symmetry

Article

Yet Another New Variant of Szasz—Mirakyan Operator

Ana Maria Acu ¥t

check for

updates
Citation: Acu, A.M.; Tachev, G. Yet
Another New Variant of
Szasz-Mirakyan Operator. Symmetry
2021, 13,2018. https://doi.org/
10.3390/sym13112018

Academic Editor: Calogero Vetro

Received: 13 August 2021
Accepted: 8 October 2021
Published: 25 October 2021

Publisher’s Note: MDPI stays neutral
with regard to jurisdictional claims in
published maps and institutional affil-

iations.

Copyright: © 2021 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Gancho Tachev

2,%,1

Department of Mathematics and Informatics, Lucian Blaga University of Sibiu, Str. Dr. I. Ratiu, No. 5-7,
550012 Sibiu, Romania; anamaria.acu@ulbsibiu.ro

Department of Mathematics, University of Architecture Civil Engineering and Geodesy, 1046 Sofia, Bulgaria
*  Correspondence: gtt_fte@uacg.bg

t These authors contributed equally to this work.

Abstract: In this paper, we construct a new variant of the classical Szadsz—Mirakyan operators, M,
which fixes the functions 1 and e”*, x > 0, a € R. For these operators, we provide a quantitative
Voronovskaya-type result. The uniform weighted convergence of M, and a direct quantitative
estimate are obtained. The symmetry of the properties of the classical Szdsz-Mirakyan operator and
of the properties of the new sequence is investigated. Our results improve and extend similar ones
on this topic, established in the last decade by many authors.

Keywords: Szasz—Mirakyan operators; weighted approximation; uniform convergence; exponential
functions

1. Introduction

In the last decade, a lot of papers devoted to modifications of certain positive linear
operators (p.l.o), which fix certain exponential functions, have been published. The papers
listed in the references are only a small part of all such research works. The start was
given by P. King in his famous paper [1] from 2003, where he modified the Bernstein
operator to achieve better approximation on some subintervals of [0, 1]. Later, this method
was extended in the papers of Rasa, Aldaz, Kounchev, Render (see [2-16]) and many
others. Apart from preservation of monomials, there is an increasing interest to modify
the operators of Bernstein, Szasz-Mirakyan, Baskakov, Phillips and their Kantorovich and
Durrmeyer variants, such that the new modified operators reproduce certain exponential
type-functions (see [17-25]).

There are two methods for such modifications. In most of the papers listed in our
references (for example see [2,14-16,26]), the authors modify the basis functions of Szdsz—
Mirakyan operator
(nx)*

k!

where instead of x, they take an appropriate positive function a, (x), i.e.,

k>0,

Sni(x) =e ™

o, (x))k
Sn,k(“n (X)) = 67”“”(")%'

In [2], even two positive functions &, (x), B (x) are used to have as basis functions

—nan(x)M, k> 0.

¢ Kl

The second method consists of modifying the argument of the function f(x) to be
approximated (in the spirit of King’s paper). For example Aral, Inoan and Rasa in [11]
studied the approximation properties of the operator
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0 k
sz (f’ x) — e—nP(x) k;)(f o p—l) (}Iz) (nplgc)) ,
where p satisfies certain conditions.
Our method combines the two ideas mentioned above, i.e., we modify the basis
functions S,, x(x) and simultaneously multiply f(x) by certain exponentials.
Before introducing our new operators, we recall some notations from Gonska et al. [26].
In [26], the following modified Szdsz—Mirakyan operator was studied

00 k
* ey — g (X) (mxn,l(x)) E
Rup(fix) = e ) 5= Gy ) x 2 0m e, (M)
where the conditions
2,1(1/‘35) =1, RZJ(@at/’x) =™ )
are satisfied for
ax

lxnrl(x) - m, a > 0 (3)

The condition 2 > 0 was imposed in [26] because it was used further in the paper.
On the other hand, we observe that a, 1 (x) > 0 for all a # 0, including also a < 0. Then,
this class of operators which preserve the functions 1 and e** can be extended for a < 0.
Denote by

(a2 (x))*

[ee] k
* . = e n,() N ReNIl _
Rn,z(f,x)—e nay, o (x k§:0 = f(n),xZO,TLEN,
where

—ax

(Xn,z(x) = m, a>0.

