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Abstract: This paper is interested in establishing some new reverse Hilbert-type inequalities, by
using chain rule on time scales, reverse Jensen’s, and reverse Hölder’s with Specht’s ratio and mean
inequalities. To get the results, we used the Specht’s ratio function and its applications for reverse
inequalities of Hilbert-type. Symmetrical properties play an essential role in determining the correct
methods to solve inequalities. The new inequalities in special cases yield some recent relevance,
which also provide new estimates on inequalities of these type.
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1. Introduction

In [1], Hardy established that
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ϕiψj
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, (1)

where ϕi, ψj ≥ 0 with 0 < ∑∞
i=1 ϕα

i < ∞, 0 < ∑∞
j=1 ψ

β
j < ∞ and α > 1, 1/α + 1/β = 1.

Hardy and Reisz [2] established the continuous form of (1) in the following
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where δ and ω are measurable nonnegative functions such that 0 <
∫ ∞

0 δα(χ)dχ < ∞,
0 <

∫ ∞
0 ωβ(z)dz < ∞ and π/ sin(π/α) in (1), and (2) is the best value. In [2], Hardy

showed that, if α > 1, β > 1, 1/α + 1/β ≥ 1 and 0 < λ = 2− (1/α + 1/β) ≤ 1, then
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where K = K(α, β) relates to α, β, only for 1/α + 1/β = 1, λ = 2− (1/α + 1/β) = 1 and
the constant factor K is optimal. For more details about the Hilbert-type inequalities, see
the papers [3–6]. In [7], Hölder proved that

n

∑
k=1

ζkyk ≤
(

n

∑
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ζα
k

) 1
α
(

n

∑
k=1

yβ
k

) 1
β

, (4)

where (ζk) and (yk) are positive sequences and α, β > 1 such that 1/α + 1/β = 1. The
integral form of (4) is

b∫
a

ψ(τ)v(τ)dτ ≤

 b∫
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ψα(τ)dτ
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1
α
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vβ(τ)dτ
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1
β

, (5)

where α, β > 1 such that 1/α + 1/β = 1 and ψ, v ∈ C((a, b),R+).
Some authors established the reverse Hölder inequalities, the reverse Young inequal-

ities, and the reverse Hilbert inequalities by using the Specht’s ratio function, see [8–12].
In particular, Zhao and Cheung [11] established the reverse Hölder inequalities by using
the Specht’s ratio function and proved that if ψ(ζ) and v(ζ) are nonnegative continuous
functions and ψ1/α(ζ)v1/β(ζ) is integrable on [a, b], then

 b∫
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ψα(ζ)dζ
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.ψ(ζ)v(ζ)dζ, (6)

with

X =

b∫
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ψα(ζ)dζ, Y =

b∫
a

vβ(ζ)dζ, α > 1 and
1
α
+

1
β
= 1,

where the function S(.) is called the Specht’s ratio function (see [10]) and defined as follows:

S(h) =
h1/(h−1)

e log h1/(h−1)
, h 6= 1 and S(1) = 1.

In [11], the authors proved that if ψ, v ∈ C((a, b),R+) and m > 0, then

b∫
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where

G =

b∫
a

v(ζ)dζ and F =

b∫
a

ψm+1(ζ)/vm(ζ)dζ.

In addition, they proved the discrete case of (7) as follows:
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In [12], Zhao and Cheung established the reverse Hilbert inequalities by using the
Specht’s ratio and proved that if 0 ≤ α, β ≤ 1, {λi}, {ψj} are nonnegative and decreasing
sequences of real numbers for i = 1, 2, ..., k and j = 1, 2, ..., r with k, r ∈ N, then

k

∑
i=1

r

∑
j=1

Sα,β,k,r,i,j

(
∑i

s=1 λs

)α(
∑

j
t=1 ψt

)β

(ij)
1
2

≥ 2D(α, β, k, r)

 k

∑
i=1

λi

(
i

∑
s=1

λs

)α−1
2

(k− i + 1)


1
2

×

 r

∑
j=1

ψj

(
j

∑
t=1

ψt

)β−12

(r− j + 1)


1
2

, (9)

where
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In addition, they proved that, if {λi},
{

ωj
}

are nonnegative sequences for i = 1, 2, ..., k, and
j = 1, 2, ..., r with k, r ∈ N and {αi},

{
β j
}

are positive sequences. Let φ, ψ are nonnegative,
concave and supermultiplicative functions. Then,
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where the function S(.) is the Specht’s ratio. In [12], the authors proved that, if {λi},
{

ωj
}

are nonnegative sequences for i = 1, 2, ..., k and j = 1, 2, ..., r with k, r ∈ N, then
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with

Sk,r,i,j = S
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(
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)
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t
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j
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)
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In the last few decades, a new theory has been discovered to unify the continuous
calculus and discrete calculus. It is called a time scale theory. A time scale T is an arbi-
trary nonempty closed subset of the real numbers R. Many authors established dynamic
inequalities and generalized them on time scales. For more details, see ([13–17]).

In particular, El-Deeb, Elsennary, and Wing-Sum Cheung [15] proved the reverse
Hölder inequality on time scales by using the Specht’s ratio function and proved that,



Symmetry 2021, 13, 2431 5 of 20

if ψ, v ∈ C([a, b]T,R+) such that ψα, vβ are ♦α− integrable on [a, b]T. If α > 1 and
1/α + 1/β = 1, then

∫ b

a
S
(

Yψα(ζ)

Xvβ(ζ)

)
ψ(ζ)v(ζ)♦αζ

≥
(∫ b

a
ψα(ζ)♦αζ

) 1
α
(∫ b

a
vβ(ζ)♦αζ

) 1
β

, (12)

where X =
∫ b

a ψα(ζ)♦αζ, Y =
∫ b

a vβ(ζ)♦αζ and S(.) is the Specht’s ratio (see [11]). In addi-
tion, they proved (12) with weighted functions and proved that if ψ, v, w ∈ C([a, b]T,R+)
such that ψα, vβ are ♦α− integrable on [a, b]T. If α > 1 and 1/α + 1/β = 1, then

∫ b

a
S
(

Yψα(ζ)

Xvβ(ζ)

)
.w(ζ)ψ(ζ)v(ζ)♦αζ

≥
(∫ b

a
w(ζ)ψα(ζ)♦αζ

) 1
α
(∫ b

a
w(ζ)vβ(ζ)♦αζ

) 1
β

, (13)

where X =
∫ b

a w(ζ)ψα(ζ)♦αζ and Y =
∫ b

a w(ζ)vβ(ζ)♦αζ.

