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Abstract: In this article, we also introduced two well-known computational techniques for solving
the time-fractional Fornberg-Whitham equations. The methods suggested are the modified form
of the variational iteration and Adomian decomposition techniques by p-Laplace. Furthermore, an
illustrative scheme is introduced to verify the accuracy of the available methods. The graphical
representation of the exact and derived results is presented to show the suggested approaches
reliability. The comparative solution analysis via graphs also represented the higher reliability and
accuracy of the current techniques.

Keywords: p-Laplace variational iteration method; p-Laplace decomposition method; partial differ-
ential equation; caputo operator; fractional Fornberg—Whitham equation (FWE)

1. Introduction

With engineering and science development, non-linear evolution models have been
analyzed as the problems to define physical phenomena in plasma waves, fluid mechanics,
chemical physics, solid-state physics, etc. For the last few years, therefore, a lot of interest
has been paid to the result (both numerical and analytical) of these significant models [1-4].
Different methods are available in the literature for the approximate and exact results of
these models. In current years, fractional calculus (FC) applied in many phenomena in
applied sciences, fluid mechanics, physics and other biology can be described as very
effective using mathematical tools of FC. The fractional derivatives have occurred in many
applied sciences equations such as reaction and diffusion processes, system identification,
velocity signal analysis, relaxation of damping behaviour fabrics and creeping of polymer
composites [5-8].

The investigation of non-linear wave models and their application is significant in
different areas of engineering. Travelling wave notions are between the most attractive
results for non-linear fractional-order partial differential equations (NLFPDEs). NLFPDEs
are usually identified as mechanical processes and complex physical. Therefore, it is impor-
tant to get exact results for non-linear time-fractional partial differential equations [9-12].
Overall, travelling wave results are between the exciting forms of products for NFPDEs. On
the other hand, other NLFPDEs, such as the Camassa-Holm or the Kortewegde—Vries equa-
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tions, have been well-known to have some moving wave solutions. These are non-linear
multi-directional dispersive waves in shallow water design problems [13-16].

The FWE study is of crucial significance in different areas of mathematical physics.
The FWEs [15,16] is defined as

Dgl‘ — Dypsp + Dopt =pDggeit — #Dgpt +3DguDgpgt. 1)

The quantities performance of wave deformation, a non-linear dispersive wave model,
is shown in the investigation. The FWE is presented as a mathematical model for limiting
wave heights and wave breaks, allowing peakon results as a numerical model. In 1978,
Fornberg and Whitham achieved a measured outcome of the form u(¢,n) = ce(Z-%)
where C is constant. The investigation of FWEs has been carried out by several analyti-
cal and numerical techniques, such as Adomian decomposition transform method [17],
variational iteration technique [18], Lie Symmetry [19], new iterative method [20], differ-
ential transformation method [21], homotopy analysis transformation technique [22] and
homotopy-perturbation technique [23].

Recently, Abdeljawad and Fahd [24] introduced the Laplace transformation of the
fractional-order Caputo derivatives. We suggested a new iterative technique with p-Laplace
transformation to investigate fractional-order ordinary and partial differential equations
with fractional-order Caputo derivative. We apply this novel method for solving many
fractional-order differential equations such as linear and non-linear diffusion equation,
fractional-order Zakharov—Kuznetsov equation and Fokker-Planck equations. We ana-
lyzed the impact of § and p in the process. The Variational iteration method (VIM) was
first introduced by He [25,26] and was effectively implemented to the autonomous or-
dinary differential equation in [27], to non-linear polycrystalline solids [28], and other
areas. Similarly, this technique is modified with p-Laplace transformation, so the modified
method is called the p-Laplace variational iteration method. Many types of differential
equations and partial differential equations have solved VITM. For example, this technique
is analyzed for solving the time-fractional differential equation (FDEs) in [27]. In [28],
this technique is applied to solve non-linear oscillator models. Compared to Adomian’s
decomposition process, VITM solves the problem without the need to compute Adomian’s
polynomials. This scheme provides a quick result to the equation, whereas the [29] mesh
point techniques provide an analytical solution. This method can also be used to get a close
approximation of the exact result. G. Adomian, an American mathematician, developed
the Adomian decomposition technique. It focuses on finding series-like results and de-
composing the non-linear operator into a sequence, with the terms presently computed
using Adomian polynomials [30]. This method is modified with p-Laplace transform, so
the modified approach is the p-Laplace decomposition method. This technique is used for
the non-homogeneous FDEs [31-36].

