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1. Introduction

The tree of fixed point theory starts from fixed point and goes through the Banach
contraction principle (BCP) [1]. It still grows in different directions. Every branch of this
tree is the generalization of BCP in some way. Cuneyt Cevik-Ishak Altun [2] introduced
vector metric spaces and give some properties of these spaces. They proved Baire’s theorem
and Banach’s fixed point theorem in these spaces. Ishak Altun et al. [3] presented some
extensions and generalization of Caristi’s fixed point results in M-metric spaces. They put
forward two versions of Caristi’s inequality and proved interesting results on fixed point
on M-metric space. N. Hussain et al. [4] established a new class of proximal contraction
mappings and established the best proximity point theorems for such kind of mappings
in metric spaces. Khojasteh et al. [5] proved some fixed point results in metric spaces by
defining a new type of functions, called simulation functions. They initiated the concept of
Z-contractions and generalized the BCP. Later, the concept of Z-contractions was further
used by other well known researchers to investigate (common) fixed points and coincidence
points in different settings of metric spaces. De Hierro et al. [6,7] established some results
on coincidence points in metric spaces using the concept of Z-contractions. Argoubi et al. [8]
proved results in the setting of partial ordered metric spaces by taking a pair of non-linear
operators satisfying non-linear contractions based on simulation functions. Alharbi et al. [9]
investigated the existence and uniqueness of certain operators in the context of b-metric
spaces. They combined the concept of simulation functions with admissible functions and
defined a new contractive condition. For further related works, see [10,11]. Patle et al. [12]
proved some interested results in the setting of partial metric spaces. They presented some
common fixed point results for multivalued mappings with a new partial metric approach.
They provided an alternative way for the existence of common fixed points in partial metric
spaces. Gu and Shatanawi [13] proved some new common coupled fixed point theorems in
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a partial metric space by considering two hybrid pairs of mappings satisfying a symmetric
type contractive condition. Their obtained results do not use the continuity of mappings.

Samet et al. [14] introduced the concept of x—admissible functions. Using the concept
of a—admissibility, they proved fixed point results, and for the validity of their obtained
results, they gave an existence theorem for integral equations. Durmaz et al. [15] general-
ized and extended the precedent work and obtained the existence and uniqueness of the
solution of a fourth order two-point boundary value problem. Later, Karapinar et al. [16]
established some fixed point theorems involving (&, {)-Meir—Keeler contractions. Aydi
et al. [17] gave the concept of modified F-contractions involving a—admissible functions.
They established some results which guaranteed the existence and uniqueness of a fixed
point in the setting of complete metric spaces. As an application, they solved an integral
equation. For further works using a-admissible functions, see [18]. Cvetkovi¢ et al. [19]
gave a new contractive condition via admissible functions. They combined the admissibility
with the concept of simulation functions and proved fixed point results using generalized
«-admissible z-contractions.

Wu [20] proved near-fixed point results in metric interval, normed interval spaces and

hyperspaces. He defined null sets, as well as the equivalence relation 9 in the mentioned
spaces. For more details, see [21,22]. Recently, Ullah [23] used the concept of simulation
functions and established some results on near-coincidence point in the setting of metric
interval, normed interval and hyperspaces. The obtained result was the extension of the
mentioned work done by Wu.

The aim in this work is to establish some new near-fixed point results in metric
interval and normed interval spaces by using a —admissibility and the concept of simulation
functions.

2. Preliminaries

In this section, we state some basic definitions and results in the current literature.
We will use the following symbols throughout the paper.
(i) S denotes a simulation function.
(ii) Z denotes the family of simulation functions.
(iii) [J,v] is an interval over the set R where ¢ (Delta) and v (Upsilon) are real numbers.
(iv) X denotes the interval space over the set R.

Q
(v) = is used for the equivalence relation among the intervals.

Definition 1 (Hierro et al. [5,6]). A function S : [0, +0) x [0, +0) — R is called a simulation

function if the following conditions hold:

(1) 5(0,0) = 0;

(S2) S(6,v) <v—4{foralls,v>0;

(S3) If {vn}, {0n} are two sequences in (0, +00) such that im,—, 4 oo Uy = limy— 1 o 6, > 0 and
Uy < Oy foralln e N, then

nEToo sup S(vg,6n) <O.

By (S3), clearly we can derive that, for each 5 > 0,
5(0,0) < 0. (1)

Definition 2 ([14,15]). Let « : X x X — [0,4®). A self mapping T : X — X is called
«-admissible if
«(6,v) = 1implies a(TS,Tv) = 1 forall 6,v € X.

Definition 3 ([14,15]). Leta : X x X — [0, +0). A self mapping T : X — X is called a—orbital
admissible if
(8, T8) = 1 implies a(T68, T>6) =1 forall & € X.
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Definition 4 ([14,15]). Leta : X x X — [0, 40). A self mapping T : X — X is called triangular
«—orbital admissible if T is « — orbital admissible and

a(6,v) = 1and a(v, Tv) = 1implies a(6, Tv) = 1 forall 6,v € X.

