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Abstract: Entropy is usually used to measure the uncertainty of uncertain random variables. It
has been defined by logarithmic entropy with chance theory. However, this logarithmic entropy
sometimes fails to measure the uncertainty of some uncertain random variables. In order to solve
this problem, this paper proposes two types of entropy for uncertain random variables: sine entropy
and partial sine entropy, and studies some of their properties. Some important properties of sine
entropy and partial sine entropy, such as translation invariance and positive linearity, are obtained.
In addition, the calculation formulas of sine entropy and partial sine entropy of uncertain random

variables are given.
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1. Introduction

Entropy is a parameter describing the disorder of objective things. Shannon [1]
believes that information is the elimination or reduction of uncertainty in people’s under-
standing of things. He calls the degree of uncertainty information entropy. Since then,
some scholars have studied Shannon entropy. Using fuzzy set theory, Zadeh [2] introduced
fuzzy entropy to quantify the number of fuzziness. Following that, De Luca and Termini [3]
proposed a definition of fuzzy entropy, that is, the uncertainty related to the fuzzy set.
After that, many studies involved the definition and application of fuzzy entropy, such as
Bhandary pal [4], Pal and PAL [5], Pal and Bezdek [6]. Furthermore, Li and Liu [7] put
forward the definition of entropy of fuzzy variable.

In 2007, in order to study the uncertainty related to belief degree, Liu [8] established
uncertainty theory. As a branch of mathematics, Liu [9] improved the theory in 2009.
Uncertain variable was defined [10]. After that, Liu [9] gave a definition of expect value of
uncertain variable, and Liu and Ha [11] gave a formula for calculating the expected value
of uncertain variable function. Liu [8] proposed some formulas by uncertainty distribution
for calculating variance and moment. Yao [12], and Sheng and Samarjit [13] proposed
a formula using inverse uncertainty distribution for calculating variance and moment.
After that, Liu [8] proposed a concept of logarithmic entropy of uncertain variables. Later,
Dai and Chen [14] established a formula to calculate the entropy through the inverse of
uncertainty distribution. In addition, Chen and Dai [15] studied the maximum entropy
principle. After that, Dai [16] proposed quadratic entropy. Yao et al. [17] proposed sine
entropy of uncertain variables.

We know that in order to deal with the number of uncertainties, we have two math-
ematical tools: probability theory and uncertainty theory. The probability theory is a
powerful tool for modeling frequency through samples, and uncertainty theory is another
tool for modeling belief degree. However, when the system becomes more and more
complex, it creates both uncertainty and randomness. In 2013, Liu [18] established chance
theory for modeling the systems. Liu [19] also proposed and studied the basic concepts
of chance measure, which is a monotonically increasing set function and satisfies self-
duality. Hou [20] proved that the chance measure satisfies sub-additivity. Liu [19] also
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put forward some basic concepts, including uncertain random variable, and its chance
distribution and digital features, etc. Furthermore, Sheng and Yao [21] provided a formula
for calculating the variance. Sheng et al. [22] proposed the concept of logarithmic entropy
in 2017. After that, Ahmadzade et al. [23] proposed the concept of quadratic entropy,
and Ahmadzade et al. [24] studied the question of partial logarithmic entropy.

Since logarithmic entropy may not be able to measure the uncertainty in some cases.
Therefore, in order to further improve this problem, this paper will propose two new
entropies for uncertain random variables, namely sine entropy and partial sine entropy,
and discuss their properties. Furthermore, the calculation formulas of sine entropy and
partial sine entropy are obtained by using chance theory. Section 2 reviews some basic
concepts of chance theory. Section 3 introduces the concept and basic properties of sine
entropy of uncertain random variables. Furthermore, this paper will also propose the
concept of partial sine entropy and discuss its properties in Section 4. Finally, we will give
a summary in Section 5.

2. Preliminaries

In this part, we review some basic concepts of chance theory

Definition 1 (Liu [18]). Let (I', £, M) be an uncertainty space and (Q), A, Pr) be a probability
space. Then, the product (T, £, M) x (Q, A, Pr) is called a chance space. Let © € £ x A be an
uncertain random event. Then, the chance measure of © is defined as

Ch{0} = /01 Pr{w e Q| M{yeT|(y,w) €O} > r}dr.