The authors [15] proved that if ψ, v ∈ C([a, b]T,R+) such that 0 < m ≤ ψ(t)/v(t) ≤
M < ∞ for all t ∈ [a, b]T. If α > 1 and 1/α + 1/β = 1, then

∫ b

a
S
(

Yψ(ζ)

Xv(ζ)

)
ψ

1
α (ζ)v

1
β (ζ)♦αζ

≥ m
1

α2

M
1

β2

∫ b

a
ψ

1
β (ζ)v

1
α (ζ)♦αζ, (14)

where X =
∫ b

a ψ(ζ)♦αζ and Y =
∫ b

a v(ζ)♦αζ.

The aim of this paper is to establish some new reverse Hilbert-type inequalities on
time scales by using the Specht’s ratio function and applying reverse Hölder inequalities
on time scales.

The organization of the paper is as follows: in Section 2, we show some basics of the
time scale theory and some lemmas on time scales needed in Section 3 where we prove our
results. Our main results (when T = R) give the inequalities (9)–(11) proved by Zhao and
Cheung [12].

2. Preliminaries and Basic Lemmas

A forward jump operator on time scales is defined by: σ(τ) := inf{r ∈ T : r > τ}.
The set of all such rd–continuous functions is ushered by Crd(T,R) and for any function
Φ : T → R the notation Φσ(τ) denotes Φ(σ(τ)). To learn more about the time scale
calculus, see ([18,19]).

The derivative of the product Φv and the quotient Φ/v (where vvσ 6= 0) of two
differentiable functions Φ and v are given by

(Φv)∆ = Φ∆v + Φσv∆ = Φv∆ + Φ∆vσ,
(

Φ
v

)∆
=

Φ∆v−Φv∆

vvσ
. (15)

The integration by parts formula on time scales is given by∫ υ

υ0

λ(τ)ϕ∆(τ)∆τ = [λ(τ)ϕ(τ)]υυ0
−
∫ υ

υ0

λ∆(τ)ϕσ(τ)∆τ. (16)

The time scales chain rule (see Theorem 1.87 [18]) is as follows:

(v ◦ ϕ)∆(τ) = v
′
(ϕ(χ))ϕ∆(τ), where χ ∈ [τ, σ(τ)], (17)
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and v : R→ R is continuously differentiable, ϕ : T→ R is ∆− differentiable.

Definition 1 ([20]). A function h : J ⊂ R→ R+ is supermultiplicative if

h(χz) ≥ h(χ)h(z), ∀χ, z ∈ J. (18)

The inequality (18) holds with equality when h is the identity map (i.e., h(χ) = χ). If the last
inequality has a reversed sign, then h is said to be a submultiplicative function.

Lemma 1. Let T be a time scale with a ∈ T, λ is nonnegative rd-continuous function and
0 < γ ≤ 1, then (∫ σ(t)

a
λ(τ)∆τ

)γ

≥ γ
∫ σ(t)

a

(∫ σ(χ)

a
λ(τ)∆τ

)γ−1

λ(χ)∆χ. (19)

Proof. By applying (17) on the term
∫ χ

a λ(τ)∆τ, we get

[(∫ χ

a
λ(τ)∆τ

)γ]∆

= γ

(∫ ζ

a
λ(τ)∆τ

)γ−1

λ(χ), ζ ∈ [χ, σ(χ)]. (20)

Since ζ ≤ σ(χ), then we have (note 0 < γ ≤ 1) that(∫ ζ

a
λ(τ)∆τ

)γ−1

≥
(∫ σ(χ)

a
λ(τ)∆τ

)γ−1

. (21)

Substituting (21) into (20), we see that[(∫ χ

a
λ(τ)∆τ

)γ]∆

≥ γ

(∫ σ(χ)

a
λ(τ)∆τ

)γ−1

λ(χ).

Integrating the last inequality over χ from a to σ(t), we observe that

∫ σ(t)

a

[(∫ χ

a
λ(τ)∆τ

)γ]∆

∆χ ≥ γ
∫ σ(t)

a

(∫ σ(χ)

a
λ(τ)∆τ

)γ−1

λ(χ)∆χ.

i.e., (∫ σ(t)

a
λ(τ)∆τ

)γ

≥ γ
∫ σ(t)

a

(∫ σ(χ)

a
λ(τ)∆τ

)γ−1

λ(χ)∆χ,

which is (19). The proof is complete.

Lemma 2 (Specht’s ratio [10]). If α and β are positive numbers, p > 1 and 1/p + 1/q = 1, then

S
(

α

β

)
α1/pβ1/q ≥ α

p
+

β

q
, (22)

where

S(h) =
h1/(h−1)

e log h1/(h−1)
, h 6= 1.

Lemma 3 ([10]). Let S(.) be a Specht’s ratio function which is defined in Lemma 2, then the
function S(t) is strictly decreasing for 0 < t < 1 and strictly increasing for t > 1. Furthermore,
the following equations hold:

S(1) = 1 and S(t) = S(
1
t
) for all t > 0.

In [15] for α = 1, we get the following lemma.
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Lemma 4. If δ, ω ∈ C([a, b]T,R+) such that δγ, ων are ∆−integrable on [a, b]T. If γ > 1 and
1/γ + 1/ν = 1, then ∫ b

a
S
(

Yδγ(ζ)

Xων(ζ)

)
δ(ζ)ω(ζ)∆ζ

≥
(∫ b

a
δγ(ζ)∆ζ

) 1
γ
(∫ b

a
ων(ζ)∆ζ

) 1
ν

, (23)

where X =
∫ b

a δγ(ζ)∆ζ, Y =
∫ b

a ων(ζ)∆ζ and S(.) is the Specht’s ratio.

Theorem 1 (Jensen’s inequality). Assume that T is a time scale with ζ0, ζ ∈ T and r0, r ∈ R. If
λ ∈ Crd([ζ0, ζ]T,R), ϕ : [ζ0, ζ]T → (r0, r) is rd-continuous and Ψ : (r0, r) → R is continuous
and convex, then

Ψ

 1∫ ζ
ζ0

λ(τ)∆τ

∫ ζ

ζ0

λ(τ)ϕ(τ)∆τ

 ≤ 1∫ ζ
ζ0

λ(τ)∆τ

∫ ζ

ζ0

λ(τ)Ψ(ϕ(τ))∆τ. (24)

Lemma 5. Let a ∈ T, λ, ψ be nonnegative and decreasing functions and 0 < α, β ≤ 1. Then,

S

 (σ(t)−a)
[

λ(ζ)
(∫ σ(ζ)

a λ(τ)∆τ
)α−1

]2

∫ σ(t)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

∆χ


= max

S

 (σ(t)−a)
[

λ(a)
(∫ σ(a)

a λ(τ)∆τ
)α−1

]2

∫ σ(t)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

∆χ


; S

 (σ(t)−a)
[

λ(t)
(∫ σ(t)

a λ(τ)∆τ
)α−1

]2

∫ σ(t)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

∆χ


, (25)

and

S

 (σ(ξ)−a)
[

ψ(η)
(∫ σ(η)

a ψ(τ)∆τ
)β−1

]2

∫ σ(ξ)
a

[
ψ(z)