2.1. Interval Space

Ref. [20] Let X be the set of all closed intervals over the set R.
The operation of addition is defined by

[b,v]®[x,y]=[0+x0v+y],

and scaler multiplication is defined by

K6, ] — [ks,kv] k=0,
’ [kv,ké]  k<O.

2.2. Null Set

The set containing the difference of any two identical intervals is called a null set, i.e.,

Q={[6,v]O[6V]|[6,v] is an element of X}
or
Q = {[-u,a];a = 0}.
see [20].

2.3. Binary Relation

=. The interval [, v] is said to be almost identical to the interval [§', v'] iff there exist
w1, wy € Q) such that
[6,v]@ w1 =[5,V ]®w,.

Q / ’
If the above condition is satisfied, then we can write [J, v]=[6 ,v ].

Q
For any [J, v] € X, the equivalence class associated with the equivalence relation = is
defined by

<[6,0] == {Ipal € X: [6,0] = [p,ql);
see [20].

2.4. Metric Interval Space
In Reference [20], the interval space X over R with the null set () and real valued
mapping d on X x X is called a metric interval space if

/

(i) d([s,v] [0,

/

[0,v]) =0if and only if [4, v] 9 [0, 01V [5,0],[6,v] € X;
i) d([6,v],[8,v]) = d([&, 0] [,0]) ¥ [5,0], [8', 0] € X;
(iii) d([5,v],[6",0']) < d([6, ], [t,u)) +d([t,u], [6,v']) ¥ [6,0],[8,v'], [t,u] € X.

The metric d is said to satlsfy the null condition if

!

L (v @w, [0,V Sws) = d([6,v),[6,V))
2 a(o ) ©wn [8,V]) = dlls, 10
3. d([o,v), 16, 1 @wn) = d(0,v],[¢,v']).

2.5. Normed Interval Space

In Reference [20], the interval space X with the null set () and non-negative real valued
mapping ||| is said to be a normed interval space if it satisfies the following conditions:
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@) |I[6, v]| = Oimplies [J,v] € O);

(i) [, v]| = |a[l[5, v]l;

i) |[5,0)@[¢',v']| < 116, 0]] + |5, ¢']
If condition (iii) is replaced by

VI[6,v],[0,v]eX

[[0,v]| =0 ifandonlyif [J,v]eQ,

then we say that |-| satisfies the null condition.

Definition 5 ([20]). For a point [6,v] € X, if F[J,v] 9 [,v], then the point [, v] is called a
near-fixed point for F.

3. Main Results

We start by giving some useful definitions.
Definition 6. G is said to be a Z-contraction in (X, d) associated with the simulation function
S € Z, such that
5(d(G[o,v],G[é,v]),d([6,v],[0,v])) =0
/ ’ Q / /
Y [6,v],[6,v] € X, such that [6,v]#[6,v ].

Definition 7. F is a Z contraction in (X, |-|) corresponding to a simulation function S € Z if

S(HF[& V][, 0]

[6,0]© [5’,0’]‘\) >0

7

! !’ Q / ’
Y [8,v],[6,v ] € X such that [5,v]#[d ,v ].

Definition 8. Let « : X x X — [0,+00) be a function, where X is an interval space. A self
mapping T : X — X is called « — admissible if

a([6,v], [5,,1/,]) = 1 implies a(T[9, v],T[(Sl,vl]) = 1forall[6,v], [5/,1/’] € X.

Definition 9. Let a« : X x X — [0, +0) be a function where X is an interval space. A self
mapping T : X — X is called a—orbital admissible if

w([8,v], T[6,v]) = 1 implies a(T[6,v], T2[5,v]) = 1 for all[6,v] € X.

Definition 10. Let a : X x X — [0,+400) be a function where X is an interval space. A self
mapping T : X — X is called triangular a—orbital admissible if T is a—orbital admissible and

w([6,v],[6,v']) = Land a([6,v], T[5,v']) = 1
imply a([J,v], T[(S/,vl]) =1 forall[6,v], [(5/,1/,] e X.

Definition 11. G is said to be an a-admissible (Z;) contraction in metric interval space (X, d)
associated with a simulation function S € Z and G is a-admissible such that

S(a([6,v], (6,0 A(G[s, v], G[5,v']),d([5,v],[5,v']) =0

/ / Q / / / / / ’
forall [§,v],[6,v ] € X, such that [§,v]#[0 ,v ]. Ifwe take a([6 ,v ], [x ,y ]) = 1, then the above
contraction becomes a (Z4) contraction in a metric interval space.
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Definition 12. G is said to be an a-admissible (Z).|) contraction in a normed interval space
(X, |I-|I) associated with a simulation function S € Z, and G is a-admissible such that

7

S(alf3,0). 18,0 (Gl8 0] ©GIS, v'))

([5,v]@[5’,v’])H) >0

/ ’ Q / !/ / /
forall [6,v],[6,v ] € X, such that [6,v]#[6 , v |. If we take a([0,v], ][0, v ]) = 1, then the above
contraction becomes a (Z.) contraction in a normed interval space.

