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Abstract: A topic of current interest in the study of topological indices is to find relations between
some index and one or several relevant parameters and/or other indices. In this paper we study
two general topological indices A, and By, defined for each graph H = (V(H),E(H)) by Ax(H) =
Yijeen) f(di dj)* and Ba(H) = ey () h(d;)", where d; denotes the degree of the vertex i and  is
any real number. Many important topological indices can be obtained from A, and B, by choosing
appropriate symmetric functions and values of «. This new framework provides new tools that allow
to obtain in a unified way inequalities involving many different topological indices. In particular, we
obtain new optimal bounds on the variable Zagreb indices, the variable sum-connectivity index, the
variable geometric-arithmetic index and the variable inverse sum indeg index. Thus, our approach
provides both new tools for the study of topological indices and new bounds for a large class
of topological indices. We obtain several optimal bounds of A, (respectively, Bx) involving Ag
(respectively, Bg). Moreover, we provide several bounds of the variable geometric-arithmetic index
in terms of the variable inverse sum indeg index, and two bounds of the variable inverse sum indeg
index in terms of the variable second Zagreb and the variable sum-connectivity indices.

Keywords: variable Zagreb indices; variable sum-connectivity index; variable geometric-arithmetic

index; variable inverse sum indeg index

1. Introduction

Chemical compounds (like hydrocarbons) can be represented by means of graphs.
A topological descriptor is a numerical value (or a set of numerical values) that encapsu-
lates some property of that graph. Moreover, if the descriptor correlates with a certain
molecular characteristic, it is said to be a topological index, and it can be employed to study
physicochemical properties of chemical substances.

In mathematical chemistry the analytical and structural properties of topological
indices have been studied in depth over the last years (see, e.g., [1-3]). The theoretical and
practical interest of topological indices lies in the fact that they have become an important
tool for the study of multiple practical problems in Computer Science ([4]), Physic ([5]),
Ecology ([6]), among others.

Countless applications of topological indices have been reported, most of them con-
cerned with exploring medicinal and pharmacological issues. A turning point in the math-
ematical examination of topological indices happened in the second half of the 1990s, when
a significant and ever growing research field on this matter started, resulting in numerous
publications. In this context, especially the papers of Erdos [7,8] should be mentioned.

The concept of variable molecular descriptors was proposed as a new way of char-
acterizing heteroatoms in molecules (see [9,10]), but also to assess structural differences
(see [11]). In [12] the authors tested the correlation abilities of several topological indices
used in practice for the case of standard heats of formation and normal boiling points of
octane isomers.

In the sequel H = (V(H), E(H)) denotes a finite simple graph where, V(H) is the set
of vertices and E(H) is the set of edges. d; denotes the degree of the vertex i. In [13-15],
the following variable Zabreb indices are studied:
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MY(H) = Y d, (1)
ieV(H)

M5(H)= ), (did)", 2
ijeE(H)

with « € R. M{ is known as the variable first Zabreb index and Mj is the variable second
Zabreb index.

Note that if we take & = 2, we obtain the well-known first Zagreb index My; if « = —1,
we obtain the inverse degree index

1 1 1
IDH) = ¥ 7= ¥ (?+?), 3)
iev(im) M ijeem) % 9
M‘I’ is the forgotten index, etc. Moreover, if x = —1/2, we obtain M, 1/2 the famous
Randi¢ index and M is the second Zagreb index. It is noteworthy that M} with a = —1
1/2

(the modified Zagreb index ([16])) performs significantly better than M,
Besides, variable Zagreb indices have shown their theoretical importance and ap-
plicability in mathematical chemistry (see [17]). The idea behind the variable molecular
descriptors is that the variables are determined during the regression so that the standard
error of estimate for a particular studied property is as small as possible. For application
details and mathematical theory see [14,15,18-22].
In [23] is studied the variable sum-connectivity index

Xe(H)= ), (di+d))", 4
ijeE(H)

with a € R.

Note that Y icg(p) (di +dj) = Liev(m) d?, thus yx, is the first Zagreb index My, 2x |
is the harmonic index H (see [24-28]), etc. Some relations connecting these indices are
reported in [26].

In [29,30] the variable geometric-arithmetic index is defined by

2, Jdid; \ "
GA«(H)= Y el (5)

ijeE(H)

witha € R.