(∫ σ(z)
a ψ(τ)∆τ

)β−1
]2

∆z


= max

S

 (σ(ξ)−a)
[

ψ(a)
(∫ σ(a)

a ψ(τ)∆τ
)β−1

]2

∫ σ(ξ)
a

[
ψ(z)

(∫ σ(z)
a ψ(τ)∆τ

)β−1
]2

∆z


; S

 (σ(ξ)−a)
[

ψ(ξ)
(∫ σ(ξ)

a ψ(τ)∆τ
)β−1

]2

∫ σ(ξ)
a

[
ψ(z)

(∫ σ(z)
a ψ(τ)∆τ

)β−1
]2

∆z


. (26)

Proof. We have for χ ≤ z, that∫ σ(χ)

a
λ(τ)∆τ ≤

∫ σ(z)

a
λ(τ)∆τ,

and then (where 0 < α ≤ 1)(∫ σ(χ)

a
λ(τ)∆τ

)α−1

≥
(∫ σ(z)

a
λ(τ)∆τ

)α−1

.
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Since λ is decreasing, we have that[
λ(χ)

(∫ σ(χ)

a
λ(τ)∆τ

)α−1]2

≥
[

λ(z)
(∫ σ(z)

a
λ(τ)∆τ

)α−1]2

,

thus the function
[

λ(χ)
(∫ σ(χ)

a λ(τ)∆τ
)α−1

]2
is decreasing. Therefore, we have for a ≤ χ that

[
λ(a)

(∫ σ(a)

a
λ(τ)∆τ

)α−1]2

≥
[

λ(χ)

(∫ σ(χ)

a
λ(τ)∆τ

)α−1]2

.

Integrate the last inequality over χ from a to σ(t), to get

(σ(t)− a)

[
λ(a)

(∫ σ(a)

a
λ(τ)∆τ

)α−1]2

≥
∫ σ(t)

a

[
λ(χ)

(∫ σ(χ)

a
λ(τ)∆τ

)α−1]2

∆χ,

and then
(σ(t)−a)

[
λ(a)

(∫ σ(a)
a λ(τ)∆τ

)α−1
]2

∫ σ(t)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

∆χ

≥ 1. (27)

Since the function
[

λ(χ)
(∫ σ(χ)

a λ(τ)∆τ
)α−1

]2
is decreasing, we have for χ ≤ t that

[
λ(χ)

(∫ σ(χ)

a
λ(τ)∆τ

)α−1]2

≥
[

λ(t)
(∫ σ(t)

a
λ(τ)∆τ

)α−1]2

,

and by integrating the last inequality over χ from a to σ(t), we get that

∫ σ(t)

a

[
λ(χ)

(∫ σ(χ)

a
λ(τ)∆τ

)α−1]2

∆χ

≥
∫ σ(t)

a

[
λ(t)

(∫ σ(t)

a
λ(τ)∆τ

)α−1]2

∆χ

= (σ(t)− a)

[
λ(t)

(∫ σ(t)

a
λ(τ)∆τ

)α−1]2

,

and then
(σ(t)−a)

[
λ(t)

(∫ σ(t)
a λ(τ)∆τ

)α−1
]2

∫ σ(t)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

∆χ

≤ 1. (28)

From (27) and (28), we observe that

(σ(t)−a)
[

λ(a)
(∫ σ(a)

a λ(τ)∆τ
)α−1

]2

∫ σ(t)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

∆χ

≥ ... ≥ 1 ≥ ... ≥
(σ(t)−a)

[
λ(t)

(∫ σ(t)
a λ(τ)∆τ

)α−1
]2

∫ σ(t)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

∆χ

.
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Since the function (Specht’s ratio S(.)) is decreasing on (0, 1) and increasing on (1, ∞), we
observe that one of

S

 (σ(t)−a)
[

λ(a)
(∫ σ(a)

a λ(τ)∆τ
)α−1

]2

∫ σ(t)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

∆χ

 and S

 (σ(t)−a)
[

λ(t)
(∫ σ(t)

a λ(τ)∆τ
)α−1

]2

∫ σ(t)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

∆χ


is maximum (where S(1) = 1), and it is in the form

S

 (σ(t)−a)
[

λ(ζ)
(∫ σ(ζ)

a λ(τ)∆τ
)α−1

]2

∫ σ(t)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

∆χ


= max

S

 (σ(t)−a)
[

λ(a)
(∫ σ(a)

a λ(τ)∆τ
)α−1

]2

∫ σ(t)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

∆χ


; S

 (σ(t)−a)
[

λ(t)
(∫ σ(t)

a λ(τ)∆τ
)α−1

]2

∫ σ(t)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

∆χ


,

which is (25). Similarly, with respect to the decreasing function ψ when 0 < β ≤ 1, we have

S

 (σ(ξ)−a)
[

ψ(η)
(∫ σ(η)

a ψ(τ)∆τ
)β−1

]2

∫ σ(ξ)
a

[
ψ(z)

(∫ σ(z)
a ψ(τ)∆τ

)β−1
]2

∆z


= max

S

 (σ(ξ)−a)
[

ψ(a)
(∫ σ(a)

a ψ(τ)∆τ
)β−1

]2

∫ σ(ξ)
a

[
ψ(z)

(∫ σ(z)
a ψ(τ)∆τ

)β−1
]2

∆z


; S

 (σ(ξ)−a)
[

ψ(ξ)
(∫ σ(ξ)

a ψ(τ)∆τ
)β−1

]2

∫ σ(ξ)
a

[
ψ(z)

(∫ σ(z)
a ψ(τ)∆τ

)β−1
]2

∆z


,

which is (26).

3. Main Results

Throughout the paper, we will assume that the functions are nonnegative rd-continuous
functions on [a, b]T and the integrals considered are assumed to exist. We define the time
scale interval [a, b]T by [a, b]T := [a, b] ∩T.

Now, we can present and prove the first result of this section.

