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Abstract: We provide various aspects of second rank antisymmetric Kalb–Ramond (KR) field in
modified theories of gravity. The KR field energy density is found to decrease with the expansion
of our universe at a faster rate in comparison to radiation and matter components. Thus as the
universe evolves and cools down, the contribution of the KR field on the evolutionary process
reduces significantly, and at present it almost does not affect the universe evolution. However the
KR field has a significant contribution during early universe; in particular, it affects the beginning of
inflation as well as increases the amount of primordial gravitational radiation and hence enlarges
the value of tensor-to-scalar ratio in respect to the case when the KR field is absent. In regard to
the KR field couplings, it turns out that in four dimensional higher curvature inflationary model
the couplings of the KR field to other matter fields is given by 1/MPl (where MPl is known as the
“reduced Planck mass” defined by MPl =

1√
8πG

with G is the “Newton’s constant”) i.e., same as
the usual gravity–matter coupling; however in the context of higher dimensional higher curvature
model the KR couplings get an additional suppression over 1/MPl . Thus in comparison to the
four dimensional model, the higher curvature braneworld scenario gives a better explanation of
why the present universe carries practically no footprint of the Kalb–Ramond field. The higher
curvature term in the higher dimensional gravitational action acts as a suitable stabilizing agent in the
dynamical stabilization mechanism of the extra dimensional modulus field from the perspective of
effective on-brane theory. Based on the evolution of KR field, one intriguing question can be—“sitting
in present day universe, how do we confirm the existence of the Kalb–Ramond field which has
considerably low energy density (with respect to the other components) in our present universe but
has a significant impact during early universe?” We try to answer this question by the phenomena
“cosmological quantum entanglement” which indeed carries the information of early universe.
Finally, we briefly discuss some future perspectives of Kalb–Ramond cosmology at the end of
the paper.

Keywords: higher rank antisymmetric tensor fields; higher curvature gravity; braneworld scenario;
cosmological quantum entanglement

1. Introduction

Current theoretical cosmology is faced with two problems—what is inflation and what is dark
energy era, or in other words, why does the universe undergo through an accelerated stage in early
as well as in late time era? What is the reason that our universe behaves in a similar way at a very
large and at a very low curvature scale? Apart from these problems, the initial Big-Bang singularity
problem also hinges the cosmological sector. Although the inflationary scenario is successful to resolve
the horizon, flatness problems and also in generating an almost scale invariant primordial power
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spectrum [1–15], it does not provide any satisfactory explanation in regard to this singularity problem
and thus the bouncing cosmology gets a lot of attention, in which case the evolution of the universe
becomes free of singularity with a scale invariant perturbation spectra (in some cases depending on
the models) [16–30]. However the mechanism of the bouncing cosmology has its own problems like
the violation of energy condition, instability of the primordial perturbation etc.

Modified theories of gravity play a crucial role in resolving the above mentioned problems to
a certain extend. In general, the modifications of Einstein’s gravity can be broadly classified as—(1)
by inclusion of higher curvature term in addition to the Einstein–Hilbert term in the gravitational
action (see [31–33] for general reviews on higher curvature gravity theories), (2) by introducing some
extra spatial dimension over our usual four dimensional spacetime [34–40] and (3) by introducing
additional matter fields. One may interpret the higher curvature terms as the quantum corrections
terms, the way they appear in String theory. Among the higher curvature models proposed so far,
F(R) model, Gauss–Bonnet model or more generally Lanczos–Lovelock gravity catch a lot attraction
due to their power in describing the early and late stage of the universe concomitantly. Some of the
higher curvature models which are well known to provide such a unified description of early and
late-time acceleration can be found in Refs. [31–33,41–56] in the context of F(R) gravity, [57–69] in the
f (R,G) gravity etc. Recently, the axion-F(R) gravity model has been proposed in [46,52], where the
axion field mimics the dark matter evolution and hence the model provides a description of dark
matter along with the unification of early and late-time acceleration eras. The higher curvature models
also achieves a rich success in the context of bouncing cosmology as well [26,32,70–78]. In general,
inclusion of higher curvature terms lead to certain instability such as the Ostragradsky instability or
the matter instability in the astrophysical sector. However the Gauss–Bonnet theory, a special case
of the Lanczos–Lovelock gravity, is free from the Ostragradsky instability due to the special choice
of the coefficients in front of the Ricci scalar, Ricci tensor and Reimann tensor respectively. Unlike to
the Gauss–Bonnet theory, the F(R) model consists to any analytic function of Ricci scalar and may
lead to the Ostragradsky instability, however there exist some F(R) models, in particular the models
with F′(R) > 0 are free from such Ostragradsky instability. On other hand, an F(R) theory can be
equivalently transformed to a scalar–tensor theory by a conformal transformation of the metric and
the instability free condition of the F(R) model (i.e., F′(R) > 0) is transferred to the scalar–tensor
side by the condition of a positive scalar field kinetic energy. Regarding the modification by extra
spatial dimension, spacetime having more than four dimensions is a natural conjecture in String theory.
The higher dimensional model also arises in order to resolve the hierarchy problem i.e., an apparent
mismatch between the fundamental Planck scale and the electroweak symmetry breaking scale [79–84].
In this regard, the Randall–Sundrum (RS) braneworld scenario [81] earned special attention as it
resolves the gauge hierarchy problem without introducing any intermediate scale in the theory. The RS
scenario consists an extra spatial dimension in addition to our usual four dimensional spacetime where
the extra dimension is S1/Z2 compactified and moreover the orbifolded fixed points are identified
with two 3-branes [81]. In RS braneworld model, the gravity is allowed to propagate in the bulk
while the Standard Model fields are generally considered to be confined on the visible 3-brane. Due to
the intervening gravity, the branes must be collapsed and thus the modulus stabilization becomes
necessary and an important aspect to address. According to the Goldberger–Wise mechanism, a stable
potential term for the modulus field can fulfill the purpose of stabilization [85,86]. Here it may be
mentioned that a bulk massive scalar field or higher curvature term(s) in the bulk can generate such
stable modulus potential and thus may act as suitable stabilizing agent in the braneworld model [87,88].
This resulted into a large volume of work on phenomenological and cosmological implications of
warped geometry model [89–106]. However in the context of cosmology in the braneworld scenario,
one needs to incorporate dynamical stabilization mechanism of the interbrane separation. One can
indeed generalize the RS model by invoking a non-zero cosmological constant on the brane [107],
unlike to the original RS one where the branes are assumed to be flat (some variants of RS model and
its modulus stabilization are discussed in [89,108,109]). As mentioned earlier, apart from the two ways,
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the Einstein gravity can also be modified by some additional matter fields, in particular we will be
mainly concerned about the effects of antisymmetric tensor fields [110–133]. In general, antisymmetric
tensor fields or equivalently p-forms, constitute the field content of all superstring models, and in
effect these can actually have a realistic impact in the low-energy limit of the theory. In this context,
the second rank antisymmetric tensor field, known as the Kalb–Ramond (KR) field [110], has been
studied extensively. The Kalb–Ramond field arises as a massless representation of the underlying
Lorentz group in the context of field theory and transforms as a two-form. The KR field can be thought
as a sort of a generalization of electrodynamics: the gauge vector field in electrodynamics gets replaced
by a second rank antisymmetric tensor field with a corresponding third rank antisymmetric field
strength. Similar to the gauge invariance of the electromagnetic field action (i.e., under Aµ → Aµ + ∂µω,
where Aµ is the electromagnetic field and ω(xµ) is an arbitrary function of spacetime coordinates),
the rank-2 Kalb–Ramond field (Bµν) action is invariant under the transformation Bµν → Bµν + ∂[µΩν]

(with Ω = Ω(xµ) being arbitrary). Interestingly, the corresponding third rank antisymmetric tensor
field appearing as field strength of the Kalb–Ramond field has conceptual as well as mathematical
similarity with the appearance of spacetime torsion and can be related to particle spins [134,135].
In particular if one assumes spacetime torsion to be antisymmetric in all the three indices then
the decomposition of the Ricci scalar into parts dependent and independent of torsion leads to
Einstein–Hilbert action with an additional term coinciding with the action for Kalb–Ramond field
coupled to gravity. Here we would like to mention that terms (known as contorsion field) similar to
the antisymmetric Kalb–Ramond ones can also be obtained in the context of torsional modified gravity
(see [136,137]), which is expected since the teleparallel/torsional formulation of gravity is already a
gauge formulation of gravity. Apart from being a massless representation of the Lorentz group, the KR
field also appears as a massless closed string mode in a heterotic string model. Beside the string theory
point of view, the KR field also plays significant role in many other places as well, some of them are
given by :

• Modified theories of gravity, formulated using twistors, require the inclusion of this antisymmetric
tensor field [138,139].

• Attempts to unify gravity and electromagnetism necessitates the inclusion of Kalb–Ramond field
in higher-dimensional theories [140,141].

• Spacetime endowed with Kalb–Ramond field becomes optically active exhibiting
birefringence [142,143].

• In [113] an antisymmetric tensor field Bµν identified to be the Kalb–Ramond field was shown to
act as the source of spacetime torsion.

However a surprising feature in the present universe is that there is no noticeable observable effect
of antisymmetric tensor fields in any natural phenomena. More explicitly, our present universe carries
observable footprints of scalar, fermion and vector degrees of freedom along with spin 2 symmetric
tensor field (in the form of gravity), while there is no noticeable observable effect of any massless
antisymmetric tensor modes. This observation raises some important questions like :

• Why is the present universe practically free from the observable footprints of the higher rank
antisymmetric tensor fields despite getting the signatures of scalar, fermion, vector and spin-2
massless graviton, while they all originate from the same underlying Lorentz group?

• Do the higher rank antisymmetric tensor fields have a considerable impact during early stage of
the universe, in particular during inflation and on the inflationary parameters?

In the present paper, we address these questions from modified gravity theories, both in four
and five dimensional higher curvature spacetime. The higher dimensional model we consider is a
generalized Randall–Sundrum braneworld scenario where the modulus becomes stabilized due to the
presence of the higher curvature term in the gravitational action. In both four and five dimensional
spacetime, we employ non-dynamical (where the fields have no dynamics at all) and dynamical
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(where the fields have ceratin dynamics which can be obtained by the corresponding solutions in
FRW spacetime) method respectively. It turns out that the 2nd rank Kalb–Ramond (KR) field has a
significant contribution during early universe, in particular, it affects the beginning of inflation as
well as increases the amount of primordial gravitational radiation [117,120,121,127]. However as the
universe expands, the contribution of the KR field on the evolutionary process reduces significantly,
and at present it almost does not affect the universe evolution. Based on this evolution of the KR field,
one immediate question that will arise in mind will be:

• Sitting in present day universe, how do we confirm the existence of the Kalb–Ramond field
which has considerably low energy density (with respect to the other components) in our present
universe but has a significant impact during the early universe?

It is clear that the answer to this question is encrypted within such a late time phenomena
which indeed carries the information of the early universe. One such phenomena is “cosmological
quantum entanglement” of a scalar field coupled with the KR field [144]. Motivated by this, we also
address the cosmological particle production and the quantum entanglement of the scalar field in the
present review.

2. Antisymmetric Tensor Fields in 4D Higher Curvature Gravity

The field strength tensor of any massless rank n antisymmetric tensor field Xa1a2....an can be
expressed as,

Ya1a2....an+1 = ∂[an+1
Xa1a2....an ]

Thereby in four dimensional spacetime, the rank of antisymmetric tensor field can at most be 3,
beyond which the corresponding field strength tensor will vanish identically. Similarly, in the five
dimensional case, the utmost rank of the antisymmetric tensor field will be 4. We begin our discussion
with rank two antisymmetric Kalb–Ramond (KR) field in four dimensional spacetime where, as
mentioned earlier, we employ non-dynamical and dynamical methods to discuss various aspects of
the KR field.

2.1. Suppression of Antisymmetric Tensor Fields: A Non-Dynamical Way

The subject of the present section is to provide a possible explanation of why the present universe
is practically free from any perceptible signatures of the Kalb–Ramond field by a non-dynamical way
in a F(R) gravity theory. For this purpose, the KR field is considered to be coupled with other matter
fields, in particular with fermion and U(1) gauge field; actually these interaction terms play the key
role to determine the observable signatures of the KR field in our universe. The action of massless KR
field together with spin 1

2 fermion and U(1) gauge field in the background of F(R) gravity in four
dimension is given by [122],

S =
∫

d4x
√−g

[
F(R)
2κ2 − 1

4 HµνρHµνρ + Ψ̄iγµ∂µΨ− 1
4 FµνFµν − 1

MPl
Ψ̄γµσνρ HµνρΨ− 1

MPl
A[µFνρ]Hµνρ

]
(1)

where Hµνρ = ∂[µBνρ] is the field strength tensor of the Kalb–Ramond field Bνρ and κ2 = 8πG = 1
M2

Pl

(where G is the Newton’s constant and MPl ∼ 1018 GeV is known as the reduced Planck mass).
The third and fourth terms of the action denote the kinetic Lagrangians of spin 1

2 fermions Ψ and
U(1) gauge field Aµ, while the last two terms represent the interactions of KR field with the fermion
and the gauge field respectively. The interaction between KR and U(1) electromagnetic field can be
thought as it originates from the Chern–Simons term which is incorporated to make the theory free
from gauge anomaly. The above action or in particular the interactions of the KR field with the other
matter fields are invariant under electromagnetic (Aµ → Aµ + ∂µω) and KR (Bµν → Bµν + ∂[µΩν])
gauge transformation. Such interaction terms can also be found in [113,114,116].
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Performing a transformation of the metric as

gµν(x) −→ g̃µν(x) = e−
√

2
3 κξ(x)gµν(x) (2)

the above action can be transformed to a scalar–tensor action where the scalar field is endowed within
a potential depending on the form of F(R). In particular, the scalar–tensor action is given by,

