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Abstract: The aim of this work is to investigate the oscillation of solutions of higher-order nonlinear
differential equations with a middle term. By using the integral averaging technique, Riccati transfor-
mation technique and comparison technique, several oscillatory properties are presented that unify
the results obtained in the literature. Some examples are presented to demonstrate the main results.
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1. Introduction

Nowadays, analysis of the oscillation properties of partial differential equations is
attracting considerable attention from the scientific community due to numerous appli-
cations in several contexts such as biology, physics, chemistry, and dynamical systems
(see [1-3]). For some details related to recent studies on the oscillation properties of the
equations under consideration, we refer the reader to [4,5]. Moreover, the oscillation of
partial equations contributes to many applications in economics, medicine, engineering,
and biology.

In 2011, Run et al. [6] established new oscillation criteria for second-order partial
differential equations with a damping term. Agarwal et al. [7] obtained some oscillation
criteria for solutions of second-order neutral partial functional differential equations.

Over the past few years, the oscillation of Emden-Fowler-type neutral delay differen-
tial equations has attracted a lot of attention, see [8-15].

In this article, we investigate the oscillation of the higher-order delay differential
equations

i1 ™/ 1) % n
(11(2) (@079(2))") +a2@) (w0 @)+ Y a(2)w (Bi(z) =0, 2220 > 0. (1)
i=1
Our novel outcomes are obtained by considering the following suppositions:

a1 € C'([z0,00),R),a(2) > 0, a2, 07, B; € C([z0,0),R), 0; >0,
Bi € C([z0,),R), Bi(z) <z, lim; 0 Bi(z) =00, i =1,2,..,1,
j is even, 7 is a quotient of odd positive integers.

The following condition is satisfied:

/w <tx11(5) P (‘ / iiﬁii dx) > . @
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Our main purpose for studying this work is to extend the results in [16]. We will use
different methods to obtain these results.

In [16] the authors obtained oscillation criteria for fourth-order delay differential
equations with middle term

(a1 (2)w” (2)] + p(2)w"” (z) + o (2)w(B(z)) = 0

L awoe(- Lagt)e==

Bazighifan et al. [17,18] obtained some oscillation conditions for the equation

under the condition

{(am plw- 1)( )+ aa(@)@y[f (000 (2) )] + £, o(2)@p g (@(Bi(2)] =0,
s, J

@pfs] = Is|P™%s, j =1, 2> 29 >0,
Zhang et al. in [19] investigated some oscillation properties of the equation
. p—2 . _
Ly +a2(2) [0l (2)] " 00 (2) + 0(2)[w(B(2) P 20(B(x)) =0,
. -2 .
l1<p<oo,z>2)>0, Ly = ’w(f_l)(z)‘p wl=1(z).

Bazighifan and Ramos [20] studied the following delay differential equations:

(w62 (wﬁﬂ(z))p‘l)/ +aa(2) (w0 (@) +o@w(BE) =0,

z>2z9>0,

where 1 < p < co.
Liu et al. [21] derived oscillation theorems for the equations

(m(2)@(wl 1 (z)) )' +a2(2)®(w0D(2)) + o(2)@(w((2))) = 0,
®=|s|" %, z>25 >0,

where 7 is even and used the integral averaging technique.
Grace et al. [22] discussed the equation

[12(2) (w0 2)) ] + o2y (5(2)) = 0

Zhang et al. [23] considered the even-order equation

[1(2) (0 @) "] + o2 (B@) =0, 2>z,

under condition

/ all/v( s)ds < oo

Z0

and used the comparison technique.
The aim of this paper is to give several oscillatory properties of Equation (1). New
criteria extend the results in [16].
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In the following, we mention some notations.

0+ = [ [oe(- L) e

. YN oi(s Bils) st Vr
fz°°(9—z)1—4<fﬂ lel”’“gg ) ) d6

aq(
(j—4)!

B(z)

and

D(s) := a1 (5)51(5)|h(z’s)|7+,~12 7
oy 17+ {H(z,S)A(S)Vﬁ]

2. Main Results

Here we present the following lemmas.

Lemma 1 ([24]). Let y(’) > 0forally =0,1,...,j,and y(Hl) < 0, then

G-1td
Zi-1 dz

Lyiz) -

> 0.
- z) >0

Lemma 2 ([25]). Let y € C/([zg, ), (0,00)) and yi=1 (z)y') (z) < 0.If we have Zlgroloy(z) #0,

then
€

= G-

¥(z) 27|y )|

foralle € (0,1) and z > z.