The chance measure satisfies: (i) Normality [18]: Ch{I' x O} = 1; (ii) Duality [18]:
Ch{®} + Ch{®‘} = 1 for and event ©; (iii) Monotonicity [18]: Ch{®;} < Ch{®,} for
any real number set ®1 C ©;. (iv) Subadditivity [20]: Ch{U>, ©;} < Yi°, Ch{®;} for a
sequence of events @1,0,, - - - .

Definition 2 (Liu [18]). A function ¢ is called an uncertain random variable if it is from a chance
space (T, £, M) x (Q, A, Pr) to the set of real numbers such that {¢ € B} is an event in £ x A for
any Borel set B of real numbers.

Definition 3 (Liu [18]). Let ¢ be an uncertain random variable. Then, the function
®P(x) =Ch{¢ <x},xe®R
is a chance distribution of ¢.

Theorem 1 (Liu [19]). Let Y1, ¥, - - - , ¥ be probability distributions of independent random

variables 11,12, -+ , Y, and let Y1,Yo, - -+ , Y, be uncertainty distributions of independent uncer-
tain variables Ty, o, - - -, Ty, respectively. Then, chance distributionof & = (171,12, , m, T, T2+ + , Tn)
is

O(x) = [ FGyy- ym)d¥i(y) - d¥ulyn)

where F(x,y1,- -+ ,Ym) is the uncertainty distribution of f(y1,y2, -+ ,Ym, T, To, -+ , Tn) for any
(y1,¥2, -+, ym) € R™ and is determined by Y1,Y2,- -+, Yn.

Definition 4 (Sheng et al. [22]). Let ®(x) be chance distribution of an uncertain random variable
C. Then, the entropy of ¢ is defined by

H[E] = /+m5(d>(x))dx

where S(t) = —tInt — (1 —¢t)In(1 —¢#).
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Definition 5 (Ahmadzade et al. [23]). Let 11,12, -+ ,11m be independent random variables,
and T, Ty, - - -, Tm be uncertain variables. Then, partial entropy of & = f (41,12, Mm, T, T2+ -+,
Ty ) is defined by

pr(E = [ [T S(Flow ) Jdx¥ i) d )

where S(t) = —tInt — (1 —t)In(1 —¢t) and F(x,y1,- -+ ,ym) is uncertainty distribution of
fyr, - Ym, T, -+, Tm) for any real numbers yq,- -+ , Ym.

3. Sine Entropy of Uncertain Random Variables

Since logarithmic entropy may not be able to measure the uncertainty of uncertain
random variables in some case. Therefore, we will propose a sine entropy of uncertain
random variables as a supplement to measure the uncertainty in fail of the logarithmic
entropy, as shown below.

Definition 6. Let ®(x) be chance distribution of an uncertain random variable &. Then, we define

sine entropy
“+o00

sHlg] = [

sin (nd)(x)) dx.

Obviously, in the following, sin(71x) is a symmetric function with x = 0.5, and reaches
its unique maximum 1 at x = 0.5, and it is strictly increasing in [0, 0.5] and strictly decreas-
ing in [0.5,1]. By Definition 6, we have SH[] > 0. If § = ¢, c is a special uncertainty, that
is a constant, then SH[¢] = 0 and SH|[¢ + c¢] = SH|[¢]. Set ¢ € [a, b], If chance distribution
®(x) =050f & then SH[E] < (b—a) .

Remark 1. We can find that the sine entropy of uncertain random variables is invariant under any
translations.

Example 1. Let Y be a probability distribution of random variable 1, and let Y be an uncertainty
distribution of uncertain variable T. Then, sine entropy of the sum ¢ =1+ T is

—+o0 —+o0
SHI[Z] = / sin (7‘[/ Y(x — y)d‘I’(y))dx.
Example 2. Let Y be a probability distribution of random variable y > 0, and let Y be an
uncertainty distribution of uncertain variable T > 0. Then, sine entropy of the product ¢ = 1t is

—+o0

SH[¢] = / sin (n/OHOY(x/y)d‘I’(y))dx.