Definition 13. G is said to be a generalized x-admissible (Z;) contraction in a metric interval
space (X, d) associated with a simulation function S € Z, and G is a-admissible such that

S(a([6,v],[8',v')d(G[6,v], G[6', v']), M([6,0],[6',v'])) = 0

/ ’ Q / ’
forall [6,v],[0,v] € X, such that [6,v]#[d ,v |, where

d([6,v], G[6,v]) +d([6,v'],G[5,v])

M([6,v],[6',v']) = max {d([é, ), [0, 07),

5 ,
d([5,v],G[&',v']) +d(G[5,v],[8,v']) }
. .

Definition 14. G is said to be a generalized n-admissible (Z|.) contraction in a normed interval
space (X, |-||) associated with a simulation function S € Z if G is a-admissible and

S(w([8, 01,16, 0D (Gl6,v1 © GI&', D) |, M([6, 0], [6',v'])) > 0

/ ! Q / !/
forall [5,v],[6,v] € X such that [5,v]#[d , v |, where

’

- ;o lBv1eGls vl + |10, v 6l |
M([6,0],[6,0']) = max{H[é,v] o, v]

, 5 ,
H[5, v]oG[s,v]| + HG[(S, veld,v]

) J

Theorem 1. Consider an a—admissible (Z;) contraction G in a complete metric interval space
(X, d). Moreover, assume that the following conditions hold:

* G is continuous and triangular a—orbital admissible;
e there exists [0p, Vo] € X such that «([d,,V,], G[do, Vo]) = 1.

Then, G has a near-fixed point.

Q
Proof. Consider an iterative sequence [, V| =G[d,—1, V1] for all n € N and as given in
theorem take [y, v,] such that a([dy, V], G[Jo, vo]) = 1. If

@) @)
(61, Vi) = [0n41, Vut1] = G[0n, vul,

for some n € N, then [, v,,] will be the near-fixed point for G. Consider [dy, Vi ]| # [01+1, V1],
then
A([6n,vn], 8[0n+1,Vns1]) > 0 ¥V n =0.
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As a([bo, Vo], G[do, Vo]) = 1 which implies a([do, Vo], [01,11]) = 1 which further implies
by the admissibility of G that a(G[d,, Vo], G[61,v1]) = 1 implies a([d1,11],[62,12]) = 1.
Similarly, continuing we can have that

&([0n, Vn], [On+1,Vns1]) = 1foralln e N.
Further, as G is triangular a—orbital admissible, so
([0, v, [6m, vm]) = 1 for all n,m € N for n # m. )

By the condition of an x—admissible Z—contraction, we can proceed as follows:

n
(0‘([571’ UH]/ [5n+1f Vn+1])d([5n+1r Vn+1]/ [5n+2/ Vn+2]>l d([én, Vn]r [5n+11 Un-H]))
([0n, val, [Ons1, Vus1]) — a([On, val, [0n 11, Vs 1))A([6n 41, V1], [Onv2, Vng2])-

It implies that

0 < a([0n, v, [On+1, Va1 DA([Ons1, Vg1l [Ons2, Vas2]) < d([6n, Vil [On41, Vig1])-

0 < S(a([6n, vnl, [64+1, Vius11)A(G[0n, vul, G[Sn41, Vi411), A([6n, Vil [Bn+1, Vnt1]))
=S
<d

As a([6n,Vn], [0n+1,Vn+1]) = 1, we can have

0< d([5n+1,1/n+1], [5n+2/ l/n+2]) < a([én,vn], [5;14,_1, Vn+1])d([5n+1/ Vn+1]/ [(5n+2/ Vn+2])
< d([ém Vn]r [‘5n+1r UVH-l])‘

Hence, the sequence d([d,, Vi, [61+1,Vn+1]) is a decreasing sequence of positive numbers,
so it will converge to an element £, i.e.,

£ = lim d([&n,Vn],[5n+l/Vn+l])'

n—>+00

Moreover, by the above inequality, we can have

£= lim D‘([(snﬂ/n]/ [5n+1r1/n+1])d([5n/1/n]r [§n+1rvn+1])-

n——+00

For proving £ = 0, let us on the contrary take £ # 0, so £ > 0. Using the condition (S3)
and choosing the sequences

tn = ([0, Vn], [Ont1, Vut1)d([On+1, Vut1], [Ont2, Vntal])
and
sn = {d([0n,vu], [Ons1,Vura])}
we have
m<spand lim r,= lim s, =¢>0forallne N.
n—-+40o0 n—-+aoo0

Using again (S3), we obtain that

lim sup(S(ry,sqn)) <O.