Clearly, GA1(H) and GA_1(H) are the geometric-arithmetic index GA(H), and the
arithmetic-geometric index AG(H), respectively.

In [30,31] is introduced the variable inverse sum indeg index as

ISI,(H) = ad; \' 6
ijeE(H) ]
with « € R.
Note that ISI;(H) is the standard inverse sum indeg index ISI(H).

Motivation and Contributions

The main reason for use topological indices is to obtain prediction of some property
of molecules (see, e.g., [11,12]). Therefore, given some fixed parameters, a natural problem
is to find the graphs that minimize (or maximize) the value of a topological index on the
set of graphs satisfying the restrictions given by the parameters (see, e.g., [7,8]).
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Let f : Z* x Z"T — (0,00) be any symmetric function (f(x,y) = f(y,x)), h : ZT —
(0, 00) any function and « € R. Many important topological indices can be defined as

Ag(H)= ) f(didj)", (7)
ij€E(H)
or
Bu(H)= ). h(d)". 8)
iV (H)

One of the main problems in the study of topological indices is to find bounds for
them, since this kind of results provide interrelations between different topological indices:

Since topological indices correlate with chemical properties of compounds, finding
the compound with extreme behavior for a certain property is equivalent to optimizing
a topological index I; with a strong correlation with that property on the appropriate set
of graphs H. If the behavior of the graphs with respect to the index I, is determined, and
there exists a known relation between I; and I, then a large amount of the graphs in H
can be removed a priori before starting the study. This leads to a significant simplification
in the optimization problem.

The main goal of this paper is to obtain optimal bounds for the general topological
indices A, and B,. We have seen that many important topological indices can be obtained
from A, and B, by choosing appropriate values of « and functions f and h:

e if h(t) =t, then B, is the first Zagreb index Mjy;

e if h(t) =t, then B_; is the inverse degree index ID;

e if h(t) = t, then Bj is the forgotten index F;

e if h(t) = t, then B, is the variable first Zagreb index M{;

e if f(x,y) = xy, then A; is the second Zagreb index Mp;

e if f(x,y) = xy, then A_; ), is the usual Randi¢ index M2_1/2;

e if f(x,y) = xy, then A_; is the modified Zagreb index MZ;

e if f(x,y) = xy, then A, is the variable second Zagreb index M3;

e if f(x,y) = x+y, then A_;; is the sum-connectivity index x;

e if f(x,y) = x+y, then 2A_; is the harmonic index H;

e if f(x,y) = x +y, then A, is the variable sum-connectivity index x,;

e if f(x,y) =2,/xy/(x +y), then Ay is the geometric-arithmetic index GA;

o if f(x,y) = 2\/xy/(x +y), then A_ is the arithmetic-geometric index AG;
e if f(x,y) = 2\/xy/(x +y), then A, is the variable geometric-arithmetic index GAy;
e if f(x,y) = xy/(x+y), then A; is the variable inverse sum indeg index ISI;

e if f(x,y) = xy/(x+y), then A, is the variable inverse sum indeg index ISI,.

Thus, each theorem in this paper about A, and B, is a result for each one of these
indices. Moreover, for each fixed function f (respectively, i), we obtain a result for each
real value of «.

Our approach provides both new tools for the study of topological indices and new
bounds for a large class of topological indices. In particular, we obtain several optimal
bounds of A, (respectively, B,) involving A B (respectively, B p), see Theorems 1, 2 and 3
(respectively, Propositions 1, 2 and 3). Moreover, we provide several optimal bounds of
GA, in terms of ISI_, (see Theorems 4 and 5), and two optimal bounds of ISI, involving
M%"‘ and x_, in Theorem 6.

2. Bounds for the General Topological Indices A, and B,

Throughout this work, H = (V(H), E(H)) denotes a finite simple graph. We denote
by A, 6, n ,m the maximum degree, the minimum degree and the cardinality of the set of
vertices (order) and edges (size) of H, respectively.

A graph is regular if all its vertices have the same degree. A graph is bipartite if a set
of vertices can be partitioned into two disjointed sets so that all its edges have one end in
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each of those sets. A graph is said to be biregular if a bipartite graph such that the vertices
of one bipartition have degree § and the vertices of the other bipartition have degree A.