This paper has implemented the p-Laplace variational iteration method and p-Laplace
decomposition method to solve the time-fractional Fornberg-Whitham equations with the
Caputo fractional derivative operator. The p-LDM and p-LVIM achieve the approximate
results in the form of series results.

2. Basic Definitions

In this section, the fractional generalized derivative, the fractional generalized integral,
the Mittag-Lefller function the p-Laplace transform have been discussed.

Definition 1. The generalized fractional-order integral & of a continuous function f : [0, +00] — R

is expressed as [24]
6-1
L 7P —gP d
H©) = 135 | (g ) flods

Jo Y
the gamma function denote by I', p > 0, > 0and 0 < 6 < 1.
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Definition 2. The generalized fractional-order derivative of § of a continuous function f : [0, +00] — R
is given as [24].

-5
0 = o0 = g () [(552) e

where define the gamma function T, p >0, > 0and 0 < 6 < 1.

Definition 3. The Caputo fractional-order derivative § of a continuous function f : [0, +00] — R
is expressed as [24]

5
(D F)(() = r(11—5) /OC (éf;y)) ﬁnfs(lszis_

wherenzl,p>O,C>0,ﬁz§1’9%and0<5<1.

Definition 4. The p-Laplace transformation of a continuous function f : [0, 4+o00] — R is given
as [24]
dg

LAF@) = [T RO A

The Caputo generalized fractional-order p-Laplace transform derivative of a continuous func-
tion f is defined by [24].

n—1
Lo{D**f(§)} = "Ly {f(2)} — k;)sé"“l(l‘s’pﬁ"f)(O) n=1

3. The General Methodology of p-LDM

The p-LDM is a combination of the Laplace decomposition method and the p-Laplace
transformation. In this section, we solve the p-LDM solution of fractional partial differential
equation. The main steps of this method are described as follows:

DY w(p,3) + L(9,S) + N(9,3) —H(p,S) =0, 0<6<1, 2

where L and N are linear and nonlinear functions, H is the sources function.
The initial condition is

w(g,0) = f(9), 3)
Apply p-Laplace transform to Equation (2),
s, ~
LoD (g, )+ Lo[L (0, 3) + N (9,9) — H(p, S)] = 0. )
Applying the p-Laplace transformation differentiation property, we get

Loleole,3)) = Sw(90) + SLo[H(g. )] - SLAL(.3) + N ). )

0-LDM solution of infinite series w(g, J),
w(@,3) =) wnle, ). (6)
j=0
The N is the nonlinear term defined as

M

0

]
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So the with the help of Adomian polynomial we can define the nonlinear terms

— L]0 = k
il E))]

Putting Equations (6) and (7) into (5), we get

I, [i wm«o,%)] = w(p0) + 5 S(M(p,3)) - ;Lp{aiwm) " io Am}. ©)
L

j=0 j=0
Using the inverse p-Laplace transform with Equation (9),

J= j= j=

we define the next terms,

1 1
(o) =L;* | 1ole0) + L, {H(e. )], an

wi(g,3) = ~L," Ll(sLP{Zl(wO) + Ao}]-

For m > 1, is expressed as

@i l99) = ~Ly | Lol )+ An]|

4. Convergence Analysis

Theorem 1. [37] (Uniqueness theorem) Equation has a unique solution whenever 0 < & < 1
(hy+hy +h3)(\5\“5+1

where € = =)

Theorem 2. [37] (Convergence Theorem) The series solution (11) and (12) of the problem (3) using
p-LTADM and p-LTVIM converges if 0 < & < 1.

