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Abstract: This work mainly focuses on the continuity and analyticity for the generalized Benjamin—
Ono (g-BO) equation. From the local well-posedness results for g-BO equation, we know that its
solutions depend continuously on their initial data. In the present paper, we further show that such
dependence is not uniformly continuous in Sobolev spaces H*(R) with s > 3/2. We also provide
more information about the stability of the data-solution map, i.e., the solution map for g-BO equation
is Holder continuous in H"-topology for all 0 < r < s with exponent « depending on s and r. Finally,
applying the generalized Ovsyannikov type theorem and the basic properties of Sobolev-Gevrey
spaces, we prove the Gevrey regularity and analyticity for the g-BO equation. In addition, by the
symmetry of the spatial variable, we obtain a lower bound of the lifespan and the continuity of the
data-to-solution map.
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MSC: 35G2; 35L05; 35Q50

1. Introduction

In this paper, we study the Cauchy problem for the generalized Benjamin—Ono equation
ot 4+ Ho2u+ ukdu =0, t>0,x€eR, O
u(x,0) = up(x), t=0,x eR,

where H is the spatial symmetrical Hilbert transform

Ly)d]/.

H) ) = Zpo. [ L2

The Benjamin—-Ono equation (k = 1) was derived by Benjamin [1], and later Ono [2].
This equation can be see as a model to describe the wave motion at the interface of a
two-layer fluid system of incompressible inviscid fluids, in which a heterogeneous layer is
situated above or underneath an infinitely-deep layer of homogeneous fluid. The function
u(x, t) denotes the deviation of the interface from its resting position at the point x in the
direction of propagation at time ¢. It is assumed that the deviation of the interface makes
no significance in the direction orthogonal to x.

For the variables that are nondimensional, the Benjamin-Ono equation has been
normalized to reach the tidy form (1). From the last century in 1960s, the Benjamin equation
was of high concern, particularly because it is completely integrable, defines Hamiltonian
systems, possesses infinite conserved quantities and has multi-soliton solutions, cf. [1-4].

The Cauchy problem for the Benjamin-Ono equation was studied extensively. The
local well-posedness and global well-posedness for initial data in the classical Sobolev
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spaces H*(R) were investigated, cf. [5-11]. More precisely, the local well-posedness for
initial data uy € H*(R) with s > 3 was shown in [7], and the globally well-posed in H*(R)
fors > % was also obtained in [10]. By the half Strichartz estimates for linear problems
with5variable coefficients, Koch and Tzvetkov [9] obtained the local well-posedness when
s> 7.

Subsequently, Kenig and Koenig [8] extended this result to s > %. Tao [11] obtained
global well-posedness in H*(R) for s > 1 by a gauge transformation as for the derivative
Schrodinger equation. Recently, the Benjamin—-Ono equation was proved to be local well-
posedness in H*(R) with s > 1 in [5] and global well-posedness in H*(R) with s > 0
in [6].

More interestingly, based on the well-posedness results, Koch and Tzvetkov [12]
showed that the solution mapping was not even locally uniformly continuous in H*(RR)
for s > 0. Fonseca and Ponce [13] established persistence properties and proved some
unique continuation properties of the solution flow in the weighted Sobolev spaces
Zsr = H*(R) N L2(|x|*dx).

For k > 2, the g-BO equation presents the interesting fact that the dispersive effect is
described by a nonlocal operator and is weaker than that exhibited by the generalized KdV
equation. In addition, it possesses three conservation laws,

I(u):/Ru(t,x)dx, M(u):/RuZ(t,x)dx

and

1
) = [ (510820 - alult, 042 ),

where Dy = (—92)1/2. The local well-posedness of the g-BO equation was also known
in [14,15], and the global result was proven by Molinet and Ribaud [16]. In a sharp contrast
with the case k = 1, the best known results about the g-BO equation with small initial data
were obtained by using contraction methods [14].

More precisely, Kenig et al. [14] proved that the locally and globally well-posed for the
solution of g-BO equation in different H*(IR). Molinet and Ribaud [15] further studied these
results for g-BO equation with small initial data. Recently, using the frequency-uniform
decomposition method, the global well-posedness of solution for the Cauchy problem of
the g-BO with the small rough data in certain modulation spaces M3 ; (R) was investigated
in [17].

Motivated by the results mentioned above, the goals of this paper are to study the
continuity and analyticity for the generalized Benjamin—Ono Equation (1). From the local
well-posedness results [14-16], we know that the solutions of g-BO Equation (1) contin-
uously rely on their initial data in Sobolev spaces—that is, if, for a given uy € H°(R)
with s > 3/2, there exists a T = T(||ug||ns) such that, for any sequence ufj € H® and
|lug — uollms — 0 (n — o0), the corresponding solutions u"(t) of g-BO satisfy
| (t) — u(t)||gs = 0 (n — o0) for0 <t < T.