S =
∫

d4x
√
−g̃
[

R̃
2κ2 +

1
2

g̃µν∂µξ∂νξ −
(

ZF′(Z)− F(Z)
2κ2F′(Z)2

)
− 1

4
e−
√

2
3 κξ Hµνρ Hαβδ g̃µα g̃νβ g̃ρδ − 1

4
FµνFαβ g̃µα g̃νβ

+ e
√

2
3 κξ Ψ+γ̃0iγ̃µ∂µΨ− 1

MPl
Ψ+γ̃0γ̃µσ̃νρ HµνρΨ− 1

MPl
e−
√

2
3 κξ A[αFβδ]Hµνρ g̃µα g̃νβ g̃ρδ

]
(3)

where R̃ is the Ricci scalar formed by g̃µν. To derive the above equation, we use the transformation

of γµ −→ γ̃µ = e
1
2

√
2
3 κξ

γµ and σνρ −→ σ̃νρ = e
√

2
3 κξ

σνρ induced by the conformal transformation
of the metric. Actually such transformations of and γµ and σνρ follows from the reason that the
gamma matrices satisfy the algebra {γµ, γν} = 2gµν and σνρ is the commutator of gamma matrices,
in particular σνρ = i

2 [γ
ν, γρ]. The field ξ(x) in the action (42) acts a scalar field endowed with a potential

ZF′(Z)−F(Z)
2κ2F′(Z)2 (= V(Z(ξ)), say) where Z(x) is related to ξ(x) as F′(Z) = e−

√
2
3 κξ . Being the dimension

of the potential V(Z) is [+4], the field Z(x) has dimension [+2] in natural units. The appearance of the
scalaron field ξ(x) results the kinetic terms of the fermion and the KR field non-canonical, while the
electromagnetic field is still canonical. The canonicity of electromagnetic field is due to the fact that
the em field is conformally invariant in four dimensional spacetime. However, in order to make the
kinetic terms canonical, we redefine the fields as,

Bµν −→ B̃µν = e−
1
2

√
2
3 κξ Bµν , Ψ −→ Ψ̃ = e

1
2

√
2
3 κξΨ , Aµ −→ Ãµ = Aµ (4)

In terms of these redefined fields, the scalar–tensor action becomes canonical and is given by,

S =
∫

d4x
√
−g̃
[

R̃
2κ2 +

1
2

g̃µν∂µξ∂νξ −V(ξ)− 1
4

H̃µνρH̃µνρ − 1
4

F̃µν F̃µν + ¯̃Ψiγ̃µ∂µΨ̃

− 1
MPl

e(−
1
2

√
2
3 κξ) ¯̃Ψγ̃µσ̃νρH̃µνρΨ̃− 1

MPl
e(−

1
2

√
2
3 κξ) Ã[α F̃βδ]H̃µνρ + terms proportional to ∂µξ

]
(5)

It may be observed that the interaction terms (between B̃µν and Ψ̃, Ãµ) in the canonical

scalar–tensor action (see Equation (43)) carries an exponential factor e(−
1
2

√
2
3 κξ) over the usual

gravity–matter coupling 1/MPl . Our main goal is to investigate whether such an exponential factor (in
front of the interaction terms) suppresses the coupling strengths of KR field with various matter fields
which in turn may explain the invisibility of the Kalb–Ramond field on our present universe. For this
purpose, we need a certain form of the scalar field potential V(ξ) and recall, V(ξ) in turn depends on
the form of F(R). However, the stability of V(ξ) follows from the following two conditions on F(R):[

2F(R)− RF′(R)
]
〈R〉

= 0 ,
[

F′(R)
F′′(R)

− R
]
〈R〉

> 0 (6)

In order to achieve an explicit expression of a stable scalar potential, we first consider the form of
F(R) as an exponential analytic function of Ricci scalar,

F(R) = R + α
(
e−βR − 1

)
(7)

where α and β are the free parameters (with ’mass dimensions’ [β] = −2 and [α] = +2) of the
theory. The above F(R) model is free of ghosts for αβ < 1 and it satisfies limR→0[F(R) − R] =
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0, which indicates that there exists a flat spacetime solution. Moreover such an exponential F(R)
model is known to provide a good dark energy model for suitable parametric regimes of α and
β [55,56,145]. The exponential correction over the usual Einstein–Hilbert action becomes important at
cosmological scales and at late-times, providing an alternative to the dark energy problem. In addition,
the exponential F(R) (7) can be extended in such a way that is able to produce an early inflation as
well (see [145] for the unified description of inflation and dark energy epochs from exponential F(R)
gravity). Furthermore, one more extension of this type of exponential gravity with log-corrected R2

term was proposed to explain the unified universe history (see Ref. [146]).
However, as we will illustrate later that apart from the F(R) (7), some other generic forms of F(R)

models are also able to fulfill the purpose in the present context. One of the F(R) forms is given by
F(R) = R + ωR2 + ρ

[
e−σR − 1

]
which is, due to the presence of the term ωR2, a kind of generalization

of the model considered in Equation (7).
For the specific choice of F(R) shown in Equation (7), the potential V(ξ) becomes,

V(ξ) =
α

2κ2 e(2
√

2
3 κξ)

[
(1− e−

√
2
3 κξ

)

αβ

(
ln
[

1− e−
√

2
3 κξ

αβ

]
+ 1
)
+ 1
]

(8)

This potential has a minimum at

〈ξ〉 = 1
κ

√
3
2

ln
[

1
1− αβ

]
(9)

Equation (9) indicates that for a wide range of values of the product αβ (between 0 and 1),
the vacuum expectation value (vev) of the scalar field ξ(x) becomes of the order of 1

κ = MPl .
This suggests that at the early epoch of universe, when the energy scale was high, the scalar field
ξ was a dynamical scalar degree of freedom giving rise to new interaction vertices with fermion
and gauge fields. However as the universe evolved into a lower energy scale due to cosmological
expansion, ξ finally froze into its vacuum expectation value 〈ξ〉 as given in Equation (9). The action in
Equation (43) therefore turns out to be,

S =
∫

d4x
√
−g̃
[

R̃
2κ2 −

1
4

H̃µνρH̃µνρ − 1
4

F̃µν F̃µν + ¯̃Ψiγ̃µ∂µΨ̃

− 1
MPl

e(−
1
2

√
2
3 κ〈ξ〉) ¯̃Ψγ̃µσ̃νρ H̃µνρΨ̃− 1

MPl
e(−

1
2

√
2
3 κ〈ξ〉) Ã[α F̃βδ]H̃µνρ

]
(10)

where Lint
(
∂µξ, B̃µν, ∂α B̃µν, Ãµ, F̃µν, Ψ̃, ∂µΨ̃

)
vanishes as ξ(x) is frozen at its vev. The last two terms

in the above expression of action give the coupling of KR field to fermion, U(1) gauge field and are
given by

λKR− f ermion =
1

MPl
e(−

1
2

√
2
3 κ〈ξ〉)

=
1

MPl

√
1− αβ

λKR−U(1) =
1

MPl
e(−

1
2

√
2
3 κ〈ξ〉)

=
1

MPl

√
1− αβ (11)

respectively. The above two equations clearly demonstrate that the product αβ must be less than
unity, otherwise the couplings of KR field become imaginary, an unphysical situation. However the
condition αβ < 1 is also supported by the fact that the higher curvature terms may have their origin
from quantum corrections which from dimensional arguments are suppressed by Planck scale.

Equation (11) indicate that the coupling strengths of KR field to matter fields are suppressed over
the usual gravity–matter coupling strength 1/MPl by the factor

√
1− αβ and hence the suppression

increases as the product αβ approaches to unity. This may explain why the present universe is



Symmetry 2020, 12, 1573 7 of 43

dominated by spacetime curvature and carries practically no observable signature of the rank 2
antisymmetric Kalb–Ramond field (or equivalently the torsion field).

Let us now consider the rank 3 antisymmetric tensor field Xαβρ with the corresponding ’field
strength tensor’ Yαβρδ (= ∂[αXβρδ]). The action for such a field in four dimension is

S[X] =
∫

d4x
√
−gYαβρδYαβρδ

Adopting the same procedure as for KR field, one can land with the coupling of the field X to
matter fields in the canonical scalar–tensor action as:

ΩX− f ermion =
1

MPl

√
1− αβ ,

ΩX−U(1) =
1

MPl

(
1− αβ

)
(12)

where ΩX− f ermion and ΩX−U(1) denote the coupling between X-fermion and X-U(1) gauge field
respectively. Like the case of second rank Kalb–Ramond field, ΩX− f ermion and ΩX−U(1) are also
suppressed in comparison to 1/MPl . However it may be observed from Equations (11) and (12)
that λKR− f ermion and ΩX− f ermion carry the same suppression factor while the interaction with the
electromagnetic field become progressively smaller with the increasing rank of the tensor field.
For example, with αβ = 0.99, the couplings of higher rank antisymmetric tensor fields to fermion are
given by λKR− f ermion = ΩX− f ermion = 10−1/MPl , while the corresponding couplings to U(1) gauge
field are λKR−U(1) = 10−1/MPl and ΩX−U(1) = 10−2/MPl i.e., the interaction strengths of X-U(1)
gauge field is more suppressed in comparison to that of the KR−U(1) gauge field. Therefore the
visibility of an antisymmetric tensor field in our present universe becomes lesser with the increasing
rank of the tensor field.

Equations (11) and (12) indicate that the suppression on the coupling strengths of higher rank
antisymmetric tensor fields (i.e., Kalb–Ramond and Xαβρ) to fermion, U(1) gauge fields (over 1

MPl
)

depend on the factor 1− αβ and moreover the suppression increases as αβ approaches to unity. As an
example, Equation (11) shows that for 1− αβ = 10−2, the coupling of KR-U(1) gauge field is given
by 10−1/MPl while for 1− αβ = 10−4, λKR−U(1) comes as = 10−2/MPl i.e., the KR-U(1) gauge field
interaction strength becomes more suppressed as αβ approaches to unity; the similar argument also
holds for the other couplings of higher rank antisymmetric fields. Using Equations (11) and (12),
we present the following Table 1 which depicts λKR− f ermion, λKR−U(1), ΩX− f ermion and ΩX−U(1) for a
considerable range of values of αβ [122].

Table 1. The couplings of rank 2 (onwards) antisymmetric tensor field(s) to matter fields for a considerable
range of αβ.

(1 − αβ) λKR− f ermion λKR−U(1) ΩX− f ermion ΩX−U(1)

10−2 10−1/MPl 10−1/MPl 10−1/MPl 10−2/MPl
10−4 10−2/MPl 10−2/MPl 10−2/MPl 10−4/MPl
10−8 10−4/MPl 10−4/MPl 10−4/MPl 10−8/MPl

At this stage, it deserves mentioning that besides the model presented in Equation (7), there exist
several other F(R) models for which the intrinsic scalar degree of freedom suppresses the coupling
strengths of antisymmetric tensor fields with matter fields by an additional reduced factor over the
gravity–matter coupling 1/MPl . In fact any generic form of F(R) which corresponds to a stable scalar
potential with a vev of Planck order will lead to the suppression of antisymmetric tensor fields in the
present context. Some such F(R) models are : (1) F(R) = R− γ ln (R/µ2)− δR2 [31] where γ, µ and
δ are constants; (2) F(R) = a

[
ebR − 1

]
with a, b are constants; (3) F(R) = R + ωR2 + ρ

[
e−σR − 1

]
(ω,
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ρ, σ are constants). With appropriate choices of the parameters, these F(R) models also lead to the
suppression on the coupling strengths between antisymmetric tensor fields and various matter fields.

In conclusion, we have discussed a non-dynamical way which provides a possible explanation
for the negligible footprints of the antisymmetric tensor fields in our present universe. In particular,
the intrinsic scalar degree of freedom (also known as scalaron) of F(R) gravity acquires a stable potential
for suitable forms of F(R), as for example, F(R) = R + α

[
e−βR − 1

]
, F(R) = R− γ ln (R/µ2)− δR2,

F(R) = R + ωR2 + ρ
[
e−σR − 1

]
etc. lead to a stable scalar field potential. It turns out that at present

energy scale, the scalaron field becomes frozen at its vacuum expectation value and as a result the
coupling of antisymmetric tensor fields to the matter fields get suppressed over the gravity–matter
coupling strength 1/MPl . The suppression actually increases with the rank of the tensor field. This may
well serve as an explanation why the present universe carries practically no observable signatures of
antisymmetric tensor fields.

2.2. A Different Non-Dynamical Method for the Suppression of Antisymmetric Tensor Fields by the
“Scalaron Tunneling”

Apart from the above procedure, a different non-dynamical method, in particular by the effect
of the quantum tunneling of the scalaron field, was proposed in the context of F(R) gravity to
explain the imperceptible signatures of the antisymmetric tensor fields in the present universe [123].
The demonstration goes as follows : the scalar degree of freedom associated with F(R) gravity, known
as scalaron field, is generally endowed within a potential which in turn depends on the form of F(R).
Recall, the stability of the scalaron potential can be determined from

[
2F(R)− RF′(R)

]
〈R〉 = 0 and the

maximum or minimum depend on the condition whether the expression
[ F′(R)

F′′(R) − R
]
〈R〉 is greater or

less than zero. Thus for a general class of polynomial

F(R) = R− αR2 + βRm (13)

model with odd values of m and m ≥ 3, the scalaron potential contains three extrema. In particular,
for odd m, the scalaron potential corresponds to this F(R) has two minima (〈ξ〉− and 〈ξ〉+) and one
maximum (〈ξ〉max in-between the two minima) at

〈ξ〉− =
√

3
2κ2 ln

[
1

2m−2
m−2 +2α

(
1

β(m−2)

) 1
m−1

]
, 〈ξ〉+ =

√
3

2κ2 ln
[

1

2m−2
m−2 −2α

(
1

β(m−2)

) 1
m−1

]
, 〈ξ〉max = 0 (14)

respectively with the parameters satisfy the condition α
( 1

β(m−2)

) 1
m−1 < (m− 1)/(m− 2). To obtain

the above extrema of V(ξ) in terms of ξ, one needs to use the relation e−
√

2
3 κξ

= F′(R). Moreover the

scalaron potential has two zero at ξ1 = 0 and ξ2 =
√

3
2κ2 ln

[
1

1−α
(

m−2
m−1

)(
α

β(m−1)

) 1
m−2

]
. Furthermore due

to the aforementioned constraint α
( 1

β(m−2)

) 1
m−1 < (m− 1)/(m− 2), V(〈ξ〉−) and V(〈ξ〉+) become

negative and also
∣∣V(〈ξ〉+)

∣∣ > ∣∣V(〈ξ〉−)
∣∣. Thereby from stability criteria, if ξ is at 〈ξ〉−, then in order to

have a lower energy configuration, the scalar field has a non-zero probability to tunnel from ξ = 〈ξ〉−
to ξ = 〈ξ〉+, which occur due to quantum fluctuation. The tunneling probability has been determined
and it is found to increase with the larger value of higher curvature parameter. However it turns out
that before the tunneling of the scalar field, the interactions of antisymmetric tensor fields with matter
fields (i.e., with fermion and U(1) gauge field) are same as usual gravity–matter coupling strength
1/MPl , while after the tunneling, the couplings get severely suppressed over 1

MPl
. Moreover by suitable

parametric choices, the time scale for the scalaron tunneling from 〈ξ〉− to 〈ξ〉+ becomes at the order of
the present age of the universe i.e.,

κ

T
' 1017sec. ' 1041(GeV)−1



Symmetry 2020, 12, 1573 9 of 43

where T is the tunneling probability the conversion 1 sec. = 1024 GeV−1 may be useful. For example,
in F(R) = R − αR2 + βR3 (i.e., m = 3 in the general F(R) = R − αR2 + βRm form mentioned in

Equation (13)) model,
√

β

α = 0.53 and β = 2.43× 10−2κ4 make T−1 ' 1060 leading to the time scale
of the scalaron tunneling at the order of the present age of our universe. Thereby one can argue
that the effect of antisymmetric fields may be dominant in the early universe but as the universe
evolves, the scalar field tunnels from ξ = 〈ξ〉− to ξ = 〈ξ〉+ which in turn induces a suppression
on the interaction strengths of antisymmetric fields in comparison to 1/MPl . Moreover it is also
found that the suppression increases with the increasing rank of the tensor field. This may provide a
natural explanation why the present universe is free from any observable signatures of antisymmetric
tensor fields.

