44). We now have to
prove that the series K(&) and L(&) have positive radius of convergence. By elementary
calculations, we have the following:

o0 [e9) n
K(&) =yo+y1& +y28* +y38° + M( Yoyn+ Y Y Ynoks1vk
n=0 n=0k=0
P k2 (62)

o0 n
+ Z Z Zn—k+12k;—kp - Zhg o —kg 1z, > (;ITH»B,
n=0k=0k,—0 k,_1=0 i
and
[ee] (e ) n
L&) =zo+z18+28 +z38 + N Yzo+ Y Y zoprawe |8 (63)

n=0 n=0k=0

We can take into account an implicit functional system with respect to the independent
variable ¢ as follows:

K(&,K) = K—yo—y1& — 28> —ya&® — M(CZ(K —yo) + &K(K —yo) + &°L(L —zm—z), (64)

and

L(&L)=L—z0—z1& — 228 — 238 — N<€2(L —z9) + &*L(K - yo>>. (65)

It is clear that K and £ are analytical in the neighborhood of (0, o) and (0, zg). There-
fore, K(0,y9) = 0, £(0,z9) = 0, and %K(O,yo) # 0, %E(O,zo) # 0 According to the
implicit function theorem [43], the convergence is proved.

7. Conclusions

In this paper, we used a Lie point symmetry method in order to reduce a time fractional
generalized coupled Drinfeld-Sokolov system to a time fractional coupled ODE system
with the aid of the Riemann Liouville derivative and the fractional EK differential operator.
By using the Tbragimov conservation theorem, we obtained conservation vectors of the
system. We then acquired explicit exact solutions of the reduced time fractional coupled
ODE system by using a power series expansion method and proved that the series solutions
are convergent.
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