Theorem 2. Let a ∈ T, 0 ≤ α, β ≤ 1, λ, ψ be nonnegative and decreasing functions. Then,
the inequality

∫ σ(s)

a

∫ σ(r)

a

Sα,β,t,ξ,r,s

(∫ σ(t)
a λ(τ)∆τ

)α(∫ σ(ξ)
a ψ(τ)∆τ

)β

(σ(t)− a)
1
2 (σ(ξ)− a)

1
2

∆t∆ξ

≥ 2C(α, β, r, s)

∫ σ(r)

a

[
λ(t)

(∫ σ(t)

a
λ(τ)∆τ

)α−1]2

(σ(r)− t)∆t

 1
2

×

∫ σ(s)

a

[
ψ(ξ)

(∫ σ(ξ)

a
ψ(τ)∆τ

)β−1]2

(σ(s)− ξ)∆ξ

 1
2

, (29)
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holds for all r, s ∈ [a, ∞]T, with

C(α, β, r, s) =
1
2

αβ(σ(r)− a)
1
2 (σ(s)− a)

1
2 ,

and

Sα,β,t,ξ,r,s = S

 (σ(t)−a)
[

λ(ζ)
(∫ σ(ζ)

a λ(τ)∆τ
)α−1

]2

∫ σ(t)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

∆χ


×S

 (σ(ξ)−a)
[

ψ(η)
(∫ σ(η)

a ψ(τ)∆τ
)β−1

]2

∫ σ(ξ)
a

[
ψ(z)

(∫ σ(z)
a ψ(τ)∆τ

)β−1
]2

∆z


×S

 (σ(r)−a)
∫ σ(t)

a

[
λ(ζ)

(∫ σ(ζ)
a λ(τ)∆τ

)α−1
]2

∫ σ(r)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2
(σ(r)−χ)∆χ


×S

 (σ(s)−a)
∫ σ(ξ)

a

[
ψ(η)

(∫ σ(η)
a ψ(τ)∆τ

)β−1
]2

∫ σ(s)
a

[
ψ(z)

(∫ σ(z)
a ψ(τ)∆τ

)β−1
]2
(σ(s)−z)∆z

,

such that

S


(σ(t)− a)

[
λ(ζ)

(∫ σ(ζ)
a λ(τ)∆τ

)α−1
]2

∫ σ(t)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

∆χ


= max

S

 (σ(t)−a)
[

λ(a)
(∫ σ(a)

a λ(τ)∆τ
)α−1

]2

∫ σ(t)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

∆χ


; S

 (σ(t)−a)
[

λ(t)
(∫ σ(t)

a λ(τ)∆τ
)α−1

]2

∫ σ(t)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

∆χ


,

and

S


(σ(ξ)− a)

[
ψ(η)

(∫ σ(η)
a ψ(τ)∆τ

)β−1
]2

∫ σ(ξ)
a

[
ψ(z)

(∫ σ(z)
a ψ(τ)∆τ

)β−1
]2

∆z


= max

S

 (σ(ξ)−a)
[

ψ(a)
(∫ σ(a)

a ψ(τ)∆τ
)β−1

]2

∫ σ(ξ)
a

[
ψ(z)

(∫ σ(z)
a ψ(τ)∆τ

)β−1
]2

∆z


; S

 (σ(ξ)−a)
[

ψ(ξ)
(∫ σ(ξ)

a ψ(τ)∆τ
)β−1

]2

∫ σ(ξ)
a

[
ψ(z)

(∫ σ(z)
a ψ(τ)∆τ

)β−1
]2

∆z


.

Proof. Applying (19) with γ = α, we have(∫ σ(t)

a
λ(τ)∆τ

)α

≥ α
∫ σ(t)

a
λ(χ)

(∫ σ(χ)

a
λ(τ)∆τ

)α−1

∆χ. (30)
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Multiplying the last inequality by

S

 (σ(t)−a)
[

λ(ζ)
(∫ σ(ζ)

a λ(τ)∆τ
)α−1

]2

∫ σ(t)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

∆χ

,

we get

S

 (σ(t)−a)
[

λ(ζ)
(∫ σ(ζ)

a λ(τ)∆τ
)α−1

]2

∫ σ(t)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

∆χ

(∫ σ(t)

a
λ(τ)∆τ

)α

≥ α
∫ σ(t)

a
S

 (σ(t)−a)
[

λ(ζ)
(∫ σ(ζ)

a λ(τ)∆τ
)α−1

]2

∫ σ(t)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

∆χ

λ(χ)

(∫ σ(χ)

a
λ(τ)∆τ

)α−1

∆χ.

From Lemma (5), the last inequality becomes

S

 (σ(t)−a)
[

λ(ζ)
(∫ σ(ζ)

a λ(τ)∆τ
)α−1

]2

∫ σ(t)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

∆χ

(∫ σ(t)

a
λ(τ)∆τ

)α

≥ α
∫ σ(t)

a
S

 (σ(t)−a)
[

λ(χ)
(∫ σ(χ)

a λ(τ)∆τ
)α−1

]2

∫ σ(t)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

∆χ

λ(χ)

(∫ σ(χ)

a
λ(τ)∆τ

)α−1

∆χ. (31)

Similarly, we have for the decreasing function ψ and 0 < β ≤ 1 that

S

 (σ(ξ)−a)
[

ψ(η)
(∫ σ(η)

a ψ(τ)∆τ
)β−1

]2

∫ σ(ξ)
a

[
ψ(z)

(∫ σ(z)
a ψ(τ)∆τ

)β−1
]2

∆z

(∫ σ(ξ)

a
ψ(τ)∆τ

)β

≥ β
∫ σ(ξ)

a
S

 (σ(ξ)−a)
[

ψ(z)
(∫ σ(z)

a ψ(τ)∆τ
)β−1

]2

∫ σ(ξ)
a

[
ψ(z)

(∫ σ(z)
a ψ(τ)∆τ

)β−1
]2

∆z

ψ(z)
(∫ σ(z)

a
ψ(τ)∆τ

)β−1

∆z. (32)

From (31) and (32), we see that

S

 (σ(t)−a)
[

λ(ζ)
(∫ σ(ζ)

a λ(τ)∆τ
)α−1

]2

∫ σ(t)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

∆χ

S

 (σ(ξ)−a)
[

ψ(η)
(∫ σ(η)

a ψ(τ)∆τ
)β−1

]2

∫ σ(ξ)
a

[
ψ(z)

(∫ σ(z)
a ψ(τ)∆τ

)β−1
]2

∆z


×
(∫ σ(t)

a
λ(τ)∆τ

)α(∫ σ(ξ)

a
ψ(τ)∆τ

)β

≥ αβ

∫ σ(t)

a
S

 (σ(t)−a)
[

λ(χ)
(∫ σ(χ)

a λ(τ)∆τ
)α−1

]2

∫ σ(t)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

∆χ

λ(χ)

(∫ σ(χ)

a
λ(τ)∆τ

)α−1

× 1.∆χ


×

∫ σ(ξ)

a
S

 (σ(ξ)−a)
[

ψ(z)
(∫ σ(z)

a ψ(τ)∆τ
)β−1

]2

∫ σ(ξ)
a

[
ψ(z)

(∫ σ(z)
a ψ(τ)∆τ

)β−1
]2

∆z

ψ(z)
(∫ σ(z)

a
ψ(τ)∆τ

)β−1

× 1.∆z

. (33)