Despite the success, this non-dynamical method (i.e., the suppression of antisymmetric tensor
fields in effect scalaron tunneling) has some problems, given by - in this method, the antisymmetric
tensor fields become invisible due to the F(R) = R− αR2 + βRm, let us consider F(R) = R− αR2 + βR3

(i.e., m = 3 case) involving a second and third powers of the curvature scalar with coefficients α and β.
The R2 term plays a role for renormalizability and a popular term in the context of F(R) gravity for its
various cosmological and phenomenological implications. However the other one i.e., the R3 term is
an unpopular one and never appears in the ordinary higher derivative extensions of General Relativity.
In this sense, the appearance of the R3 term hinges the motivation of the considered F(R) model.
The scenario is different in the earlier non-dynamical method discussed in Section 2.1 where the F(R)
has the form as considered in Equation (7) which is viable and have been used in the earlier literature of
F(R) gravity [55,56,145]. Moreover, although the F(R) = R− αR2 + βRm model explains the invisibility
of the KR field in the present universe by a non-dynamical method, however from the perspective
of the cosmological evolution of the universe, it is a bit strange to intuitively understand the result.
In regard to the cosmological evolution of the universe, the term Rm (where m ≥ 3) becomes negligible
in the low curvature regime, in particular Rm goes as H2m (where H is the Hubble parameter) and thus
has almost no effect in the low curvature regime of the present universe; unlike to the F(R) considered
in Equation (7) which indeed has considerable effects in the dark energy epoch of the universe.

Based on the above arguments, we may argue that the non-dynamical method (to explain the
suppression of antisymmetric tensor fields in the present universe) discussed in Section 2.1 is more
viable in comparison to that of discussed in Section 2.2.

2.3. Cosmological Scenario

As mentioned earlier, our motivation is to investigate the questions like (a) why is the present
universe practically free from the observable footprints of the Kalb–Ramond field despite having the
signatures of scalar, fermion, vector and spin-2 massless graviton, while they all originate from the
same underlying Lorentz group? (b) what are the possible roles of the Kalb–Ramond field during
early phase of the universe?; in the framework of modified theories of gravity, in particular from F(R)
gravity theory. Motivated by these questions, we consider the Starobinsky + Kalb Ramond field model
as the starting model. Thus the action we consider is given by [120],

S =
∫

d4x
√
−g
[

F(R)
2κ2 −

1
12

HµνρHµνρ

]
=

∫
d4x
√
−g
[

1
2κ2

(
R +

R2

m2

)
− 1

12
HµνρHµνρ

]
(15)

where the F(R) is taken as the Starobinsky model and m is a parameter having mass dimension
[+1]. Thus the above action describes the Starobinsky F(R) model along with the Kalb–Ramond
field. It is well known that the original Starobinsky model is able to produce a good inflationary
scenario consistent with the Planck observations. However we always try to understand how far the
Starobinsky model can be deviated, which still produces a viable inflationary scenario in the early
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universe. It may be observed that in the present context, the Starobinsky model is deviated by the
presence of the KR field, so besides the explanation for the suppression of the KR field in the present
universe, it is also important to investigate the possible effects of the KR field in the early inflation,
in particular whether the Starobinsky + Kalb–Ramond field model is viable in respect to the Planck
2018 constraints [147]. For this purpose, we need to solve the field equations for the action (15) in a
FRW spacetime. The solutions of the field equations will be obtained here by using the conformal
correspondence of F(R) theory to a scalar–tensor theory. In particular, we first solve the field equations
in the conformally connected scalar–tensor theory and then by using these solutions we will determine
the solutions in the corresponding F(R) theory in view of the inverse conformal transformation. Due to

the metric transformation gµν(x) −→ g̃µν(x) = e−
√

2
3 κξ(x)gµν(x), the F(R) action (15) is transformed to

the following scalar–tensor theory,

S =
∫

d4x
√
−g̃
[

R̃
2κ2 +

1
2

g̃µν∂µξ∂νξ −V(ξ)− 1
4

H̃µνρH̃µνρ

]
(16)

where the tilde quantities are reserved for the ST theory, for example R̃ is formed by g̃µν. Moreover we
consider κB̃µν < 1 where B̃µν is the canonical field in the ST model. Due to the appearance of ξ(x),
the KR field becomes non-canonical and thus in order to make it canonical we redefine the field as

Bµν −→ B̃µν = e−
1
2

√
2
3 κξ Bµν (recall the same transformation on the KR field is also applied in the

previous scenario where we tried to explain the suppression of the KR field from a non-dynamical

way). The scalaron potential V(ξ), for F(R) = R + R2

m2 , is obtained as V(ξ) = m2

8κ2

(
1− e

√
2
3 κξ
)2

which

has the plot in Figure 1.

-8 -6 -4 -2

0.5

1.0

1.5

Figure 1. V(ξ) vs. ξ.

Having described the scalar–tensor action, now we are are going to determine the field equations
and the corresponding solutions of the ST model. The spatially flat FRW metric ansatz fulfills our
purpose, where the time dependent quantity is the scale factor which also depicts the expansion of the
universe. The metric ansatz is given by,

d̃s2
= g̃µν(x)dxµdxν = −dt2 + a2(t)

[
dx2 + dy2 + dz2] (17)
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The KR field strength tensor has, in general, 64 components in four dimensional spacetime,
however due to the antisymmetric nature, the number of independent components are four and
they can be symbolized as H̃012 = h1, H̃013 = h2, H̃023 = h3 and H̃123 = h4 respectively. Due to
the FRW spacetime, the off-diagonal components of the Einstein tensor are zero. Moreover the
energy–momentum tensor of the scalar field also vanish along the off-diagonal direction, while that
of the KR field, the off-diagonal energy–momentum tensor has a non-zero contribution. Thereby the
off-diagonal Einstein equation becomes h4h3 = h4h2 = h4h1 = h2h3 = h1h3 = h1h2 = 0 which has a
solution as h1 = h2 = h3 = 0 and h4 6= 0. With these solutions, the energy density and pressure of

the matter fields (ξ, B̃µν) as ρT =

[
1
2 ξ̇2 + V(ξ) + 1

2 h4h4
]

and pT =

[
1
2 ξ̇2 −V(ξ) + 1

2 h4h4
]

respectively

(where an overdot denotes d
dt ). As a result, the diagonal Friedmann equations turn out to be,

H2 =
κ2

3

[
1
2

ξ̇2 +
m2

8κ2

(
1− e

√
2
3 κξ)2

+
1
2

h4h4
]

(18)

and

2Ḣ + 3H2 + κ2
[

1
2

ξ̇2 − m2

8κ2

(
1− e

√
2
3 κξ
)2

+
1
2

h4h4] = 0 (19)

where H = ȧ
a symbolizes the Hubble parameter in the ST model. Further, the field equations for the

KR field (B̃µν) and the scalar field (ξ) are given by,

∇̃µH̃µνλ =
1

a3(t)
∂µ

[
a3(t)H̃µνλ

]
= 0 (20)

and

ξ̈ + 3Hξ̇ −
√

2
3

m2

4κ
e
√

2
3 κξ(1− e

√
2
3 κξ)

= 0 (21)

respectively. The information that can be obtained from Equation (20) is the only non-zero component
of the KR field i.e., h4 depends on t only, which is also confirmed from the gravitational equations.
Differentiating Equation (18) and using Equation (19), one finally lands with the evolution of the KR
field energy density as d

dt (h4h4) = −6Hh4h4 which can be easily solved (in terms of the scale factor)
and given by,

h4h4 =
h0

a6 (22)

where h0 is an integration constant which must take only positive values in order to get a real
valued solution of h4(t). Equation (22) clearly indicates that the KR field energy density decreases
with the expansion of the universe at a faster rate in comparison to normal matter and radiation
(recall, the normal matter decreases as 1/a3, while the radiation energy density goes as 1/a4).
However Equation (22) also demonstrates that the KR field energy density is large and may play a
significant role during early universe. Thus in order to explain the dynamical suppression of the
KR field, we have to investigate the evolution of the KR field from the early universe when it is also
important to examine whether the universe passes through an inflationary stage or not. Being the EoS
parameter is unity, the KR field produces a decelerating effect in the expansion of the universe and
thus in the context of Starobinsky + KR model, it is not confirmed, a priori, that the early universe
passes through an inflationary stage. Hence determination of the early time scale factor solution is
necessary and for this purpose we assume the slow roll condition where the potential of the scalar
field is considered to be much greater than that of the kinetic energy i.e., V(ξ) � 1

2 ξ̇2. The slow
roll condition is natural to consider for the potential plotted in Figure 1 if the scalar field starts from
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negative regime where the potential becomes approximately constant. Due to slow roll assumption,
the kinetic energy and the acceleration term of the scalar field can be ignored from Equations (18)
and (21) respectively. As a result, the equations can be solved for ξ(t) and a(t) and the solutions are
given by,

ξ(t) =

√
3

2κ2

[
ln
(

9
−
√

6m(t− t0) + 9C

)
+

κ2h0

m2 P(t)
]

(23)

and

a(t) = D
(

1− 2m(t− t0)

3
√

6C

)3/4(
1 +

κ2h0

m2 Q(t)
)

exp
[

m(t− t0)

2
√

6

]
(24)

It may be mentioned that for h0 = 0 (i.e., without the KR field), the solutions of ξ(t) and a(t)
match with that of the Starobinsky model. The functions P(t) and Q(t) have the following expressions,

P(t) =
(−
√

6m(t− t0) + 9C)2

(−
√

6m(t− t0) + 9C + 9)3
(25)

and

Q(t) =
(

5+9C(1+3C)
)(

1−
√

3
2 m(t−t0)

)
+
√

6
(

1+6C+81C2
)(
−m(t−t0)+

√
3
2 m2(t−t0)

2
)(

1− 2m(t−t0)
3
√

6C

)7/2 (26)

respectively. To determine the above solutions, we use Equation (22) and also consider κ2h0
m2 < 1. In a

later part, we will show that the condition κ2h0
m2 < 1 is consistent to make the observable quantities

like the spectral index, tensor-to-scalar ratio compatible with the Planck constraints. Further C and
D are integration constants related to the initial values of ξ(t) and a(t) (the initial condition will be
symbolized as ξ(t0) = ξ0 and a(t0) = a0). Differentiating both sides of Equation (23) with respect
to t (twice) in the limit t → t0, one finally lands with the following expression of the early universe
acceleration as,

ä
a

∣∣∣∣
t→t0

=
( m

2
√

6

)2
(1− e−|σ0|)

[(
1− e−|σ0|

)
− 4

κ2h0

m2

(
11 + 45e|σ0| + 513e2|σ0|

)]
(27)

where σ0 =
√

2
3 κξ0. Recall, ξ0 be the initial value of the scalar field which is considered to be negative

to ensure the slow roll conditions. It may be noticed that for the condition,

m2(1− e−|σ0|)

4
(
11 + 45e|σ0| + 513e2|σ0|

) > κ2h0 (28)

the early universe undergoes through an accelerating stage, while for the other condition i.e., for
m2(1−e−|σ0 |)

4
(

11+45e|σ0 |+513e2|σ0 |
) < κ2h0, ä(t → t0) becomes less than zero. The parameters m and h0 actually

controls the strength of the scalaron and the KR field respectively. The scalaron field produces an
accelerating effect in the early universe when the slow roll conditions are valid and on the other
hand, the KR field triggers a decelerating effect in the universe evolution (in particular, in a model
like S =

∫
d4x
√
−g̃
[
R̃− 1

12 H̃µνρH̃µνρ
]
, the scale factor evolves as a(t) ∼ t1/3). Thereby the interplay

between the scalar and the KR fields fixes whether the early universe passes through an accelerating
stage or not and such interplay is reflected from the condition (28). Thus as a whole, the early
inflationary era is ensured for a Starobinsky + KR model universe, if the parameters of the model
satisfy the condition (28).
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Having determined the solutions in the scalar–tensor model, now we turn our focus to the
solutions of the original F(R) model. Recall, the F(R) model action is depicted by Equation (15) and
connected to the scalar–tensor model by the aforementioned conformal transformation of the spacetime
metric. Thus the line element of the F(R) model can be obtained from that of the ST model by using the
inverse conformal transformation i.e., given by,

ds2 = e
√

2
3 κξ(t)