n—+0o0

That is,

i sup (@B, vl Bns1, v 1 D1, v 11, B2, vis2)),
A([8n,vn), s, vns1]) ) < O,
which is a contradiction because

0 < S(a([0n, vul, [0n11, Vi1 DA(On+1, Vi1l [Onv2, Ving2l), d([0n, virl, [6n41, Vi ])-
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So our supposition is wrong with respect to £ # 0, so £ = 0. Therefore, one has

Em  d([0n, Va, [Ons1, Vnsa]) = O. 3)

n——+aoo

Next, we are going to show that the sequence {[J,, v,]} is Cauchy in (X, d). We will prove
it using a contradiction. Suppose, on the contrary, that there exists €, > 0 such that for all
N € N, there are integers m,n > N such that

d([0n, vn), [m,vm]) > €o.

Two partial subsequences g[dy,, vy, | and g[dy,, Vi, | can be generated by giving successive
values to N such that

no <n(A) <m(A) and d([ln,, un,], [Iny, 4m,]) > € ¥V A € N. 4)
Suppose that (4) holds for m(A), which is the smallest. Clearly, we have
A([0my_1sVmy 1) [0y, Vn,]) < € for all AeN, ®)

because m)_1 < m(A) and m(A) is the least for which (4) holds. Moreover, m(A) > n(A)
and from (4), m(A) = n(A) +1V A € N. Now, if m(A) = n(A) + 1, then from (3) and (4), we
have

d([6ny 1, Vnys1l 00y, vy ]) > €o for allA e N.

From (3), we have
[0y 1, Vi i) Oy v 1) < 6o

Taking into account (3), (4) and m(A) # n(A) +1, we have m(A) > n(A)+2forany A € N.
It follows that ny 1 <my <my,7 V¥V A e N From (4) and (5), we have

€o d([‘smArva]/ [571/\/1/7’%])
d([(sm/\,l/m)\], [57’1/\—1’ Vm/\_l]) + d([(smA_erm,\_l]r [5}’1/\/ Vn/\])

A([Omy, Vi) [6my 1/ Vmy ,]) + €0 for all A eN.

INCINA

Therefore,

AETOOd([5MA’VmA]/ [Ons vy ]) = €o.

Moreover,

/\ET(D d([‘smM.l' Vm/\+1]’ [JW)L+1’VW)L+1:|) = €o.

Using the condition of a—admissile (Z;) contractions, we have

0

N

S(a([Smyr viny 1, (O, Vi) 1)A(G Oy Viny 1, GlOmy s viny 1), A1y, iy 1 [0y, vy 1))
= S(“([‘Smw Um/\]’ [571)\' V”A])d([ém)\ﬂf Vi1 ], [571)\“, V”M—l])’ d([‘smm Um/\]' [571/\’ V”/\D)
< d([JmA,vm/\], [51’1,\/1/71)\]) - “([JVHA/VW,\]I [5WA/VVIA])d([5m/\+1/ Vm/\+1]l [51’1,\+1/V71/\+1])'

Thus,

0 < a([8my, Viy |, 8y Virs DSy sy Vityr ) [ty s Viyan ) < A([Bmy s Viy 1o [8ny s Vi, ])-

In a similar way, consider

'n = 0‘([5111/\/ VmA]r [5nA/ Vn)\])d<[5m;\+1; Um,\+1]r [5HA+11V1’1A+1])/
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and
sn = d([6my, Vi 1, [0y, Vi, 1)-

Asry, < sy, wehave limy,_, oo 7, = limy_—, 4 o0 5y = €,. By applying (S3), one writes
0< )\ET(X) sup S( ([5mA’VmA]’ [5%\fV”A])d([‘smAH'VmAH]’ [5”/\+1’ U”/\-H])’
d([ém)‘/VmA]/ [511/\/1/11/\])) < 0/

which is a contradiction. Thus, {[é,, v4]} is a Cauchy sequence in (X, d), which is complete,
so this sequence will be convergent to some [J,v] € X. That s, [6,,v,] — [J,v]. Next, we
are going to prove that the limit [J, v] is the near-fixed point for G. The continuity of G
implies that G[d,, v,] — G[J,v]. Consider

A(G[o,v],[6,v]) = Um d(G[bn,Vn], [0n, Vu])

n—+00

= Em  d([0p41, Vsl [0n, vu])
=400

= 0.
This implies that
Q)
G[d,v] = [6,v].

Hence, [4,v] is a near-fixed point for G. [

Theorem 2. Consider a generalized a—admissible (Z;) contraction G on a complete metric interval
space (X, d) and assume that the following conditions hold:

. G is continuous and triangular a—orbital admissible;
o there exists [0y, Vo] € X such that a([do, Vo], G[do, Vo]) = 1.

Then, G has a near-fixed point in X.