In [32] it is proved that, if py, ..., pm are positive numbers which Z}”:l pi =1land Fis
a real continuous function that is convex, then:

F(Xpix) < (L net). ©)

Note that if p; = %, v P = %, we obtain the following particular case of Jensen’s
inequality. This inequality will be a main ingredient in the proof of Theorem 1 below.

Lemma 1. Let be F : Ry — Ry a convex function and x1,...,xy, > 0, then

PP < g () oo Pl

Theorem 1. Consider a symmetric function f : Z+ x Z+ — (0, 00). If H is a graph of size m and
x, B € Rwithap > 0, then

A (H) - m/B+1
=y

and the bound is tight if H is a reqular or bireqular graph.

Proof. By the premise of the theorem we have to «, B € R with # > 0. Since —a/p < 0,
we can consider the convex function F(x) = x~*/#. Lemma 1 gives

a/B 1 I
. < L (fd)P)
(ZiJ'EE(H)f(dird]’)fﬁ) ijeE(H)

1

= Y. f(d,dp),
ijeE(H)
mzx/ﬂ-‘rl
—— < A, (H).
A_‘B(H)a/ﬁ IX( )

If H is regular or biregular with maximum degree A and minimum degree ¢, then
le/ B+1 mtx/ B+1

AT a0y by SO D

O

The previous theorem shows some mathematical relationships for the general variable
index A,. Note that this result has an important theoretical scope since it allows to find
bounds for all possible topological indices that can be written as a symmetric function of
two real variables (f(x,v)).

The argument in the proof of Theorem 1 allows to prove the following result.

Proposition 1. Consider a function h : Z+ — (0,00). If H is a graph of order n vertices and
w, B € Rwithaf > 0, then
n/p+1

B.(H) > 7B,ﬁ(H)“/ﬁ’

and the bound is tight if H is a reqular graph.
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The previous proposition shows some mathematical relations for the general variable
index B,. This result has an important theoretical scope since it allows to find bounds for
all possible topological indices that can be written as a function of a real variable (h(t)).

Corollary 1. Let H be a graph of order n and size m, and let «, B € R with a3 > 0. Then

s(h) > () > 0
M§(H) > ————,  xa(H) > ————,
? M, P (H) /B ! X-p(H)*/P
a/p+1 a/B+1
GAu(H) 7 ISIy(H) > "

> - -
T GA_g(H)~/B’ ~ ISI_g(H)*/B’
the equality in each bound is attained if H is a reqular or bireqular graph. Moreover,
n/p+1
M;i(H) = VT y—
M, " (H)*/B
the equality in the bound is attained if H is a reqular graph.

Proof. Let f1, 2, f3, fa : ZT x ZT — (0, 00) defined as

Ao =y Sl =xty Alon =222, filon = 2L

it is clear that these are symmetric functions, then applying Theorem 1 with the functions
f1, f2, f3, f4 respectively we have

M“(H) m/p+1 (H m/B+1
>—F ), X > — 0,
? My P(H)rp ' X—p(H)*/P
me/ b1 me/ B+1
GAH)> ———————,  ISL(H)> ——
«(H) 2 GA_g(H)“/F «(H) 2 ISI_g(H)“/P

and the equality in each bound is attained if H is a regular or biregular graph, let i : Z* —
(0, 00) defined as h(x) = x then by Proposition 1 we have

M*(H) > ﬂ,
Ml—ﬁ(H)a/ﬁ

and the equality in the bound is attained if H is a regular graph. O

The previous corollary establishes new relations between some variable topological
indices which are common in many theoretical and practical applications.

Theorem 2. Consider a symmetric function f : Z+ x Z+ — (0,00). If H is a graph of size m and
a, B € RwithaB > 0and |B| < ||, then

Au(H) > m /B Ag(H)Y/E,

and the bound is tight if H is a reqular or bireqular graph.
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Proof. By the premise of the theorem we have to , € R with 8 > 0. Since a/ > 1, we
can consider the convex function F(x) = x*/P. Lemma 1 gives

1
m

L saap) s (rlasapp )™

ijeE(H)

m' %P Ag(H)*P < Au(H).
If H is regular or biregular with maximum degree A and minimum degree J, then
=B A (H)YP = m' /B (£(8,6)Pm)"'® = £(8,6)'m = Ay(H).