[
− dt2 + a2(t)

(
dx2 + dy2 + dz2)] = −dτ2 + s2(τ)

(
dx2 + dy2 + dz2) (29)

Thus the F(R) spacetime also behaves as FRW one where the cosmic time (τ) and the scale factor (s(τ))
have the following expressions:

τ(t) =
∫

dte[
1
2

√
2
3 κξ(t)] , s(τ(t)) = e[

1
2

√
2
3 κξ(t)]a(t) (30)

with ξ(t) is obtained in Equation (23). Due to the conformal transformation, the cosmic time and
the scale factor in the two frames get changed, as expected. It may be observed that τ(t) is a
monotonic increasing function of t. Moreover, the KR field energy density in the F(R) model is
given by ρKR = 1

2 H123H123. In view of the conformal connection between the F(R) and the ST model,

the KR field energy density of the F(R) model is related to that of the ST model as ρKR = e−2
√

2
3 κξ

ρ̃KR
(where we also use the transformation of Bµν and B̃µν). We will need this relation later. By using the
solution of ξ(t), one can integrate the left expression of Equation (30) to get the explicit the functional
behaviour of τ = τ(t) as,

τ − τ0 =
1

4m

√
3
2

[(
8
√

9C− 8
√

9C−
√

6m(t− t0)

)
+

κ2h0

2m2

(
tan−1 ( 3√

9C−
√

6m(t− t0)

)
− tan−1(1/

√
C)
)

+
κ2h0

2m2

( (27 + 45C− 5
√

6m(t− t0))
√

9C−
√

6m(t− t0)

(9 + 9C−
√

6m(t− t0))2
− (3 + 5C)

√
C

3(1 + C)2

)]
(31)

where the integration constant is adjusted by the condition τ(t0) = τ0. Plugging the solutions of
ξ(t) and a(t) into the right expression of Equation (30) immediately yields the F(R) frame scale factor
as follows,

s(τ(t)) = D
(

1− 2m(t−t0)

3
√

6C

)3/4(
1 + κ2h0

m2

(
Q(t) + 1

2 P(t)
))

exp
[

m(t−t0)

2
√

6
+ ln

(
9

−
√

6m(t−t0)+9C

)]
(32)

with P(t) and Q(t) are shown in Equations (25) and (26) respectively. The scale factor s(τ) corresponds
to an early inflationary era (with the onset at τ = τ0) if the condition

m2(1− e−|σ0|)

4
(
11 + 1219

27 e|σ0| + 13849
27 e2|σ0|

) > κ2h0 (33)

holds true, otherwise d2s
dτ2 becomes negative leading to a decelerating universe. In absence of the KR

field i.e., for h0 = 0, the above condition is trivially satisfied, which indicates an accelerating expansion
of the universe—this is expected because without the KR field, the model becomes the Starobinsky
model which indeed leads to an inflationary universe. However, due to the presence of the KR field,

the acceleration of the scale factor gets modified by the term proportional to κ2h0
m2 . Similar to the ST

model, the relative strengths of the parameters m and h0 fix whether the early universe passes through
an inflationary stage or not. In order to solve the horizon and flatness problems, the inflationary
scenario is necessary and that is why we stick to the condition (33). Having getting the inflationary
condition, the next move is to check whether the inflation has an end within a finite time. The end
point of inflation is defined as d2s

dτ2 = 0. Using Equation (30), one obtains,
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d2s
dτ2 = e[−

1
2

√
2
3 κξ(t)]a(t)

[
Ḣ + H2 +

κ√
6

Hξ̇

]
(34)

where H is the Hubble parameter in the ST model and an overdot symbolizes d
dt . Thus the inflation

termination condition becomes Ḣ + H2 + κ√
6

Hξ̇ = 0. Using the field equations, this condition can be
expressed in terms of the scalar field as,

1
4
− 2

3
e[
√

2
3 κξ(t f )] +

1
9

e[2
√

2
3 κξ(t f )] +

8
81

e[4
√

2
3 κξ(t f )] = 0

with t f − t0 being the duration of inflation in F(R) model (in terns of t). Solving the above algebraic

equation, we get ξ(t f ) = ξ f '
√

3
2κ2 ln

( 3
5
)
< 0. Thus the inflationary era of the universe continues as

long as the scalar field is lesser than ξ f (recall, the scalar field starts from negative regime to validate
the slow roll condition). Correspondingly, by using the scalar field solution and the functional form of
τ = τ(t), the inflationary duration in the F(R) model (τf − τ0) comes as,

τf − τ0 =
1

4m

√
3
2

[(
8
√

9C− 8
√

d
)
+

κ2h0

2m2

(
(27 + 5d)

√
d

(9 + d)2 − (3 + 5C)
√

C
3(1 + C)2

)
+

κ2h0

2m2

(
tan−1 ( 3

√
q
)
− tan−1(1/

√
C)
)]

(35)

with d = eσf

(
1 + κ2h0

9m2 e−|σ0|
)

, σ0 =
√

2κ2

3 ξ0 and σf =
√

2κ2

3 ξ f . It may be noticed that the duration

of inflation depends on the parameters σ0 and κ2h0
m2 . Thus to get an estimation of τf − τ0, we first

need to estimate the parameters, which can be done once we confront the model with the Planck
observations. In order to test the broad inflationary paradigm as well as particular models against
precision observations, we need to calculate the value of spectral index (ns), tensor-to-scalar ratio (r)
and in the present context, they are defined as [148–150],

ns =
[
1− 4εF − 2ε2 + 2ε3 − 2ε4

]∣∣∣∣
τ0

, r = 8κ2 Θ

F′(R)

∣∣∣∣
τ0

(36)

respectively, where the slow roll parameters (εF, ε2, ε3, ε4) have the following expressions,

εF = − 1
H2

F

dHF
dτ

, ε2 =
1

2ρKRHF

dρKR
dτ

ε3 =
1

2F′(R)HF

dF′(R)
dτ

, ε4 =
1

2EHF

dE
dτ

(37)

where Θ and E are given by,

Θ =
ρKR

F′(R)H2
F

[
F′(R) +

3
2κ2ρKR

(
d

dτ
F′(R)

)2]
, E =

ΘF′(R)H2
F

ρKR
(38)

where HF = 1
s

ds
dτ and ρKR (= H123H123) are the Hubble parameter and the energy density of the KR

field respectively, both defined in F(R) model. Here it may be mentioned that the speeds for both the
scalar and tensor perturbation variables in F(R) model are unity. The unit speed of the gravitational
wave confirms the compatibility of the F(R) model with GW170817 according to which the gravitational
and the electromagnetic waves propagate with same speed which is indeed unity in the natural
unit system. However this is not the case of all higher curvature gravity theories, for example in
scalar–Einstein–Gauss–Bonnet gravity theory, the speed of the gravitational wave is not unity and the
deviation from unity is proportional to the Gauss–Bonnet coupling function. Still, the Gauss–Bonnet
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model can be made compatible with GW170817 by considering a particular form of the scalar coupling
function, but such coupling function leads to the speed of the scalar perturbation variable different
from unity. Such scenario of Gauss–Bonnet model where the tensor perturbation speed is unity,
but the scalar perturbation variable has a different speed than unity has been investigated recently in
inflation as well as in bouncing spacetime [78,151]. One comment deserves to mention here that in
the case of F(R) model, the gravitational wave speed is always unity irrespective of the form of F(R),
however in the scalar coupled Einstein–Gauss–Bonnet model, as mentioned earlier, a certain form
of the Gauss–Bonnet coupling function can do so. Coming to our present model, by using the slow
roll field equations and the conformal correspondence between the ST and the F(R) model, the final
expressions of ns and r in the Starobinsky + KR model are given by,

ns = 1− 2
[− κ2h0

2m2 + 1
9

(
e2σ0 (1−eσ0 )(1−2eσ0 )

(1−eσ0 )2+
4κ2h0

m2

)
3κ2h0
2m2 + 1

12 eσ0 (1− eσ0 )

]
+ 2
[ − 3κ2h0

m2 − 1
9

(
e2σ0 (1−e2σ0 )

(1−eσ0 )2+
4κ2h0

m2

)
κ2h0
2m2 + 1

8 (1− eσ0 )2 + 1
6 eσ0 (1− eσ0 )

]

+
9
16

κ2h0/m2[
1
8 (1− eσ0 )2 + κ2h0

2m2 + 1
6 eσ0 (1− eσ0 )

][
3κ2h0
2m2 + 1

12 eσ0 (1− eσ0 )

] − 3
8

κ2h0/m2[
3κ2h0
2m2 + 1

12 eσ0 (1− eσ0 )

]2 (39)

and

r =
3 κ2h0

2m2 + 48
[

3κ2h0
2m2 + 1

12 eσ0(1− eσ0)

]2

[
1
8 (1− eσ0)2 + κ2h0

2m2 + 1
6 eσ(1− eσ)

]2 (40)

respectively. In absence of the KR field, the ns becomes ns = 1 − 2 ε′F
εF HF

and the tensor to scalar
ratio gets the expression as r = 48ε2

F. However the presence of the KR field modifies ns and r
by the term proportional to ρKR. With the above expressions of ns and r, we can confront the
model with the Planck results which put constraints as ns = 0.9649 ± 0.0042 and r < 0.064. It
may be observed from Equations (39) and (40) that in the present context, the spectral index and

the tensor-to-scalar ratio depend on the dimensionless parameters σ0 and κ2h0
m2 . For the model in

hand, the ns and r become simultaneously compatible with the Planck results for the parametric

regime: 10 ≤ |σ0| ≤ 14 and 0.003 . κ2h0
m2 . 0.004. The simultaneous compatibility of ns and

r is plotted in Figure 2. With κ2h0
m2 = 0.0035 and |σ0| = 10, the duration of inflation comes as

∆τ = τf − τ0 = 10−12 GeV−1 if the mass parameter is taken as m = 10−5 in reduced Planckian unit.

With this value of m, we calculate the number of e-foldings N =
∫ ∆τ

0 HFdτ numerically and finally
lands with N ' 56 (for |σ0| = 10).

As mentioned earlier, in order to validate the model with the Planck constraints, the maximum
allowed value of the parameter κ2h0

m2 = 0.004. Considering m = 10−5 (in reduced Planckian unit),
one easily gets hmax

0 = 1063 GeV4. Recall, the energy density of the KR field in the F(R) model is
given by ρKR = e−2σ0 h0 (at the point of horizon crossing) and thus the present model along with
the Planck observations give an upper bound of the KR field energy density in the early universe as
ρKR = 1070 GeV4 (|σ0| = 10). Despite this amount of initial energy density, the KR field has practically
no observable signatures in the present universe. Thus it is important to explain how the KR field
energy density (starting with 1070 GeV4 from the early universe) gets suppressed and leads to a
negligible footprint on the present universe and to explain this phenomena, what we need is the

expression of the KR field energy density in the F(R) model, which is given by ρKR = e−2
√

2
3 κξ(t) h0

a6 .
The solutions of ξ(t) and a(t) obtained earlier are based on the slow roll conditions, however to address
the effect of the KR field in the present universe, the late time behaviour of ξ(t) and a(t) are required,
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where the slow roll conditions may not valid. Keeping this in mind, we relax the slow roll assumptions
and solve the field equations numerically for ξ(t) and a(t) (in particular the plot is given for the
deceleration parameter q(τ)), as shown in Figure 3 by using the relation of τ(t) (see Equation (31)).
Figure 3 demonstrates that the plotted result of ξ(τ) based on solving the slow roll equations and
the plotted result of ξ(τ) based on solving the full Friedmann equations are almost same during the
inflation. But after the inflation the acceleration term of ξ(τ) starts to contribute and as a result the two
solutions (with and without slow roll conditions) differ from each other. Similar argument holds for
the deceleration parameter. These numerical solutions immediately lead to the evolution of the KR
field energy density in the F(R) model, as shown in Figure 4.

ns

r

0.00 0.01 0.02 0.03 0.04 0.05

0.960

0.962

0.964

0.966

0.968

0.970

0.972

Figure 2. ns vs. r for 10 ≤ |σ0| ≤ 14 and 0.003 ≤ κ2h0
m2 ≤ 0.004.

As it is evident from Figure 4 that the energy density of KR field gradually decreases with the
cosmic time (τ) and the decaying time scale (τ = 40) is less than the exit time of inflation (τ = 56).
Apart from the description of the decaying nature of the KR field energy density, it is also necessary to
determine the couplings of the KR field with other matter fields to discuss the observable signatures
of the KR field in the present universe. In the four dimensional context, the KR field couplings with
the matter fields turn out to be 1

MPl
which is same as the usual gravity–matter coupling. Thereby it is

expected that the KR field may show its signatures in some present day gravity experiment. But as
mentioned earlier, there has been no experimental evidence of the footprint of the KR field on the
present universe and an example is the Gravity Probe B experiment. Thereby the four dimensional
model (15) may not serve the full explanation why the present universe practically carries no footprint
of the Kalb–Ramond field. However in the context of higher dimensional higher curvature scenario,
in particular a warped braneworld scenario, the KR field couplings get an additional suppression over
the gravity–matter coupling 1/MPl . This along with the cosmological counterpart will be discussed in
the next two sections.

Before moving to the next section, we would like to mention that the presence of the KR field
actually enhances the value of the tensor-to-scalar ratio in the Starobinsky + KR model, in comparison
to the Starobinsky model where the KR field is absent. The same kind of effect of the KR field is
also observed in a different F(R) model, in particular for a logarithmic corrected R2 gravity model,
where the action has the form [121],

S =
∫

d4x
√
−g
[

1
2κ2

(
R + αR2 + βR2 ln

(
βR
))
− 1

12
Hµνρ Hµνρ

]
(41)
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Blue curve : With slow roll

Red Curve : Without slow roll
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Figure 3. Left figure: ξ vs. τ, right figure: q vs. τ. In both the figures, we take κ2h0
m2 = 0.0035, σ0 = −10

and m = 10−5 (in reduced Planckian unit).

Figure 4. ρKR vs. τ for κ2h0
m2 = 0.0035, σ0 = −10 and m = 10−5 (in reduced Planckian unit).