Proof. Let Sy be the mth partial sum, i.e., Sy = Z;”ZO wy (@, 3). We shall prove that Sy is a
Cauchy sequence in Banach space E. By using a new formulation of Adomian polynomials
we get [37]

m—1

R(S;)=As+ ) Aj
j=0

—~ m_l —~

N(S) = A+ ) Ax
n=0
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where ¢ =

m
HS[ m 1||—max|Sg— m— 1|—ma E ](p, ), j:0,1,2-~~
j=n+1
Lo N Lo{ (S 1 Klwj-1(, )]}
<max| +Ly { G L {1 Mlwj1(e, )]},

Jel
+Lp1{;Lp{[zj:nH[ 10, )]}

)
Lo {5 LoA (S Klwj(@, )1}
+L, 1{ 5 Lo{ (X721 Mlwj(@, )]},
L S Lo [T [A) (9, )]}
1{50Lp{[ j= n+1k[sm1—1 m2 1]]}
Sr&g}‘ +LP1{§LP{[Zj:n+1M[Sm1,1— -1}
+L51{S%Lp{[ ;."=n+1[5m14 mz 1”}
Ly {5 Lo [K[Smy -1 — Smy 1]}
< max +L S Lp{[M[S, -1 — S]]},
+L, {5 Lo [[Sm -1 — Sy 111}
<k rgg‘Lpfl{s%Lp{[Smrl — Siy—1]

IA
w8

QO
—~X

ko max| L {5 L[S -1 — Sy

+k3 HglgﬂLEls%Lp{[Smlq — Spp—1]

(k1 ko +kg) 0!
N (6—1)!

Letting m; = mp + 1, we get

||Sm1*1 - Sm2*1||'

[[Sms 1= Sz || < €[Sz = S| < [|Sma1 = Smy2| < -+ < ™2 [81 =

(kq +k2+k3)‘\\§‘571

=1 similarly, we have from the triangle inequality we get

[[Sm—1 = Smy-a || < [[Smi41 = Sua || +[|Smi42 = Smpia [ + -+ +[|Smy =S
SFm+ﬂﬁH~~+Wf1SH&+%,

1 —¢ghm—m
< e (————)| |||

Since0 < e < 1wehavel — &M= < 1

ny

1S+ S| < 17— < max||w] |

—& el

However |w| < o so, as my — oo then ||S;;; — Sy, || — 0, hence Sy, is a Cauchy

sequence, the series )/ _ wy, converges and the proof is complete. [

Theorem 3. [37] (Error estimate) The maximum absolute error of the series solution can be given
the following formula

g2
ndlgﬂw ?,8) — L wi(e, )] < 8%‘2}‘““’1”
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5. The General Methodology of p-Laplace Variational Iteration Method

In this section we show the general methodology of the p-Laplace variational iteration
method solution for fractional partial differential equations.

Dw(p,3) + L9, )+ N(9,S) — H(p, ) =0, 0<5<1, (12)

)

with the initial condition
w(e,0) = f(9), (13)

The using p-Laplace transformation to Equation (12),
5, —
Lo[D w (@, 3)]+Lp[L(9, ) + N (9, 3) — H(g, )] = 0. (14)
Applying the differentiation property of p-Laplace transform, we get
PLolw(g, 3]~ 'w(p,0) = ~L,[L(,3) + N(9,3) ~H(p,¥)]. (15

The Lagrange multiplier is used in the iterative method

Lplwjsa(g, )] =Lolwj(e, 3)] + A()[SéLp[wj(Gor%)}_Séile(‘l’/o)
—Lo{L(9,3) + N(,3)} = Lp[H (g, I)]].

The Lagrange multiplier is

(16)

1

Als) = ek

(17)

using inverse p-Laplace transform L~!, Equation (16), we get

1
wi1(9, ) =wj(9, ) — L, L,,[ Lo{L(g,3) + N(9,9)}] — Lo[H(e,Q)]|,  (18)
the initial value can be defined as
alp ) = 1" | 5 { tetp 0} 19

6. Implementation of Techniques

We now proceed to derive an approximate solution to the time-fractional nonlinear
FW equations using suggested techniques with generalized Caputo fractional derivative.