Q
Proof. Consider an iterative sequence [0, V] =G[d,—1,V,—1] for all n € N. As given, take
[00, Vo] such that a([Jy, Vo], G[do, vo]) = 1. If

s 1= 11,0411 2G50, 4]
for some n € N, then [6,,v,] will be a near-fixed point for G. Otherwise, consider
[‘5n/Vn]§2[5n+1rVn+1]r then
d([6n,vnl, 8lOn+1,Vn41]) > 0V n >0.

As we proved in the previous theorem, by triangular a—orbital admissibility of G, we have

«([0n, vn], [6m,vm]) = 1 for all n,m € N for n # m. 6)
The map G is a generalized x—admissible Z—contraction, so we have

0 < S(a([0n, vul, [On+1, Vnt11)d(G[0n, Vil GlOn+1, Vi1 ]), M([On, V], [Ont1, Vi 41]))
= S(a([0n, vnl, [0n-41, Vi1 DA([On41, Vnia], [On+2, Vis2]), M([0n, v, [On1, Vi 41]))

< M([5n,1/n], [5n+1r Vn+1]) - oc([én, Un], [5n+1rvn+1])d([5n+ll Vn+1]/ [5n+2/vn+2])‘
It implies that

0 < a([0n, vnl, [0n+1, Va1 D)d([Ont1, Viga ], [nv2, Vag2l) < M([0n,vul, [dn41, Vinga])-
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As a([6n, Vn], [0n+1,Vn+1]) = 1, so we can have

0 < d([0n+1, Vsl [On+2,vur2l) < a([0n, V), [n+1, Va1 DA[Sn+1, Vit 1], [Ont2, Vit2])

@)
< M([6n,vn], [0n 11, Vns1])-

We will show that M([6, Vil [0n+1, Vut1]) = A([6n, Vi), [On+1, Vnt1]). For this, we proceed
as follows:

M([0n, vul, [0n+1, Vat1])

= maX {d([&n, V}’l]/ [5n+1/ Vn+1])l d([dn/ Vn], [5n+1lvn+1]) i ‘iz([&n+llvn+1], [57’1“"2’ Vn+2]) ’
d([6n, vn), [On+2, Vn2]) + d([On+1, Vit1], [Snt1, Vit1]) }

2
— max {d([(snl Vn]/ [§n+1lvn+1]), d([df’l/ 1/”], [5n+1/1’n+1]) + 112([571-"-1/1/71-1-1]/ [(SH+2/ Vﬂ+2]) ,

d([én/ Vn]r [5n+2/ V'rl-‘rZ]) }
2

— max {d([én, Vn]/ [§n+lrvn+1])/ d([énl U"]/ [5n+ern+1]) + dz([én-‘rlrvn-l-l]/ [‘5n+2/ V?H—Z]) }

By (7), we have d([0y+1, Vit1], [On+2, Vat2]) < M([6n,Vn], [0n+1, Vnt1])- We conclude that

M([én/ 1/,,], [5n+1fvn+1]) = d([§7lrvn]l [5n+1lvn+1]'

Hence, the sequence d([6y, Vi), [04+1, Vu+1]) is a decreasing sequence of positive numbers
in R. Hence, it will converge to some £. By proceeding in the same way as in the previous
theorem, we conclude that £ =0, i.e.,

Hm d([8n, V], [Ops1, Vns1]) = O. ®)

n——+aoo

Next, we are going to show that {[d,, v4]} is Cauchy in (X, d). On the contrary, suppose
that [J,, v,] is not Cauchy. Therefore, there is €, > 0 such that for all N € N there exist
positive integers m, n > N such that

d([én,l/n], [(smlvm]) > €p.

In the same as in the previous theorem, we can create two partial subsequences and then
we can have

kETood([‘smkamk] O vn]) = €0

Moreover,

kETOO d([émk+1’ mG+1] [5”k+1' V”k+1]) = €o-

The map G is a generalized a—admissible (Z;) contraction associated with S, so

0 < S(a([0my, Vi) [Onpr Vi, NA(GOmy s Vi |, GOnys Vi 1), M([Omy s Viny ) [0y Vg 1))
S(([Smy Vi), O Vi DAOrmy 1 Vi 115 [0y g0 Vi1 1) M([Gms Vi ), [0 v, 1))
< M([émk,l/mk], [5nk,Vnk]) - “([&ﬂklvmk]/ [5ﬂk/Vnk])d([émk+1fvmk+1]/ [5Hk+1/ Unk+1])'

Thus,

0 < (X([(Smk, mG], [énk, Vnk])d([(smk+1’vmk+l]’ [5nk+l’vnk+l]) < M([(smk/ mG]/ [5nk1 V}’lk]).
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Similarly, we can show that M([0,, Vi, |, [0, Vi, ]) = A([Om Vi ], [Onys Vi ])- Let us con-
sider
rn = “([5mk1 mG]/ [‘5nk, Vnk])d([(smk+1/ mG+1]/ [5nk+1/ Vnk+1])/

and
sn = ([6mes Vi ], [0 v, 1)

Clearly, ry, 5 > 0, limy— 4 oo 1 = limy 1 o0 54 = €, and 1, < s4. So, by (S3),

0< tim sup S (a([Bug, v, By, v DA p1, V), g, v 1),

d([émk,vmk], [5711(/ Vnk])) <0,

which is a contradiction. Thus, {[é,, 4]} is a Cauchy sequence in (X, d), so it converges to
some [J, v]. By continuity of G, G has a near-fixed point, i.e.,

G[J,v] (:2 [0,V].

