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1. Introduction

The investigation of anisotropic problems has drawn the attention of many authors;
for example, see the works presented in [1-15] and the references therein. This particular
interest in the study of such problems is the basis of many applications to the modeling of
wave dynamics and mechanical processes in anisotropic elastic.

Meanwhile, in the early 1990s, the first anisotropic PDE model was proposed by the
authors of [16], which was used for both image enhancement and denoising in terms
of anisotropic PDEs as well as allowing the preservation of significant image features
(for more details, see for example [17]). In this work, we show that the mathematical
model of homogeneous anisotropic elastic media movement can be introduced by dynamic
system equations of elasticity; it is presented as a symmetrical hyperbolic system of the
first order in term of velocity.

In the current paper, we study the anisotropic nonlinear elliptic problem of the form

N
=Y oy (|8xiu|pi(x)_28xiu) + [u|PM®) =2y = f(x,u), forxeQ
i=1 N (1)
) 19, uPi) 2 9, 1 v; = 0 for x € 9O
i=1

where O C RN (N > 3) is a bounded open set with a smooth boundary (which can be
viewed as the graph of a smooth function locally; see [18]), v; represents the components
of the outer normal unit vector, p;, i = 1,...N are continuous functions on 0, pm(x) =
max{p1(x),...,pn(x)} and f : QO x R — R is a continuous function with the potential

F(x,t) = /Otf(x,s) ds.

This type of problem with variable exponent growth conditions allows us to deal
with equations with other types of nonlinearities due to the fact that the operator A;(u)
such that
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gives us another behavior for partial derivatives in several directions. This differential
operator involving a variable exponent can be regarded as an extension of the p(x)—Laplace
operator for the anisotropic case; as far as we are aware, A (x) is not homogeneous, and so
the p(x)—Laplacian has more complicated properties than the p—Laplacian.

A host of publications have studied various types of nonlinear anisotropic elliptic
equations from the point of view of the existence and qualitative properties of the data.

As a result of the preoccupation with nonhomogeneous materials that behave dif-
ferently in different spatial directions, anisotropic spaces with variable exponents were
introduced (for more details, see [19]).

In [9], using an embedding theorem involving the critical exponent of anisotropic
type, the authors presented some results regarding the existence and nonexistence of the
following anisotropic quasilinear elliptic problem:

N R
— Y Oy (|oxulPi70ru) = f(x,u), forxeQ
L o (B “205) = f 0 fo @)

u = 0 for x € 90Q),

with f(x,u) = AuP~!
In [6], the authors studied the above problem when f(x,u) = |u|7%) — |u|"™®), u >0,
with the the condition

1<q <qg"<r <r"<p,<pi
where

pm(x) = max{pi(x),...,pn (%)}, pm(x) = min{pi(x),..., pn(x)}.

Using the variational approach—especially, the minimum principle and the mountain
pass theorem—the author obtained the existence of at least two nonnegative nontrivial
weak solutions.

In [14], the authors studied the spectrum of the problem when f(x, ) = Ag(x)|u|"¥)~2y;
they showed the existence of # > 0 such that A is an eigenvalue for any A > .

In this article, we work on the so-called anisotropic variable exponent Sobolev spaces
which were introduced for the first time by the authors in [20]. Motivated by the ideas
accurately introduced in [21], our goal is to improve upon the existence results for problem
(1) in the variable exponent case. The nonlinearity is assumed to be (pj; — 1) superlinear
as t =+ oo,, which means that f exhibits asymmetric behavior. Further, it need not satisfy
the Ambrosetti—-Rabinowitz condition, as is usual for superlinear problems. We note that
we may obtain infinitely many solutions by assuming some symmetry on the nonlinearity
f;thatis f(x, —t) = —f(x,t) for x € Q and t € R (see for example [22]).

This work is organized as follows. In Section 2, we give the necessary notations and
some properties of anisotropic variable exponent Sobolev spaces, in order to facilitate the
reading of the paper. In Section 3, we present the main results, and finally, we prove the
existence of the solution.

2. Preliminaries

We introduce the setting of our problem with some auxiliary results. For convenience,
we recall some basic facts which are used later, with reference to [19,23,24].