Note that the operators R;, , verify the conditions
R;o(1;x) =1, Ryy(e™™x) = e ™. (4)

Motivated by the results from [26], in this paper, we introduce operators which
preserve the functions 1 and ¢ for all a4 € R\ {0}. The results from [26] are improved
considering approximation properties in weighted spaces. Moreover, some quantitative
estimates for approximation by the new operators are obtained.

Combining the techniques described above, we introduce the operators

My (f;x) = ™R}, (f(t)e_”t;x) 5)
00 k
=™, e_”“n,l(x) 2 (nlxni'(xi)) f(k)e_aln{, a>0.
= ! n
We have
Mu(1;x) = €™ R} 5 (e x) = 1; Mu(e";x) = e™R;}; 5(1;x) = ™. (6)

A new class of operators which preserve the functions 1 and e™#*, a > 0 can be
introduced as follows

Nu(f;x) = e Ry 1 (f(t)e"; x) @)
00 " k k
= ™. g (%) ’g) me 2'(X7)) f<n)e”]n(, a> 0.

It is easy to prove that
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Nu(1;x) = e ™R} 1 (";x) = 1; Nu(e™™;x) = e ™R} 1 (Lx) = e ™. 8)

n,1

In order to describe the rate of convergence, a quantitative Voronovskaya-type result
for the operators M,, is proved in Section 2. Section 3 is devoted to the approximation order
of operators M, applied to unbounded functions with certain exponential growth. Some
quantitative estimates for approximation by M, are obtained in Section 4. Similar results
can be obtained immediately for N,.

2. Voronovskaja-Type Estimate

In this section, we provide a quantitative Voronovskaya-type theorem. Let C*[0, o0)
be the class of real-valued continuous functions f(x), for which limy_, f(x) exists and is
finite, equipped with the uniform norm.

In order to give a Voronovskaya-type estimate, we consider the following modulus
of continuity:

W' (fi0)= sup If(x) = (1)
x,y>0
le=¥—e~f|<6

Denote 1k (x) = Mn((t - x)k;x), k=0,1,2,....

Lemma 1. We have

nei —n —a ax
2 () = | P N
n2 (e% _ ) n2 (eﬁ — 1)
Moreover,
lim npl(x) = 1ax
n—oo Hn 27

Theorem 1. Let f, f” € C*[0,00). Then
nlM () — (0] + 53 (x) — 23" (%)

< 1An(O - [+ [Ba(x)] - £ ()] + 202 () + x + () * (£, 1%)
holds for any x € [0, c0), where

An(x) = nub(x) + %ax,
Ba(x) = 5 (mid(x) — ),

ra(x) = n2y Ma (e — et )%/ Ma((£ = x)45 ).

Proof. Using Taylor expansion of f at the point x € [0, 00), we obtain
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nlM () = £(0)] + qaxf'(x) = 2xf" ()

7

< An()]- [ ()] + [Ba(x)] - [f7 ()] + ’nMn(h(t/x)(f —x)%x)
) e f@) = f"(x)

where h(t, x) := — 5 and ¢ is a number between x and ¢.

Applying the technique used in [26], we can write

e*"_e*t 2
|h(t,x)| < (1 + w>w*(f”,5),5 > 0.

1/2

Using this and Cauchy-Schwarz inequality and considering § = n™"/“, we obtain

M, (|h(t, x)|(t = x)?,x) < 2nw*(f",8) - My ((t — x)% x)

20 (7,6 Ma (e = e 1x) /M (£ — )% )
= 2[2B,(x) + x + 1y (x)|w* (f", 0712,

and the proof is complete. [

Corollary 1. Let f, f"" € C*[0,00). Then

tim n[Ma(f) — f(2)] = —53f'(x) + 5f"(x),

n—o00
for any x € [0, 00).