6.1. Problem

Consider the time-fractional nonlinear FWE is given as

Dé P — Dy + Dpw =wDppew — wDyw +3DywDgew, 0<3<1, (20)

the initial condition is

Taking p-Laplace transform of (20),

S Lolw (@, ¥)] =" w(9,0) = Ly [Dypsw — Dew + wDggew — wDyw + 3DpwDgpw].
Applying inverse p-Laplace transform

) :L—l (U(gD,O) _ lLP [D

993W — Dpw + wDypew — wDyw + 3DywDyew] |.
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Using ADM procedure, we get

wolg,t) = e(2), (22)

i(Dq)q)sw)z - i(Dcpw)é + i Ap— i B, +3 i Ce

(e )

411
E we1 (e, 3) = L, ! [Lp
= =0 =0 =0 =0 (=0

(=0

], ¢{=0,1,2,---

AO (a;Dq,Ww) = WOD(p(p(pWO/
A1(wDypew) = woDypewi + wiDgepewo,
Az (WDypew) = w1Dypewr + w1 Dppewt + w2 Dppewo,

By(wDyw) = woDywy,

Bi(wDyw) = woDyw1 4 wiDgywy,

By (wDyw) = wiDywy + wiDywi + wrDywy,
Co(DywDyyw) = DywoDyewo,
C1(DpwDypw) = DywoDyewr + DypwiDyew,
Co(DywDpyw) = DywiDypwr + DywiDyewi + DywarDyewo,
for/ =1

1
STSLP [D(P(Pgwo — Dywq + Ap — By + 3C0]],

2 o)’ (23)
wi(g,t) = L [6(2)] - _%e(%) (P )

wi(g,I) = Lp1|:

2P |0l T(6+1)

for{ =2

411
w9, ¥) =L, [&LP [Dpgpswr — Dywy + Ay — By +3C1]]’

0 - _R74 (24)
) (% ) 26—1 e (7 ) 26
8 I'(26)

~—~
NS
S—

1
T3 r(26+1)’

for/{ =3

111
(U3(q), %) :LP 1 [SJLP [D(qung — D¢W2 + Ay — By + 3C2]],

1)
2° 7 T 1)

gpp ) 36 (25)

£
@
N
&

1 (Q)S%*l 1 (9 (
+ ~el2 —Zelz) 2 P2
8 r@ds) 8 I'(36+1)

The p-LDM result of Example 1 is
w(9,3) = wole, ) + (9, I) + w2, 3) + w3(9, ) + wale,3) + -

T
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(3)(%5)25 14‘9@)3“

r26+1) 32 'T(36-1)

I I~ o—
g %e(% (%)5 1<§)<7f)ﬂ+1e

T6+1) 8% ~T(20) 4

g0\ 30
(0 1w (F)
8° 'T(3s) 8 T(3+1)

The simplify we can write Equation (26), we get

<$>5 (g)%—l <g>2(5 ($)35—2 (g):’)(s—l . (E):’)(S
) 11 P 1\ +1 P 1\ +1 p _ p

S 2T(6+1) 8 T(20)  4r(26+1) 32T(36—1) 8 TI(35) 8T(36+1)

1 x30—1 1

The analytical result by p-LVIM.
The iteration method apply for Equation (20), we get

q]1
wr (9, 3) = we(e, I)—L, ! L,ng{S‘SD%we — Dygpswi 4 Dpw — wiDpppw + wiDyw; —3DpwiDyppwe}],

where

For/=0,1,2,---

4] 1
w1(9, ) = wole,I) — L, 1 [S(SLP{S‘SDng — Dyp3wo + Dypwo — woDgeewo

+CU0D(P(U0 - 3D(pa]0D(P(PW()}],

(%)

1 (e
wi(g, ) _56(2)r(5+1)’
(1
L(Jz((p, %) = wl((p, %) — Lp 1 [S(SLP{S‘SD(\\le - Dq)q)c\,»wl + D(pwl — w1Dq,¢4,w1

+wq D(Pwl - 3D¢w1 D(Pq]wl }],
1

op 20—1 ) 20
gy ! (?) 19 (?)
W2 S) = =g S Y 1 T 1)

—~
NS
~—

e

1|1
CU3((p, %) = wz((p, %) - Lp 1 [SISLP{S(SD%‘O‘)Z — D(P(Png + D(pwz - wZDq)(quWZ