Forr € C4(Q), we introduce the Lebesgue space with the variable exponent defined by

L") (Q) = {u : u is a measurable real-valued function, / u(x) ") dx < o0},
Q
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where
C+(Q) = {r e C(;R) : inf r(x) > 1}.

xeQ)

The space L") (Q)) endowed with the Luxemburg norm

) dx < 1},

_ _, )
ullyy = Nl oy = mf{ﬂ >0: /Q‘ "

is a separable and reflexive Banach space.
Concerning the embedding result, we make the following proposition:

Proposition 1 ([24]). Assume that Q) is bounded and r1, ry € C4(Q) such that r1 < ry in Q.
Then, the embedding L™2()(Q)) < L"1()(Q) is continuous.

Furthermore, the Holder-type inequality
| /Q u(x)v(x) dx| < ZHMHU(‘)(Q) HU”U’H(Q) (3)

holds for all u € L')(Q)) and v € L"()(Q), where L' ()(Q) the conjugate space of
L')(Q), with
1/r(x) +1/7(x) = 1.

Moreover, we denote

+_ -
rT =supr(x r~ = inf r(x
supr(x), 7 = inf r(x

For u € L'0)(Q), we have the following properties:

Il <1(=1>1) & /Q ()@ dx <1 (=1; > 1); @)
oy > 1= Il gy < [ I dx <l g ©
oy <1 = Tl < [ I dx < lull ©

lull sy = 0 (= ) & /Q ()@ dx 5 0 (— o). @)

To recall the definition of the isotropic Sobolev space with a variable exponent,
W) (Q), we set

WO (Q) = {u e L'(Q) : 9 u € L'0(Q) foralli € {1,...,N}},

endowed with the norm

N
Il @y = Nl oy + 20 10wl oy -
i=1

The space (W) (Q), || - [l y1r0) (Q)) is a separable and reflexive Banach space.

Now, we consider 7 : QO — RN to be the vectorial function

px) = (p1(x),..., pn(x))
with p; € C4(Q) foralli € {1,...,N} and we recall that

pum(x) = max{p1(x),...,pn(x)},  pm(x) = min{py(x),..., pn(x)}.
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The anisotropic space with a variable exponent is
X = WY (Q) = {u e LPMO(Q) : dyu € LPO)(Q) foralli € {1,...,N}}

and it is endowed with the norm

N
I 1= llhgasr gy = el + Pt -
i=1
We point out that (WP0)(Q), || - || WO (Q)) is a reflexive Banach space. Let introduce
the following notations:

p(x) and p*(x) = —y

_ N

Y, 1/ pi(x) X
Proposition 2 ([19]). If g € C1(Q) satisfies 1 < q(x) < max{p*(x), pm(x)} forall x € Q
then the embedding WL P (x) (Q) < LIX)(Q) is compact.

3. Main Results
Proposition 3. Putting

|9,10)|Pi) dx.

I(u):/oi !

then I € C1(X,R), and the derivative operator I' of I is

N .
I(wo=Y /Q 10, 1|7 ()20, udy v dx.
i=1

(i) The functional I' is of the (S..) type, where I' is the Gateaux derivative of the functional I.
(it) I' : X — X* is a bounded homeomorphism and a strictly monotone operator.

The proof of the first assertion (i) is similar to that in [2]. The second assertion is well
known (for example, see [19]).
Next, we give the mountain pass theorem of Ambrosetti-Rabinowitz (see [25]).

Proposition 4. Let X be a real Banach space with its dual space X* and suppose that ¢ € C1(X,R)
satisfies the condition

max(9(0),¢(u.)) < B < inf p(u),

l[ull=p
for some . < B, p > 0and u, € X with |[u.|| > p. Let ¢ < B be characterized by

= 1 f ’
¢ = inf Trg[gﬁﬁ(v(f))

where T = {7y € C([0,1],X) : 7(0) = (1) = u, is the set of continuous paths joining 0 and
. Then, there exists a sequence (it ) in X such that

$lun) == B and (14 Jual ) ¢/ (wn)] » 0. O

The problem (1) is considered in the case when f € C(Q x R) such that

Hypothesis 1 (H1). There exist C > 0and q € C(Q) with pi; < g~ < g+ < p*(x) for all
x € Q, such that f verifies
f(x5)] < C(1+ 10971

forallx e Qandalls eRand f(x,t) = f(x,0) =0Vx € ), t <O0.
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Hypothesis 2 (H2). lim f(x+, 2 =h< 11 flx bt = oo, uniformly for x € Q).
£=0 |¢[Pm~1 |t|pM

Hypothesis 3 (H3). Fora.ex € (), L ) is nondecreasing with respect to t > 0.