In the present paper, we show that such dependence is not uniformly continu-
ous in H*(R) with s > 3.  The uniformly continuous of the data-to-solution map
means that: Vu}(0),u%(0) € H® be the sequences of initial data for the Equation (1), if
limy e0 ||} (0) — u5(0)||ps — 0, then the correspond sequences of solution uf(t),
ul(t) € C([0, T]; H*(R)) for the initial-value problem (1) satisfy limy, —yeo | |1} (t) — t5 (£)||s — O
for t € [0,T). By the technique of approximate solutions [12], we find two suitable se-
quences of solutions 11 , (f) and u_1  (t) to g-BO Equation (1) in C([0, T]; H*(R)) such that

()l s ) + -1 A (D)l sy S L Hm (Jug,2(0) = 11,0 (0) ] 115 ) = 03

however, the following inequality holds

li/{nianuL)\(t) —u_ 1 (Dllm®) 2 liminf’sin)\l/kt , 0<t<T,
— 00 A—o0

which implies lim inf e [[u1,1(t) — u—11(t)| s () # 0 at any time.
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In [12], Koch and Tzvetkov prove that the flow map of the Benjamin-Ono equation
cannot be uniformly continuous on bounded sets of H*(R) for s > 0. We compare with
the Benjamin—-Ono equation, and the g-BO equation has a higher order nonlinear term
ukdu. If taking the similarly approximate solutions as Koch and Tzvetkov [12], we cannot
successively estimate the error in suitable Sobolev norm, instead we must select a more
complicated form of the low and high frequency parts for the approximate solutions (see
(13) and (15)).

Motivated by the results obtained in [18-21], we use the interpolation properties of
the Sobolev spaces and commutator estimates to present that the data-to-solution map as
continuous but not uniformly continuous in Sobolev spaces H*(R) with s > % Our results
extend the work of Koch and Tzvetkov [12] to more general equations with higher-order
nonlinearities. Our main result is stated as follows:

Theorem 1. If the initial data ug € H*(R) with s > 3, then the data-to-solution map uy — u(t)

for the g-BO Equation (1) is not uniformly continuous from any bounded subset of H*(R) into
c([o,T); H*(R)) x C([0, T]; HH(R)).

Theorem 1 shows that the data-solution map depends on the initial data being con-
tinuous but not uniformly continuous. Our next result will provide information about
the stability of the data-solution map. Our next result establishes the stability of the data-
solution map, i.e., the solution map for g-BO equation is Holder continuous in H’-topology.

Theorem 2. Lets > % and 0 < r < s. Then, the data-to-solution map for the g-BO Equation (1) is
Holder continuous in H(R) equipped with H" (R)-norm. In particular, the solutions u(t),v(t) to
the g-BO Equation (1) corresponding to the initial data ug, vg in the ball B(0,p) = {¢ € H*(R) :

[l s () < p} of H*(R) satisfy the following inequality
l4(8) = 0(t) lrcey < Clluo — 00l -
where the parameter « is given by

1, (s,r)eAli{(s,r):s>%,0§r§s—l,r+sz2};
2(::), (s,r)eAzi{(s,r):2>s>%,O§r<2—s}; (2)

s—r, (sr)€A3={(s,r):s>3s—1<r<sh

The lifespan T and the constant C only depend on v, s and p (see Figure 1).

I =

b 4

Figure 1. The relationship of r,s and «.
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Many researchers have studied the analyticity of solutions to g-BO, cf. [12]. However,
to our best acknowledge, the Gevrey regularity of solutions to the BO equation is still an
open problem. The definition of Sobolev—Gevrey spaces is stated as follows.

Definition 1. Let s be a real number and 0,6 > 0. A function f € Ggrs(R) if and only if
f € C*(R) and satisfies

1/, = 1/2
et = [0+ Ry fop) - <o

L L 1,
Denoting the Fourier multiplier e*(=2)% by (=22 f = Z-1(lEl" £, we deduce that

1
|| f] |G;55(R) = |27 £ | s (r)- For 0 <7 <1, it is called ultra-analytic function. If r = 1, it
is a usual analytic (or holomorphic) function, and 0 is called the radius of analyticity. If
r > 1, it is the Gevrey class function.

By the generalized Ovsyannikov theorem [22] (see Theorem 6 in the Section 5), we
can obtain the Gevrey regularity and analyticity of the g-BO equation.

Theorem 3. Let ¢ > 1and s > 3. Assume that ug € GS4(R). Then, for every 0 < § < 1,
there exists a Ty > O such that the g-BO equation has a unique solution u, which is holomorphic

520, ) . L
in |t| < T02(210_‘? " with values in Gg,s(]R). Moreover, there is a positive constant C such that
0= Tl

Theorem 3 tells us that solutions of g-BO equation are analytic in both space and time
variables. Moreover, we give a lower bound of the analytic lifespan. Then, we continue to
study the continuity of the data-to-solution.