O

The previous theorem also shows some mathematical relationships for the general
variable index A,. Note that this result has an important theoretical scope since it allows to
find bounds for all possible topological indices that can be written as a symmetric function
of two real variables.

Proposition 2. Consider a function h : Z+ — (0,00). If H is a graph of order n and o, B € R
with af > 0and |B| < ||, then

By(H) > n'~%/FBg(H)"'P,
and the bound is tight if H is a reqular graph.

Proof. Since &/B > 1, we can consider the convex function F(x) = x*/#. Lemma 1 gives

1 /B
(a ie%}{)h(di)ﬁ )D‘ <

/B
(h(di)ﬁ>
(
n'=%/FBg(H)"P < By(H).
If H is regular, then d; = § foralli € V(H) and
nl BBy (H)E = 1=/ (1(6)fn) P = 1(6)*n = B (H).

O

The previous proposition shows some mathematical relations for the general variable
index B,. This result has an important theoretical scope since it allows to find bounds for
all possible topological indices that can be written as a function of a real variable.

The proof of the following corollary is analogous to the proof of Corollary 1 using the
results obtained in Theorem 2 and Proposition 2.

Corollary 2. If H is a graph of order n, size m and «, p € R with ap > 0 and |B| < |a|, then

M§(H) > m'=*/PME(H)Y/P,  xo(H) > m' =/ Pxg(H)*/P,
GAx(H) > m'™/PGAg(H)*P,  ISI,(H) > m'~*/PISIg(H)*'P,
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the bound is tight if H is a reqular or bireqular graph,
M} (H) > ' /P (H)*P,
the bound is tight if H is a reqular graph.

Note that the previous corollary provides optimal bounds for variable topologi-
cal indices based on two important invariants of a graph (maximum degree and min-
imum degree).

The following Lemma appears in [22]. This inequality will be useful in the proofs of
Theorem 3 and Proposition 3 below.

Lemma 2. Consider real numbers0 < <1 <a, M >0and0 < xq,...,x, < M. Then
1/« n
1— p
(Z x}") < MP Z;xj.
= j=

Theorem 3. Consider a symmetric function f : Z+ x ZT — (0,00) and a, € R. If H is a graph
with maximum degree A and minimum degree 6, and
Fas =max {f(x,y): x,y € Z",6 <x,y <A},
fas=min{f(x,y): x,y € Z",6 <x,y <A},
then
A(H) < BGPAag(H)Y,  ifo<p<i<a
An(H )<fA”ﬁ Ag(H)™%,  ifa<-1<B<0.

Proof. Let us consider first the case 0 < f < 1 < a. Since f (di,dj) < Fp, for every
ij € E(H), Lemma 2 gives

Y fap) " <EF Y S

ijeE(H) ijeE(H

Consider now the case « < —1 < B < 0 and definea = —« and b = —p. Thus,
0 < b <1< a Ifweconsider the function 1/f, then 1/f(di,dj) < 1/fas for every
ij € E(H), and the previous argument gives

1 1 1/a 1 1 1
ijeEZ( )f(dird‘)a ) f A z]eEZ f(di/d')b '

Y fdd)t) < hl Y Ay

ijeE(H) ijeE(H)
O

The previous theorem shows some mathematical relationships for the general variable
index A,. Note that this result has an important theoretical scope since it allows to find
bounds for all possible topological indices that can be written as a symmetric function of
two real variables.

Proposition 3. Consider a function h : Z+ — (0,00) and a, € R. If H is a graph with
maximum degree A and minimum degree 6, and

Kas =max{h(x): x € Z",6 <x <A},

kas =min{h(x): x € Z*,6 <x < A},
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then
B«(H) < K3 PIBy(H)Y, if0<p<l<u

Bu(H) <K} §"PBs(H)™,  ifa<-1<p<0.