=
tPM~
Hypothesis 4 (H4). limsup ;W < Ay, uniformly for a.e x € Q, with
‘t‘~>+oo
A f 1pr |ax,u|p dx+f0ﬁ|u|m(x) -
1= 11’1 .
ueWL ¥ ()(Q)u#0 fQWWVM(") dx

Hypothesis 5 (H5). There exist ag > 0 and & > 0 such that
F(x,t) > ap|t|T0, Vx € Q, |t| <6,

where qo € C(Q) with qo < py-

Definition 1. We define the weak solution for problem (1) as a function u € WLV (%) (Q)) satisfying
N
Z/ |9, 14| Pi¥) 729, 1 95,0 dx +/ | |PMO) =240y — / f(x,u)vdx =0,
i—17Q 0 0

forallv € WLV (x) (Q).
Our main result in this section is the following.

Theorem 1. (a) Assume (H1), (H2) and (H3), then (1) has at least a nontrivial solution.
( b) Under the assumptions (H4) — (H5), the problem (1) has at least a nontrivial solution in
WL (x )(Q).

It is well known that the (AR) condition defined by
(AR) piF(x,s) < f(x,8)s aex € Q,

plays a crucial role in guaranteemg that every Palais Smale sequence of associated func-

tionals is bounded in W17 (Q)). Here, we avoid using the condition (AR) under various
assumptions on f and by different methods. Notice that the condition (H2) is weaker than
the (AR) condition, and thus it is more interesting. Moreover, for instance, the function

flx,t) = |t|p/T/I “2tlog(1+ |t|), t € R verifies our assumptions (H1)-(H3); however, it does
not satisfy the (A-R) type condition.

4. Proofs

Firstly, related to problem (1.1), we have the associated functional ¢ : WL P () (Q)—-R
is given by

/ |axlu| *) dx —i—/ |u|pM ) dx —/ F(x,u)dx.
i=1 Pz Q
From the continuous embedding

WYF O (Q) < L0(Q), Vs(x) € [L,p*(2)],

it follows that ¢ € C1 (W 7(")( O),R) (see [19]).
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Lemma 1. Assume that (H1), (H2) and (H3) hold; then,
(i) There exists v € X with v > 0 such that ¢(tv) — —ooast — oo.
(ii) There exist w, B > 0 such that ¢p(u) > B for all u € X with ||u|| = «.
Proof. (i) In view of the condition (H2), we may choose a constant K > 0 such that

F(x,s) > K|s|px/luniformly inx € Q, |s| > Ck. (8)

Let t > 1large enough and v € X with v > 0, from (8) we get

1
¢(tv) <t”M / 9. 0|Pilx dx+t” / U"M(x)dx—/ F(x,tv dx—/ F(x,tv)dx
Z | ! pum(x )| | [to|>Ck ( ) J)ro|<ck ( )
< tprz/ |0x; U|pl dertpM—/ ‘D‘PM dfotl’M/ |U‘Pde7/ F(x, tv)dx
Pm =1 [to|<Ck
<tf & /\ax U|P1 dx-‘rtpMi/ ‘U‘PM dx—KtPM/ |v\”de+C1
p’” i=1

where C; > 0is a constant, taking K to be sufficiently large to ensure that
1
/ 10, 0[P dx + —/ o] PM0) g — K/ lo|Pitdx < 0
pn Pum

which implies that
p(tv) - —o0 ast — +oo.