Lemma 3 ( [26]). Let y(z) € C"[zp,0), y)(z) # 0on [z, 00) and y(z)y") (z) < 0. Then

(I)  there exists a zy > zo such that the functions y™ (z), m = 1,2,...,r — 1 are of constant sign
on [zg, );

(II)  there exists a number a € {1,3,5,...,r — 1} when r is even, a € {0,2,4, ...,v — 1} when r is
odd, such that, for z > z;,

forallm=20,1,...,aand

Definition 1. Let
D={(zs) €R?:2>s>z)}and Dy = {(z,5) € R? : 2> 5 > z)}.

We say that a function H € C(D, R) belongs to the class w if

(I) H(z,z0) = 0,H«(z,20) = 0forz > zp,H(z,s) > 0,H(z,5) >0, (z,5) € Dy;

(I)H, Hy have a nonpositive continuous partial derivative 0H/9s,dH, /ds on Dy with
respect to the second variable, and there exist functions 61, A, by, As € C! ([z0,0), (0,00)) and
h,hy € C(Dg,R) such that

- %(H(Z,S)A(S)) — H(z,s)A(s)ii 8 +h(z,5) ©)
and
5(2)

+ h.(z, ). 4)
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Theorem 1. Let j > 4 be even. Let Equations (3) and (4) hold. If there exist functions 1,0y €
CY([z0, ), (0,00)) such that

1 Z
i
lim o e

ds =00, (5)

} 105\
H(z,5)A(5)61(5) za,(s)(ﬁl 4 (S>> ~D(s)

1
i=1 s/

for some constant y € (0,1) and

z s)|h«(z,s 2
lim sup H*(i,zo) /ZO <H* (z,5)Ax(s)d2(s)B(s) — m> ds = oo, (6)

then Equation (1) is oscillatory.

Proof. Let w be a nonoscillatory solution of Equation (1), then w(z) > 0. From Lemma 3,
we have two possible cases:

(C1) w(z) >0, w'(z) >0,.., wi=Y(z) >0, wh(z) <0,
(C2)  w(z) >0,w(z) >0, w1 (z) < 0 for all odd integers
re{1,2,..,j—3}wi=Y(z) > 0,00 (z) <0.

Let case (C7) hold. Define the function y;(z) by

() (w0 V(z))

yi(z) = d1(z) () )
Then y1(z) > 0forz > z; and
, @@ @) (wE (i)
L4 (Z) < 0 (Z) w7 (Z) + 01 (Z) w (Z)
7/ (2)an () (w0 D (z))
_51 z w’7+1 (Z) .
By Lemma 2, we get
w'(@) 2 L el G) ®)
Using Equations (7) and (8), we obtain
, @@ @) (wE (i)
]/1(2) < 51(2) ZU’Y(Z) +‘51(Z) ZUVY(Z) (9)
yuzi~2 %1 () (w(];l) (Z)>7+1
O T e
By Lemma 1, we find
w(z) S 2
w(z) = j-1
Thus we obtain that w/z/~! is nonincreasing and so
| -1
w(‘Bl(z)) Z :Bi '_(12) . (10)

w(z) )
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From Equations (1) and (9), we get

w@EE) R @) )

HE < AE——

wa(2) (w0 (2)) o2 @ (007E) ™
1 : :

w7(z)

—061(z)

From Equations (10) and (11), we obtain

'(z j—1
i < (1920 fee(GE) @
_ (Mpz 2 (r+1)/7 ),
(j — 2)1(61(2)a (2)) /D
It follows from Equation (12) that
" Bl 1( 2) 0(2) ma(2)\ Tz~ (/7
; ( ) : (51(2) vcl(Z))yl() () (= 2)!(01(2)ar (2D )

Replacing z by s, multiplying two sides by H(z,s)A(s), and integrating the resulting
inequality from z; to z, we have

z n j—1 U
/21 H(Z,S)A(s)él(s)i;@-(s) (‘Blsj_(ls)> ds (13)
z 5 (s)  ax(s)
< _/le( )A(s)y; ds+/ zsA()<51()—oj(s))y1(s)ds
G yps' > (r+1)/7
/Z H(z9)A() e e (s)ds

— HE AN @) - [ (- 0HEAE) - HEs) e (55 - 20 )y 6

ay(s)

[ z,8)A(s psl DY (5)ds
/Zl H(z,5)A( )(],_2)!(51(5)061(5))1/(7)}/1 (s)d

< HE2)AENE) + [ IhE9)lnEd)