To simplify the calculations in the next two sections, we will consider the case a = 1.
Similar results can be obtained for alla € R\ {0}.

3. Weighted Uniform Approximation by M,

In this section, we study the approximation of unbounded functions satisfying certain
exponential growth. Set ¢(x) = 1+¢*, x € RT, and consider the following weighted spaces

By(R") = {f:]R+ =R [f(x)] < Mfo(x), x > 0},
Co(RT) = C(RT) N By(R™),

k +\ + . . f(x) _ . . . s
Co(RT) = {f € Cy(RT) : xlgl}o o) kg, exists and is ﬁmte},

where My, k¢ are constants depending on f. All three spaces are normed with the norm

)
||f||(P_ p (P(x) .
et ) - Fw)
w = sup LY TJWL
o= e T ely)
|e%7e%|§5

for each f € Cy(R™) and for every § > 0.
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Further, from (5), we obtain

1+et
< e[| fllgRy (e + 15 %)
=" ||fllp(e™™ +1) = [Ifllp(L+€").

My (f;x) =e* :1,2( f(t) (1+et)e_t;x)

Consequently, we have
IMafllp < [fllg,
and conclude that M, maps C,(R™) to Cy(RT).

Theorem 2. Let ¢(x) = 1+ e*. For each function f € C’(‘P(R*), we have
nlg{}o IMuf = fllg =0.

Proof. Following the general result obtained by Gadziev [27], to conclude that for each
function f € C’(;,(]RJ“) we have

Jim [|Mf = fllp =0
it is enough to verify the three conditions

. it. _ix _ P -
’111_{1010 [Mp(e";x) —e™||p =0, i 0,2,1.

Now, following (6) and according to the Korovkin-type theorem established in [27],
we need to verify

. L x
Jg&”k%(ﬂﬁo——wﬂ¢:0. )
Consequently, from (5) we may write

_1
M (ehix) = ere ). grmna(s)e 3

X

1
. na,l’z(x)(—l-i-e_ﬂ) -

_1
—eX.e 1+e 2n

=e e
1
"(1 1/2n>
=e \1+e . (10)
‘Mn(e%;x) — ez
If we set g(x) = T we obtain
1
o L, =
g(x) = <1+ex> €72 —e 1t |, (11)
Obviously,
“ (12)
sup —— = 1.
x€[0,00) T+e

Further setting y = ¢~ 2 € (0,1], we need to estimate sup p(y), where
ye(01]

2(,1/2;1

ply) =y —yre/. (13)
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1
2em 1
We have p(0) = p(1) =0and p'(y) =1 — ¢ - yﬂl +1. Therefore, p’(yo) = 0 for
1+em
Yo € (0,1) such that
eﬁfl
=~ 1+em
vt = (14)
2e2n
Now, (13) and (14) imply
an -1
Pmax ]/O =yy|1— LG H
1 + eZn e2n —1
=Yo——— (15)
262n 262n
. . 1
It is easy to verify that for 0 < z < 5
e —1<2z
Consequently, for z = L
! Y T on’ .
1
m—1 < =, 1
e < . (16)
Hence, (15) implies
1 1
Pmax (yo) < Yo < }/O (17)
2nei 2n

Therefore, (11), (13), (15), (17) yield (9). O

4. Direct Quantitative Estimate for M,

Our goal in this section is to establish a full adequate and compatible quantitative
estimate for approximation by the operator M,,, applied to functions f € C’;,(RJF).

Such quantitative direct results should have the following form:

Forall f € C’;(R*), x >0, 6 > 0 the following estimate holds true

[Muf = fllg < Aswe(f,9), (18)

where 6 = 6, — O whenn — oo, and A £ is a positive constant, independent of n, x,
eventually depending only on f.

Unfortunately, we are not able to establish (18). Instead of this, we prove the following
quantitative direct estimate.