Proof. Let us consider first the case 0 < p < 1 < a. Since h(d;) < Kp s forevery i € V(H),
Lemma 2 gives

Zh )< KEE Y wa

icV(H i€eV(H)

Consider now the case « < —1 < f < 0 and definea = —a and b = —f. Thus,
0 < b <1 < a. If we consider the function 1/, then 1/h(d;) < 1/kA5 foreveryi € V(H),
and the previous argument gives

( Z h )1/a<k1 f 1

ieV(H A6 i€V(H) f(d )b '

b want) skl 3 s

ieV(H) ieV(H

O

The previous proposition also shows some mathematical relations for the general
variable index B,. This result has an important theoretical scope since it allows to find
bounds for all possible topological indices that can be written as a function of a real variable.

The proof of the following corollary is quite analogous to the proof of Corollary 1
using the results obtained in Theorem 3 and Proposition 3.

Corollary 3. Consider a symmetric function f : Z+ x ZT — (0,00) and o, € R. If His a
graph with minimum degree 6 and maximum degree A, then

M3(H) < A*-PME(H)Y,  ifo<p<l<a,
M3 (H) < 2 COME(H) ™,  fa<-1<p<0.

Xe(H) < 28)"Fxg(H)Y,  #f0<p<1<u
Xe(H) < (20" Pxg(H)™,  ifa<-1<B<0.
GAL(H) < GAg(H)*, if0<p<1<u,

GAx(H) < (ZA\CS) e GAg(H)™,  ifa<-1<p<O0.
ISI(H) < (E )“(1_@1515(1{)“, ifo<p<1<a,

1+
ISI,(H) < (g)a( ﬁ)ISIﬁ(H)_"‘, fa<—-1<B<0.

The previous results establish new bounds on the variable topological indices. Fur-
thermore, in this same direction, the well known classical indices (harmonic index, Randi¢
index, Zagred index, among others) appear as particular cases A, and Bj.

3. Relations between GA, and ISI,

Theorem 4. If H is a graph with minimum degree 5, maximum degree A and o > O, then

(i)aISIa(H) < GA_q(H) < <max{§ ;A\/% })alSIa(H)-



Symmetry 2021, 13, 43 9 of 14
. . . . 2 (A.HS)Z .y .
The lower bound is tight if and only if H is regular. If 5 > NIL the upper bound is tight if

and only if H is regular. If % < Z(\A/%, the upper bound is tight if and only if H is biregular. If

2= Z(\A/Z%z, the upper bound is tight if and only if H is reqular or biregular.

Proof. We are going to study the function

_xt+yx+y 1
P(x’y)iz\/@ xy 72

on the set {6 < x <y < A}. Since

(x +y)x 32y 372, (10)

opP _ 1 —3/2(_3 2.-5/2
) = v a2 (<3 )

3

2

= %y*3/2x*5/2(x +v) {Zx <— (x + y)]
= Ly ) (- 3y) <0

so P(x,y) is a strictly decreasing function on x € [,y for each fixed y € [J,A], and so
P(y,y) < P(x,y) < P(6,y).

Since P(y,y) = 2/y is a strictly decreasing function on y € [J,A], we have 2 =
P(A,A) < P(x,y) and the equality is attained if and only if x = y = A. Thus,

o
«f ad. \"* d: +d.
(2) s < i+ for any ij € E(H),
AJ \di+d; 2, /did;

( % )’XISLX(H) < GA_4(H),

and this last bond is tight if and only if d; = d; = A for each ij € E(H), i.e., His a
regular graph.
Define

1
p(y) =P(8,y) = 5 (y+8)2y /26732, (11)
We have
1 3
p(y) =502 {Z(y +o)y 2+ (—2) (v+ Wym]
- %5‘3/231‘5/2(%5) [2% (i) (y+5)]
1 _
= 19722y +0) (v - 39).
Since p’(y) has at most a zero on [§, A] and p’(6) < 0, we conclude
max p(y) = max{p(d), p(A)}.
ye[o.A]