Definition 2. Let ¢ > 1and s > % We say that the data-to-solution map ug — u(t) of the g-BO
is continuous, if for a given u§ € Gl (R) there exists a T = T(||u8°||G’1<’S) such that, for any
sequence ul} € G ¢ and |[ufl — ug® g1, — 0 for n — oo, the corresponding solutions u" of g-BO
satisfy ||[u" — u®||g, — 0forn — oo, where

Ifller = sup. (IfIIGg,S(l—é)" 1_T(1t5)K)'
=

Theorem 4. Let 0 > 1 ands > % Assume that ug € G},,S(]R). Then, the data-to-solution map
ug — u of the g-BO equation is continuous from Gk ((R) into the solutions space.

This paper is organized as follows. In Section 2, we recall some notation, give a
prior well-posedness estimate for g-BO Equation (1), and determine a lower bound on the
existence time of the solution in H*(R). In Section 3, adopting the method of approximate
solutions and the well-posedness estimates, we show that the data-to-solution map fails
to be locally uniformly continuous. In Section 4, we prove that the solution map for g-BO
Equation (1) is Holder continuous in H"-topology for all 0 < r < s. Finally, applying gener-
alized Ovsyannikov type theorem and properties of Sobolev—Gevrey spaces, we establish
the Gevrey regularity and analyticity of the g-BO equation and obtain the continuity of the
data-to-solution map.

2. Priori Estimates and Lifespan of Solution
For any s € R, we take the operator D° = (1 — 32)*/2 to be defined by

Dsf(E) = (1+&2)"2f(0),
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where f(&) is the Fourier transform,
@) = [ fax, g e R
Let H® be the Sobolev space consisting of all tempered distributions f such that

1/2
Il = Wl = ( [0+ 1 @PdE) T <o

Theorem 5. Assume ug € H°(R) with s > % Let T be the maximal existence time of the solution
u to g-BO Equation (1) with the initial data ugy. Then, T satisfies

k_
T>T):= 2kczk\|u01|’< X (3)
where Cs is a constant depending only on s. We have
lu(®) s < 2l[uollms, 0 <t < To. )
Proof. Applying the operator D® to g-BO Equation (1), it can be rewritten as follows
3 D°u + DVH (2%u) + (Ds(ukaxu) - ukDSaxu) +uka,Du = 0. ®)

Multiplying the g-BO Equation (5) by D*u and then integrating it with respect to x € R,
we obtain

S lu®) e == [ DM@ - Douax o
- / 8xu - Dfudx — /R k9, D%u - D3udx.
Noting that [, DSH(02u) - D*udx = 0. To estimate the second integral on the right-hand
side of (6), we need the following lemma, which is derived from [23,24].
Lemma 1. Ifr > 0, then
D", flglle < Ce(llfalle D™ gl 2 + 1D fll 2 llgll2),

where C, is a positive constant depending only on r.

Using the Cauchy-Schwarz inequality and Lemma 1, we can estimate the second integral
of (6)

}/ D u ]a u) Dsudx‘ < H axu‘ 2||D51,[||Lz
< Co(0t | | D10 2 + (| D*u|| |0t ) | D*u | 2 @
< Cllulli,
where we have used the equality || D°u||;2 = ||u|/gs and the Sobolev embedding theorem

HS — L= fors > 3.
Estimating the third integral of the right-hand side of (6), integrating by parts,
we deduce

‘/R w9y D*u - D¥udx| < [|0xuf|| || Dul|?, < Cllullbt2. (8)
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Combining (6)—(8) we can obtain the following inequality
Ld
2dt

Solving differential inequality (9) yields

(87 < CllullE>. )

[[ue0]| 25

[ullps < . (10)
(1 — Ckt|Jug|[5;s) /¥
; i 1 2k—1 _ k \1/k > 1
Letting Ty := mm{ CHuoTh” FekTuoll }, then (1 — CkTy||upl%s)*/* > 5. From (10), the
solution u exists for 0 < t < Ty with the following bound
e 0l <o, 0 <t < T, (1)

(1= CKTolluol ) /% =
This completes the proof of Theorem 5. [

3. Nonuniform Dependence for the Solution to g-BO
3.1. Approximate Solutions
In this section, we consider approximate solutions of the Equation (1) of the form

Ut =y + uy, (12)

where w = 1 and A > 0. The high frequency part is given by
uy, = —)L_(Hé)/zk_S(pA cos P, (13)

where ¢) = ¢(W), @ = —wW?AVkE 4 WAV 2Ry — RN 1412kt and ¢ is C°(R) cutoff
functions such that

1 ifx <1,
9x) = { 0 if|x|>2. (14)

The low frequency part u; is the solution to system (1) with initial data

{ g + HPZuy + ukduy =0, t>0,xER, 15)

u;(x,0) = w)\’l/kch)/\, x €R,

where ¢ is C®(R) functions such that

P(x) =1 if x € suppe.
Lemma 2 (See [12]). Let p € S(R), 0 < § < 2and a € R. Then, for any s > 0, we have that

X

1y 1
lim A~39 ¢<ﬁ>cos<Ax—a>HH5(R) = ¥l (16)

A—00

Relation (16) is also true if cos is replaced by sin.