Theorem 3. Forall f € C’;(R*), x >0, n € N, the following estimate holds true

[Mnf = fll g5 < 6wy (f, \}ﬁ) (19)

Proof. From ([28], Lemma 3, p. 104), we have for every f € C¢(R+), for 6 > 0 and for all
x,t>0
e% — e%

£~ f)] < (2(0) + 9(2) [z+ 5] wpl(f,0). 20)
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We apply M, to both sides of (20), and using (6), we obtain

M, |e%fe%|;x My, (p(t)|e%fe%|;x
Mn(f;X)—f(X)<[4<P(X)+<P(x) ( . )l . Newiror @

Using Cauchy-Schwarz inequality, we obtain

t X
ez —e2

: ;x) < \/Mn((et+ex —2e2 ~e%);x)

:\/Mn@e;(e;_eé),-x).

Ma(

From (11) and (15), we obtain

1
t x ezn —1 1 1
My(ez —ez;x) < (1+¢" <(1+¢€* < —.
n( ) ( ) 2e% ( )Zneﬁ 2n
Therefore,
Mn(eé—e% 'x)< e%(1+ex)~1<iﬁ. (22)
)= "= V2
In a similar way, we proceed with the second ratio in (21) again using Cauchy-Schwarz
inequality
tox £ x|?
M, (q)(t) e2 —e2 ,x) </ M (@*(t);x) - \/Mn< ez —e2 ;x)
4

(%) (23)

Using (5), we calculate
My (e*;x) = 'R} (¢!, x) = gx(tet)
Therefore,
My(1+e +e?x) =1+¢" Jex(ien) < (14¢)3, n>2. (24)

Now, (23) and (24) imply

L. @2 (x)
Mn(go(t) ez —e ,x) < Ton (25)
Hence, (21)-(23) and (25) lead to
1 1 5
(M (f;x) — f(x)] < 4+W+M\/]w<p(f/5)- (26)

1
We set in (26) § = — and obtain
n

L
. 5/2 1
IMa(f:x) — F(x)] < 69 mw@ﬁj @)
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References

f ()]

Since || f|| 5,2 = sup —=75+—, it is clear that
¢ x>0 ¢5/2(x)

IMof = flls < 6e0g (£, 7= ). 08)

The proof of Theorem 3 is completed. [

Remark 1. The proofs of Theorems 2 and 3 rely on some ideas from [26,28]. For our operator

M, introduced to approximate functions f € Cy(R™) with exponential growth, we can not apply

Theorem 3 and Corollary 1 in [28] due to the fact that d,, = | M, > — ¢ || 3 oo, when x — oo
[

(with notation from [28], p(x) = 1+ ¢?(x)).

Remark 2. In [11], Aral, Inoan and Rasa studied approximation properties of some generalized
Szdsz—Mirakyan operators and obtained in ([11], Theorem 2.2) the following quantitative estimate

I50) ~ Al < (74 2 (55 24 D),

where ¢(x) = 1+ p%(x) and p(x) = x + x2, x € (0,00), that is, they considered approximation
of unbounded functions with polynomial growth. In this sense, our paper is an extension of [11] for
functions with exponential growth.

Remark 3. Our direct quantitative estimate in Theorem 3 improves the result of Theorem 2 in [2],
where another modification of Szdsz—Mirakyan-type operators was considered, which fix e** and
2% with a > 0.

Conjecture 1. With notations given in Section 1, the quantitative estimate (18) holds true either
for the operator M,, or for some other variants of Szdsz—Mirakyan, Baskakov, Phillips, etc., operators,
which fix certain exponential functions.

5. Conclusions and Perspectives

In the last years, many papers concerning positive linear operators which preserve
exponential functions were published. Combining two techniques, a new procedure to
construct sequences of positive linear operators fixing exponential functions is described.
Our results improve and extend similar results on this topic, and we mentioned here
the papers [2,11,26]. The studies on Szdsz-Mirakyan operators considered in [26] are
continued, with results concerning uniform weighted convergence. At the end of the paper,
we propose to the reader a conjecture concerning the rate of approximation by certain
operators which fix some exponential functions.
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