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Abstract: In this paper, we consider the class of strongly bi-close-to-convex functions of order & and
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1. Introduction
1.1. Bi-Univalence

If f is in the class S, then f is one-to-one inD = {z € C: |z| < 1}, and
f(z) =z+apz® +azz®+ -, (1)
then the inverse f~! of f has Maclaurin expansion in a disk of radius at least 1/4, say
FHw) = w— ayw? + (2a5 — a3)w® — (5a5 — 5aza3 + ag)w* + - . 2)

An analytic function f of the form (1) is said to be bi-univalent in D if both f and
f~!are univalent in I, in the sense that f ~! has an univalent analytic continuation to D.
Let X~ denote the class of all bi-univalent functions in D, given by the Taylor-Maclaurin
series expansion (1). Family X has been the focus of attention for more than fifty years.
In [1], Lewin established that for f € %, |ap| < 1.51. Later on, Brannan and Clunie [2]
hypothesized that |a;| < V/2; however, their hypothesis has not been proved. One of the
results which deserves more attention but somehow unnoticed is that of Netanyahu [3]

4
who obtained a sharp upper bound |a;| < 3 for a class ¥y C X, consisting of the func-

tions that are bi-univalent and its range contain . However, the sharp lower bound of
the second coefficient |a;| in the class X is not known, as well as bounds for successive

1 1
coefficients |a,| (n > 2). Some examples of bi-univalent functions are 12?, 5 log ( 7 i— z>

or —log(1 — z); however, the familiar Koebe function, or 15722, which are the members of

S, are not the elements of the class X.

1.2. Subfamilies of S and Related Bi-Univalent Functions

Let 0 < B < 1. The subclasses of S consisting of starlike functions of order f (and
convex functions of order B, respectively) are denoted by ST (B) (CV(B), resp.), and are
defined analytically
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ST(B)={feS:R(zf(2)/f(z)) > B, zeD}, 3)
CV(B)={feS:R(1+zf"(2)/f'(z)) >B, z€D} (4)
A function f of the form (1) is said close-to-convex in D, if and only if there exists a
!
function ® € CV = CV(0) such that §R< é/i?)) > 0,z € D. The family of normalized
close-to-convex functions was first introduced by Kaplan [4] and denoted K.

Brannan and Taha [5] introduced the classes ST 5 (B) (and CVx (B)) of bi-starlike func-
tions of order B (and bi-convex functions of order B, resp.) corresponding to ST (B) and CV(B)
defined by (3) and (4). They also found non-sharp estimates on |a,| and |a3| for its members
of the form (1). Following Brannan and Taha [5], many researchers (see, for example,
in [6,7]) have recently introduced and investigated several interesting subclasses of £ and
found non-sharp estimates on the first two Taylor-Maclaurin coefficients. Furthermore,

in [5] the class of strongly bi-starlike functions of order «, where 0 < a < 1 has been defined
and denoted STy [«]. A function f is in the class STy [a], if

(T ) < mes

where g is the analytic continuation of f~! to D.
For 0 < a <1, let K, denote the family of functions f of the form (1), analytic and
locally univalent in D, for which there exists a convex function ¢ such that

arg(f,(z)>’ < (z € D). (5)

¢'(2) 2

The above class has been introduced by Kaplan [4] and later studied by Reade [8].
In particular, Ky is the family of convex univalent functions and K is the family of close-
to-convex functions. Moreover, Ky, is a proper subclass of K, whenever a; < a. An
extension of Iy is a class K (B) of close-to-convex functions of order f [8], given by

%({Z@) > B (zeD). ®)

Following Brannan and Taha, the related families of bi-univalent functions have been
considered, for example, a class K, of bi-close-to-convex functions [9]; a class of strongly bi-
close-to-convex functions of order &, denoted by s [a]; and the class of bi-close-to-convex
functions of order B, denoted by Kx (B).

Definition 1. ([9]) A function f € X of the form (1) belongs to the class of bi-close to convex
functions Ky, if there exist a function ¢, convex and univalent for z € D, such that

ROV s o i £ 50 Guen)

where g is the analytic continuation of f~! to D with a series expansion (2).

Definition 2. [9] Let 0 < a < 1. A function f € X, given by (1), is said to be strongly
bi-close-to-convex of order w if there exist bi-convex functions ¢ and 1 such that

arg(ggzg) ’ <art/2 and arg(iﬁiz))) ‘ <amn/2 (z,we D). (7)

Here, g is the analytic continuation of f ! to D. We denote the class of strongly bi-close-to-
convex functions of order a by Kx [a].
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Remark 1. We note that Kx[1] = Ky and Kg[0] = CVx [5].