Lemma 3. Let 0 < ¢ < 1and ¢ € C°(R). Then, for any N > 0, there exists a positive constant
Cy such that for every « € R

I[H, ¢a] cos(Ax + ) || o (g) < CnATN. (17)

Since the proofs of Lemma 3 are quite similar to lemma 2.2 in [12], they are omitted to
make the paper concise.
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Lemma4. Let w = +1,0 < § < 1and A > 1. Then, the initial-value problem (1) has a unique
solution u; € C([0,T); H*(R)), s > 3. For all ¢ > 0, this solutions satisfies the estimate

a1 (1) | 1oy < CoAO™ D72, (18)

Proof. Clearly, for any function ¢ € S(R), we can easily check that

lo(Gw),.. < A*l9lse. (19)
As per the relation ;@\)(g ) = p¢(p&), making the change of variables 7 = A&
yields
o)l = 2 o+ e
- )2\}: /R<1 Azk&) ’4’ )|dg (20)
< )Z‘k;/R(an)q@(n)!dé
= AR e

According to (19), we know that the initial data u;(0) satisfy the following estimate
| (0) || e < ALO—1/2K)

which decays if 0 < § < 1. Furthermore, the estimate (3) from Theorem 5 yields the

lifespan T = ﬂci]\]i;luk >1forA>1and 0 < é < 1. If ¢ > 0, then the estimate (4) of
0llys

Theorem 5 implies
et ()l < [l (B)ll ez < Collur(0)] oz < CALTD/ZE,
which achieves Lemma 4. [
Now, we estimate the error in H”-norm of these approximate solutions. Substituting

the approximate solution u“**(x, t) into Equation (1), we find the following error:

F = 0puy, + H?uy, + ula uy + (Zc u; uh> Ox (u; + uy)
i=1

= wA TV s, sind><u;‘(x, t) — ué‘(x,O)) — A3+ /2= yk ! cos D

4 A~ (140)/2k— s[Za)A (HZ‘S)/Zk’H((p sin®) — A~2(1+9) ”‘7—[(4)”005@)} (21)

+ WP A=0/2=5191 )] cos @ + <Z ciué‘iui> Ox (1 + up)
i=1

:=F1+F2+~~~—|—F5.

Estimating the H’-norm of F;. Apparently, applying the Cauchy—-Schwarz inequality
yields

|Fi || e S A0/

uf () = uf (x,0) | _llgnsin®|pe

(22)
uf (x,) = uf (x,0)|

5 /\1 /2k+0—s

Ho
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To estimate the H”-norm of the difference u*(x,t) — u*(x,0), we adopt the fundamental
theorem of calculus in time variable to obtain

t
ety w0, < [k o) a0 (e ) e (23)

Apply Lemma 4 and (15) to imply that
19y (x, ) || S [ HOZur || e + [[uf Dz | e S ALTD/2E, (24)
Substitute (17) and (24) into (23) to yield
Hugf(x, t) — uk(x,0) HH < A-D/2, (25)
Finally, combining (22) and (25) gives
1Fy || S AKROTRFD 2K b0, (26)
Estimating the H”-norm of F,. Applying Lemma 2, we can easily estimate F,
IEsllpe = [A-30H0)/25 kgt cos || e < A1) kte—s, 27)
Estimating the H”-norm of F;. Similar to the type, we readily check

||F3||H‘7 _ H/\f(lthS)/Zkfs [2(‘))\7(1+2f5)/ZkIH((P;L sin CD) _ )\72(1+5)/kH(¢/A/ COSqD)} HHJ

(28)
< A ~0/k+o—s _._A72(1+(5)/k+07s.

Estimating the H”-norm of F;. Using Lemma 3, we achieve
|Ealle = [|?A0=0/25 3, g cos | 5 A-0/kros, 29)
Estimating the H”-norm of Fs. To estimate F5, we need the following lemma.

Lemma 5 (see [23,24]). If o > 0, then H” N L* is an algebra. Moreover,
(@D | f8llne < ca(llfllellgllne + ||gHL°°|1‘f||H‘7)ff07"7 > 0;
(i) | f8 | e < coll fllme |8 || e, for o> 5.

Apply the Lemma 5 to obtain
||F5||H‘7 < A0-1)/2k+0—s + AL (1+0)/2k+0-2s (30)
Collecting the estimates above, we can obtain the following proposition.