In the regime α, β > 0, F′(R) becomes positive which in turn renders the model ghost free.
Similar to the previous model, the amplitude of the KR field in the logarithmic corrected R2 model is
large during early universe, but these reduce as the universe expands, at a rate ∼ a−6 , and in effect,
radiation and matter dominate the post-inflationary phase of our universe. The spectral index and the
tensor-to-scalar ratio have been also determined under the slow roll and the constant roll conditions.
As a result, it was found that under both the conditions, the presence of the KR field increases the
value of the tensor-to-scalar ratio in comparison to the case when the KR field is absent. However
the ratio β

α is constrained in different ways in the slow roll and constant roll cases: with the slow roll
constraint being 0.20 < β

α < 0.25 while the constant roll one being 0.25 < β
α < 0.30. In addition,

the theoretical framework along with the Planck observations put an upper bound on the KR field
energy density in the early universe as ρmax

KR ∼ 1071GeV4. Thereby the findings of the models (15) and
(41) are more-or-less same, with the noticeable effect of the KR field on the inflationary phenomenology
of R2 Starobinsky inflation and logarithmic R2 gravity is that it increases the amount of the primordial
gravitational radiation. Thus the impact of the KR field in inflationary phenomenology is considerable.
One more example where the importance of the KR field is significant is [120],

S =
∫

d4x
√
−g
[

1
2κ2

(
R +

1
3

αR3
)
− 1

12
HµνρHµνρ

]
(42)

The cubic curvature vacuum F(R) gravity, i.e., F(R) = R + 1
3 αR3 model does not produce a viable

inflation, in particular, the theoretical expectations of spectral index (ns) and tensor-to-scalar ratio (r)
do not match with the Planck 2018 constraints, however in the presence of the Kalb–Ramond field
the cubic gravity model becomes compatible with the Planck constraints [120]. The demonstration
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of this argument can be shown by the method applied for the Starobinsky model in the beginning of
this section, in particular we first determine the slow roll field equations of the scalar tensor model
corresponds to the F(R) = R + α

3 R3 model and then we transform back to the original F(R) model
by the inverse conformal transformation of the spacetime metric. Using the metric transformation

gµν(x) −→ g̃µν(x) = e−
√

2
3 κξ(x)gµν(x), the F(R) action (42) is mapped to the following scalar–tensor

(ST) theory,

S =
∫

d4x
√
−g̃
[

R̃
2κ2 +

1
2

g̃µν∂µξ∂νξ −V(ξ)− 1
4

H̃µνρH̃µνρ

]
(43)

where recall, the tilde quantities are reserved for the ST theory and H̃µνρ = e−
1
2

√
2
3 κξ Hµνρ is the

canonical Kalb–Ramond field tensor in the scalar tensor theory. The scalaron potential V(ξ) for
F(R) = R + α

3 R3 model takes the following expression,

V(ξ) =
1

3κ2
√

α

[
eσ/3 − e4σ/3]3/2 (44)

where σ =
√

2
3 κξ. With a FRW metric ansatz, the evolution of the KR field energy density (ρ̃KR) in the

ST theory is obtained as

d
dt
(
ρ̃KR

)
+ 6Hρ̃KR = 0 (45)

where t and H(= ȧ/a) represent cosmic time and Hubble parameter in the ST theory. Equation (45)
can be solved to obtain ρ̃KR in terms of the scale factor and is given by ρ̃KR = h0

a6 with h0 (having mass
dimension [+4]) being an integration constant. Thereby the KR field energy density decreases at a
faster rate in comparison to radiation and matter components with the expansion of the universe,
which in turn may explain the suppression of the KR field at the present energy scale of our universe.
The solution of ρ̃KR along with the scalaron potential given in Equation (44) immediately lead to the
slow roll field equations for the ST theory as,

H2 =
1

3
√

α

[
1
3
(
eσ/3 − e4σ/3)3/2

+
κ2h0
√

α

2a6

]
(46)

and

3Hξ̇ +
1

6κ
√

α

√
2
3
(
eσ/3 − e4σ/3)1/2(eσ/3 − 4e4σ/3) = 0 (47)

respectively. Having determined the slow roll field equations in the ST theory, now we move forward
to find the primordial observable quantities like the spectral index (ns), tensor-to-scalar ratio (r) for
the original F(R) model (42). Recall, as presented in Equation (36), ns and r for a F(R) model are

defined by ns =
[
1− 4εF − 2ε2 + 2ε3 − 2ε4

]∣∣∣∣
H.C

and r = 8κ2 Θ
F′(R)

∣∣∣∣
H.C

respectively, where the suffix

‘H.C’ denotes the horizon crossing time and furthermore the slow roll parameters εi (i = F, 2, 3, 4) are
given earlier in Equation (37). Using the explicit expressions of εi(s) and with some simplifications,
we land with the following expressions of the spectral index and tensor-to-scalar ratio:

ns = 1−
2ε′F

εF HF
+

κ2ρKR

12F′(R)ε2
F H2

F

(
3− σ̇

2HF
e−σ/2 −

H′F
H2

F

)
(48)
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and

r = 48ε2
F + 8κ2 ρKR

F′(R)H2
F

, (49)

where HF and ρKR are the Hubble parameter and the KR field energy density in the F(R) frame,
a prime and an overdot symbolize the differentiation with respect to cosmic time in F(R) and ST frame

respectively. It may be observed that in absence of the KR field, the ns becomes ns = 1− 2 ε′F
εF HF

and the
tensor to scalar ratio gets the expression as r = 48ε2

F. However the presence of the KR field modifies ns

and r by the term proportional to ρKR. The slow roll field Equations (46) and (47) allow us to obtain
the following expressions like,

H2
F =

1
3
√

α
e−σ

[
1
3
(
eσ/3 − e4σ/3)3/2

+
κ2h0
√

α

2a6

]
σ̇

HF
e−σ/2 = −

(
eσ/3 − e4σ/3)1/2(eσ/3 − 4e4σ/3)

9
[

1
3
(
eσ/3 − e4σ/3

)3/2
+ κ2h0

√
α

2a6

] (50)

which yield the final forms of ns and r (for the model (42)) as,

ns = 1−
2ε′F

εF HF
+

κ2h0
√

α eσ

4F′(R)ε2
F

[
1
3
(
eσ/3 − e4σ/3

)3/2
+ κ2h0

√
α

2

] ×{3 + εF +

(
eσ/3 − e4σ/3)1/2(eσ/3 − 4e4σ/3)

9
[

1
3
(
eσ/3 − e4σ/3

)3/2
+ κ2h0

√
α

2

] } (51)

and

r = 48ε2
F +

24κ2h0
√

α eσ

F′(R)
[

1
3
(
eσ/3 − e4σ/3

)3/2
+ κ2h0

√
α

2

] (52)

respectively, with εF given by,

εF = −
H′F
H2

F

=

(
eσ/3 − e4σ/3)1/2(eσ/3 − 4e4σ/3)[ 1

6
(
eσ/3 − e4σ/3)1/2(3eσ/3 − 2e4σ/3)+ κ2h0

√
α

2

]
6
[

1
3
(
eσ/3 − e4σ/3

)3/2
+ κ2h0

√
α

2

] . (53)

It may be observed from Equations (51) and (52) that in the present context, the spectral index
and the tensor-to-scalar ratio depend on the dimensionless parameters σ0 and κ2h0

√
α, where e−σ0 =

1 + αR2
0 with R0 being the Ricci scalar at the time of horizon crossing and h0 denotes the KR field

energy density at horizon crossing. With this information, we now directly confront the theoretical
expectations of spectral index and tensor-to-scalar ratio of the model (42) with the Planck 2018
constraints [147]. In Figure 5 we present the estimated spectral index and tensor-to-scalar ratio of the
present scenario for three choices of (σ0, κ2h0

√
α), on top of the 1σ and 2σ contours of the Planck 2018

results [147]. As we observe, the agreement with observations is efficient, and in particular well inside
the 1σ as well as in the 2σ region. At this stage it deserves mentioning that the cubic F(R) model in
absence of the Kalb–Ramond field, in which case ns and r follow Equations (51) and (52) respectively
with h0 = 0, is not viable in respect to the Planck 2018 observations. Therefore the R + R3 + KR field
model has advantages from two sides : (1) the presence of the higher curvature term triggers an early
inflationary scenario and explains the suppression of the KR field at the present universe, and (2) the
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KR field energy density is significant during early universe and helps to make the inflationary model
viable with respect to Planck 2018 constraints.

0.94 0.95 0.96 0.97 0.98 0.99
0.00

0.05

0.10

0.15

ns

r

Figure 5. 1σ (yellow) and 2σ (light blue) contours for Planck 2018 results [147], on ns − r plane.
Additionally, we present the predictions of the present bounce scenario with (σ0, κ2h0

√
α) = (−5, 0.003)

(blue point), (σ0, κ2h0
√

α) = (−5, 0.03) (black point) and (σ0, κ2h0
√

α) = (−5, 0.1) (red point).

The inflationary phenomena in presence of Kalb–Ramond field (without higher curvature term(s))
has also been discussed in [127] where the authors investigated the possibility of inflation with models
of antisymmetric tensor field having minimal and non-minimal couplings to gravity. As a result, in the
minimal model with the action,

S =
∫

d4x
√
−g
[

R
2κ2 −

1
12

HµνλHµνλ − 1
2

m2BµνBµν

]
(54)

the acceleration of the scale factor becomes ä
a = − Ḣ2

2 . Clearly, the acceleration of a(t) is negative and
hence the minimal model does not support the possibility of inflation. As a next step, let us consider
the non-minimal model,

S =
∫

d4x
√
−g
[

R
2κ2 −

1
12

HµνλHµνλ − 1
2

m2BµνBµν + Lnm

]
(55)

where Lnm is the non-minimal coupling term. The two cases with Lnm = 1
2κ2 ϑBµνBµνR and

Lnm = 1
2κ2 ζBλνBµ

ν Rλµ are discussed separately. As a consequence, it has been found that for both
the Lnm, a de-Sitter solution can be achieved by the non-minimal model. However the constraints on
model parameter in the two cases become different: in particular, for the first case the dS solution
is obtained for ϑ > κ2

6 , while the other coupling function allows a dS expansion of the universe for

ζ > 2κ2

3 . The de-Sitter solution is indeed a stable one and also the field values remain sub-Planckian.
Moreover such non-minimal models lead to the propagating speed of the gravitational wave as unity
and thus the model becomes compatible with GW170817 [124]. Here it may be mentioned that the
constraints on the model parameters in order to achieve a de-Sitter solution match with that coming
from the demand that the gravitational wave speed is unity.
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The F(R) inflationary model in presence of Kalb–Ramond field has an equivalent holographic
origin where the generalized holographic cut-off can be expressed in terms of an integral [152].
For example, in the R + R2 + KR model, the holographic cut-off (LIR) is given by,

LIR = − 1
6αḢ2a6

∫
dta6Ḣ

(
1− κ2ρ0

a6H2

)
, (56)

where ρ0 is a constant which can be equated to the energy density of the KR field at the horizon crossing.
Inserting the above expression into the holographic Friedmann equation H = 1

LIR
and after some

simple algebra, one lands with the known field equations of the Starobinsky+KR model. For ρ0 = 0,
the above cut-off converges to that for the Starobinsky F(R) model [153]. Furthermore, for R + R3 + KR
model, the corresponding holographic cut-off has the following expression,

LIR = −

∫
dta15/2Ḣ

(
1− κ2h0

a6 H2

)
36
[
2αḢ3a15/2 − 4αH

∫
dta15/2HḢ

(
H3 − 9HḢ − 3Ḧ

)] . (57)

which along with the holographic Friedmann equation can reproduce the cosmological field equations
for the cubic curvature F(R) in presence of KR field model. Similarly, in the context of exponential F(R)
model i.e., for eβR + KR model, the holographic cut-off can be determined as,

LIR =

∫
dta4

(
1− 6βḢ2/H2 − κ2ρ0

a6 H2

)
6βa4Ḣ + H

∫
dta4

(
1

6βH2 − Ḣ
H2

) . (58)

Thereby, the cosmology of F(R) gravity with Kalb–Ramond field can be realized from holographic
origin. Apart from an integral form, the holographic cut-offs can also be expressed by some different
ways like LIR can be written in terms of the particle horizon and their derivatives or in terms of the
future horizon and their derivatives [154]. However, our understanding for the choice of fundamental
viable cut-off still remains to be lacking. The comparison of such cut-offs for realistic description of the
universe evolution in unified manner may help in better understanding of the holographic principle.