—o0
Example 3. Let Y be a probability distribution of random variable v , and let Y be an uncertainty
distribution of uncertain variable T.Then, sine entropy of the minimum ¢ =y A T is

SHE] = /+°° sin (7(¥(x) + Y(x) ~ ¥()¥(x)) )dx.

—00

Example 4. Let ¥ be a probability distribution of random variable 7, and let Y be an uncertainty
distribution of uncertain variable T. Then, sine entropy of the maximum ¢ = n V T is

“+o00

sH[g) = [

—00

sin (7 (x)Y (x) ) dx.
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Theorem 2. Let ® ! be an inverse chance distribution of uncertain random variable ¢. Then, sine
entropy SH[Z] is

SH[E] = = /O " o1(1 — a) cos(ra)da.

Proof. According to known conditions that & has an inverse chance distribution ®~!, then
¢ has a chance distribution ®. We can obtain

P(x) 1
sin(m®(x)) = / mcos(ma)da = —/ mt cos(mra)da,
0 P(x)
then the sine entropy of ¢ can be obtained:

SH[Z] = /+°° sin (7®(x) )d x

—00

= /Ooo sin (n@(x))dx + /O+oo sin (ﬂq)(x))d x

0 P(x) +oo 1
:/ / ncos(mx)docdx—/ / 7 cos(ma)dadx.
—e0J0 0 Jo®)

We can also obtain the following formula by Fubini theorem:

—+o00
/ / 7t cos(ma)dadx — / / 7t cos(ma)dad x

(0) (0
- 7/0 q)—l(a)(b 1(“)”C05(7T“)dXd“*/ & ()7 cos(ma)dxda
1
=7 | & '(a)cos(ra)da
0

0
= —n/ @ 1(1 - «)cos(mr — ra)d(—a)
1
1
= n/ & (1 — ) cos(ra)da.
0
The proof is completed from this theorem. [

Remark 2. Theorem 2 provides a new method to calculate sine entropy of an uncertain random
variable when the inverse chance distribution exists.

Theorem 3. Let ¥1,¥>,- -, Y be probability distributions of independent random variables
1,42, -, Ym, respectively, and let 71, T2, - - - , T, be independent uncertain variables. Then, the

sine entropy of ¢ = f(n1,12, -+ , m, T, T2, -+ , Tn) IS

SH[¢] = /+oo sin (n /%m F(x,y1,- -, ym)d¥1(y1) - - ~d‘Fm(ym)>dx

—00
where for any real numbers y1,Y2,- -+ ,Ym, F(X, Y1, ,Ym) is the uncertainty distribution of

f(]/lr]/zr’ o ,]/m/ T, T2, /Tl’l)'

Proof. For any real numbers y1,Y2, - - ,ym we know that ¢ has a chance distribution by
Theorem 1,

O(x) = [ Flry e yn)d¥i(n) - d¥n(m)
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where F(x,y1,- -+ ,Ym) is the uncertainty distribution of f(y1,y2, -, Ym, T, T2, -+ , Tn)-
By definition of sine entropy, we have

SH[Z] = /+oo sin (n/@Rm F(x,y1,- -, ym)d¥1(y1) - - -d‘I’m(ym))dx.

—00

Thus, we proved this theorem. O

Corollary 1. Let & = f(n1,12, -+ ,Ym, T, T2, - -+ , Tu) be strictly decreasing with respect to
Tka1, Thaos -+ -, Tn and strictly increasing with respect to 7, 7o, -+, T If Y1,Y2,- -, Y, are
continuous, then the sine entropy of ¢ is

SH[Z] = /'+°° sin (n /ﬂ;tm p sup ( min Y;(z;) A min (1-— Yi(zi)))

J—oo e s o) —x \ 1Si<k k+1<i<n
d¥(y1) - - -d‘}’m(ym)> dx.