Symmetry 2021, 13, 2431 12 of 20

Applying (23) when γ = ν = 2, we have

S

 (σ(t)−a)
[

λ(ζ)
(∫ σ(ζ)

a λ(τ)∆τ
)α−1

]2

∫ σ(t)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

∆χ

S

 (σ(ξ)−a)
[

ψ(η)
(∫ σ(η)

a ψ(τ)∆τ
)β−1

]2

∫ σ(ξ)
a

[
ψ(z)

(∫ σ(z)
a ψ(τ)∆τ

)β−1
]2

∆z


×
(∫ σ(t)

a
λ(τ)∆τ

)α(∫ σ(ξ)

a
ψ(τ)∆τ

)β

≥ αβ(σ(t)− a)
1
2

∫ σ(t)

a

[
λ(χ)

(∫ σ(χ)

a
λ(τ)∆τ

)α−1]2

∆χ

 1
2

× (σ(ξ)− a)
1
2

∫ σ(ξ)

a

[
ψ(z)

(∫ σ(z)

a
ψ(τ)∆τ

)β−1]2

∆z

 1
2

. (34)

Multiplying (34) by

S

 (σ(r)−a)
∫ σ(t)

a

[
λ(ζ)

(∫ σ(ζ)
a λ(τ)∆τ

)α−1
]2

∫ σ(r)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2
(σ(r)−χ)∆χ

S

 (σ(s)−a)
∫ σ(ξ)

a

[
ψ(η)

(∫ σ(η)
a ψ(τ)∆τ

)β−1
]2

∫ σ(s)
a

[
ψ(z)

(∫ σ(z)
a ψ(τ)∆τ

)β−1
]2
(σ(s)−z)∆z

,

we see that

Sα,β,t,ξ,r,s

(∫ σ(t)

a
λ(τ)∆τ

)α

=

(∫ σ(t)

a
λ(τ)∆τ

)α

S

 (σ(r)−a)
∫ σ(t)

a

[
λ(ζ)

(∫ σ(ζ)
a λ(τ)∆τ

)α−1
]2

∫ σ(r)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2
(σ(r)−χ)∆χ


×
(∫ σ(ξ)

a
ψ(τ)∆τ

)β

S

 (σ(s)−a)
∫ σ(ξ)

a

[
ψ(η)

(∫ σ(η)
a ψ(τ)∆τ

)β−1
]2

∫ σ(s)
a

[
ψ(z)

(∫ σ(z)
a ψ(τ)∆τ

)β−1
]2
(σ(s)−z)∆z


× S

 (σ(t)−a)
[

λ(ζ)
(∫ σ(ζ)

a λ(τ)∆τ
)α−1

]2

∫ σ(t)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

∆χ

S

 (σ(ξ)−a)
[

ψ(η)
(∫ σ(η)

a ψ(τ)∆τ
)β−1

]2

∫ σ(ξ)
a

[
ψ(z)

(∫ σ(z)
a ψ(τ)∆τ

)β−1
]2

∆z


≥ αβ(σ(t)− a)

1
2 S

 (σ(r)−a)
∫ σ(t)

a

[
λ(ζ)

(∫ σ(ζ)
a λ(τ)∆τ

)α−1
]2

∫ σ(r)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2
(σ(r)−χ)∆χ


× (σ(ξ)− a)

1
2 S

 (σ(s)−a)
∫ σ(ξ)

a

[
ψ(η)

(∫ σ(η)
a ψ(τ)∆τ

)β−1
]2

∫ σ(s)
a

[
ψ(z)

(∫ σ(z)
a ψ(τ)∆τ

)β−1
]2
(σ(s)−z)∆z



×


(∫ σ(t)

a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

∆χ

)

·
(∫ σ(ξ)

a

[
ψ(z)

(∫ σ(z)
a ψ(τ)∆τ

)β−1
]2

∆z

)


1
2

. (35)
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Dividing the two sides of (35) by (σ(t)− a)
1
2 (σ(ξ)− a)

1
2 and then taking the integration

over t from a to σ(r) and the integration over ξ from a to σ(s), we get

∫ σ(s)

a

∫ σ(r)

a

Sα,β,t,ξ,r,s

(∫ σ(t)
a λ(τ)∆τ

)α(∫ σ(ξ)
a ψ(τ)∆τ

)β

(σ(t)− a)
1
2 (σ(ξ)− a)

1
2

∆t∆ξ

≥ αβ
∫ σ(r)

a
S


(σ(r)− a)

∫ σ(t)
a

[
λ(ζ)

(∫ σ(ζ)
a λ(τ)∆τ

)α−1
]2

∫ σ(r)
a

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

(σ(r)− χ)∆χ



×

∫ σ(t)

a

[
λ(χ)

(∫ σ(χ)

a
λ(τ)∆τ

)α−1]2

∆χ

 1
2

∆t

×
∫ σ(s)

a
S


(σ(s)− a)

∫ σ(ξ)
a

[
ψ(η)

(∫ σ(η)
a ψ(τ)∆τ

)β−1
]2

∫ σ(s)
a

[
ψ(z)

(∫ σ(z)
a ψ(τ)∆τ

)β−1
]2

(σ(s)− z)∆z



×

∫ σ(ξ)

a

[
ψ(z)

(∫ σ(z)

a
ψ(τ)∆τ

)β−1]2

∆z

 1
2

∆ξ. (36)

By applying (16) on the term

∫ σ(r)

a

[
λ(χ)

(∫ σ(χ)

a
λ(τ)∆τ

)α−1]2

(σ(r)− χ)∆χ,

with u(χ) = (σ(r)− χ) and v∆(χ) =

[
λ(χ)

(∫ σ(χ)
a λ(τ)∆τ

)α−1
]2

, we get

∫ σ(r)

a

[
λ(χ)

(∫ σ(χ)

a
λ(τ)∆τ

)α−1]2

(σ(r)− χ)∆χ

= (σ(r)− χ)v(χ)|σ(r)a +
∫ σ(r)

a
vσ(χ)∆χ,

where v(χ) =
∫ χ

a

[
λ(θ)

(∫ σ(θ)
a λ(τ)∆τ

)α−1
]2

∆θ and then (where v(a) = 0)

∫ σ(r)

a

[
λ(χ)

(∫ σ(χ)

a
λ(τ)∆τ

)α−1]2

(σ(r)− χ)∆χ

=
∫ σ(r)

a

∫ σ(χ)

a

[
λ(θ)

(∫ σ(θ)

a
λ(τ)∆τ

)α−1]2

∆θ∆χ. (37)

Similarly, we see that

∫ σ(s)

a

[
ψ(z)

(∫ σ(z)

a
ψ(τ)∆τ

)β−1]2

(σ(s)− z)∆z

=
∫ σ(s)

a

∫ σ(z)

a

[
ψ(θ)

(∫ σ(θ)

a
ψ(τ)∆τ

)β−1]2

∆θ∆z. (38)