Definition 3. [9] Let 0 < B < 1. A function f € ¥, given by (1), is said to be bi-close-to-convex
of order B if there exist the bi-convex functions ¢ and i € CVy, such that

/ /

éR(f(Z)> > and §R<g(w)) > z,w € D), (8)
(P/ (Z) ‘B lp/ (w) ﬁ ( )

where g is the analytic continuation of f~' to D. We denote the class of bi-close-to-convex functions

of order B by Kx(B).

Remark 2. We note that Ky (0) = Kyx. Furthermore, for ¢(z) = z, the class Ny («) (0 < a <
1) reduces to the family of functions f € ¥, satisfying the condition

|larg f'(z)| <am/2 and |arg §'(w)| <am/2 (z,weD),
and Cx.(B) reduces to Ny.(B) defined by the conditions
R(f'(z) >p and R(g'(w)) >p (zweD),
where the function g is defined by (2). These classes were studied by Caglar et al. [10]
Observe that if f is given by (1), then ¢ = f~1 is given by (2), and if
P(z) =z+c2? + 32 Fegzt -, 9)
then
P(w) = ¢~ (w) = w— caw? + (263 — c3)w® — (563 — 5eaes +eg)w* +--- . (10)
In the sequel, we assume that g, ¢, ¥ have Taylor expansions as in (2), (9), and (10).

1.3. Hankel Determinant

Towards the full understanding of a behavior of bi-univalence, it is necessary to
extend our attention to the Hankel determinants, that is one of the most important tool in
Geometric Function Theory, defined by Pommerenke [11,12]. Noonan and Thomas [13]
defined the " Hankel determinant of f given by (1) for natural n > 1 and g > 1by

an Ap+1 0 Andg-1
Ap+1  Ant2 -0 Andg
Hq(i’l) — . . . .
Apt+g—1 Antq ~°° An429-2

The importance of the Hankel determinants was recognized over half a century ago,
and it has been studied in great details, see, for example, in [11,12]. The significance
of the Hankel determinants follows from the study of singularities of analytic functions
([14], p. 329), see also in [15], and from the fact that it contains the Fekete-Szeg6 functional
with its generalization [16]. Moreover, H(2) = apa4 — a% is the well-known second Hankel
determinant. The Hankel determinant is useful for estimating the modulus of coefficients
and the rate of growth of the coefficients. Both estimates determine the behavior of the
studied function when the function itself and its properties are unknown. Extensive studies
of the Hankel determinant in the theory of meromorphic functions are due to Wilson [17];
numerous applications in mathematical physics are given by Vein and Dale [18]. Recently,
many authors have discussed upper bounds of the Hankel determinant and Fekete-Szego
functional for numerous subclasses of univalent functions [13,14,19-22] and references
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therein. Very recently, the upper bounds of Hy(2) for the classes Sy («) and Ky (a) were
investigated by Deniz et al. [23], and extended by Orhan et al. [24,25].

Sivasubramanian et al. [9] found the estimates of |a;| and |a3| in the classes Ky, Ky [«]
and Ky (B). Further, they verified Brannan and Clunie’s conjecture |a,| < /2 for some of
their subclasses.

Therefore, a naturally arising problem addressed in this paper is to investigate the
behavior of the Hankel determinants in the newly defined families.

1.4. Some Useful Bounds
Let P denote the class of functions p(z) of the form

p(z) =14 prz+ pz® + p3z° + ... (11)
which are analytic in the open unit disk D and such that ® p(z) > 0, z € D.
Lemma 1. [26] If the function p € P is given by the series (11), then |py| <2, k =1,2,....

Lemma 2. [27] If the function p € P is given by the series (11), then

2p2 p§+X(4—p%),2 s . .
dps = pi+2p1(4—p)x—pi(4—pDx*+2(4 - p7)(1—|x]%)z,

for some x, z with |x| < 1and |z| < 1.

Lemma 3. [28] If the function ¢ € CV, then for A € R,

1-A for A<2/3,
le3 — Ac3| < 1 for 2/3<A<4/3, (12)
A—=1 for A>4/3.