—I—OJQD(pr - 3D(P(U2D(P¢(Uz}] ’

L% (%)M 1

gy L 1 P |
Ws(pS) =~ e Ty T8 T TEay 8 T 1)
3P J R4 25-1 QP 2
3y 19 (7) L (?) 1% (?)
w(e,) mgo‘*’m((f’) T ey 8 T TRe) Ta Tt
N AN
1 (¢ (? 1 ()% 1 (9 (\S?)
——e(z —|—7e(2) ——6(2 —
2° 'TBi—1) 8" 'T(Bs) 8 T(Bs+1)
The exact result of Equation (20) atd =1,
(U((P,%) = e(%_%\})

(26)

. (27)

(28)

(29)

(30)

(31)

(32)

(33)

(34)
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Figure 1 shows the p-LDM and p-LVIM solution of the fractional Fornberg—Whitham
defined by generalized fractional-order Caputo derivative in the space coordinate and
time 0 < ¥ < 0.5, 0 = 1and § = 1. Figure 2, the 3D graph shows approximate and exact
solutions graph at § = 1 and p = 0.9; the figure shows that different fractional-order at J.
Similarly, in Figure 3, the 2D graph of exact and approximate solutions plot at = 1 and
p = 0.9 the figure shows that different fractional-order at é.

Analytical

Exact
Analytical

10 035

1005

Figure 2. The first 3D graph of Exact and analytical solutions graph at § = 1 and p = 0.9 and second
plot of the approximate different fractional-order of § = 1 of problem 1.
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90 ;o4

i Analytical

100] p xac | too] 1

80+
0]
o0
50
w0
]

201

=
[
.
o
ce]
=

Figure 3. The first 2D graph of Exact and analytical solutions graph at § = 1 and p = 0.9 and second plot of the approximate
different fractional-order of § = 1 of problem 1.

6.2. Problem

Consider the time-fractional non-linear FWE given as
Dgpw — Dy + Dpw =wDppew — wDyw +3DpwDgpw, >0, 0<6<1, (35)

with the initial condition
w(g,0) = cosh? (%) (36)

Taking p-Laplace transform of (35),
S Lolw (e, 3)] =" w(9,0) = Ly [Dypsw — Dew + wDggpw — wDyw + 3DpwD gpw].
Applying inverse p-Laplace transform

_1[w(e,0)

w((P/%) :Lp S

1
— STsLP{DW%“" — Dyw + wDgpew — wDyw 4 3DywDyew} | .

Using ADM procedure, we get

wo(p, ) = COShZ(%>, (37)
[ee] _ 1 o [ee] [ee] o [e¢]
w[+l(¢1%):LP1[§5LP Z(D(p(p(\\iw)fiZ(D¢w)Z+ZAf72B£+32CZ ]/ ezorlrzr”'
(=0 =0 =0 =0 =0 =0
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for/ =0
41
w (¢, 3) =L, L(SLP [Dyeswo — Dpwo + Ao — By + 3co]],
30\’ (38)
1 sinh(%) 11 @ (7)
&) — 71 2 — &} T
wi(p,3) = 32Lp [ s 1 3251nh(4)r(5+1).
for/ =1
4|1
LU2((p, ) :LP 1 |:56L‘D [Dq,q,g,wl — Dq,wl + A1 —B1+ 3C1]:|,
i (3 m I
&)y (P P el PN NPT
w2 (¢, 3) == 55 Smh(4)r(5+1) * 1024 COSh(4)r(25+1)’
fort{ =2
4|1
ws(g,3) =L, L&LP [Dyosws — Dpws + Az — By + 3CZ]},
g0\ 9 a0\ 20 g0\ 3 (40)
11 o 121 o 1331 o
ooy ) 1 (2) @

_ 2 ¢ ¢ _ ah(2)Y AP/
512 1)T(G+1) 2048C°Sh<4)r(25+1) 4915231“h(4)r(35+1)’

The p-LDM result for problem 2 is

£
N
©

) = wo(9,S) +wi(e, ) + w2 (@, I) + w3(p,I) +wa(p,I) +--,

X

/N
>|®

L Bon(2) (2L ) (2,

1 ‘
w(g,9) _“’Sh2(%) *3%51“}1(%)“5“) ~ 28 Fo ) T iom 1)T(26 +1) “
i e (0 e () s e () .