Symmetry 2021, 13, 2431 14 of 20

Substituting (37) and (38) into (36) and then by applying (23) when γ = ν = 2, we
observe that

∫ σ(s)

a

∫ σ(r)

a

Sα,β,t,ξ,r,s

(∫ σ(t)
a λ(τ)∆τ

)α(∫ σ(ξ)
a ψ(τ)∆τ

)β

(σ(t)− a)
1
2 (σ(ξ)− a)

1
2

∆t∆ξ

≥ αβ
∫ σ(r)

a
S


(σ(r)− a)

∫ σ(t)
a

[
λ(ζ)

(∫ σ(ζ)
a λ(τ)∆τ

)α−1
]2

∆ζ

∫ σ(r)
a

∫ σ(χ)
a

[
λ(θ)

(∫ σ(θ)
a λ(τ)∆τ

)α−1
]2

∆θ∆χ



×

∫ σ(t)

a

[
λ(χ)

(∫ σ(χ)

a
λ(τ)∆τ

)α−1]2

∆χ

 1
2

× 1∆t

×
∫ σ(s)

a
S


(σ(s)− a)

∫ σ(ξ)
a

[
ψ(η)

(∫ σ(η)
a ψ(τ)∆τ

)β−1
]2

∆η

∫ σ(s)
a

∫ σ(z)
a

[
ψ(θ)

(∫ σ(θ)
a ψ(τ)∆τ

)β−1
]2

∆θ∆z



×

∫ σ(ξ)

a

[
ψ(z)

(∫ σ(z)

a
ψ(τ)∆τ

)β−1]2

∆z

 1
2

× 1∆ξ

≥ αβ(σ(r)− a)
1
2

∫ σ(r)

a

∫ σ(t)

a

[
λ(χ)

(∫ σ(χ)

a
λ(τ)∆τ

)α−1]2

∆χ∆t

 1
2

× (σ(s)− a)
1
2

∫ σ(s)

a

∫ σ(ξ)

a

[
ψ(z)

(∫ σ(z)

a
ψ(τ)∆τ

)β−1]2

∆z∆ξ

 1
2

. (39)

From (37)–(39), the last inequality becomes

∫ σ(s)

a

∫ σ(r)

a

Sα,β,t,ξ,r,s

(∫ σ(t)
a λ(τ)∆τ

)α(∫ σ(ξ)
a ψ(τ)∆τ

)β

(σ(t)− a)
1
2 (σ(ξ)− a)

1
2

∆t∆ξ

≥ αβ(σ(r)− a)
1
2

∫ σ(r)

a

[
λ(t)

(∫ σ(t)

a
λ(τ)∆τ

)α−1]2

(σ(r)− t)∆t

 1
2

×(σ(s)− a)
1
2

∫ σ(s)

a

[
ψ(ξ)

(∫ σ(ξ)

a
ψ(τ)∆τ

)β−1]2

(σ(s)− ξ)∆ξ

 1
2

= 2C(α, β, r, s)

∫ σ(r)

a

[
λ(t)

(∫ σ(t)

a
λ(τ)∆τ

)α−1]2

(σ(r)− t)∆t

 1
2

×

∫ σ(s)

a

[
ψ(ξ)

(∫ σ(ξ)

a
ψ(τ)∆τ

)β−1]2

(σ(s)− ξ)∆ξ

 1
2

,

which is (29).

Remark 1. As a special case of Theorem 2, when T = N, we can get (9) proved by Zhao and
Cheung [12].
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Theorem 3. Let a ∈ T and λ, ω be nonnegative functions. In addition, we assume that α, β
are positive functions. If φ, ψ are nonnegative, concave, and supermultiplicative functions, then
the inequality

∫ σ(s)

a

∫ σ(r)

a

St,r,s,ζ φ(Λ(t))ψ(Ω(ζ))

(σ(t)− a)
1
2 (σ(ζ)− a)

1
2

∆t∆ζ

≥ 2M(r, s)

(∫ σ(r)

a

[
α(χ)φ

(
λ(χ)

α(χ)

)]2

(σ(r)− χ)∆χ

) 1
2

×
(∫ σ(s)

a

[
β(z)ψ

(
ω(z)
β(z)

)]2

(σ(s)− z)∆z

) 1
2

, (40)

holds for all r, s ∈ [a, ∞]T, with

M(r, s) =
1
2

(∫ σ(r)

a

(
φ(Φ(t))

Φ(t)

)2

∆t

) 1
2
(∫ σ(s)

a

(
ψ(Ψ(ζ))

Ψ(ζ)

)2

∆ζ

) 1
2

,

St,r,s,ζ = S


(∫ σ(r)

a

[
α(χ)φ

(
λ(χ)
α(χ)

)]2
(σ(r)−χ)∆χ

)(
φ(Φ(t))

Φ(t)

)2

(∫ σ(r)
a

(
φ(Φ(t))

Φ(t)

)2
∆t
)(∫ σ(t)

a

[
α(χ)φ

(
λ(χ)
α(χ)

)]2
∆χ

)


×S


(∫ σ(s)

a

[
β(z)ψ

(
ω(z)
β(z)

)]2
(σ(s)−z)∆z

)(
ψ(Ψ(ζ))

Ψ(ζ)

)2

(∫ σ(s)
a

(
ψ(Ψ(ζ))

Ψ(ζ)

)2
∆ζ

)(∫ σ(ζ)
a

[
β(z)ψ

(
ω(z)
β(z)

)]2
∆z
)
,

Λ(t) =
∫ σ(t)

a
S

(
(σ(t)−a)

[
α(χ)φ

(
λ(χ)
α(χ)

)]2

∫ σ(t)
a

[
α(χ)φ

(
λ(χ)
α(χ)

)]2
∆χ

)
λ(χ)∆χ,

Ω(ζ) =
∫ σ(ζ)

a
S

(
(σ(ζ)−a)

[
β(z)ψ

(
ω(z)
β(z)

)]2

∫ σ(ζ)
a

[
β(z)ψ

(
ω(z)
β(z)

)]2
∆z

)
ω(z)∆z,

Φ(t) =
∫ σ(t)

a
S

(
(σ(t)−a)

[
α(χ)φ

(
λ(χ)
α(χ)

)]2

∫ σ(t)
a

[
α(χ)φ

(
λ(χ)
α(χ)

)]2
∆χ

)
α(χ)∆χ,

and

Ψ(ζ) =
∫ σ(ζ)

a
S

(
(σ(ζ)−a)

[
β(z)ψ

(
ω(z)
β(z)

)]2

∫ σ(ζ)
a

[
β(z)ψ

(
ω(z)
β(z)

)]2
∆z

)
β(z)∆z.
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Proof. Using the fact that φ is a supermultiplicative function, applying Jensen’s inequality
and then applying (23) with γ = ν = 2. Then,