Proof. By Theorem 1, we know that the chance distribution of ¢ is

O(x) = [ FGyn ey d¥a () - ¥ (yn).

Then, we have

F Y1, , — in Y:(z;)A 1 1—=Y:(z: .
(x yl ym> f(]/l/"'r]/jl];?r“',Zn):x <lr£lilgk Z(Zl) k+r{l§1?§n( I(Zl)))

Thus, we can obtain

- ylr"'/]/mrzl,“',zn):x k+1<i<n
d¥1(y1) - 'd‘Ym(ym)> dx.

by Theorem 3. The proof is completed from this corollary. []

Corollary 2. Let ¢ = f(n1,12, -+ ,Ym, T, T2, - - - , Tu) be strictly decreasing with respect to
Tka1, Teaos -+, Tn and strictly increasing with respect to 7, 7o, -+, T If Y1,Yo,- -, Y, are
reqular, then the sine entropy of ¢ is

+o00

sH[g] = [

—00

sin (7 [ FGyn, - y)d¥1 () - d¥on(y) ) dx

where F(x,Yy1,Y2,"+ ,Ym) may be determined by its inverse uncertainty distribution F~(x, y1,
Y2, ,Ym), that is

Flyn - oym T @Y @), X (0, Y (1= ), Yy (1= w), o Y5 (1= ).

Proof. By Theorem 1, for any real numbers y1, Yy, - - - , Ym, we know that the chance distri-
bution of ¢ is

Q)= [ Flry e ym)d¥i(n) - d¥n(m)

where F(x,y1,- - ,Ym) is the uncertainty distribution of f(y1,v2,- -, Ym, T, T2, -+ , Tn)-
From the assumption that f(#1,72,- -+, m, T1, T2, - - - , Tu) be strictly decreasing with re-
spect tO Tii1, Tetra, -+ , Tn and strictly increasing with respect to 7,12, -+, . It fol-
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lows that F(x,y1,---,ym) may be determined by its inverse uncertainty distribution
F’l(zx, vi, - ,Yym) when Y1,Yy, -+, Y, are regular, that is

e YT @), Y5 (@), Y (@), Yy (1= ), Yy (= a), -, Y (1 - ).

From Theorem 3, we can obtain

+o0

sHlg) = [

—00

sin (7‘[ /%Rm F(x,y1, ,ym)d¥1(y1) - - .d‘I’m(ym)>dx

where F(x,y1,- -+ ,ym) and F(x,y1, - - - ,ym) may be determined by its inverse uncertainty
distribution F~!(a,y1,- -+ ,ym) that is equal to

Flyn - oym T @Y @), X (0, Y (1= ), Yy (1= w), o Y5 (1= ).
The proof is completed of this corollary. [

4. Partial Sine Entropy of Uncertain Random Variables

The concept of sine entropy of uncertain random variables are proposed theoretically
by using chance theory. However, sometimes we need to know how much the sine
entropy of uncertain random variables is related to uncertain variables? To answer this
question, following that, we will define a new concept of partial sine entropy of uncertain
random variables to measure how much the sine entropy of uncertain random variables is
related to uncertain variables. Therefore, we propose the concept of partial sine entropy as
following as.

Definition 7. Let 7y, T, - - - , Ty be uncertain variables, and let 41,42, - -, §m be independent
random variables. Then, the partial sine entropy of ¢ is

PSH[¢] = /m /::o sin (nF(x,y1,~ . ,ym)>dxd‘I’1(y1) o d¥ (ym)

where for any real numbers y1,--- ,Ym, F(x,y1, - ,Ym) is the uncertainty distribution of
f(]/lz e /]/M/Tll' o /Tm)-

Theorem 4. Let Y1, ¥y, -, ¥ be probability distributions of independent random variables
N1,42, -+ ,Ym, respectively, let T, Ta, - - -, Ty be independent uncertain variables. If f is a measur-
able function, then the partial sine entropy of & = f(11, %2, , Mm, T, T2, =+ , Tn) 1S