Thus,

2 (A+5)2}
P 7 Spél = S N .
(5,9) < Poy) = ply) < max{ 5, XD
If 2 > (&P

NIk then the equality in the bound holds if and only if x = y = 4, if

2
% < (A+6)

ol then the equality in the bound holds if and only if x = dand y = A, if

:
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2 _ (A1) , then the equality in the bound holds if and only if x = y = d or x = § and
LR/ quanty y y
y = A. Therefore,
ditd ) 2 (A+6)2\\*( did; \"
- §<max{,( +9) }) < ) ) for any ij € E(H),
) didj 6" 2v/A353 di—l—dj
2 (A+0)2\"
— < - .
GA_,(H) < <max{(5, NI }) ISI,(H)
A+d
If2 > 2( \/J%, then the bound is tight if and only if d; = d; = ¢ for any ij € E(H),
ie., Hisregular. If 2 < ;f/%, then the bound is tight if and only if {d;,d;} = {4, A} for
any ij € E(H), i.e., H is biregular. If 2 = 2(\A/+§7)3’ then the bound is tight if and only if

d; = d; = ¢ for any ij € E(H), or {di,d = {4,A} for every ij € E(H), i.e., H is regular
or biregular. [

The previous theorem shows some relations between the variable geometric-arithmetic
index GA, and the variable inverse sum indeg index ISI,, which are two of the most
important and well-studied variable topological indices.

Theorem 5. If H is a graph with minimum degree 6, maximum degree A and x > 0, then

(min{g, (zA”ﬁ?;}) ISI_o(H) < GAq(H) < (é)aISI,X(H). (12)

< /A3
(A+6)27

the lower bound is tight if and only if H is bireqular. If

The upper bound is tight if and only if H is reqular. If $ 5

S 2V4%3
(A+6)27

the lower bound is tight if and only if H is regular or biregular.

the lower bound is tight if

and only if H is regular. If § 5

2v/A353
(A+6)27

)
2

Proof. The argument in the proof of Theorem 4 gives that

2 dd; d+d <max{2 (A+(5)2} did;
A d; —|—d /dld] 37 2\/A353 d,'+d]'

for every ij € E(H). Hence,

() () = (35 ) = (2500 ()

and so,

min 6 2V did 7'X< 2y i = <A>a " .
2’ (A+6)?2 dl'—Fd]' - di—l-dj —\2 di+dj

forany ij € E(H), and
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The previous theorem is useful, since it provides functional properties of the variable
topological indices GA, and ISI_,, and two important invariants of a graph (the maximum
degree A and the minimum degree J).

The following Lemma is well-known (see, e.g., ([33], Lemma 5) for a proof of the
equality statement). It will be useful in the proof of Theorem 6 below.

Lemma 3. Ifa;, b; > 0and wb; < a; < Qb; for1 <i < n, then
Q+w
(Z% )(sz)— 10w (.Z”b> (13)
i= i=1

Ifa; > 0 for some 1 <i < n, then the equality holds if and only if w = Q) and a; = wb; for
everyl <i <n.

Theorem 6. If H is a graph with minimum degree 6, maximum degree A and « > 0, then

2A31x/2531x/2
A3X {53 \/Mza(H)X 2 (H) < ISI(H \/Mza )X 5 (H). (14)

Moreover, the lower bound is tight if and only if H is regular, while the upper bound is tight if
H is a reqular or bireqular graph.

Proof. Cauchy-Schwarz inequality gives

ISI,(H)? = ( Y (didj)al)a)Z

ijeE(H) (di + d;
1
< Z (didj)m Z @+ d)= = M5*(H)x_,, (H).
ijeE(H) e (di +d;
If H is a regular or biregular graph, then
20 (1 2 m _ (o) —
\/M X 204 ) \/(Aé) m (A—|—5)2’X (A+§)"‘ m ISIQ(H)

Let us prove the lower bound.
If « > 0, then

did;)
20(5306 < (didj)a(di‘i‘dj)a _ ( 11]) < 2o¢A31x.
If « <0, then
d.d:)«
ztxABatx S (didj)lx<di+dj)lx _ ( ll]) S 21x53a.

Since

(@) _|_ w 204A31x a 53u A?)IX 4 530(
= \/ 2a53¢x Ja A3a = 2A3x/2530:/2

for every & € R, Lemma 3 gives that
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ISI,X(H)2:< Y (didj)“(dijdj)a)z

ijeE(H)
2A3a/253a/2 2 1
> (RS L @i ¥
3 3 ] . )2
( A%+ o ) jj€E(H) ijcEc) (di +dj)*
2A3a/253a/2 )
= <W> M3*(H)x_,, (H),
2A3tx/253tx/2
— A3a+53a \/M ‘

ISI,(H) > )X . (H).
Lemma 3 gives that the equality in this bound is attained if and only if 2%§3% = 2%A3%,
i.e, Hisregular. O

The previous theorem is useful, since it establishes functional properties of the variable
topological indices ISI,, M3* and x ,,, and two important invariants of a graph (the
maximum degree A and the minimum degree ¢).