φ(Λ(t)) = φ


Φ(t)

∫ σ(t)
a S

(
(σ(t)−a)

[
α(χ)φ

(
λ(χ)
α(χ)

)]2

∫ σ(t)
a

[
α(χ)φ

(
λ(χ)
α(χ)

)]2
∆χ

)
α(χ)λ(χ)/α(χ)∆χ

∫ σ(t)
a S

(
(σ(t)−a)

[
α(χ)φ

(
λ(χ)
α(χ)

)]2

∫ σ(t)
a

[
α(χ)φ

(
λ(χ)
α(χ)

)]2
∆χ

)
α(χ)∆χ



≥ φ(Φ(t))φ


∫ σ(t)

a S

(
(σ(t)−a)

[
α(χ)φ

(
λ(χ)
α(χ)

)]2

∫ σ(t)
a

[
α(χ)φ

(
λ(χ)
α(χ)

)]2
∆χ

)
α(χ)

[
λ(χ)
α(χ)

]
∆χ

∫ σ(t)
a S

(
(σ(t)−a)

[
α(χ)φ

(
λ(χ)
α(χ)

)]2

∫ σ(t)
a

[
α(χ)φ

(
λ(χ)
α(χ)

)]2
∆χ

)
α(χ)∆χ


≥ φ(Φ(t))

Φ(t)

∫ σ(t)

a
S

(
(σ(t)−a)

[
α(χ)φ

(
λ(χ)
α(χ)

)]2

∫ σ(t)
a

[
α(χ)φ

(
λ(χ)
α(χ)

)]2
∆χ

)
α(χ)φ

[
λ(χ)

α(χ)

]
× 1∆χ

≥ φ(Φ(t))
Φ(t)

(σ(t)− a)
1
2

(∫ σ(t)

a

[
α(χ)φ

(
λ(χ)

α(χ)

)]2

∆χ

) 1
2

. (41)

Similarly, we can get

ψ(Ω(ζ)) ≥ ψ(Ψ(ζ))

Ψ(ζ)
(σ(ζ)− a)

1
2

(∫ σ(ζ)

a

[
β(z)ψ

(
ω(z)
β(z)

)]2

∆z

) 1
2

. (42)

Multiplying the both sides of (41) and (42), respectively, by

S


(∫ σ(r)

a

[
α(χ)φ

(
λ(χ)
α(χ)

)]2
(σ(r)− χ)∆χ

)(
φ(Φ(t))

Φ(t)

)2

(∫ σ(r)
a

(
φ(Φ(t))

Φ(t)

)2
∆t
)(∫ σ(t)

a

[
α(χ)φ

(
λ(χ)
α(χ)

)]2
∆χ

)
,

and

S


(∫ σ(s)

a

[
β(z)ψ

(
ω(z)
β(z)

)]2
(σ(s)− z)∆z

)(
ψ(Ψ(ζ))

Ψ(ζ)

)2

(∫ σ(s)
a

(
ψ(Ψ(ζ))

Ψ(ζ)

)2
∆ζ

)(∫ σ(ζ)
a

[
β(z)ψ

(
ω(z)
β(z)

)]2
∆z
)
,
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and then multiplying these inequalities, we get

S


(∫ σ(s)

a

[
β(z)ψ

(
ω(z)
β(z)

)]2
(σ(s)−z)∆z

)(
ψ(Ψ(ζ))

Ψ(ζ)

)2

(∫ σ(s)
a

(
ψ(Ψ(ζ))

Ψ(ζ)

)2
∆ζ

)(∫ σ(ζ)
a

[
β(z)ψ

(
ω(z)
β(z)

)]2
∆z
)
φ(Λ(t))ψ(Ω(ζ))

×S


(∫ σ(r)

a

[
α(χ)φ

(
λ(χ)
α(χ)

)]2
(σ(r)−χ)∆χ

)(
φ(Φ(t))

Φ(t)

)2

(∫ σ(r)
a

(
φ(Φ(t))

Φ(t)

)2
∆t
)(∫ σ(t)

a

[
α(χ)φ

(
λ(χ)
α(χ)

)]2
∆χ

)


≥ φ(Φ(t))
Φ(t)

(σ(t)− a)
1
2

(∫ σ(t)

a

[
α(χ)φ

(
λ(χ)

α(χ)

)]2

∆χ

) 1
2

×S


(∫ σ(r)

a

[
α(χ)φ

(
λ(χ)
α(χ)

)]2
(σ(r)−χ)∆χ

)(
φ(Φ(t))

Φ(t)

)2

(∫ σ(r)
a

(
φ(Φ(t))

Φ(t)

)2
∆t
)(∫ σ(t)

a

[
α(χ)φ

(
λ(χ)
α(χ)

)]2
∆χ

)


×ψ(Ψ(ζ))

Ψ(ζ)
(σ(ζ)− a)

1
2

(∫ σ(ζ)

a

[
β(z)ψ

(
ω(z)
β(z)

)]2

∆z

) 1
2

×S


(∫ σ(s)

a

[
β(z)ψ

(
ω(z)
β(z)

)]2
(σ(s)−z)∆z

)(
ψ(Ψ(ζ))

Ψ(ζ)

)2

(∫ σ(s)
a

(
ψ(Ψ(ζ))

Ψ(ζ)

)2
∆ζ

)(∫ σ(ζ)
a

[
β(z)ψ

(
ω(z)
β(z)

)]2
∆z
)
. (43)

By dividing the two sides of (43) on (σ(t)− a)
1
2 (σ(ζ)− a)

1
2 and then taking the integration

over ζ from a to σ(s) and then the integration over t from a to σ(r), we observe that

∫ σ(s)

a

∫ σ(r)

a

St,r,s,ζ φ(Λ(t))ψ(Ω(ζ))

(σ(t)− a)
1
2 (σ(ζ)− a)

1
2

∆t∆ζ

≥
∫ σ(r)

a
S


(∫ σ(r)

a

[
α(χ)φ

(
λ(χ)
α(χ)

)]2
(σ(r)− χ)∆χ

)(
φ(Φ(t))

Φ(t)

)2

(∫ σ(r)
a

(
φ(Φ(t))

Φ(t)

)2
∆t
)(∫ σ(t)

a

[
α(χ)φ

(
λ(χ)
α(χ)

)]2
∆χ

)


×φ(Φ(t))
Φ(t)

(∫ σ(t)

a

[
α(χ)φ

(
λ(χ)

α(χ)

)]2

∆χ

) 1
2

∆t

×
∫ σ(s)

a
S


(∫ σ(s)

a

[
β(z)ψ

(
ω(z)
β(z)

)]2
(σ(s)− z)∆z

)(
ψ(Ψ(ζ))

Ψ(ζ)

)2

(∫ σ(s)
a

(
ψ(Ψ(ζ))