3. Kalb–Ramond Field in Randall–Sundrum Braneworld Scenrio

Let us discuss the Kalb–Ramond field from higher dimensional perspective, in particular we
consider the Randall–Sundrum (RS) scenario where the rank-2 Kalb–Ramond field exits in the bulk,
unlike to the case of electromagnetic field which is generally considered to be confined in the brane.
The RS model consists of an extra spatial dimension in addition of usual four dimension. The bulk
spacetime is AdS in nature and the extra dimension is S1/Z2 compactified where the orbifolded
points are identified with two 3-branes. If ϕ is taken to be the extra dimensional angular coordinate,
then ϕ = 0 (hidden brane) and ϕ = π (visible brane) are the two branes, while the latter one is
identified with our visible universe. The hidden brane tension is positive, while that in the visible
brane is negative. In such scenario, one can solve the five dimensional Einstein equation and as a
result, the RS metric is given by [81],

ds2 = e−2krc |ϕ|ηµνdxµdxν + r2
c dϕ2 (59)

where rc is the interbrane separation and the factor k is related to the five dimensional Planck scale

M as k =
√
−Λ

24M3 with Λ (< 0) being the bulk cosmological constant. The exponential factor is
known as the warp factor and related to the effective four dimensional reduced Planck mass (MPl) as
M2

Pl =
M3

k
[
1− e−2krcπ

]
. For krc = 12 the exponential factor produces TeV scale mass parameters

from the Planck scale when one considers projections on the ‘Standard Model’ brane and thus
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resolves the gauge hierarchy problem. The KR field action in such five dimensional model is (up to a
multiplicative constant),

SKR =
∫

d4x
∫

dϕ
√
−GHMNLHMNL (60)

with M runs from 0 to 4 and HMNL = ∂[MBNL]. The KR field action is invariant under the
gauge transformation BMN → BMN + ∂MWN (where WN being an arbitrary function of spacetime
coordinates), which in turn allows us to set Bϕµ = 0. Being an extra dimensional bulk field, the KR
field has Kaluza–Klein mode decomposition as

Bµν(x, ϕ) =
∞

∑
n=0

B(n)
µν (x)

χ(n)(ϕ)√
rc

(61)

where B(n)
µν (x) and χ(n)(x, ϕ) are nth mode of the on-brane KR field and the extra dimensional KR

wave function respectively. Plugging back such Kaluza–Klein mode decomposition into SKR and
integrating over the extra dimensional coordinate yields the four dimensional effective theory of the
KR field as follows [114],

SKR =
∫

d4x
∞

∑
n=0

[
ηµαηνβηλγH(n)

µνλH(n)
αβγ + 3m2

nηµαηνβB(n)
µν B(n)

αβ

]
(62)

provided χ(n)(x, φ) satisfies the following equation of motion,

− 1
r2

c

d2χ(n)

dϕ2 = m2
nχ(n)e2krc ϕ (63)

along with the normalization condition as,∫
e2krc ϕχ(m)(ϕ)χ(n)(ϕ)dϕ = δmn (64)

with mn being the mass of nth Kaluza–Klein mode. The zeroth order of the KR wave function has the
solution [114],

χ(0) =
√

krce−krcπ (65)

which is constant throughout the bulk and experienced an exponential suppression due to the warping
nature of extra dimension. Moreover, the massive KK modes can be solved by introducing a new
variable zn = mn

k ekrc ϕ and the solutions are given by zeroth order Bessel function. The overlap of the KR
extra dimensional wave function with the visible brane actually determines the coupling of the KR field
with other matter fields in our universe. As a consequence, the couplings of the zeroth mode of KR field
with the matter fields are obtained as, λ = 1

MPl
e−krcπ . This is a remarkable fact. Although gravity and

torsion are treated at par on the bulk, with the Planck mass characterizing any dimensional parameter
controlling their interactions, the coupling of the zero-mode Kalb–Ramond field with matter fields
experiences an additional exponential suppression over the usual gravity–matter coupling 1/Mp,
via the warp factor when the extra dimension is compactified by the RS scheme, unlike to the four
dimensional model (as mentioned in the previous section) where the KR field has coupling strengths
same as the gravity–matter coupling.

In the original RS scenario, the two branes are considered to be Minkowskian i.e., the effective
on-brane cosmological constant is assumed to be zero. However one can relax this assumption and
as a result, a generalized version of RS model has been introduced where the brane geometry is



Symmetry 2020, 12, 1573 23 of 43

different than the Minkowskian, in particular they can be either dS or AdS depending on the effective
cosmological constant [107]. In the case when the branes are dS, the five dimensional metric comes as,

ds2 = ω sinh
(

ln
c2

ω
− krc ϕ

)
gµν(x)dxµdxν + r2

c dϕ2 (66)

where c2 = 1 +
√

1 + ω2, ω2 = Ω
3k2 and Ω > 0 is the on-brane cosmological constant. Moreover gµν(x)

is the dS metric obtained from Ω. On other hand, when the branes are AdS, the metric comes as,

ds2 = ω cosh
(

ln
ω

c1
+ krc ϕ

)
gµν(x)dxµdxν + r2

c dϕ2 (67)

where c1 = 1 +
√

1−ω2, ω2 = − Ω
3k2 and Ω < 0 is the on-brane cosmological constant. It may be

observed that in order to get a real solution, the brane cosmological constant is constrained in the AdS
case, while there is no such constraint imposed for the dS Ω. Now if we consider a bulk Kalb–Ramond
field in such generalized RS model and adopt the same Kaluza–Klein decomposition as mentioned
earlier, then the couplings of the zeroth mode KR field with the other matter fields are found to be
modified due to the presence of the brane cosmological constant [117]. It is shown that due to the
constraints on the magnitude of the cosmological constant in AdS 3-brane these couplings continue
to be small. However the scenario becomes different for de-Sitter 3-brane where the couplings may
or may not be small, depending upon the value of Ω. In particular, for the dS case, the couplings of
the KR field acquire a large value for a large cosmological constant. Such situation may occur in very
early stage of the universe where a model with a large cosmological constant is invoked to explain
inflationary phase of the universe. Thus the antisymmetric tensor fields which are invisible in the
present epoch will be an inseparable part in describing physics at the fundamental scale. To understand
the possible effects of KR field during early universe from higher dimensional angle, we have to discuss
the cosmology of this model from early stage of the universe, which is the subject of the next section.
In such a higher dimensional cosmological scenario, we encounter the dynamical stabilization of the
extra dimensional modulus field where the higher curvature term in the gravitational action acts as a
suitable stabilizing agent.

4. Cosmology with Kalb–Ramond in Higher Curvature Warped Spacetime

We consider a warped braneworld model in presence of Kalb–Ramond field exists in the bulk
together with gravity. In such braneworld scenario, due to the intervening gravity, the branes must
collapse to each other and thus the stabilization issue of the extra dimension is an important aspect to
address in such model. In order to stabilize the modulus (the distance between the branes), one needs
to generate an appropriate modulus potential which has indeed a stable configuration. Such kind
of modulus potential can be generated by considering a massive scalar field in the bulk which has
specific boundary values on the branes: this mechanism has been introduced by Goldberger and
Wise and thus the name goes Goldberger–Wise (GW) stabilization mechanism. here we would like
to mention that in the original GW mechanism, the stabilization is non-dynamical, but here we will
deal with the cosmological evolution and thus we apply the dynamical stabilization mechanism
where the modulus field dynamically goes to the stable value. In the present context, we consider
the higher curvature term, in particular the quadratic curvature term, in the bulk as the stabilizing
agent. The higher curvature terms become dominant in the large curvature regime and thus the RS
scenario where the bulk curvature is of the order of Planck scale directs us to consider the higher
curvature term in addition to the Einstein–Hilbert term in the five dimensional action. Thus the action
of the model is [120],

S =
∫

d4xdϕ
√
−G

[
1

2κ2
5

(
R + αR2)−Λ + Vhδ(ϕ) + Vvδ(ϕ− π)− 1

12
HMNLHMNL

]
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= Sg + SKR (68)

where α is a parameter having mass dimension [−2], Λ is the bulk cosmological constant which is
indeed negative and κ2

5 = 1
M3 (with M being the five dimensional Planck scale). Moreover Vh, Vv are

the brane tensions confined to the hidden and visible brane respectively (that is why there are two delta
functions in the action), HMNL is the KR field strength tensor as usual. Being a closed string mode,
the KR field is allowed to propagate in the five dimensional bulk, unlike to the electromagnetic and
other matter fields which are generally considered to be confined on the brane. The overlap of the extra
dimensional KR field with the visible brane (i.e., the ϕ = π brane) actually determines the strength of
the KR field and hence its interaction with other matter fields in our visible universe. Further, as a bulk
field, the KR field has Kaluza–Klein modes which obviously get coupled with the extra dimensional
modulus. In such situation, it is important to discuss the dynamics of the modulus field which in turn
controls the evolution of the Kaluza–Klein excitation of the KR field. These issues are addressed in the
following from the perspective of four dimensional effective theory.

The effective action of Sg requires the solution for the five dimensional metric which, in the
present scenario, is given by,

ds2 = e−
1√
3

κ5Φ(ϕ)
[

e−2krc |ϕ|ηµνdxµdxν + r2
c dϕ2

]
(69)

where rc is the interbrane separation, ϕ is the extra dimensional angular coordinate and recall

k =
√
−Λ

24M3 . Moreover Φ(ϕ) = 〈Φ〉 + ξ(ϕ) with 〈Φ〉 = 2
κ5
√

3
ln
[√

9− 40κ2αΛ− 2
]

and ξ(ϕ) has
the following expression,

ξ(ϕ) = e2krc |ϕ|[Aeνkrc |ϕ| + Be−νkrc |ϕ|] (70)

with ν =
√

4 + m2
Φ/k2 and m2

Φ = 1
8α

[√
9− 40κ2αΛ

][√
9− 40κ2αΛ − 2

]− 2
3 . Further A, B are

integration constants which can be obtained from the boundary conditions: ξ(0) = vh and ξ(π) = vh.
The five dimensional metric solution is obtained by using the conformal correspondence of an F(R)
theory to a scalar–tensor theory. With the help of such conformal connection, one can find the solution
in the scalar–tensor theory and then transform back the solutions in the original F(R) model by the
inverse conformal transformation. In the present context, the scalar–tensor model is the RS scenario
with a massive scalar field in the bulk (which is symbolized by Φ appeared from the quadratic
curvature term). It may be mentioned that Φ is endowed within a stable potential having the minimum
at 〈Φ〉 and moreover the mΦ is the mass of the scalar field (the explicit expressions of 〈Φ〉 and mΦ have
been showed earlier). The stable value of the scalar potential contributes an effective cosmological
constant in the bulk i.e., Λe f f = Λ + V(〈Φ〉) which is indeed negative i.e., the bulk spacetime in the
scalar–tensor theory is still AdS in nature. Considering κvh < 1 (which has been also considered
in [85]), it can be shown that the energy–momentum tensor of the scalar field is lesser than that of
the bulk cosmological constant and in view of this condition, the backreaction of the scalar field can
be safely ignored in the background five dimensional spacetime. Thus the spacetime metric in the
TST model is same as Randall–Sundrum metric and consequently the fluctuation of the scalar field
around 〈Φ〉 is given in Equation (70). Using these solutions of the ST model, one can obtain the metric
of the original F(R) model by using the inverse conformal transformation and shown in Equation (69)

where e−
1√
3

κ5Φ(ϕ) is the inverse conformal factor. In order to introduce the radion field, the interbrane
separation rc is replaced by a field symbolized by T(x), known as radion field, and here for simplicity
this new field is taken as the function only of the brane coordinates. Thus the line element turns out
to be,

ds2 = e−
1√
3

κ5Φ(x,ϕ)
[

e−2kT(x)|ϕ|gµν(x)dxµdxν + T(x)2dϕ2
]

(71)
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where gµν(x) is the induced on-brane metric and Φ(x, ϕ) can be obtained from Equation (70) by
replacing rc to T(x). Plugging back the above solution of GMN into the action Sg[GMN ] and integrating
over extra dimensional coordinate (ϕ) yields the effective four dimensional on-brane action as follows :

A1
e f f =

∫
d4x
√
−g
[

1
2

M2
4R(4) −

1
2

gµν∂µΨ∂νΨ−Urad(Ψ)

]
(72)

where M2
(4) =

M3

k

[√
9− 40κ2αΛ− 2

]1/2

is the effective four dimensional reduced Planck scale in the

context of higher curvature warped spacetime, R(4) is the on-brane Ricci scalar formed by gµν(x).

Moreover, Ψ(x) =
√

24M3

k
[
1 + 20√

3
αk2κ5vh

]
e−kπT(x) = f e−kπT(x) (with f =

√
24M3

k [1 + 20√
3

αk2κ5vh]),
is the canonical radion field and Urad(Ψ) is the radion potential having the following form [88]

Urad(Ψ) =
20√

3
αk5

M6 Ψ4
[
(vh −

κ5v2
h

2
√

3
+

κ5vhvv

2
√

3
)(Ψ/ f )ω − vv

]2

(73)

where the terms proportional to ω (= m2
Φ

k2 < 1, which is also consistent with observational bounds)
are neglected. On projecting the bulk gravity on the brane, the extra dimensional component of the
metric appears as a scalar field (i.e., Ψ, the radion field) in the on-brane effective theory. It may be
observed that Urad(Ψ) is proportional to the higher curvature parameter α and thus vanishes for
α → 0. This is expected, however, because for α → 0, the gravitational action contains only the
Einstein–Hilbert term which is not able to generate a radion potential. Thereby, in the present context,
the radion potential is generated entirely due to the presence of the higher curvature term and hence
it can be argued that the sign of the higher curvature comes through the radion potential in the
effective theory. Moreover, as mentioned earlier, the modulus stabilization depends on the fact that
whether the radion potential has a stable minimum or not. It can be easily checked that the Urad(Ψ)

has a minimum at 〈Ψ〉 =
[

vv f ω(
vh−

κ5v2
h

2
√

3
+

κ5vvvh
2
√

3

)]1/ω

, which immediately leads to the stable value of the

interbrane separation as,

kπ〈T(x)〉 = 4k2

m2
Φ
[ln (

vh
vv

)− κ5vv

2
√

3
(

vh
vv
− 1)] (74)

The aforementioned expression of mΦ clearly indicates that 〈T(x)〉 is proportional to α, which once
again confirms the fact that the interbrane separation is stabilized due to the presence of the higher
curvature term (αR2) in the bulk. Having determined the effective action for Sg[GMN ], now we move to
calculate the same for the KR field action i.e., for SKR = − 1

12

∫
d4xdϕ

√
−G

[
HMNLHMNL]. Plugging the

Kaluza–Klein mode decomposition Bµν(x, ϕ) = ∑ B(n)
µν (x)χ(n)(x, ϕ) into SKR and integrating over the

extra dimensional coordinate yields the four dimensional effective theory of the KR field as follows,

A(2)
e f f = −

1
12

∫
d4x
√
−g
[

gµαgνβgλγH(n)
µνλH(n)

αβγ + 3m2
ngµαgνβB(n)

µν B(n)
αβ

]
(75)

provided χ(n)(x, φ) satisfies the following equation of motion,

∂χ(n)

∂t
∂χ(m)

∂t
− 1

T2(t)
e−2kT(t)ϕχ(n) ∂2χ(m)

∂ϕ2 = m2
nχ(n)χ(m) (76)

along with the normalization condition as,∫ π

0
dϕe2kT(t)ϕχ(n)χ(m) =

1
T2(t)

δmn (77)
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where mn denotes the mass of nth Kaluza–Klein mode. The extra dimensional KR wave
function, in particular the overlap of χ(n)(x, ϕ) with the visible brane plays a crucial role in
determining the couplings of KR field with various Standard Model fields in our visible universe.
Furthermore, Equation (76) clearly indicates that the χ(n)(x, ϕ) gets coupled with the five dimensional
modulus field. Coming back to the effective action, Equations (72) and (75) represent the effective
actions for Sg[GMN ] and for SKR respectively. Thus the full form of the four dimensional effective
action can be written as,