O

Theorem 3. Consider an a—admissible (Z|.) contraction G in the Banach interval space (X, |-|)
and assume that the following conditions hold:

* G is continuous and triangular a—orbital admissible;
o there exists [0p, Vo] € X such that «([d,,Vs], G0, Vo]) = 1.

Then, G has a near-fixed point in X.

Q
Proof. Consider an iterative sequence [dy, v, ]| = G[d,,—1,Vy—1] for all n € N and as given in
theorem take [d,, v,] such that a([dy, V], G[do, vo]) = 1. If

Q Q
[511/ Vn] = [5n+1/ Vn+l] = G[én/ Vn]

for some 1 € N then [4,,, v,;] will be a near-fixed point for G. Consider [dy, Vu]|# [01+1, V1],
then
I[6n, va]l ©&[0n+1, V41l > 0 ¥V n >0.

As a([do, Vo], G[do, vo]) = 1, s0 a([Jo, Vo], [01,v1]) = 1. It further implies by the admissibility
of G that a(G[d,,vo], G[d1,v1]) = 1. Again, a([d1, v1], [62,12]) = 1. Similarly, we derive that

&([0n, Vn], [On+1,Vns1]) = 1 forallnm e N.
Further, as G is triangular a—orbital admissible, so
([0, Vi), [6m, vm]) = 1 for all n,m € N for n # m. )

Recall that the map G is an a—admissible Z|| —contraction, so we have

0 < S(a([0n, v, [0nt1, Vi1 DIGIOn, vl © Glbn11, visall, 110, V] © [0ng1, Vi ll))
= S(a([6n, Val, [n+1, Vas1 DISn+1, Va1l © [6nt2, Vsl 60, va] © [6p11, Vi1l
< [0n, vu] © [8n41, V1]l = ([0n, Vi), [Sn11, Vi DI[Gn 11, V1] © [n42, 2]l (10)
It implies that

0 < &([0n, vul, [On11, Va1 DIOnt1, Vi1l © [On2, vag2l | < [[[0n, V] © [0p11, Vgl
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As a([6n, Vn], [0n+1,Vn+1]) = 1, so we can have

0 < [[0n+1,Vn411© [On2, Vg2l | < a([0n, val, [On41, Va1 DI [On+1, V1] © [Ons2, Vns2]|
<[00, vn] © [8p41, Vs -

Hence, the sequence |[dy, V] © [6y+1, Vn+1]|| is @ decreasing sequence of positive numbers
in R, so it will converge to a point £, i.e.,

= lim [[6n,vu] © [0ns1, Vs ]l

n—+00

We have
L= lm_ a([6n,Vn], [0n+1, Vs 1) [0, V] © [6p41, Vis1]l-

n——+0o0

We will show £ = 0. Assume that £ > 0. Using (S3), by taking the sequences

rn = &([0n,Vul, [6n+1, Va1 DI[0n+1, Vis1] © [Ony2, Vsl
and
sn = {60, vnl, [On+1, Vs ll},
one has
m<sy, and lim r,= lim s,=2>0for allneN.
n—+00 n—+-00

Therefore, by applying (S3) to the above sequences, we have lim,,—, 4 oo sup(S(ry, su)) < 0.
That is,

nETOO sup S (“([JH/ Vn]r [(5n+lr Vn+1]) ” [(sl’lJrll Vn+1] © [5n+2/ Vn+2] Hr

1060, va) © B 1, vusall) < O,
which is a contradiction because

0 < 5 (a([8n, v, a1, V1D 1, 51 © [rs2, visa]l,

168,41 © (01, va1]])-
Hence, £ = 0. Therefore, one has

T [[8a, v © Gt vl = 0. (1)

Next, we are going to show that {[J;,, v,]} is Cauchy in (X, ||-|). On the contrary, suppose
that [J,, v] is not Cauchy. Therefore, there is €, > 0 such that for all N € N, there are
positive integer m, n > N such that

”[57’111/1’!]@ [511’[/ Vm] ” > €o.