2 Yusi—2 (v+1) /7
— [ H(z,5)A(s)— y (s)ds.
/z1 (]—2)!((51(s)zx1(s))l/7 !
Note that
SUV€71 _ UE S (S _ 1)V€’ e > 1, u 2 0, Vv Z 0. (14)
Here
/(7+1)
psi—2 )7 yi(s)
e=(y+1)/v, U= <stAs
(r+1)/v TH(z9)AE) 7 (G1(s)a () /D

and

v/ (r+1)
! d1(s)a1(s)
V= i h(z,s)|" 1 : )
(’Y'f'l) | ( )| ((’)’H(Z S)A(S) }1512)7)

(j=2)!
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From Equation (14), we get

) Yisi—2 (v4+1) /7
|h(z,5)[y1(s) — H(z,s)A(s) (j —2)!1(d; (5)061(5))1/Ayy1

b1(s)aa(s) iz, )\
()

ji—2
(HE9)AEE,) N T

Putting the resulting inequality into Equation (13), we obtain

z,5 r+1
/Z H(z,5)A(s)d1(s i (ﬁ] ‘(s )> _51(5)061(S)<h(;£|2 .

< H(z,2z1)A(z1)y1(z1)
< H(z,z9)A(z1)y1(z1).

i=1
7-1 n /-1 S !
< A(Z1)y1(21)+/Z $)d1(s Zﬁfz (ﬁ ( )> ds < o,

for some y € (0, 1), which contradicts Equation (5).

1 z H Als)8 n ,Bi:_l(s) v b ,
m/% (z5)A()01(5) 1 0i(s) g1 | —D(s)|ds

Let Case (C;) hold. By virtue of w’(z) > 0 and w”(z) < z, from Lemma 1, we obtain

w(z) > ty'(2).

Thus we obtain that w/z is nonincreasing and so

w(pi(2)) > w(z) P&,

zZ

From Equation (15) and integrating Equation (1) from z to co, we obtain

—al(z)<w(7 R +/ 201 () ———ds <0.

It follows from w’(z) > 0 that

— a1 (z) 4 —4G) </Z°° iai(s) <51'S(s))7ds> v <0.

0 (2) =i

Integrating Equation (16) from z to oo for a total of (j — 3) times, we obtain

1/y

Bis)\ ' 4
" 1 N4 fe Yia 0ils (5> °
0" (z) + (].74)!/ 6 —2) o ®) d6w(z) < 0.
Now, define
w'(z)

(15)

(16)

(17)

(18)
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Then y1(z) > 0 for z > z; and

w'(2)

W (2)w(z) — (w'(2))?
w(z) '

+‘52<Z) wz(z)

ya(2) = (2)

It follows from Equations (17) and (18) that

2 a0) - 30

62(2)B(z) < —ya(2) +

Replacing z by s, multiplying two sides by H.(z,s)Ax(s), and integrating the resulting
inequality from z; to z, we have

/leH*(z,s)A*(s)(Sz(s)B(s)ds < —/:H*(Z,S)A*(s)y’z(s)ds

+ [ Hz94.6) (S§y2<s>ds

21

Z Hy(z,5)Ax(s)
A

= H*(Z’Zl)A*(Zl)yz(zl)f/zH*(L)fh(S)

Z1 52(5)
_ /Zl (—;S(H*(Z,S)A*(s)) —H, (z,s)A*(s)Zg;)yz(s)ds

Ho(zz)As(z)ya@) + [ 1 (z9)ly(s)d(s)

Z Hy(z,5)Ax(s)
— /Zl 7{52@) y%(s)ds.

IN

Hence we have

02()|h(2,5)

/21 [H* (29) A (oa(s)n(s) ~ ZREEL as
< Hi(z,21)Ax(z1)y2(21)
< H*(ZIZO)A*(Zl)yZ(Zl)'
Then
1 55(s)|hs(2,5)
TREEN) /ZO H.(2,5) Ax(5)52(s)B(s) — ZH*(Z,S)A* ds

z
< Auz)ya(z) +/ A(5)82(s)B(s)ds < oo,
20
which contradicts Equation (6). Therefore, the theorem is proved. [

Theorem 2. Let j > 2 be even and the equation

x(2) <x/(z) +220) o) 4 i@‘zz()z)) (e".g i (Z_)>x(ﬁi(z))> —0, (19)

has no positive solutions. Then Equation (1) is oscillatory.