Lemma 4. [29] If the function ¢ € CV, then |cocq — c3| <

ool

Lemma 5. [30] If the function ¢ € CV, then |cac3 — ca| <

=

2. Second Hankel Determinant in Class ICy[«] and ICx(B)

The first aim of this section is to find the best bound of the second Hankel determinant
in the class Ky [a]. A successful method of finding such bound has been exploited in [9]
and other related publications.

2.1. The Class Kz (B)

In the family of strongly bi-close-to-convex of order &, we have the following non-
sharp estimates of H,(2); however, this bound, for a particular selection of a, improves the
earlier results in [23].

Theorem 1. Let 0 < a < 1, and let the function f, given by (1), be in the class Ks [a]. Then,

1 3 43 1 4
lagay — a3 < <+ Sa+ —a® + a’ 4+ Zat.

-8 2 9 3 3 (13)

Proof. From the condition (7) it follows that there exists p,q € P such that
fl@) =¢'@p@R)]" and g'(w) = y'(w)[g(w)]". (14)
Let p be given by (11) and g has a series representations

q(w) =1+ qw+ pw* +qzw’ + - - - . (15)
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Then, equating the coefficients of both sides of (14), when f, p, g, ¢, and ¢ have given
power series, we obtain a number of equalities, below.

2ay = 2co +apy, —2ay = —2c3 +aqy, (16)

1
3az = 3c3 + 2acopr +apy + EOL(!X —1)p3, (17)

-1 -2
day = 4dcg + 3czapy + 20copr + aps + a(w — D)oapt + (e — 1) prpa + %P%/ (18)

1
6a3 — 3az = 6¢5 — 3c3 — 2acoqy + gy + sz(oc —1)q3, (19)
— ZOag + 20aya3 — 4ay = —2003 + 20cyc3 — 4cy + 6C%o¢q1 — 3cang) — 2acaq2

alae —1)(a —2 (20)
+ags — a(w—1)coq + a(a — 1)g1q2 + %q?

The equality (16) immediately gives p; = —g;. Next, by (17) and (19), we obtain
1,5, «
a3 = c3 + acap1 + Za7py + 6(p2 —q2). (21)

Similarly, making necessary calculations of (18) and (20), we get

o 1 5
Ay =cy+ g(P:s —q3) + Zcza(Pz +q2) + ﬂﬂéZPl(Pz —q2)

+ %Mz(l’z — ) + chﬂpl + %“(“ —1eapt (22)
1 1 1
+ za(a = D)pi(p2 + 42) — 53ap1 + (e — 1) (a = 2)p3.
8 2 24
Therefore,
1 3 1 5
’ﬂ2ﬂ4 — a%’ = |C2C4 — C% —+ ED(C4P1 — ZLC2C3OCP1 + §C3D£2P% — ZLDCZP%C%

1 5 1 1
- 503“(P2 —q2) + EC%“(Pz —q2) — ECgﬂéPl - E“‘LP%

1 1
+ —ca®pi(p2 — q2) + (e — 1) (a — 2)p}

12 48

1 1
+ (e — 1)eap3 + oo — 1) (a — 2)p3

g Nt =
+ guca(ps — 43) + geaa’pr(p2 + q2)

1 1 1
+ 4—8a3p%(pz —q2) + go(a = 1)c3pi — 502“371“;’

1 1
+ 1262 P1(pa — 43) + e (@ = D)pi(p2 + 02)

1 1 1
+ f%“(lf’z +q2) + gczﬂé(“ —Dp1(p2 +92) — ng(r’z —q2)?|.

Let us apply Lemma 2 to p; and g5. Then, for some x,y such that x| < 1, |y| <1,
it holds
2p =pi+x(d—p)’ 22=qi +y(d—m),

from which we have

4—p?)(x— 4—p?)(x+
Py — g = ( pl;( y); Pz+£]z:p%+( Pli( ]/). (24)
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Apply now Lemma 2 to p3, g3 and obtain

3 _ 2 2 2 2 2
p3—q3 = % + P1(4 pé)(x+y) _ P1(4 pli(x +y ) + (4 2]91) {(l _ |x|2)zf (1 _ ‘y‘Z)w]’ (25)

for some x,y,z, and w with |x| < 1, |[y| < 1, |z|] < 1, and |w| < 1. Making use of (24)
and (25) to (23) gives

o 1 1
‘a2a4 — u%‘ = |cocq — c% + 5(64 —c3)p1 — Ficc3p + gﬂéz(C3 - 10c§)p%

1 5 1 1 1
- gw(% - ZC%) (p2—q2) + Eczlxzpl(l’z —q2) — chl’éﬁl - ECZ“SP?