- 5ﬁsmh(%) r((5p+ o MCOS}‘(%) r(zfs+ 1) 19152 inh(%) r(3fs IEV

The analytical solution by p-LVIM.
The iteration method is apply by Equation (35), we get

4|1
wri1(9,F) = wie(e, ) — L, 1 |:S5LP{S(SD<\,\L(JE — Dyp3wi + Dpwy — wyDppewy + wyDywp — 3D4,w4wa€}} ,  (42)

where
— 2( 9
wo(g@,t) = cosh (4) (43)

For/=0,1,2,---

(gp >5 (44)
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111
W (9, ) = wi(e, ) — L, 1 [SéLP{séDgwl — Dypswi + Dpw1 — w1 Dggpwi + w1Dywy — 3D(Pw1D(p(Pw1}} ,

b (B e () e (2 g
wz(q)/%) =Cosh2(%) _isinh(%)ﬁ—%Sinh(%)ﬁ_’_@cosh(%)m/

(,U3((p, %) = (,LJZ(([), %)—L;l |:S(5LP{S(SD%(“)2 — D(P(PQ;CUZ + D(p‘UZ — WZD(p(pngZ + wZD(sz — 3D¢(,(J2D(P(POJ2}:| ,

)W - Esinh(%) ﬂ + gcosh(% —

ws(fP/S)ZCOShZ(%) _%Sinh(% r6+1) 28 I(6+1) 1024 )r(25+1)’
0o (5 m ey () ey (5)
N Esmh(Z) To+1) © MCOS}‘(Z) T(26+1) 49152 Smh(Z) T(35+1)

Sy v 2@y 11 qo(%p) 1 (p(%p)é (P(%ng

w((/’/\r)zmgowm((l’)zcosh (Z)_3751nh(1)m_%51nh(1)r(5+1)+1024C08h(1)1“(25+ 3’ W)
i e () e (3 e ()]
- 5@5111}‘(1) To+1) " MC"S}‘(Z) T(26+1) 49152 Smh(Z) T35+1)
The exact result of Equation (35) atd =1,

w(e,S) = cosh2<Z - 1214%) (48)

Figure 4 shows the p-LDM and p-LVIM solution of the fractional Fornberg—Whitham
defined by generalized Caputo fractional-order derivative in the space coordinate and
time 0 < ¥ < 0.5, p = 1 and ¢ = 1. Figure 5, the 3D graph shows exact and approximate
solutions plot at 6 = 1 and p = 0.9; the figure shows that different fractional-order at ¢.
Similarly, in Figure 6, the 2D graph of exact and approximate solutions plot at § = 1 and
p = 0.9 the figure shows that different fractional-order at é.

05 10 05 10

Figure 4. The graph of Exact and approximate solutions of § = 1 and p = 1 of Example 2.
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05 1o

Figure 5. The first 3D graph of Exact and approximate solutions plot at § = 1 and p = 0.9 and second
plot of the approximate different fractional-order of § = 1 of Example 2.
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Figure 6. The first 2D graph of Exact and approximate solutions plot at 6 = 1 and p = 0.9 and second plot of the approximate
different fractional-order of § = 1 of Example 2.

7. Conclusions

In this article, different semi-analytical techniques are implemented to solve time-
fractional Fornberg—-Whitham equation. The approximate solution of the equations is
evaluated to confirm the validity and reliability of the proposed methods. Graphs of
the solutions are plotted to display the closed relation between the obtained and exact
results. In addition, the suggested techniques provide easily computable components for
the series-form tests. It is investigated that the results achieved in the series form have a
higher convergence rate towards the exact results. The proposed methods have a small
number of calculations to achieve the approximate solution. In conclusion, it is found that
the proposed technique is a sophisticated method for solving other NLFPDEs. In the future,
the analytical result of non-linear fractional-order boundary values problems achieved
using this technique is in the form of uniform convergence series.
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