4. Comparative Studies and Conclusions

The main goal of the research on topological indices from a theoretical approach is
twofold: firstly, to find new relationships among them and, secondly, to obtain optimal
bounds (which confirm the validity and relevance of the relations found). Motivated by
the studies [12,15], the introduction of a new general index A, was deemed convenient
by the authors. This index opens a way of grouping the variable topological indices and
analyzing their properties and relations.

In the aforementioned works, only one chemical-computational study is carried out
and several numerical relationships between the different topological indices are shown.
Our work responds to the need raised in [12,15] in two ways: firstly, by conducting a
theoretical-analytical study on the general index A, and, secondly, by obtaining new
optimal relationships for that index that involve important invariants of a graph such as
measure, order, maximum degree, and minimum degree (see Theorems 1, 2 and 3).

It is important to highlight that in the works [13,14], the authors study the variable
topological index M{ in tree-type graphs and find optimal bounds for that index in some
families of trees. We study the general index B, that contains, as a particular case, the
variable topological index M$; furthermore, we find new relationships for all graphs and
we obtain optimal bounds associated to other infinite families of graphs (regular and
bi-regular graphs).

In [26] the authors study the variable topological index x, and generalize the results
of [27]. Likewise, they find optimal bounds for x, in terms of several invariants of the
graph (order, maximum degree and minimum degree). In our research these results are
generalized (see Corollaries 1, 2 and 3) and new relationships are found between x, and
other important topological indices (see Theorem 6). It should be noted that all these
relationships are optimal, as evidenced by the results.

In [29] the authors generalize the well-known geometric-arithmetic index, for & > 0
and obtain bounds in terms of invariants of the graph such as: measure, maximum degree
and minimum degree. In [30] a new generalization of the geometric-arithmetic index for
every real « is shown, and a statistical-computational study is conducted on that index. In
this research, the study carried out in [30] is complemented with a theoretical-analytical
study of GA, and in the same direction, new optimal bounds that expand the results shown
in [29] are obtained (see Corollaries 1, 2 and 3 and Theorem 6).

In [30,31] two studies on the variable inverse sum indeg index IS, are conducted. In
the first, from a statistical-computational viewpoint and in the latter, from a spectral per-
spective. However, neither one considers a theoretical-analytical approach, and that made
us follow this perspective in our work, in which optimal relations and bounds are found
for the variable inverse sum indeg index (Corollaries 1, 2 and 3 and Theorems 4, 5 and 6).
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Topological indices have been successfully applied in several branches of science
(see, e.g., [4-0]). In this research, we focus on a new general framework, given by two
new general topological indices Ay (H) = ¥jjcpm) f(di, dj)" and By (H) = Yicy(m) h(di)™.
They allow to obtain, with each result on A, (see Theorems 1, 2 and 3) and B, (see
Propositions 1, 2 and 3), inequalities for a large family of topological indices. In this general
approach, the use of the above mentioned functions (f and h) allows us to find new
properties of the most important variable topological indices:

e if f(x,y) = xy, then A, is the variable second Zagreb index M5;

e if f(x,y) = x +y, then A, is the variable sum-connectivity index xx;

e if f(x,y) =2,/xy/(x +y), then A, is the variable geometric-arithmetic index GA,;
e if f(x,y) = xy/(x+y), then A, is the variable inverse sum indeg index ISI,;

e if h(t) = t, then B, is the variable first general Zagreb index M.

We obtain, in particular, new optimal bounds and relations between these five variable
topological indices in Corollaries 1, 2 and 3.

Furthermore, this general approach opens a new line of research in relation to the
analytical study of other topological indices and provides a basis for defining new indices
with potential application in mathematical chemistry.

Besides, we obtain several optimal bounds of GA, in terms of ISI_, (see
Theorems 4 and 5), and two bounds of 151, involving M%’X and x_p, in Theorem 6.
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