Ae f f = A(1)
e f f + A(2)

e f f

=
∫

d4x
√
−g
[

1
2

M2
(4)R

(4) − 1
2

gµν∂µΨ∂νΨ−Urad(Ψ) + gµαgνβgλγH(0)
µνλH(0)

αβγ

]
(78)

Here we consider the zeroth Kaluza–Klein mode of the KR field for which mn=0 = 0. The general
form of the effective action contains the excited KK modes as well, which in turn breaks the
Kalb–Ramond gauge invariance of the on-brane effective action. The same argument also holds for the
electromagnetic field in the situation where the em field is considered to be a bulk field. However, in the
present context, we consider only the zeroth Kaluza–Klein mode and thus the Kalb–Ramond gauge
invariance retains in the four dimensional effective action. The four dimensional effective action
has three independent fields : gµν(x), Ψ(x) and Bµν(x) and besides these three fields, there is the
extra dimensional KR wave function χ(n)(x, φ) obeying Equation (76). The evolution of Bµν(x) (in the
cosmological context) determines the energy density of the on-brane KR field with the expansion of
the universe, while χ(n)(x, φ) at ϕ = π fixes the couplings of the KR field with other matter fields
on our visible brane. Thus to describe the footprint of the KR field on our universe, we need to
work out for both the Bµν(x) and χ(n)(x, φ). Due to the presence of the potential term, the radion
field acquires a certain dynamics, which in turn affects the evolution of the KR field wave function
(as Ψ and χ(n)(x, φ) are coupled through Equation (76)). So it is important to investigate whether the
cosmological evolution of such coupled fields results to a negligible footprint of the KR field in the
present energy scale of the universe. Moreover as we are working in the Randall–Sundrum model,
the resolution of the gauge hierarchy problem is also a crucial aspect to address. So we have to check
whether the evolution of the modulus field leads to a stabilized value of the interbrane separation and
consequently solves the gauge hierarchy problem. For this purpose, we try to solve the Friedmann
equations obtained from Ae f f and thus the on-brane metric ansatz is taken as an FRW one i.e.,

ds2
(4) = gµν(x)dxµdxν = −dt2 + b2(t)

[
dx2 + dy2 + dz2] (79)

with b(t) being the on-brane scale factor. In presence of the KR field, the off-diagonal Einstein
equations become non-trivial and as a consequence, only one component of the KR field, in particular
H(0)

123 = h4, comes as a non-zero component. With this information, the diagonal Freidmann equations
for Ae f f becomes,

0 = −3H2
b +

1
2

Ψ̇2 +
20√

3
αk5

M6 v2
vΨ4

[
FΨω − 1

]2

+
1
2

h4h4

0 = 2Ḣb + 3H2
b +

1
2

Ψ̇2 − 20√
3

αk5

M6 v2
vΨ4

[
FΨω − 1

]2

+
1
2

h4h4 (80)

where Hb = ḃ
b is known as on-brane Hubble parameter and F = 1

vv f ω

(
vh −

κ5v2
h

2
√

3
+ κ5vvvh

2
√

3

)
.

Moreover, the field equations for the scalar field and for the KR field are given by,

∇µHµνλ(0) =
1√−g

∂µ

[√
−gHµνλ(0)

]
= 0 (81)
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and

Ψ̈ + 3HΨ̇ +
80√

3
αk5

M6 v2
vΨ3

[
FΨω − 1

]2

= 0 (82)

respectively. After a little bit juggling, the above field equations leads to the evolution of the KR
field energy density as d

dt ρKR = −6HbρKR which can be solved to yield ρKR = Ω0
b6 . Thus the KR

field energy density decreases with the expansion of the universe at a faster rate in comparison to
matter and radiation energy density respectively. However at the same time, the evolution of ρKR
also indicates that the KR field amplitude is large and may play a significant role during the early
universe. This directs us to discuss the evolution of the KR field from very early universe when the
investigation of inflation becomes also important. Keeping this in mind, we solve the field equations
for the radion field and for the scale factor at early universe and for this purpose we consider the slow
roll approximating according to which the potential term of the radion is much greater than that of the
kinetic term i.e., Urad(Ψ)� 1

2 Ψ̇2. Under the slow roll condition, the field equations can be solved and
the solutions are given by,

Ψ(t) =
Ψ0[

FΨω
0 −

(
FΨω

0 −
√

Ω0
b3

0ξ2
0
− 1
)

exp
(
− 8ωvv

√
5

3
√

3
αk5

M6 (t− t0)
)]1/ω

(83)

and

b(t) = C
[

1 +
√

3Ω0(t− t0)

]1/3

exp
[

2vv

√
5

3
√

3
αk5

M6

(
g1(t)− g2(t)

)]
, (84)

where Ψ0, C are integration constants and recall F = 1
vv f ω

(
vh −

κ5v2
h

2
√

3
+ κ5vvvh

2
√

3

)
. Furthermore g1(t) has

the following expressions:

g1(t) = −
FΨω

0
(FΨω

0 − 1)
Ψ2

0

16ωvv

√
5

3
√

3
αk5

M6

2F1
(

1, 1, 2 +
2
ω

,
FΨω

0
FΨω

0 − 1
exp

(
8ωvv

√
5

3
√

3
αk5

M6 (t− t0)
))

exp
(

8ωvv

√
5

3
√

3
αk5

M6 (t− t0)

)(
FΨω

0 − (FΨω
0 − 1) exp

(
− 8ωvv

√
5

3
√

3
αk5

M6 (t− t0)
))−2/ω

(85)

where 2F1 symbolizes the hypergeometric function. On the other hand, g2(t) is given by,

g2(t) = −
Ψω

0
(FΨω

0 − 1)
Ψ2

0

16ωvv

√
5

3
√

3
αk5

M6

2F1
(

1, 1, 1 +
2
ω

,
FΨω

0
FΨω

0 − 1
exp

(
8ωvv

√
5

3
√

3
αk5

M6 (t− t0)
))

exp
(

8ωvv

√
5

3
√

3
αk5

M6 (t− t0)

)(
FΨω

0 − (FΨω
0 − 1) exp

(
− 8ωvv

√
5

3
√

3
αk5

M6 (t− t0)
))1−2/ω

. (86)

In absence of the higher curvature term i.e., for α = 0, the above solutions become
Ψ(t) = Ψ0[

1+
√

Ω0
b3
0ξ2

0

]1/ω = Ψ(t0) and H ∝ 1
b3 respectively. This is due to the fact that without the higher

curvature term, the radion potential vanishes leading to the radion field as a non-dynamical one
and moreover the evolution of the Hubble parameter is controlled entirely by the KR field for which
the H(t) goes as 1/b3. On other hand, for Ω = 0, the solutions of Ψ(t) and b(t) converge to that of
the higher curvature RS model in absence of the KR field [99]. Coming back to the solutions of the
present model where both the higher curvature and the KR field are present, Equation (83) shows that
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the radion field asymptotically reaches to a constant value which is indeed its vacuum expectation
value (vev) i.e.,

Ψ(t� t0) = f
[

vv

vh

]1/ω

=< Ψ >

Thus, in the present context, the evolution of the interbrane separation (T(t)) can be demonstrated
as: T(t) increases (as Ψ(t) ∝ e−kπT(t)) with the expansion of the visible brane scale factor and gradually
goes to its stable value (kπ〈T〉 = 4k2

m2
Φ
[ln ( vh

vv
)− κ5vv

2
√

3
( vh

vv
− 1)]) asymptotically. Thereby we can argue

that the extra dimensional modulus gets dynamically stabilized for t� t0. The stabilized modulus
is connected to the gauge hierarchy solution, in particular 〈T〉 has to acquire kπ〈T〉 = 36 in order to
solve the gauge hierarchy problem. To check whether this condition is satisfied in the present model,
we need to scan the parameters of the model, which we will do later.

The scale factor in Equation (84) corresponds to an inflationary scenario at the early universe if
the condition

2(FΨω
0 − 1)Ψ2

0vv

√
5

3
√

3
αk5

M6 >
√

Ω0
(
1− 1√

3

)
(87)

holds true. To see this, one needs to determine the acceleration of b(t) at the limit t→ t0. The above
condition actually reflects the interplay between the higher curvature and the Kalb–Ramond field
strengths in determining whether the early universe undergoes through an inflationary stage or
not. This is expected because the quadratic curvature term in the gravitational action triggers an
accelerating effect while the KR field produces a decelerating effect in the expansion of the universe.
However in the higher curvature RS model where the KR field is also present in the bulk, we stick
to the condition (87) to allow an inflationary stage in the early universe. The scale factor b(t) also
allows an end of the inflation at Ψ = 2

√
2 (in four dimensional reduced Planckian unit), in particular

the inflationary era continues as long as the radion field remains greater than Ψ f = 2
√

2 (in four
dimensional reduced Planckian unit). This along with the aforementioned radion field solution yields
the duration of inflation t f − t0 as,

t f − t0 =
1

8ωvv

√
5

3
√

3
αk5

M6

ln
[ FΨω

0 − 1−
√

Ω0
b3

0Ψ2
0

FΨω
0 −

Ψω
0

Ψω
f

]
(88)

which is indeed finite. Having determined the solutions of the field equations, now we move to
confront the model with the latest Planck results, in particular we calculate the spectral index (ns),
tensor-to-scalar ratio (r) in the present context and match the theoretical expectations of ns and r with
the Planck constraints given by ns = 0.9649± 0.0042 and r < 0.064. For the four dimensional effective
action we are working with, the spectral index and tensor-to-scalar are defined as,

ns = 1− 6εb

∣∣∣∣
h.c
− 2

ε̇b
Hbεb

∣∣∣∣
h.c

, r = 16εb

∣∣∣∣
h.c

(89)

where εb = − Ḣb
H2

b
and the observable quantities are defined at the time of horizon crossing when

the perturbation momentum k satisfies k = aH. Clearly the horizon crossing time varies with the
momentum k, however to determine the inflationary observable quantities, we use the CMB scale
momentum for which the e-folding of the inflationary duration becomes N ' 55− 60. Using the slow
roll field equations and after some simplifications, one will get the final form of ns and r as follows:

ns = 1− U1

U2
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r = 8
[16p2v4

vξ6
0(FΨω

0 − 1)4 + 3Ω0
b6

0

(
pv2

vΨ4
0(FΨω

0 − 1)2 + Ω0
2b6

0

)
(

pv2
vΨ4

0(FΨω
0 − 1)2 + Ω0

2b6
0

)2

]
(90)

where U1 and U2 have the following expressions:

U1 =

[
384p3v6

vΨ8
0(FΨω

0 − 1)6 +
18Ω0

b6
0

(
pv2

vΨ4
0(FΨω

0 − 1)2 +
Ω0

2b6
0

)2

− 144Ω0

b6
0

p2v4
vΨ6

0(FΨω
0 − 1)4

− 6Ω0

b6
0

(
16p2v4

vΨ6
0(FΨω

0 − 1)4 +
3Ω0

b6
0

(
pv2

vΨ4
0(FΨω

0 − 1)2 +
Ω0

2b6
0

))]
and

U2 =

(
pv2

vΨ4
0(FΨω

0 − 1)2 +
Ω0

2b6
0

)(
16p2v4

vΨ6
0(FΨω

0 − 1)4 +
3Ω0

b6
0

(
pv2

vΨ4
0(FΨω

0 − 1)2 +
Ω0

2b6
0

))
respectively. The ns and r depend on the parameters vv, Ω0 and Ψ0 and to fix these parameters we use
the Planck constraints. Here we take κvv =

√
Ω0

M2 ' 10−7 which is also consistent with the condition that
is necessary for neglecting the backreaction of the bulk scalar field in the background five dimensional
spacetime. With such estimations of vv and Ω0, the spectral index and tensor-to-scalar ratio become
simultaneously compatible with the Planck observations for the regime 34 . Ψ0 . 38 (in 4D reduced
Planckian unit). Moreover the duration of inflation is of the order t f − t0 = ∆t ∼ 10−10 GeV−1 if the
ratio mΦ

k (the ratio of the bulk scalar field mass to the bulk curvature) is taken as 0.2. Such consideration
of mΦ

k resolves the gauge hierarchy problem concomitantly. For Ψ0 = 36 (in 4D reduced Planckian unit)
and mΦ

k = 0.2, the e-folding number of the inflationary duration comes as N ' 58, which confirms that
the values of ns and r we have determined are valid for the CMB scale momentum k ∼ 0.1 Mpc−1.

At this stage it deserves mentioning that the higher curvature braneworld model without the
Kalb–Ramond field is able to provide an on-brane inflationary scenario with a graceful exit, but is
not viable in respect to the Planck 2018 observational results. In particular, for the braneworld model
without the KR field, the spectral index and tensor-to-scalar ratio follow Equation (90) with Ω0 = 0;
such expressions of ns and r (with Ω0 = 0) are found to be compatible with the Planck 2015 results
(ns = 0.968 ± 0.006 and r < 0.14) [155], but, as just mentioned, not with the latest Planck 2018
constraints (ns = 0.9649± 0.0042 and r < 0.064) [99,147]. However the presence of the Kalb–Ramond
field in the five dimensional bulk makes the higher curvature braneworld model compatible even with
the Planck 2018 observations. This indicates the advantage of the Kalb–Ramond field in the higher
curvature higher dimensional model in comparison to that of without the KR field.