Ψ(ζ)

)2
∆ζ

)(∫ σ(ζ)
a

[
β(z)ψ

(
ω(z)
β(z)

)]2
∆z
)


×ψ(Ψ(ζ))

Ψ(ζ)

(∫ σ(ζ)

a

[
β(z)ψ

(
ω(z)
β(z)

)]2

∆z

) 1
2

∆ζ. (44)

By using (16), we can see that

∫ σ(r)

a

[
α(χ)φ

(
λ(χ)

α(χ)

)]2

(σ(r)− χ)∆χ

=
∫ σ(r)

a

∫ σ(χ)

a

[
α(θ)φ

(
λ(θ)

α(θ)

)]2

∆θ∆χ. (45)
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In addition, we can obtain that

∫ σ(s)

a

[
β(z)ψ

(
ω(z)
β(z)

)]2

(σ(s)− z)∆z

=
∫ σ(s)

a

∫ σ(z)

a

[
β(θ)ψ

(
ω(θ)

β(θ)

)]2

∆θ∆z. (46)

Substituting (45) and (46) into (44), we have

∫ σ(s)

a

∫ σ(r)

a

St,r,s,ζ φ(Λ(t))ψ(Ω(ζ))

(σ(t)− a)
1
2 (σ(ζ)− a)

1
2

∆t∆ζ

≥
∫ σ(r)

a
S


(∫ σ(r)

a

∫ σ(χ)
a

[
α(θ)φ

(
λ(θ)
α(θ)

)]2
∆θ∆χ

)(
φ(Φ(t))

Φ(t)

)2

(∫ σ(r)
a

(
φ(Φ(t))

Φ(t)

)2
∆t
)(∫ σ(t)

a

[
α(χ)φ

(
λ(χ)
α(χ)

)]2
∆χ

)


×φ(Φ(t))
Φ(t)

(∫ σ(t)

a

[
α(χ)φ

(
λ(χ)

α(χ)

)]2

∆χ

) 1
2

∆t

×
∫ σ(s)

a
S


(∫ σ(s)

a

∫ σ(z)
a

[
β(θ)ψ

(
ω(θ)
β(θ)

)]2
∆θ∆z

)(
ψ(Ψ(ζ))

Ψ(ζ)

)2

(∫ σ(s)
a

(
ψ(Ψ(ζ))

Ψ(ζ)

)2
∆ζ

)(∫ σ(ζ)
a

[
β(z)ψ

(
ω(z)
β(z)

)]2
∆z
)


×ψ(Ψ(ζ))

Ψ(ζ)

(∫ σ(ζ)

a

[
β(z)ψ

(
ω(z)
β(z)

)]2

∆z

) 1
2

∆ζ. (47)

Applying (23) with γ = ν = 2 on the right-hand side of (47), we get

∫ σ(s)

a

∫ σ(r)

a

St,r,s,ζ φ(Λ(t))ψ(Ω(ζ))

(σ(t)− a)
1
2 (σ(ζ)− a)

1
2

∆t∆ζ

≥
(∫ σ(r)

a

(
φ(Φ(t))

Φ(t)

)2

∆t

) 1
2
(∫ σ(r)

a

∫ σ(χ)

a

[
α(θ)φ

(
λ(θ)

α(θ)

)]2

∆θ∆χ

) 1
2

×
(∫ σ(s)

a

(
ψ(Ψ(ζ))

Ψ(ζ)

)2

∆ζ

) 1
2
(∫ σ(s)

a

∫ σ(z)

a

[
β(θ)ψ

(
ω(θ)

β(θ)

)]2

∆θ∆z

) 1
2

= 2M(r, s)

(∫ σ(r)

a

∫ σ(χ)

a

[
α(θ)φ

(
λ(θ)

α(θ)

)]2

∆θ∆χ

) 1
2

×
(∫ σ(s)

a

∫ σ(z)

a

[
β(θ)ψ

(
ω(θ)

β(θ)

)]2

∆θ∆z

) 1
2

. (48)

From (45) and (46), the inequality (48) becomes

∫ σ(s)

a

∫ σ(r)

a

St,r,s,ζ φ(Λ(t))ψ(Ω(ζ))

(σ(t)− a)
1
2 (σ(ζ)− a)

1
2

∆t∆ζ

≥ 2M(r, s)

(∫ σ(r)

a

[
α(χ)φ

(
λ(χ)

α(χ)

)]2

(σ(r)− χ)∆χ

) 1
2

×
(∫ σ(s)

a

[
β(z)ψ

(
ω(z)
β(z)

)]2

(σ(s)− z)∆z

) 1
2

,



Symmetry 2021, 13, 2431 19 of 20

which is (40).

Remark 2. As a special case of Theorem 3, when T = N, we can get (10) proved by Zhao and
Cheung [12].

By applying Theorem 3 with φ(χ) = χ and ψ(z) = z, we can obtain the following theorem.

Theorem 4. Let a ∈ T and λ, ω be nonnegative functions. Then, the inequality

∫ σ(s)

a

∫ σ(r)

a

St,r,s,ζ Λ(t)Ω(ζ)

(σ(t)− a)
1
2 (σ(ζ)− a)

1
2

∆t∆ζ

≥ (σ(r)− a)
1
2 (σ(s)− a)

1
2

(∫ σ(r)

a
λ2(χ)(σ(r)− χ)∆χ

) 1
2

×
(∫ σ(s)

a
ω2(z)(σ(s)− z)∆z

) 1
2

,

holds for all r, s ∈ [a, ∞]T, with

St,r,s,ζ = S

 ∫ σ(r)
a λ2(χ)(σ(r)− χ)∆χ

(σ(r)− a)
(∫ σ(t)

a λ2(χ)∆χ
)
S

 ∫ σ(s)
a ω2(z)(σ(s)− z)∆z

(σ(s)− a)
(∫ σ(ζ)

a ω2(z)∆z
)
,

and

Λ(t) =
∫ σ(t)

a
S
(

(σ(t)−a)λ2(χ)∫ σ(t)
a λ2(χ)∆χ

)
λ(χ)∆χ, Ω(ζ) =

∫ σ(ζ)

a
S
(

(σ(ζ)−a)ω2(z)∫ σ(ζ)
a ω2(z)∆z

)
ω(z)∆z.

Remark 3. As a special case of Theorem 4, when T = N, we can get (11) proved by Zhao and
Cheung [12].

4. Conclusions

In this article, we first proved the reverse Hilbert-type inequalities on time scales
which involving nonnegative and decreasing functions. After that, we proved the reverse
Hilbert-type inequalities on time scales which involve nonnegative, concave, and super-
multiplicative functions. All of these results are proved by using the Specht’s ratio function.
In future work, we will continue to generalize more the reverse Hilbert-type inequalities
by using Kantorovich’s ratio.
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