Proposition 1. For s > %, % <o <land0 <6< %, we can find the following estimate

[Fllpe S A0k, (31)

3.2. Error Estimation between Approximate and Actual Solutions
Let u, ) (t, x) be the solution to the Cauchy problem (1)—that is, u,, A (t, x) satisfies

{ Oty + ’Haium + ul;,)\axuw,,\ =0, (32)

U (x,0) = u®M(x,0) = wA=2kpy — A=(1H+)/2%k=5p, cos wAl/Kx.
To estimate the error between approximate and actual solutions, let

V=1l ) — U,
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Clearly, v solves the following equation

{ 0;v = —F — Ho%v — u’&l)\axv — v ut Zi+j:k—1(uw,)\)i(uw/\)]‘, 53
v(0,x) =0,
where F is defined by (21) and satisfying the H”-estimate (31).
Proposition 2. IfA > 1, s > % and % < o <s, then
lo(t) |l = [[u (5) = o (D)llae S A7, foro <t <T. (34)

Proof. Applying the operator D to both sides of Equation (33), and multiplying the
resulting equation by D?v, then integrating it with respect to x € R, we obtain

1d
EEHUU)H%V :/RDUU-D”Fdx—/RD”vHaiD”vdx—/RD‘TUD”(uﬁ),Ava)dx
—/D”U~D”<Uaxu“")‘ Y (uw,/\)i(u“”A)j>dx (35)
R i+j=k—1

=E 4+ Ey+ E3+ Es4.
Noting that E; = [ D70 - H92Dvdx = 0.

Estimating the H’-norm of E;. Referring to E; from (35) and using the Cauchy-Schwarz
inequality gives us

IE| = ‘ / D’vDFdx
R

< ol gl Fllpe- (36)
Estimating the H-norm of Ej. Clearly, E3 can be rewritten as

E3 = — /RD"U- [D7, uﬁjr/\}axvdx — /RDUU . uZ’ADaaxvdx. (37)

Using Lemma 1, we can estimate the first integral of the right-hand side of (37)

[D7, u’ful/\]axv

k
/RDUU'[DU, uw,,\]axvdx < [lollne 12

k — k
S lolle (19x1, plle= 1071050l 2 + IDub, 2 lz0lns ) B8

(b ol1se-

S Huw,A

Integrating by parts, we can estimate the second integral of the right-hand side of (37)

/R D%- u’;,ADgaxvdx

= ‘;/}RMIL,ABX(D‘TU)de

(39)

1
B ‘z/Rax“W“v)zdx S Nl ol

Now, (37)—(39) imply

|Es| S lluwallfie 1ol Fe- (40)
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Estimating the H”-norm of E;. Apply the Cauchy-Schwarz inequality and Lemma 5 (ii)
to obtain

|Ea| S llollre|vxu Y- () (ut)

i+j=k—1

HU

Z (uw,/\)i<uwl/\)j

i+j=k—1

(41)
A
S l[ollfpe |9z

|He

H(7
S ol

Combining the estimates of (35)—-(41) yields the ODE

1d

5 77 Pl S lollke + A7 o] e,

and thus p
Fllolue S llollme +A750,
which gives rise to the following estimate
[o(t) e S ATY/HH75 forA>1, 0< t < T. (42)
This proves the Proposition 2. [

3.3. Proof of Theorem 1

In this subsection, with the error estimation between approximate and actual solutions
in hand, and using the interpolation properties of the Sobolev spaces, we can prove
Theorem 1.

Proof. Lets > 3 and define u; , (x,t) and u_1 1 (x, t) as the unique solutions to Equation (15)
with the initial data u; 5 (x,0) and u_; 5 (x,0), respectively. From Lemma 2 and (4), we can
obtain the following inequality

a2 ()l + a0 (8) e < 2(1[u™(0) s + ™A (0)[[11e) S 1.

At time t = 0, we deduce
lim [|ug 1 (0) — u_1,(0)||gs = lim [2w0A" %, || ps = 0.
A—00 A—00

Next, we examine the H*-norm of the difference when ¢ > 0. Using the triangle inequality,
we find

a2 () = o2 (D) s 2t () = w2 (1) || s

B (43)
= [t (#) = A ()1 = [l (8) = g 2 (8) |-
With k-even, using the identity cos« — cos § = —2sin # sin #, we find that
i E) =) e "
_ ”ul,l,/\ —u 1 — 2/\—(1+5)/2k—s¢A sin A1/2ky Sin()tl/kt + /\_1+1/2kt) ||H5
With k-odd, we deduce
LA -1,A
u () —u" " ()| g
I (6= (0) )