1
PSH[Z] = /m /0 AF Y1 — a1, , ym) cos(ma)dad¥1 (1) - - - d¥p (ym)

where for any real numbers y1,Y2, - -+ ,Ym, F -1 (a,y1,- -+, Ym) is the inverse uncertainty distribu-
tion Off(]/lz]/Z/' Sty ym/ Tl/TZ/' s /TH)'

Proof. We know that sin(7ta) is a derivable function with sin’(7ta) = 7t cos(7ta). Thus, we
have

F(xy1, ym) 1
sin (nF(x,yl,--- ,ym)> = /o 7t cos(ma)da = —/F(xy , )ncos(mx)drx,
Y1 Ym



Symmetry 2021, 13, 2023 7 of 12

then the partial sine entropy is

PSH[Z] = /m /_:O sin (nF(x,yl,- . /ym))dXd‘Y1(y1) oo d¥ o (V)
= [m /7000 sin (ﬂF(x,yll .. ,ym)) dxd¥1(y1) - - d¥m (ym)
g »
+/m/() sin (nF(x,yl,-.. ,ym)>dxd‘f1(yl)...dxym(ym)
0 rF(xy1, ym)
= %m/foo/() mtcos(rta)dadxd¥q (y1) - - - ¥ (yim)

+oo 1
_ / / / rtcos(rta)dadxd¥q(y1) -+ - ¥ (Ym)-
RrmJO F(x,y1, Ym)

By the Fubini theorem, we have
FOy1, ym) (O
PSH[Z] = / / / rtcos(ma)dxdad¥y(y1) - - - d¥m (Ym)
"0 F=Y(ay1,+ Ym)

1 Py Ym)
—/ / / rtcos(rta)dxdad¥q(y1) - - dY¥m (ym)
" SEQOy1 e Ym) SO

EQy1ym)
= _/m/o F " a,y1, -, ym)mcos(rta)dad ¥y (y1) - - - d¥m (ym)

1
—/ / F_l(oc,yl,~ -+, ym)rrcos(rta)dad¥q (y1) - - - d¥m (ym)
" JEOy1, e Ym)

1
= _/m/o P_l(lxrylr' -+ ym)recos(ma)dad¥q(y1) - - - dYm(ym)
1
= /m /0 7'[1:71(1 — &, Y1, /]/m) COS(T[tX)dOCd‘Fl(yl) .. d‘Pm(]/m)
The proof is completed from this theorem. O

Example 5. Let ¥ be a probability distribution of random variable 1, let Y be an uncertainty
distribution of uncertain variable T. Then, the partial sine entropy of the sum ¢ = n + T is

PSH[Z] = S[1].

Proof. It is obvious that the inverse uncertain distribution of uncertain variable y + T is
F~'(a,y) = Y~!(«) +y. By Theorem 4, we have

PSHI[E] = /% /01 nF (1 — &, y) cos(rra)dad ¥ (y)
= /§R /ol n(Y‘l(l — ) +y) cos(rta)dad¥ (v)
1 1
= /%/0 7Y (1 — a) cos(rra)dad¥ (y) + /&e/o mry cos(rta)dad ¥ (y)

1
= /ER/ Y11 — &) cos(rra)dad ¥ (v)
0
= S[1].
Thus, the proof is finished. O

Example 6. Let ¥ be a probability distribution of random variable v, let Y be an uncertainty
distribution of uncertain variable T. Then, the partial sine entropy of the product ¢ = T is

PSHIZ] = ElyIS[].
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Proof. It is obvious that the inverse uncertain distribution of uncertain variable yt is
F~'(a,y) = Y~ !(«)y. By Theorem 4, we have

PSH[Z] = /éR /01 mF (1 — &, y) cos(ma)dad ¥ (y)
- /é){e /0 Y11 — &)y cos(ra)dad¥ (y)
1
= /0 7Y (1 — &) cos(rra)da /§R yd¥(y)
= E[y]Slt.
Thus, the proof is finished. O

Example 7. Let Y; and Y, be two uncertainty distributions of uncertain variables 7y and T,
respectively, and let Y1 and ¥, be two probability distributions of random variables 11 and 1,
respectively. Set {1 = 1y + 11 and &y = T + 19, then

PSH[G162] = S[tiTa] + E[m1]S[2] + E[12]S[m1].