(i) For || u ||< 1 we have

%/ Z|axu|7)z dx—i—f/ \u|pr)dx—/ F(x,u)dx
M
1 N

Z@lﬂ”a"'”” )+—+\| ||W - /P(x,u)dx

On the other side, from (H1) and (H2),
1f(x,u)| < elulPm=t 4+ C(e)|u)™1, V(x,u) € QxR

By the continuous embedding from X into L1*) (Q)) and L? M (Q) there exist ¢1,c, > 0
such that

for all u € X. Thus,

S
/QF(x,u)dx < /Q M|u|pde+/ ) | |7(x) (10)
7 CE
q

P
S‘311\/I||MHPM +6

LPM(Q) = C1||u|| Hu||Lq+(Q)/ ||uHLq—(Q) S Cz”u” (9)

IN

forallx €e Qand allu € X.
Therefore,

1 - -t oy +
p(u) = <2(N+MA = C(e)es [full” ~Pm —€C1M) [ul|Py,
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since 1 < pj; < g, then for a sufficiently small we take B > 0 such that
$(u) > B,Yu € Xwith|u| = a.
O
Lemma 2. Under the assumptions (H1) and (H3), for any (1), C X such that
¢ (un).uy — 0, as n — oo,
then there is a subsequence, still denoted by (uy )y, such that
thm 1 1
p(tuy) < = [; +/Q p—mf(x Uy ) Uy dx} — /QF(x,un)dx,
forallt € Randt > 0.
Proof. Consider a function g such that
9() = 77 £ (s, )ity — F(, tuty),
Pm
then
g = P f(x un)un — f(X, bty
= thn 1y, (f(x,un) — W),
which means that ¢/(#) > 0 for t €]0,1] and ¢’(t) < 0 when t > 1, it follows that
g(t) < g(1), ¥t > 0. (1)

From the hypothesis ¢ (11,).u, — 0, for any n > 1, we have
1
|9/ (1) 1n| < 0
therefore
L_ 3 e Pu(x) L
- < ¢ (up).uy = /ngx,.unv’z dx—i—/Q |y | ™ dx—/Qf(x,un)undx <o (12)

Using the formulas (11) and (12), we obtain

o(tuy) = / % |8 tiuy [P ) dx + 1 |14, | P11 () dx—/ F(x, tuy) dx
n L p xitUn me(x) n o s tUp
< ;p; [ %—i—/ﬂ (f(x,un)un—F(x,tun)> dx}. (13)

O

Proof of Theorem 1. (a) Let (u,), C X satisfying the assertions of Proposition 4; then,

un Z/Q |ax, n|

e Ju|PM ) gy — /Q F(x, 1) dx = ¢ +o(1)

and

(14 llwall ) ' 1) | = 0
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then
ol = | e ) = o(1)
and also
N
2/ |axiun|pi(x)7zaxiu”'axi4’+/ |u|pM(x)72(de_/ f(x,un)p =o(1)
= Ja o) o
Vo € X.
Let us show that the sequence (u,), is bounded in WL P () (Q).
Define .
(2pj0)!/Pu
ty = ——— >0
! [[tn |
and
wy = thuy.
Because |wy]| = (Zp;[c)l/’% s0 wy is bounded in W1'7(x)(0), therefore, up to a

subsequence still denoted by (wy,),, we have
wy — W in Wl'ﬁ(")(ﬂ)

wy = w in L19(Q), for g(x) € (1, max{p"(x), pm(x)})

and
wy — w ae in Q.
Suppose that ||u,|| — oo, we confirm that w = 0. Indeed, putting
M ={xeQ: wkx)=0}
and

D ={xeQ: w(x) #0}.

%, we can easily see that [u, (x)| = co a.e in ()

(2pii0) P
From the assumption (H2) and for a large enough n, we find that

f(x, un)uy

|11 [Pt

Since |uy| = || un||

>k uniformly x € ()

for a large enough k. Thus,
2pjc = lim [lwn]Pm

= Lim [t [P ||| P
n—0o0

p
= lim |t,|Ph |f(x'“">‘+‘"|M\u |Pit dx
n—00 @) |un|pM
>k lim |wn|p1\+/ldx
n—o0 02
=k / |w|’”1T4dx. (14)
97

The fact that 2p};c is constant and k is sufficiently large allows us to infer that |();| = 0
and then w = 0in Q).
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Furthermore, since w = 0 and in view of the continuity of the Nemitskii operator,
we get
F(,wy) — 0 in LY(Q),

which implies that
lim F(x, w,) =0;
n

then,
plwn) > 4—7#%4‘/'§:|a ) dx 4 [ Jult) dx] = o(1)
> % 2pie—o(1) =2c—o(1)
Pm
> (15)