IR VIV N A PR SIS N SIS SN SN
e P1t g (@ = 1)pi(p2 ‘72)+4“(“ 1)C2P1+48“ (a = 1)(a —2)pj 26)

1 1 1
+ g“Z(IX —1)eapi + g 2n(e—1)(a — 2)pi + gica(ps —3)

1 1 1
+ gczzx(a —Dpi(p2 +92) + gczﬂfzpl(Pz +q2) + @D‘SP%(PZ —q2)

1 1 1
+ R“2P1(P3 —q3) + Zcﬁﬂé(r’z +q2) — %ﬂz(Pz —q2)?|.

Without lost of generality, we can restrict our considerations to p; := p € [0,2].
Applying this and the triangle inequality to (26), we have

o 1 ®
o204 — aF| < |ces — B| + Tl (ca — caca)lp + 5 |Blap + Fleacalp
1 1 1 1
+ g“2|C3 —1053|p* + §|52|0¢3P3 + E“4P4 + g laa - 1)||c3|p?

10 _ 4, Lo 3. 1 _ — 3
b gl = D=2t + (@~ Dllealp + g leallata — 1)(a ~2)lp

1, 5 4, 1 3, 1 23, 1 3, 1 24
= 1 = Z Z _1 =
+ 16‘“ (a=1)[p* + 16“\C2|P + 8|C2|l’¢ p°+ 8|C2|\0‘(0‘ )p” + 2t P

5
C3 — 76%

L2 2
28|+ gldtla] =)

12 2 @«
+ 1o + (1 + 1y | §
1 5.0, 1 - .,
+ | gglealn-+ gyleala? + e lellate— D) pls - 42) -
1, 13 1 5 204 2
+ {32“ +96“ +32|a (a 1)|]p 4-p )}
(P + RS 2= ) + Ealpa— )
Y2 | ggP* (4= p?) + g5 lealp(d—p
F APy [ E el - ) + S pa— )
B F T v L
F AP Ll + S pa- )
y1?) | ggleal (4= p) + 5p(a—p
(4 (] )
144 ’
We now apply Lemma 3 and Lemma 4 with Lemma 5 to (27), and deduce that

1 5 9 1 1
’a2a4 - a%‘ < -+ gap+ (zxz +-a(l—a)+ uc) p?

8 4 4
20(+5 3
3 )’”

(o]

—_ z = Za(l —
(1606 8“ 2" 8“( %)

0(2 e — X
N {116"‘4 * %“2 + 58 45)3(5 )} &
L@ (4-p)+ 7(0‘)2;7(4 -7
8 16
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3 2
x4 19| (5 + 53 + 35070~ )Pta— )

2 _
+ (54“8 + 1+ —“(116 “))p(4 — P+ (4 pz)]

(o)}

062 062
I+ 1) |52 = )@= 7)) + 57 4= PR+ o)

Taking 71 = |x| < 1,72 = |y| < 1, we rewrite the above as follows:

|azas — a3 < S1 4 Sa(71 + 72) + S3(7] +73) + Sa(m1 +72)* = F(711,72),

where
1 5 1 1
S1=5(p) = 8+6zxp+(81x2+4a(1—¢x)+4zx>p2
R
14,1, &21-a)5-a)] 4
+ [16“ +3—20c + ) p
(a) 2, (a)? 2
g — Aardl >
o a? 2 2 2
S2=5(p) = %‘*‘54‘5“ (1—a)|p=(4—p7)
502 a  a(l—a) o ’
i — Za—p?) >
+ (8+16+ 16 >p(4 p)+6(4 p°) >0,
o? 2 2
S3=53(p) = (P -HlE-p) =<0,
o? 2\2
Sy =S54(p) = m(‘l—l’) > 0.

In order to obtain an estimate of |Hz(2)|, we need to maximize F(71,72) in the
closed square
A={(11,72):0< 71 <1L,0< 7y <1}

As S3 < 0and S3 +2S4 > 0and p € (0,2), we conclude that F,,,F,,, — (Fy,q,)? <
0 for all 71,72 € intA, and thus the function F can attain a maximum only on the
boundary of A.