We can create two partial subsequences by giving successive values to N which are [0, , vy, |
and [0y, Vi, | such that

no <n(A) <m(A) and |[6n,, V] © [0y, Viy]| > €0 ¥ A € N (12)

Consider that m(A) is the smallest positive integer m € {n(A),n(A) +1,n(A) +2,---} for
which (12) holds. Now, it is clear that

|[6my_ysVimy 110 [0y vy ]| < € for all A€N, (13)

because m,_1 < m(A) and m(A) is the least for which (12) holds.
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Therefore, m(A) > n(A) from (12), so m(A) = n(A) +1VY A € N. Now, if m(A) =
n(A) + 1, then from (11) and (13), we have

|8z s1sVipyr 1 © [0y, vy ]| > €0 for allA € N,

From (11), we have
H [0y 41/ Vip e 1© [571/\/1/11/\]” < €.

Hence, m(A) = n(A) + 1 is not possible taking into account (11) and (13). We conclude that
m(A) = n(A) +2forany A € N. It follows that ny . <my <myyq; VYV AeN. From (11)
and (13), we have

” mysVmy] © 5"/\’1/”A]H
“ mA’VmA 5"1/\71/ VmAfl] H + “[5"1)‘71/ Vm/\fl] © [5"A'V”A] H

|| 5mA’VmA 57’1)\,1/ Vm/\fl] H + €0 fOI' all /\ € N

Therefore,

AEmOOH 5m/\rva]®[5n/\’vn)\]H = -

Moreover,

AETOOH [ 1 Viny 11 © [0y iy Vi ]| = €0

Recall that G is an a—admissible (Z|.|) contraction associated with S, so

0 < S(D‘([(Sm/\rva]/ [571/\/1/1’1/\])”(;[5171/\/1/”1/\]@G[é}’l/\lvi’l/\] 7 [5m/\rva]@[5n/\lvi’l/\]”)
S(‘X([ém;\zvm)\]/ [5n/\/1/n)\])”[5m)‘+1/Vm)‘Jrl]@[(Sn)\+1zvn;\+1] 7 [5111)\/1'/"’[/\]@[571)\/1/1’!/\]“)

”[‘Smmva] © [5nmvm]H = a([Smy, vy 1, [Ony, vy 1) H[5mA+1'VmA+1] © [‘SHAH'V"AH]”'

A

Thus,

0< “([57?1/\/1/"1/\]/ [‘Sm/ Vn/\])H [‘Sm/\+1/1/m/\+1] © [5'1A+1'V”/\+1] H < ||[5m/\’va] © [57’1/\’1/71A]H'

Let us consider

Tn = ([0, Vi, ], [0y, vy D [0y 1, Viny (1 1© [0y 41, vy 4 1]

and
Sn = H[(Sm)\’vm/\] @ [(571,\/ V}’l/\]H-

Clearly, ry, 54 > 0, limy— 4 oo 7y = limy— 40 Sy = €, and 1, < s,. Therefore, by (S3),

0< /\ETOO sup S( ([Omp, vy 1, [6ny vy 1) H [5mA+1’ VmAH] © [5”/\+1' Vn/\+1] ’

H [0y Vi, ] © [JnA/VnA]||) < 0.

It is a contradiction. Thus, {[J,, v,]} is a Cauchy sequence in (X, d), which is complete, so
this sequence will be convergent to some [6, v] € X such that [6,, V4] — [J,v]. Next, we are
going to prove that the limit [4, v] is a near-fixed point for G. The continuity of G implies
that G[0,,, v ] — GJ[J,v]. Consider

IGlo,v]©[4,v]| Hm [G[on, vn] © [On, vall

TZA)

L [0+, V1] © [0, va]|

0.
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It implies that
G[é,v] 9 [4,v].

Hence, [4,v] is a near-fixed point of G. O

Theorem 4. Consider a complete Banach interval space (X, ||-||) and a self mapping G which
salsifies the following conditions:

*  Giscontinuous and a generalized x—admissible (Z).) contraction;

e G is triangular a—orbital admissible;
e there exists [0, Vo] € X such that a([do, Vo], G[do,Vo]) = 1.

Then, G has a near-fixed point.

(@)
Proof. Consider an iterative sequence [dy, V] =G[d,,—1, V1] for all n € N and as given in
theorem take [d,, V] such that a([dy, Vo], G[do, v0]) = 1.
If

Q Q
[0n, V] =[6n+1, V1] =G[6n, vn] for some n e N

then [d,,, v,,] will be a near-fixed point for G. Consider [dy, Vy|#[0n+1, Vn+1], then
I[6n, va] © [6p41, vusa]l > OV n >0.
By triangular a—orbital admissibility of G, we have
«([0n, vn], [6m,vm]) = 1 for all n,m € N for n # m. (14)

G is a generalized a—admissible Z| .| —contraction, so we have

0 < S(a([0n, V], [6n+1,Vus1])[G[6n, va] © G[n+1, Vi1 ]|, M([0n, V], [6n41, Vi41]))
= S(a([0n, vnl, [On+1, Va1 D [On+1, Va1 © [Ont2, a2l M([6n, Vi), [6n41, Vn41]))
< M([0n, V], [0n+1, Vnta]) — a([0n, Vil [On1, Vna D[ [0n1, Va1 ] © [Opt2, Va2 ]