Once more, as in (12), for a certain n > 1 we have

TS ) ) <

I |~

Thus,

1 (
> — 7_ — 4+ | f(x,uy undx> — [ F(x,uy)dx (16)
P P / /
that is,
1 1
n D > — s Un n _F s Un d . 17
$ln) =2 [ (o = B ) dx 17)
Meanwhile, from Lemma 2,
tPm 1
t n < n n _F s Un d . 18
pliwn) < ot [ (o — () dx (1)

By virtue of (17) and (18), we have

which is contradictory with (15). Therefore, (1), is bounded in WL”(—"S (Q)

Now, regarding the boundedness of (1), in X and the fact that X is reflexive, there
exists u € X such that u,, — u. Since ¢’ is a (S+) type map (because I’ is of the (5S4 ) type
(see Proposition 3)), thus u, — u in X, thereby (u,), converges strongly to a nontrivial
critical point of ¢ and the proof of Theorem 1 is achieved.

(b) Recall that by applying Jensen’s inequality to the convex function

t(>0) — thm,

we obtain
N

Pm
Y- owul ) >

i=1

P1*—1 Li {”axl‘””wtﬂ%'
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Let us make the following notations:

Fi = {l € {1,,N} : ||ax7.1/ln‘|Lpi(Q) < 1},
Fr = {l € {1,...,N} : ||8x7.un\|Lp,»(Q) > 1}.

Then, we get

Z/ ‘axunm(x dx = Z/ |axun|r’z )dx + ) / |ax,un\p,

ieF i€eF
> Z ||ax1”n|| Z ||ax1”n|pm
lE]‘—l i€efF
> 3 Ponenls, — X sl
i=1 icFy
S0,
N N _
Z/ Otz > Y 9 un 77~ N (19)
=179 i=1
and
Lol o [ MR
i=1 pi(x) lox;llp()  — P?\r/l ieF axl pil- ;\F/I axl pi(-
1 1
> = H
pa< =l )
Pm
1 1 0
> —|—— (¥ | ~NJ|. (20)
PM NPm —1 i=1N ] Pr()
If [|u][p,,(.) > 1, the same lines as in [26], and [11] hold, then we have
I(u) > 1| H | —N+—|\u||”m
> PIJ\F/I Npm ox; (.
Pm
1 - N
Z - H + u Pm _
Pir Npm (E ) ” Hpm(~) P
Pm
N
> inf<1, H H + ||u - —
- zpwl + ! { Npml}[z pi) | ”m(-) p;[
> 71nf{1, Yl — -
2Pm pmil pM
(21)

If [|u][p, (.) < 1wehave

l 1 N pm p;
Iw) > ﬁ[m:l (paxilqpm) [l = 1= N] (because|ull,, () ~1<0)
1 N "1 N-1
z ,,T[Np I (ZW“M ) +“”‘W»]*ﬁ
>

! inf {1, ! }||u||PLN:1. (22)
zpmflpl\tl NpPm—1 2
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Now, let us prove that ¢ is coercive: for || u ||> 1, by (H4), in either case (22) or (21)

it yields
S (x)
- 3 ) d pulx) g —/F u)d
P(u) E/M(x)'xf“' x+ QPM(X)\MI x— [ F(ruwx
N 1 |u|PM(X)
> Oy, U dx—i—/ u|pm(x dx—)\—e/idx
i_zl/opz(xg i el (=e) [
- 1 ()
> / Oy u|Pilx u|PM\Y) dx
N ; o ) QPM(X)| |
(/\]—6) N/ 1 1 (
) () g pmx) g
L Jo gy Q" gyl dx
1

;inf{ll }(1 _ ()‘1_6)> | u || —c.
me_lp;\r/l NPm—1 /\1

Thus, ¢ is coercive and has a global minimizer u; that means ¢'(u7)u; = 0, which
is nontrivial. Indeed, fixing v9 € X \ {0} and t > 0 to be small enough, from (H5), we

obtain that
p(tvg) < C; / it |vo|p'(x dx+/ ) |vo|”M )dx —/ F(x, tvg)dx
- a pi(x) (x) a 7’
< CatPm — Cyt10 < 0, (23)

because g9 < p;,;. O

5. Conclusions

In this work, we studied a kind of elliptic problem in an anisotropic form concerning
the Sobolev space with variable exponents. By using the variational approach, and with-
out assuming the Ambrosetti-Rabinowitz type conditions, we proved the existence of a
nontrivial solution.
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