We first note that F is symmetric in 7 and 1, therefore it is enough to consider
0<y1<land0< 9 <. Fory, =0and 0 < 71 <1, we obtain

F(71,0) = G(71) = S1 + Sa71 + (S35 + S4)73-

Fix p € [0,2] and consider two separate cases:

(i) S3 + S4 > 0. In this case, G'(771) = 2(S3 + S4)y1 + Sz > 0, thatis, G(71) is an increasing
function. Therefore, for fixed p € [0,2) the maximum of G(71) may occurs only at
71 =1, and

max G(’)’l) = G(l) =851+ 5,4+ S3+ S4.

(ii) S3+ S4 < 0. As S +2(S3+ S4) > 0for0 < 1 < 1, it is clear that Sy +2(S3 + S4) <
2(S3 + S4)71 + S2 < Sy so that G'(y1) > 0. Therefore, similarly as in the case (i) the
maximum of G(71) is attained for y; = 1.



Symmetry 2021, 13, 567 8 of 12

For 1 =1and 0 < 9, < 1, we obtain
F(1,72) = H(72) = (S3+S4)75 + (S2 +254)72 + S1 + S + 53 + Su.
Similarly, to the above cases of S3 + S4, we get that
max H(7yy) = H(1) = S1 + 25, + 253 +4S,.

As G(1) < H(1) for p € [0,2], we have that max F(y1,72) = F(1,1) on the boundary
of A and from this on the closed square A.
Next, let us define a function K : [0,2] — R as follows:

K(p) = max F(vy1,72) = F(1,1) = S; + 25, + 253 + 45, (28)

that is, in view of (28),

K(p) =

+

1, 7.5 11, 117,
+ |:1206 E“ +m0€ +160(:|p .

By an elementary calculation, we find that

iy = (B, 7,2 1,100, 153
K'(p) = <6tx+121x + 12“+36“ 30 )P

5, 19, 251, [1, 7 5 11, 17,
+ [4“ 16“+164p+{3“ 2" T3 TP

that can be rewritten as

/ _ E 1 2 ap _ @ 1
K'(p) = <6zx+120c + a(l—a) + sa+ 7
2 19 3 3 11 3
+ £ [5042%—4(1—0()—1—2}—1-“;)[w(wz—a+12>+4(1—“2)}

from which it is easily seen that K'(p) > 0 for 0 < a < 1. Therefore, K(p) is an increasing
function of p so that K(p) attains its maximum at p = 2. Consequently, we have

B 1 3 43, 1,5 4,
Org;a;(zK(p) =K(2) = 8+21x+ g +3a +3zx .
This completes the proof of the theorem. [J
Remark 3. For a = 1, we have the following bound
581
_ 2 < 22
a0y — a3] < 75

and when ¢(z) = z, Theorem 1 reduces to the Theorem 2 in [10]. Furthermore, when a = 0, we
get the estimate for the class of bi-convex functions, which significantly improves the bound due to
Deniz et al. [23], below. Unfortunately, we do not know if that result is sharp.
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Corollary 1. For0 < a < 1,and f € Ky = Kx[0] we have
1
lazay — ‘13| 8 (29)

2.2. The Class Kx(B)

In order to estimate the second Hankel determinate in 5. (8) we apply consideration
similar to that used in the proof of 1.

Theorem 2. Let 0 < B < 1, and let the function f given by (1) be in the class Ks.(B). Then,

a0y — @ < 5+ (1— ) +6(1—pP+401- PP+ (1-p  (0)

Proof. By (8) there exist p, g € P such that

f'z) _ _ N an g'(w) = - w
L =B+ =P and 25— pe (1 plg(w)] G1)

Let p, g have series representations as in the previous section. Then, equating coeffi-
cients of z,z? and z° of both sides of (31), we obtain

20 =2cp+ (1= B)p1 and —2ay = —2co+ (1—B)q1, (32)
3a3 = 3c3 +2(1 — B)eapr + (1 — B)pa, (33)

4ay = 4cg +3c3(1 — B)p1 +2(1 — B)eapa + (1 — B)pa. (34)
6a3 — 3az = 6c5 — 3c3 — 2(1 — B)eaqy + (1 — B)g2, (35)

— 2011% + 20aya3 — 4ay = —20C% 4 20coc3 — 4cg + 6¢5(1 — B)gy — 3c3(1 — B
—2(1=B)cagz + (1 = B)ga.