It implies that

0 < a([0n, v, [On+1, Va1 DI [On+1, V1] © [n2, V2] < M([6n, vul, [On 41, Vg1 ])-

As a([6n,Vn], [0n+1,Vn+1]) = 1, so we can have

0 < [0n+1,Vn41]© [Ont2, vny2ll < &([On, Vi), [Ons1, Vs 1 DI On+1, V1] © [n42, Vni2ll

(15)
< M([0n, Vnl, [0n+1, Vns1))-

We will show that M([6, vu], [0n+1, Vnt1]) = l[0n, V] © [0n+1, Vu+1]|- For this, we proceed
as follows:
M([én’w‘]r [(5n+1, Vn+1])
6n, V| © 16,41,V + [6n+1, v O 0p+2,v
_ maX{H[(Snlvn]@[5n+lrvn+1]H/ H[ n Vl] [ n+1 71+1]H ”2[ n+1 i’l+1] [ n+2 Vl+2]H
1101, vin] © [8n12, V2]l + 0041, Vg 1] © [8n 41, Vg1l }
2

1[0n, vn] © [8n 11, Vi1l + |[0n41, Vg 1] © [Ont2, Vir2]|
2 7

= max { I[0n, vn] © [8n 11, Visall,

1[6n, vn] © [8n+2, Vas2]| }
2

— max {1160, 1] © us 1, v,

(9, vn] © [0nt1, V1]l + [[On41, Vit 1] © [Ont2, V2] | }
> .
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By (15), we have |[0,,+1, Vu+1] © [On+2, Vut2]| < M([0n, Vu], [0n+1, Vnt1]), SO we conclude
that

M([Sn,val, [6n41, Vnsa]) = [[0n, V] © [8p11, Vsl

Hence, the sequence | [0y, V1] © [6n+1, Vn+1]|| is a decreasing sequence of positive numbers
in IR, so it will converge to some £. By proceeding in the same way, we conclude that £ = 0,
ie.,
im_||[6n, 2] © [0n+1,Vna]] = 0. (16)
n—+00

Next, we are going to show that {[d,, v4]} is Cauchy in (X, d). On the contrary, suppose
that [Jy,, v, ] is not Cauchy. Therefore, there is €, > 0 such that for all N € N, there exist
positive integers m, n > N such that

”[5;1/ Vn] © [(Sm/ Vm] ” > €p.
We can create two partial subsequences, and then, we can have

AET H mmva]@[énA’V"A]“ = Co

Moreover,

All)m H [Ompi1s Vimy 1] © [5"A+1fvm+1]” = €o-

As G is a generalized a—admissible (Z|,|) contraction associated with S, so

0 < S(OC([(Sm/\/ Vm/\] [571\/ Vn,\ HG (SmAer\] @ G[éi’l,\rvnA] ([5”1/\’1/”1/\]/ [5”/\’1/”/\]))
S(a([(sm/\/vm)\] [ HA/VH H mA+1/VmA+1]@[5nA+1/VnA+1] 7 ([5111/\/1/111)\]/ [511/\/1/7[)‘]))
< M([(Smyvm/\]/ [én/\/VnA]) 0‘([(5mA/VmA]/ [61’1/\/VHA])}‘[§MA+1/VH1/\+1]@[5HA+1/VH)L+1]‘{'
Thus,

0 < “([JmA/ VmA]/ [511A/ VnA])‘|[5mA+1/Vm/\+1] @ [‘Sn,\+1zvn,\+1]” < M([5m/\zvm/\]r [(Sl’l,\/ Vn/\])-

Similarly, M([6,, Vi, ], [6ny, Vi, 1) = |[6mys Vi, ] © [0y, v, |- Let us consider

T = &[0y, Vimy ], [Ony s V”A])H [0 i1 Vi 111 © [0y 11, Vi1
and
Sn = ([5”1/\'1/”1)\]/ [571/\'1/”/\])'

Clearly, ry, 5, > 0, limy— 40 7 = limy— 400 Sy = €0 and 1, < sp,.
Therefore, by (S3),

0< )LETOO sup S( ([6my s Vi, 1, [5"/\’1/”/\])H[5m/\+1’ Uy 1] © [5")\+1'1’")\+1] ’

[571”; Vm;\] @ [5”A’ U'rl)\] H) < 0/
which is a contradiction and so {[d, v4]} is a Cauchy sequence in (X, |-|). By continuity of
G, it has a near-fixed point, i.e.,
Q
G[d,v] = [6,v].
O

4. Conclusions and Future Remarks

This work generalized the results proved by H.C. Wu in the metric interval space
and normed interval space. The concept of simulation functions and a-admissibility were
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used in proving our results. This work will motivate the readers to establish further results
on near-common fixed points on other (generalized) spaces using simulation functions,
as well as x-admissibility.
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