Proof. Itis obvious that the inverse uncertain distributions of uncertain variables y; + 7
and y, + 1, are Pl_l(zx,yl) =+ Yl_l(oc), F{l(a,yz) =+ Yz_l(oc) and F~1(a,y1,12) =
(y1+Y; ' (a))(y2 + Y, ' (a)). By Theorem 4, we can obtain

1
PSH[E:1&y] = /%2/0 7'[1-"71(1 —a,y1,Y2) cos(ma)dad¥q (y1)d¥1(y1)
1
= [ [ Y = ) Y5 (1=, 2) cos(ma)dud ¥ (1) ¥ (1)
1
= /%2 /o n(Yl_l(l —u) +y1) (Yz_l(l —u) —|—y2) cos(rta)daed¥ (y1)d¥1(y1)
1
= / Y71 —a)Y5 (1 — @) cos(ma)da
0
1 .
+ ./ER ./0 my1Y, (1 — a) cos(mma)dad¥q (y1)
! -1
+ /8‘3/() my2 Y, (1 — &) cos(rra)dad¥2 (y2)
= S[tw| + E[n]S[w] + E[n2]S[n].
Thus, the proof is finished. O

Example 8. Let Y1 and Y, be two uncertainty distributions of uncertain variables T and 1,
respectively, and let Y1 and ¥, be two probability distributions of random variables 11 and 1,
respectively. Set &1 = Ty and ¢y = Tp1y2, then

] w2

Proof. It is obvious that the inverse uncertain distributions of uncertain variables ;7 and

_ - _ _ _ o
Y21y are F| Ya,y1) = y1Y; La), E, Ya, ) = yzYzl(oc) and F~1(a,y1,y2) = %
By Theorem 4, we can obtain
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PSH{ ] /éRZ/ nF (1 — &, y1,v2) cos(rma)dad ¥y (y1)d¥1 (1)

- /%RZ/ ¢ ; D;;;O cos(ma)dad¥q (y1)d¥1 (1)

11— w)
= dad¥ d¥
- yz Y;l(a) cos(rra)dad ¥y (y1)d¥1(y1)

1 —a)
_/ cos(mx)dzx/ ﬂd‘ﬂ(m)d‘Pz(yz)
R2 Y2

_/ 1_‘x cos(ﬂa)doz/%yld‘lﬁ(yl)/%ylzd‘YZ(yZ)

1
=S|—|Em|E|—]|.
M )
Thus, the proof is finished. O

Theorem 5. Let Ty, Ty, - - - , Ty be independent uncertain variables, and let 1,12, - - -, 1jn be in-
dependent random variables. Set &1 = f1(m, 1), & = foln, ), -+, and &y = fu(n, T). If
f(x1,x2,- -+, xy) is strictly increasing with respect to x1, Xy, - - - , X,y and strictly decreasing with

respect Xy 1, Xm+2, -+ + , Xn. Then, the partial sine entropy of & = f (81,82, -+ ,Cn) is
PSHI[¢]

_/m / 7Tf 1 —a,y1), 0, By (1 — &, Ym), m+1(“ Yms1), - ,1_1(04,3/”))
cos(rta)dad¥q(y1) - - - d¥n (yn)

where F ' (a,y;) or F1 (1 — a, ;) are the inverse uncertainty distribution of f(y;, 7;) for any real
numbers y;, i =1,2,--- ,n.

Proof. It is obvious that the inverse uncertain distribution of uncertain variable, we have

Fﬁl(“z]/lz]/Zz' o /]/n)
—F(F @y B ) By (1= @ yman) o B (1= ) ).
By Theorem 4, we can obtain
PSHIC]
1 ) 1
= [ [ (R A=), Bt (= ) By @yms), - B o)
cos(rta)dad¥1(y1) - - - d¥n(yn)-

The proof is completed from this theorem. [

Theorem 6. Let 7y, Ty, - - - , Ty be independent uncertain variables, and let 41,4, - - , 11, be in-
dependent random variables. Set &1 = f1(11,11), G2 = f2(n2, @), - -+, and & = fu(4n, Tn). For
any real numbers c1,¢y, - - -, ¢y, we have

PSHan: ci(fi} = Zn: |cil PSHIZ].

i=1 i=1

Proof. This problem will be proved by three steps.