_ ||ul,1,/\ —u 1 — 2/\7(1+5)/2k75¢/\ Sin(/\l/ka N A*l“rl/zkt) Sin/\l/ktHHs.
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Letting m = [s] +2 > 2, apply Lemma 2 and (11) to find
2 (1) = st 2 () [ S N () pgm + [0 ©) [ S A5, 0 <t < T (46)

Lemma 6. Suppose s; < s < sp and f € H*(R). Then,

$9—s $—81

Al < Il 1F I s (47)

Employing the interpolation inequality in Lemma 6 with s; = ¢ and s, = [s] +2 = m and
Equations (42) and (46), we obtain

lim inf HM1,n(t) - u—l,n(t) HHS
A—00

m=s s=0
[ (1) = st p (D)1 < N (1) = w5 1[4 (1) = tteo 2 (D) f”
5 A (—J/k+nt47_—;)(mfs) . (m—”s’)_(fr—a) (48)
<yt
Taking the limit infimum to both sides of (43) gives us
> Himinf({[u () = u= " (8) e — 1" (8) = () [ = " () = g, (8) [ 1) (49)

P li)r\ninf sin/\l/kt‘,

apparently iminf, o, |11, (t) — t_1,,(t)|| s # 0; thus, we complete the proof of Theorem 1.
O

4. Holder Continuous in H"-Topology

In this section, we continue to study the continuity properties for the solution map
in Holder spaces H". More precisely, we consider two solutions of Equation (1), u and v,
which emanate from the initial data ug and v, respectively. We expect that if the initial
data u( and vy are assigned in a ball with radius p in H®, i.e.,

3
luolles < o, [lvollps < p,5 > Y (50)

and then we obtain
[u(t) —o(O)llar < lluo —vollfr, 0 <7 <5,

where the Holder exponent « is to be determined.

Proof of Theorem 2. Lipschitz continuity in region A;. Let v be another solution to the
Cauchy problem for (1) corresponding to the initial data v (x) € H*(R), i.e.

00 + Ho3v + 9,0 =0, t>0x€eR, (51)
v(x,0) = vp(x), t=0,xeR
Subtracting (51) from (1) yields the Cauchy problem for w to
0sw0 + HI2w + 9y (vFw) — wd ok + wadyu ) (u'vl) =0, (52)

i+j=k—1
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where w = u —vandi,j €. Forafixed0 <r <s—1withr+s > 2, estimating the H"
energy of w leads us to the following equation

1d

EEHWU)H%F = —/RDVW'HaychrWdX— /RD’w~D’ax(vkw)dx

. (53)
—i—/RD’w-Dr(waka)dx—/RDrw-Dr <w8xu Z (u’u])>dx.

i+j=k—1

Noting that [ D"w - H93D"wdx = 0. Clearly, the second integral of the right-hand side of
(53) can be rewritten as

—/ D'w - D9y (vfw)dx = —/ D'w- [Drax,vk]wdx—/ D'w - oF(D'9,w)dx.  (54)
R R R

To estimate the first term on the right-hand sides of (57), we need the following lemma
(see [23,24]).

Lemma?7. Ifc+1>0,s > %,U—Fl <s, then

I[D70x, f1gllr2 < coys

Fllaslgle-

Using Lemma 7 and (50), we find

\ [ D'+ (D735, twdx| < Co (D705, 0wl 2 < Corloli ey

(55)
< Corl|o(0) 1y 1012 < Corp Il
and we can easily yield the following estimates
[ Do (Daw)dx| < Corlloliy [0l < Corpleel (56)
Combining (55) and (56) yields the estimates
‘/R D'w - D"d, (vFw)dx| < Cs,0"||w]|%. (57)
For the third term on the right-hand sides of (53), we readily check
/R D'w - D" (wou*)dx| < Cs,||w| g ||w0 o || < Cs ¥ ||w]|2pr, (58)
where, in the second inequality, we used following lemma.
Lemma 8 (see [25,26]). Ifo > — %, then
1£8llme < coll fllpesallg e
Similarly, we can estimate the last term of (53)
‘/ D'w- D" (waxu ) (uiu7)> dx| < Cs,0"||w]|%. (59)
R i+j=k—1

End of Lipschitz Continuity in A;. Combining the above estimates generates the
following energy inequality

d
E”w(t)HH’ < GCrsp

w(t)| e,



Symmetry 2021, 13, 2435

13 of 18

which implies
leo()) e < =0T [|w(0)]| -
Clearly, it is equivalent to
() = o()) |1 < eS0T |[u(0) — 0(0)]|1sr,

which is the desired Lipschitz continuity in A;.
Holder Continuity in Aj. As per the Lipschitz continuity in A; and the assumption
r < 2 —s,we deduce

lu(t) = o(8) 1 < Nu(t) = o(t) [ ga-s < €27 [[1(0) = 0(0) || 2

Since r < 2 — s < s, by the interpolation between the H" and the H® norms described in
Lemma 6, we find