From (32), we get p1 = —q1, and ap = ¢ + (- )pl , and making use of (33), (35),
and (36), we have

(36)

a3 =c3+ (1 —B)copr + Chl) (6P2 —72) + a f)zlg%, (37)

oy = et 51— B)p3— 03) + 7021 = B)(p2 +2) — 331~ B

5 5 5 (38)
+503(1=P)p1+ 502(1=B)(p2 = 32) + 5, (1= B)°pr(p2 — q2)-
Therefore,
‘a2a4 — a%‘ = |cpcy — c% + %(1 — B)eapr — %czg(l - B)p1
+ 50— B = (1= BPAG — 2es(1= B)(p2 — )
+ B0 =B (2 42) — 5021~ B} + 5e2(1— BPpi(p2 —d2)
2 R 1 (39)
— 500 =B)p1— 1. (1=PB)*p1+ g (1= B2 — 1)
+ %( —B)*pi(ps —4q3) + %(1 = B)e2(ps — q3)
B0 B)(p2 @)+ ger(l— B2t 02) — 5 (1- B2 — 027
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Now, we apply the relations (24) and (25) to (39) and obtain
‘“2114 - ﬂ%) = |oa-G+ (1;7&)(64 —Cac3)p1 — i(l = B)eacapr
451 - B - 1003 - 31 -p) (- 33) (4‘;’% (x—y))
—sall-pPR+ el - Bl (4‘2”% - y))
130 Py R (P + (- B (42’% y))
e | B Gy
SRR ) P ez - - e u
shapa| e Gy
SO 2y AR [ e - - o]
Haa-p (p% yin <x+y>) + La-pp (p% v (x+y>)
B 3%“ _pp (4- P%)i(x —y)? ) (40)

where x,y,z, and w are such that [x| <1, [y| <1, |z] <1,and |w| < 1.

According to Lemma 4, we may assume without any restriction that p; € [0,2]. Thus,

applying the triangle inequality and taking p; = p, we find that
(1-p)
2

‘a2a4 — a%‘ <

CoCy — c%‘ +

[(ca — cac3)|p

(1= Blleacslp + 51— B2 (es — 108 |p?

o
(1 16[5) p

N

1 1
+5leal (1= B)°p* + Sle31 (1 B)p +

— B)2 _
P P P Lidia— g + el - 2
(el + |5l = Sl = 1)+ gpleal1 = ppta— )

_ R)2 _
+ 9%(1 -BPrr-p)+ (1372'8);72(4 —p*)+ (11765)&2\;7(4 - p?)

+gldla-pa— )+ CPlapa )

16

_ B)2 _
(e )| S )+ U P elpa - )

_ _ 2
+(1f|x|2>[1 Ploata— )+ 12P) ,,(H,z)}

16 32
— _ )2
-y | el + 15 - 2|
)2
+ OB 222 1yl

(41)

We now apply the Lemmas 3-5, and set 1 = |x| < 1,97 = |y| < 1. Then, (41) can be

rewritten in the form

|azas — a3 < S14 Sa(71 + 72) + S3(7] +93) + Sa(m1 +72)* = F(711,72),
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where
S1=5(p) = %+g( ﬁ)p+{ (1 5)2+(14ﬁ)} 2
1-g,(1-8° (1-p)
+ (16 S >p3
1-p)* (1-p)7?
+ { 6 ' 3 }pél
o 2
v By P )
2 _
5= S:(p) = + ) -

(%5
(0 W)p(4_p2)+<16ﬁ>(4_pz>>o,

=5 = PG -y <

si=sip) - Pl

Maximizing F(71,72) in a square A := {(71,72) : 0 < 711 < 1,0 < 7, < 1} we
conclude that max F(y1,792) = F(1,1). Defining now a function K : [0,2] — R as in
Theorem 1 defined by

K(p> = maXP(,Yl/ /YZ) = F(lll) = Sl + 252 + 283 + 454/ (42)

and analyzing its behavior, we infer that K(p) is an increasing function of p and attains its
maximum at p = 2. Consequently, we have

119

Dax K(p) = K@) =g+ (=) +6(1-p)*+4(1- )+ (1-p)*,

that completes the proof of the theorem. O

Remark 4. For ¢(z) = z, Theorem 2 reduces to the Theorem 1 [10].

3. Conclusions

In the present paper, we have estimated a smaller upper bound and more accurate
estimation for the functional |axay — 3| for functions in the class of strongly bi-close-to-
convex functions of order «, (0 < a < 1) and the class of bi-close-to convex functions of
order B, (0 < B < 1). Obtaining a sharp estimate for |aa4 — a%| in these classes are still
open and keeps the researcher interested.
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