Symmetry 2021, 13, 2023 10 of 12

Step 1: We prove PSH[clffl] = |c1|PSH[1]. If 1 > 0, then ¢1f1(y1, 71) has an in-
verse uncertainty distribution F; ' (y1,&) = c1F '(y1,a), where F; ' (y1, a) is the inverse
uncertainty distribution of f; (171, 7). We have

1
PSH[c11] = /?R/o mF 7 (1 -, 1) cos(rta)dad ¥y (y1)
= [ [ 7aF 0 - ) cos(ra)dad ()
1
=0 /§R/0 mF (1 — a, 1) cos(rta)dad ¥y (y1)
= |e1|PSHI[Z:].

If c; < 0, then c1f1(y1,7) has an inverse uncertainty distribution F; ! (y1,a) =
c1F Y(y1,1— ), where F; ! (y1,1 — «) is the inverse uncertainty distribution of f; (171, 71).
We have

PSH[c11] = /§R/01 7TF1_1(1 —a,yp) cos(ma)dad¥q (1)
= /§R/()l nchfl(zx,yl)cos(nm)dad‘Yl (y1)
=0 /% /10 mF (1 -, 1) cos(ma)dad ¥y (y1)
=-—0 /8% /10 mF (1 — a, 1) cos(ra)dad ¥y (y1)
= |e1[PSHI[Z:].
If c; = 0, then we immediately have PSH{c1&1] = 0 = |c1|PSH|[&;]. Thus, we always

have
PSH([c161] = [e1|PSHI[G1]-

Step 2: We prove
PSH[1 + &2+ -+ Cul = PSH[G1] + PSH[G] + - - - + PSH[Sx].
The inverse uncertainty distribution of f1(y1,7) + fi(y2, @) + - - + f1(yn, Tn) is

Fl'(yLy2 - yna) = TN y1,a) + By Yya,a) + -+ 4 Fy Ly, ).

We can obtain
PSH[E1 + &2+ - + Cu

—/n/ F Yy, y2, -, yn, 1 — a) cos(ma)dad ¥ (y1)d¥a2(y2) - - - d¥u(yn)

—// 1 —a) + Fy (yz,l—zx)+~--+P,;1(yn,1—a))
cos(mta)dad¥1(y1)d¥2(y2) - - - d¥n(yn)

:/U /01 ﬂFfl(yl,l — &) cos(mma)dad¥q (y1)d¥2(y2) - - - d¥n(yn)
+/n /01 7y (y2, 1 — &) cos(rta)dad¥1 (y1)d¥2(y2) - - - d¥n (yn) +

+ / i /Ol 7F;  (yn, 1 — o) cos(rta)dad ¥ (y1)d¥a(y2) - - - d¥u(ya)
=PSH|Z1] + PSH|[G] + - - - + PSH([E,]
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by Theorem 5.
Step 3: By Step 1 and Step 2, for any real numbers ¢;, i = 1,2, - - -, n, we can obtain

PSH

1

n n

Y. Ci‘:i] =) leil PSH[Z].
i=1 =1
Thus, the proof is finished. O

Remark 3. From Theorem 6, we see that the partial sine entropy is positive linearity any real
numbers.

5. Conclusions

Chance theory is a mathematical method to research the phenomenon with uncertainty
and randomness. The entropy of uncertain random variables is very important and
necessary for measuring uncertainty. In this paper, two new definitions of sine entropy
and partial sine entropy were proposed, and some properties of sine entropy and partial
sine entropy were studied. Using chance distribution or inverse chance distribution,
some calculation formulas of sine entropy and partial sine entropy of uncertain random
variables were derived. The partial sine entropy were investigated, which it was translation
invariance and positive linearity.
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