251 251

114(0) — 0(0) 12+ < [[4(0) — 0(O) 15" [[4(0) ~ ()™ < Cospllu(0) — 0015

which guarantees the Holder continuity in A;.
Hélder Continuity in A;. For s — 1 < r < s, by the interpolation between H*~! and
H? norms, we have

() = o)l < Nu(t) = o) 15" Nult) = (D15

By the well-posedness size estimate (50), we find

u(t) —o(t)|[ms < [luollms + [[vollms < e
which, therefore, gives

lu(t) —o(t)||ar < Crs,p

u(t) = o(B)|[3550

The Lipschitz continuity in A; and the condition s — 1 < r admit

[u(t) = o(B) [ < Crspl[u(0) = v(0) |31 < Crspl[(0) = 0(0)[|7",
which is the desired Holder continuity in Az. O

5. Gevrey Regularity and Analyticity for g-BO System
5.1. Analytic Solutions for g-BO in Ggrs

In this section, By applying nonlinear Cauchy-Kowalevski theory, we will establish
the Gevrey regularity and analyticity of solutions to g-BO system.

Theorem 6 (see [22]). Let (X, || - || G, )Jo<s<1 be a scale of decreasing Banach spaces, namely, for
any §' < & we have X5 C Xy and || - || oy < || - Hcgs. Consider the Cauchy problem

{ 4 = F(t,u(1), )

ul—o = 0.

Let T,R > 0and o > 1. For given ug € X, assume that F satisfies the following conditions:
(1) If for any 0 < &' < & < 1, the function t — u(t) is holomorphic on |t| < T and continuous on
|t| < T with values in X5 and

sup lu(t)]l 5. < R,

t|<T .
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and then t — F(t,u(t)) is a holomorphic function on |t| < T with values in Xy .
(2) Forany 0 < 8" <6 < land u,v € B(ug,R) C Xs—thatis, [[ullgs <R, [|v[|gs, < R, there
exits a positive constant L depending on uy and R such that ’ ,

L

sup [[F(t1) = F(t,9)] g, < 5 = ol
i ot = =g Ve

(3) There exists a M > 0 depending on uy and R such that, forany 0 < 6 < 1,

M
sup [[F(t uo)lls, < 75y
H<T GG s (1 _5)20

Then, there exists a Ty € (0, T) and a unique function u(t) to the Cauchy problem (60) that is

holomorphic in |t| < (1;2§)j‘1To with values in X for every § € (0,1).

Proposition 3 (see [22]). Let 0 < ¢’ < 4,0 < ¢/ < oand s’ < s. From Definition 1, one can

check that Gg,s — Ggl,s, Gg, s Ggls and Ggs — Gg o

Proposition 4. Let s be a real number and o > 0. Assume that 0 < &' < 6. Then, we have

e g7 720 20 20
105 Mg ) < 73— W et 198 g ) < gt 11t o0

Proof. The first inequality can be found in [22], so we only prove the second inequality.
Since dy f = i f, it follows that

83712, = [ 1+ [2Pye8 g 7 ) Pag

= (515,)40 /]R(l + |(;‘| )5325|§|1/‘7@* [((5*5/)‘7”5\]1/‘7(5_ 5/)40|§|4|f(§)|2d§

( (61)
< ﬂ sup{e” [((5—5/)")\6\]”"((5 — N |EM
(5 5/)40 ZeR P :
Let z = [((6 —¢")7)|¢]]"/ > 0 and consider the function g(z) = e %z%. By directly

calculating, we have lim, .0 ¢(z) = 0,lim; . g(z) = 0 and ¢'(z) = 224‘7 1(2(7 z). By
solving ¢’(z) = 0, we obtain that z = 20, which implies that g(z) < g(20) = e~%7(20)%.
Then, we deduce from (61) that

e (20| |y,
9212y <~y

O

Proposition 5 (see [22]). Lets > 1,0 > 1and § > 0. Then, G} ;(R) is an algebra. Moreover,
there exists a constant Cq such that

I£8llcs, ) < Csllfllgs ,mylI8llce ,m)

Proof of Theorem 3. We rewrite (g-BO) as follows:

(62)

ur = F(u) = —Ho%u — uFoyu,
uli=o = 0.



Symmetry 2021, 13, 2435 15 of 18

Forafixedoc > 1and s > % By virtue of Propositions 3, 4 and 5, we deduce that, for any
0<d <o<1,

1) g, < 20l + l1kauu] .
< S s, + 2l )
< S s, + Iy,
which implies that F satisfies the condition (1) of Theorem 6. By the same token, we
obtain that || F(u ||G‘5 Cq51%(||uo|\c1 + ||u0||k+1) Thus, F satisfies the condition

(3) of Theorem 6 with M = Cse =7 (20)% (||ug ||G1 + [Juo ||k+1) Finally, we will show that F

satisfies the condition (2) of Theorem 6. Assume that [[u —uolgs < R, [lo —uofgs <R
and w = u — v. Applying Proposition 4, we find , ’

IF(u) = F(2)ll gy Hﬂaiw + 9 (vFw) — wo 0" +wdu Y (u'))

i+j=k-1

!