Proof. Let w be a nonoscillatory solution of Equation (1), then w(z) > 0. Hence we have

w'(z) > 0, wi=Y(z) > 0and w') (z) < 0. (20)
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From Lemma 2, we obtain

ez} 1/

w(z) > a7 (2)wli = (2), (21)

T -0we)
foralle € (0,1). Set
x(z) = a1(2) [w(jfl)(z)r.
Using Equation (21) in Equation (1), we obtain the inequality
oy 23 o B (B @)
x'(z) + =—=<x(z) + 061([131'(2)) ( = > x(Bi(z)) <0.

That is, x is a positive solution of the inequality in Equation (19), which is a contradic-
tion. Thus the theorem is proved. O

Corollary 1. Let j > 2 be even. If

g [0 B GS) (gt (T ) N (DY
mnt | S (@) e ([ e R e

then Equation (1) is oscillatory.

3. Applications

As a matter of fact, the natural of the half-linear/Emden-Fowler differential equation
appears in the study of several real-world problems such as biological systems, population
dynamics, pharmacokinetics, theoretical physics, biotechnology processes, chemistry, engi-
neering, and control (see [27-29]). In the context of these applications, we provide some
examples below in this section.

Example 1. Consider the delay equation

w® (z) + %w@) (z) + Z%w(Z) —0,e>0,z>1, (23)

weseethatj =4, v =1, a1(z) =1, ax(z) = 1/z, B(z) = z/4, 0(z) = ¢/z*and

0= [[egon(- )] -

Now, we find that

i [ st (0 ([ 200,

lim inf =170 (87 (5))  ex / du |ds
Jiminf o gy B ©) P
iminf [© 5 (5 In4)d

= limin /31-(2)54(64) exp(In4)ds

.. € € 6 .

Thus, using Corollary 1, Equation (23) is oscillatory if € > 24.

Example 2. Consider the delay equation

(iw’”(z))/ + (1\(222))w”’(z) + gw(g) =0,z>1, (24)
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wheree > 0. Let j =4, v =1, a1(z) = 1/z, an(z) = 1/(22%), B(z) = z/2, 0(z) = ¢/zand

0= [[egon(- )] -

Now, we see that Equation (22) holds. Thus, by Corollary 1, Equation (24) is oscillatory.

Example 3. Consider the equation

1 €
4) 2,0 € (a-1/3.) _
0¥ (z) + Sw (z)+z4w(4 z) 0, z>1, (25)
where € > 0 is a constant. Let
i = 4, m(z)=1, ap(z) = 1/2%, v =1, B(z) = 471/3,, o(z) = /2,
H(z,s) = Hi(z5s)=(z—5)% A(s) = Au(s) =1,

61(s) = 22, 8(5) =2 h(z,5) = hi(z,8) = (z —5s) (5 —st —i—z(s*z - 35*1)).

Then we get

o 1 s 1/
o) = [ lamee(- Lige)] ==
) o5 g(s) (B2 s 17
f;<9_2>]-4<fe bt (4 >d> a8

(-4

> g/ (1222) .

Now, we see that

1 " B\
lim sup s /ZO H(z,s)A(s)(Sl(s)ZUi(s)< e ) ~D(s) | ds

i=1
= lim sup 1 /Z[Ezzs*1 +is- Lo i(25 +52 1051 2274
zZ—00 (z— 1)2 14 4 2 2u
4922572 — 622572 + 16ts 2 — 2ts > — 30ts1)]ds
= oo, ife>18/u forsomepu € (0,1).

Set
H.(z,5) = (z—5)%, Au(s) =1, 62(s) = 2, hi(z,5) = (z—5) (3 - ts‘l).

Then we have

| L b2(5)| 1 (2,5)
}L)ngo sup - z20) /20 <H* (z,5)Ax(s)02(s)a1(s) 3H. (z,5) A (5) ds
. 1 e o1, ¢ € 5 -1 2.2
> - = e _Z,_2(g_
> lim sup (21)2/1 [1225 + 155 &% 4(9 6ts™" +2z°s )}ds
= oo, ife>3.

Thus, by Theorem 1, Equation (25) is oscillatory if ¢ > 19.
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4. Conclusions

In this article, we give several oscillation criteria of even-order differential equations
with damped. These criteria that we obtained complement some oscillation theorems for
delay differential equations with damping. In future work, we will discuss the oscillatory
behavior of these equations by using a comparing technique with second-order equations

under the condition
o0 1 s ocg(x) >} 1/
——exp| — dx ds < oo.
/ZO Lcl(s) p( / a1 (x)
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