Ghs

Cse 0

Cse 70
: HWIIst ||UHG5 +WIIWI|@ Hvll

(0 -4

) (u'v))

i+j=k—1

6_2‘7(20')2‘7
— (5 _ 5/)2(7

e—U'
+ WH“’HG& llull s,

lwllgs, +

G
Cse™27(20)27 + Cse ™70 (|| ug HG},S +R)*
e ||w||cg,s
Cse™7(20)* (1 + (luollgy, + R>k>
((5 — 5/)20 HZUHGg/s.

IN

<

From the above inequality, we verify that F satisfies the condition (2) of Theorem 6 with

— 22LT 1
L = Cse (7(20')2(7 (1 + (HMOHG}LS +R) ) Moreover TO mln{z4ﬂ+4L (22[7 (1)24”+3LR+M} by

settin, = ||ug||~1 , we see that L = Cse™ 7 (20 + Up an < .
ing R = [luo|g1_ hat L = Cee ™ (20) (142 |uo£, ) and M < 24+3LR

Then, we have Ty = 1 . O
Cs240+4e=0(20)20 <1+2k l|uo “]E 1 >
7,8

5.2. Continuity of the Data-to-Solution Map in G}
Proof of Theorem 4. Without loss of generality, we may assume that t > 0. Define that

" = ! T = L
€21 e~ (20)27 (1 + 2 Ju ||’é}m) €280t~ (20)27 (1 -+ 28 uy ||'é;,5)

(64)

where C; is given in Proposition 5. Since [|ufj — ug’[|c1, — 0; therefore, there exists a
constant N such that

luollgr, < lug’llgr, +1, forn>N. (65)

Then,

1
T = <min{T", T*}, forn > N. (66)

Cs240+4¢=7(20)20 (1 +24(lugllgy, + 1)k)
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Furthermore, as in the proof of Theorem 3, we see that T" and T are the existence time
corresponding to [|ug[1 and [[uF’[|c1 , respectively, which implies that, forany n > N

T(1-06)%
(tx—uo +/ dT 0<t<%/
(67)
00 T(l — 5)20
u ( = uo —|—/ dT 0<t< W,
where F is given in (62). Therefore, we verify that, for any 0 < t < T(le;f)lzv and0 <d <1
t
o = ¥l gy, < Nt =l + [ IFG(6,0) = P (D)l g dv. (68

Choosing 6(t) = 142 + §*" /27 {[(1 = 0)2 — £]"/% — [(1 = 62 + (221 — 1) 4]/},
' Llju"—u®|| 57 .

we  find |F(u"(t,T)) — F(u®(t, T))HGQ,S W with

L = Cse*”(ZU)Za(l +2k\|uo||kGl ) and 0 < 0 < 4(tr) < 1. Using this in (68)

yields

IN

W g, < i~ g, L [
u —u®l| s < |uf —ud §+L/—”T
ot = M0 =0 les. 5y T(a(m) — o ©9)
24T H3LT||u" — u™||E T(1-06)%
< n__ .0 . T
—_ HuO uO HG[‘;,S + (1 _ 5)2‘7 T(l _5)2(7 _ t’
where, in the last inequality, we wused lemma 3.7 in [22]. Since
T = 1 and L = Cse™7(20)% <1 +2k\|uo|\’(‘;1 ), this yields
Co2tr 40 (20)20 <1+2k(\|u0\| o ,+1)k) 05
that 24 F3LT < % Then, we have
0 [u" —u®lle, | T —0)
" =l <16 = les, + S —gpr -2
This leads to
t
2
[[u" — uchgls(l —0)% 1= T(1—0)
t 1 71
< N = 1y, (1= 9%\ [1= gy + 5 1" = s 7

1
< 1 — gy, + " — ey

Note that the right hand side of the above inequality is independent of t and é. By the
definition of E7, we have

[ = u®||p < 2[Jug —ug’llgs - (72)
The above inequality holds true for any n > N, which leads to our desired result. [

6. Conclusions

The local well-posedness results in [14-16] imply that the existence, uniqueness and
continuously dependence on their initial data of the solutions to the g-BO Equation (1)
in in H°(R) with s > % We showed that such a data-to-solution map is not uniformly
continuous in Theorem 1 but Holder continuous in H?-topology. On the other hand, in
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Sobolev-Gevrey spaces, we proved that the solutions of g-BO equation are analytic in both
space and time variables in Theorem 3. In addition, the continuity of the data-to-solution
in Sobolev—Gevrey spaces was also obtained.
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