Coming to the present model, the equation of motion for the zeroth mode of the extra dimensional
KR wave function follows from Equation (76) by putting n = 0. However as mentioned earlier,
the overlap of the KR wave function with the visible brane fixes the coupling strengths of the KR field
with the other matter fields and that is why we are interested to solve χ(0)(t, ϕ) near the vicinity of
ϕ = π where the equation of χ(0)(t, ϕ) can be expressed as,

(
∂χ

(0)
v

∂t

)2

− 1
T2(t)

e−2kπT(t)χ
(0)
v

∂2χ
(0)
v

∂ϕ2 = 0 (91)
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with χ
(0)
v denotes the KR wave function near the visible brane. Equation (91) can be solved by the

method of separation of variables i.e., we write χ
(0)
v (t, ϕ) = f1(t) f2(ϕ). Plugging back this expression

into Equation (91), one gets

T2(t)e2kπT(t) 1
f 2
1

(
d f1

dt

)2

=
1
f2

d2 f2

dϕ2 (92)

Clearly the left hand side of the above equation is a function of t, while the right hand side
depends on ϕ alone. Thus both the sides can be separately equated to a constant as,

T2(t)e2kπT(t) 1
f 2
1

(
d f1

dt

)2

= γ2 (93)

and

1
f2

d2 f2

dϕ2 = γ2 (94)

where γ is the constant of separation. Equation (94) can be solved to obtain f2(ϕ) = e−γϕ and the other
one i.e., Equation (93) is solved numerically. Thus the χ

(0)
v (t, ϕ) is given by χ

(0)
v (t, ϕ) = e−γϕ f1(t).

Similarly near any other constant hypersurface, for example ϕ = ϕ0, the KR wave function behaves

as χ
(0)
ϕ0 (t, ϕ) = e−γϕ fϕ0(t) where fϕ0(t) obeys the equation: T2(t)e2kϕ0T(t) 1

f 2
1

(
d f1
dt

)2

= γ2 (obviously

fϕ0=π(t) = f1(t)). The solution of χ
(0)
ϕ0 (t, ϕ) leads to the numerical plot for the time evolution of the

KR wave function on the ϕ = ϕ0 hypersurface, which is depicted in Figure 6 for several values of ϕ0.
It reveals that the zeroth mode of the KR wave function χ(0)(t, ϕ) decreases with time in the whole
five dimensional bulk, i.e., for 0 ≤ ϕ ≤ π. However, for a fixed t, χ(0)(t, ϕ) has different values on
the hidden and visible brane and such hierarchial nature of χ(0)(t, ϕ) (between the two branes) is
controlled by the constant γ.

For T(t) = 〈T〉, the zeroth mode of KR wave function acquires a constant value throughout

the bulk and given by χ(0)(t, ϕ)

∣∣∣∣
T=〈T〉

=
√

k
〈T〉 e

−kπ〈T〉. This result is in agreement with [114] where

χ(0)(t, ϕ) is found to be constant at the stabilized RS set-up. Using this expression of χ(0)(t, ϕ)

∣∣∣∣
T=〈T〉

,

we get the couplings of the KR field with U(1) gauge field and fermion field on the visible brane
as follows:

λKR−U(1) = λKR− f er =
1

MPl
e−kπ〈T〉 (95)

Thereby the coupling strengths of the KR field with other matter fields get exponential suppressed
over the usual gravity–matter coupling 1/MPl . The solution of the gauge hierarchy problem requires
kπ〈T〉 = 36 which in turn makes the suppression factor 10−16 (recall, in the present context the
gauge hierarchy problem is indeed solved for mΦ

k = 0.2 and Ψ0 = 36 in 4D reduced Planckian unit,
as confirmed earlier). Hence the KR field couplings in our present universe gets suppressed by the
factor 10−16 over 1/MPl . This is an important result in the context of Randall–Sundrum braneworld
scenario. In the four dimensional model as we discussed in the previous section, the couplings of the
KR field is 1/MPl i.e., same as the gravity–matter coupling: this theoretical expectation does not go
well with the Gravity Probe-B experiment. However in the five dimensional RS model, the warping
nature of the extra dimension makes an exponential suppression to the the KR field couplings over
the gravity–matter coupling, which indicates that the KR field has practically no footprint even in
some present day gravity experiment and thus the finding is in agreement with the Gravity Probe-B
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experiment. Thus in comparison to the four dimensional model of Section 2.3, the higher curvature
warped braneworld scenario may serve a better explanation about why the present universe carries
practically no observable signatures of antisymmetric Kalb–Ramond field.

Brown Curve : j0 = 0

Red Curve : j0 = Π/2

Green Curve : j0 = Π

10 20 30 40

0.2

0.4

0.6

0.8

1.0

Figure 6. χ
(0)
ϕ0 (t, ϕ) vs. t for γ = 0.15, κvv =

√
Ω0

M2 ' 10−7, mΦ
k = 0.2 and Ψ0 = 36 (in 4D reduced

Planckian unit).

Although at present the KR field amplitude reduces significantly and almost does not affect the
universe evolution, but, as we have shown, it has a significant contribution during early universe.
Thus the important question that remains is:

• Sitting in present day universe, how do we confirm the existence of the Kalb–Ramond field
which has considerably low energy density (with respect to the other components) in our present
universe but has a significant impact during the early universe ?

The answer to this question may be encrypted in some late time phenomena which carries
the information of early universe. One of such phenomenon can be the “Cosmological Quantum
Entanglement”. Keeping this in mind, here we try to address the possible effects of KR field on
cosmological particle production as well as on quantum entanglement for a massive scalar field
propagating in a four dimensional FRW spacetime.

5. Cosmological Quantum Entanglement with Kalb–Ramond Field

The scalar field coupled Kalb–Ramond action is [144],

S =
∫

d4x
√
−g
[

1
2

gµν∂µ∂νΦ− 1
2

m2Φ2 − 1
2

ξRΦ2 − 1
12

HµναHµνα − α

2
f (Φ)HµναHµνα

]
(96)

Φ is a massive scalar field which has a non-minimal coupling to the scalar curvature with ξ

be the coupling strength. The particular values ξ = 0 and ξ = 1/6 denote the minimal and the
conformal coupling of the scalar field respectively. Moreover the coupling between Φ and the KR field
is symbolized by f (Φ). In absence of the KR field, the case m = 0 and ξ = 1/6 yields a conformally
invariant scalar field action, however the coupling with the KR field in the present context breaks
the conformal invariance of the scalar field even for m = 0 and ξ = 1/6, which has interesting
consequences on the particle production and the entanglement entropy. In such scenario, the scalar
field is treated as a quantum field i.e., Φ(xµ) will be quantized by imposing a suitable commutation
relation, while the gµν and Bµν are considered to be the background classical fields. The FRW metric
ansatz will fulfill our purpose i.e., we take,

ds2 = a2(η)
[
dη2 − dx2 − dy2 − dz2]. (97)
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which is written in the conformal coordinates with η be the conformal time and a(η) is the scale factor
of the universe. The off-diagonal Einstein equation in the FRW spacetime become non-trivial leading
to only one non-zero component of the KR field and that is given by H123 (= h4, say). With this
information, the KR field can be solved to obtain ρKR = 1

2 h4h4 ∝ 1
a6 i.e., the KR field energy density

decreases as 1/a6 with the expansion of the universe. Due to the time dependent gravitational field,
the couplings of the scalar field (with the gravity and the KR field) causes the scalar particle production
in the asymptotic future from a distant past vacuum. In order to calculate the number of produced
particles and consequently the entanglement entropy fo the scalar field, we need to calculate the
Bogoliubov coefficients at the asymptotic future. In metric (97), the scalar field equation is,[

2g + m2 + ξR
]

Φ + αρKR f ′(Φ) = 0, (98)

with 2g is the d’Alembertian operator formed by gµν. To get an explicit form of the above equation,
we take

f (Φ) =
Φ2

2
, a(η) = 1− σ2

2
(
η2 + σ2

) , (99)

The above form of the scale factor corresponds to a non-singular symmetric bounce at η = 0.
At this stage it deserves mention that here, in the present paper, we choose this certain form of the
scale factor in order to make the calculations easier. However we will show that our final argument
regarding the testbed of KR field through entanglement entropy remains valid for the class of scale
factor, irrespective of a particular form, which exhibits a symmetric bounce. It is convenient to work in
the Fourier space and thus we expand the scalar field in Fourier modes as

Φ(~x, η) =
∫

d3kΦ~k(~x, η) =
∫

d3k
[

1
(2π)3/2 ei~k.~x χk(η)

a(η)

]
, (100)

where we also introduce the auxiliary field χk(η) = a(η)Φk(η). Such an auxiliary field along the forms
of f (Φ) and a(η) immediately lead to the field equation for χk(η),

d2χk
dη2 +

[
ω2

k −Vk(η)

]
χk(η) = 0, (101)

where ω2
k = k2 + m2 + αh0 and

Vk(η) = m2[1− a2(η)
]
−
(
ξ − 1

6
)

R(η)a2(η) + αh0

[
1− 1

a4(η)

]
. (102)

Clearly the scalar field behaves as a harmonic oscillator with a time dependent mass. The time
dependency is reflected through the Vk(η) which consists of three terms proportional to m2 (the mass
of the scalar field Φ), ξ (the coupling between Φ and the Ricci scalar) and h0 (the KR field strength)
respectively. Thus Vk(η) is non-zero even for m = 0 and ξ = 1/6 due to the presence of the KR field,
which is a consequence of the fact that the coupling between the KR and the scalar field acts as one of
the conformal symmetry broken agents in the present context. In order to quantize the scalar field,
χk(η) is replaced by the field operator i.e., χ̂k(η) and we impose the following equal time commutation
relation on Ψ̂k(~x, η) = ei~k.~xχ̂k(η) as,[

Ψ̂k(~x, η), π̂k(~x, η)

]
= iδ(~x−~y), (103)
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with π̂k(~x, η) = dΨ̂k(~x,η)
dη be the canonical momentum conjugate to Ψ̂k(~x, η). The quantum Hamiltonian

of Ψ̂k(~x, η) is same as harmonic oscillator Hamiltonian except the fact that the effective mass depends
on time and given by m2

e f f (η) =
(
ξ − 1

6
)

R(η)a2(η) + m2a2(η) + αh0
a4 . Thus the Hamiltonian of the

scalar field explicitly depends on time: due to such explicit time dependency in the Hamiltonian,
the vacuum of the scalar field also changes with time and hence if the scalar field starts from a vacuum
at the distant past, it will no more in vacuum in the asymptotic future i.e., the scalar particle production
occurs. Moreover the Heisenberg equation for the χ̂k(η) resembles with Equation (101). The important
point that deserves mentioning here is that the Vk(η) asymptotically goes to zero at η → ±∞. Thus the
asymptotic nature of “in-mode” and “out-mode” functions are given by,

ζ
(in)
k (η → −∞) =

1√
2ωk

e−iωkη

ζ
(out)
k (η → +∞) =

1√
2ωk

e−iωkη (104)

ζ
(in)
k (η) and ζ

(out)
k (η) are known as “in-mode” and “out-mode” solution respectively. With these

boundary conditions, the “in-mode” solution at time η becomes,

ζ
(in)
k (η) =

1√
2ωk

e−iωkη +
1

iωk

∫ η

−∞
dη1Vk(η1)

[
eiω(η−η1) − e−iω(η−η1)

]
χk(η1) (105)

The overlap of ζ
(out)
k (η) and ζ

∗(out)
k (η) on ζ

(in)
k (η) provide the Bogoliubov coefficients αk and βk

at η, however here we are interested in calculating the particle number at asymptotic future and thus
αk, βk come as,

αk = 1 + i
∫ ∞

−∞
dηζ

(out)∗
k (η → ∞)Vk(η)ζ

(in)
k (η).

βk = −i
∫ ∞

−∞
dηζ

(out)
k (η → ∞)Vk(η)ζ

(in)
k (η). (106)

Using the explicit forms of a(η) and Vk(η), the Bogoliubov coefficients in the present context can
be determined and are given by,

∣∣αk
∣∣2 = 1 +

π2

(k2 + m2 + αh0)

[
7m2σ

16
+

6(7− 5
√

2)
(
ξ − 1

6 )

σ
− 141αh0σ

32
√

2

]2

∣∣βk
∣∣2 =

π2

(k2 + m2 + αh0)

[
m2σ(2σ

√
k2 + m2 + αh0 − 7)e−2ωσ

16
+

(
ξ − 1

6

)
16σ

(
(384σω + 672)e−2ωσ − 480

√
2e−
√

2ωσ

)
+

αh0σe−
√

2ωσ

192

(
423
√

2 + 462σω + 60
√

2σ2ω2 + 4σ3ω3
)]2

. (107)

The coefficient
∣∣βk
∣∣2 determines the particle number 〈nk〉out having momentum k in the asymptotic

future. It may be observed that m = 0 and ξ = 1/6 do not yield
∣∣βk
∣∣2 = 0, unlike to the case when

the KR field is absent. This is a reflection of the fact that the presence of KR field actually spoils
the conformal invariance of a massless scalar field propagating in FRW spacetime. In particular,
the 〈nk〉out exhibits a maximum with respect to the KR parameter h0 irrespective of the conformal or
weak coupling. Here we would like to mention that this behaviour of 〈nk〉out is not only confined
to the particular form of the scale factor we considered earlier, but also holds true for the class of
symmetric bounce scale factor irrespective of any specific form. The demonstration for acquiring a
maximum of 〈nk〉out (with respect to h0) goes as: for αh0

(k2+m2)
� 1, the energy of the scalar particle can

be approximated as ωk '
√

k2 + m2 i.e., independent of h0. Now due to the coupling f (Φ), the energy
supplied from the KR field to the scalar field increases with increasing h0. This along with the fact that
the energy of each scalar particle is independent of h0 explains why the particle production enhances as
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the KR field energy density increases for αh0
(k2+m2)

� 1. On the other hand, for αh0
(k2+m2)

� 1, the energy

of scalar particle is proportional to
√

h0, in particular ωk ∝
√

h0. Therefore it becomes more difficult
to excite the scalar particle and consequently the particle production decreases with increasing h0 for

αh0
(k2+m2)

� 1. Thus as a whole, d〈nk〉out
d(αh0)

> 0 for αh0
(k2+m2)

� 1 while we get d〈nk〉out
d(αh0)

< 0 in the regime
αh0

(k2+m2)
� 1, which entails that 〈nk〉out must has a maximum in between these two limits.

The various out modes get quantum entangled to each other. To demonstrate this clearly,
we expand the field state in terms of the basis of the out modes as,

|state〉 = |0in〉 = ∑ cn|n 〉out
~k
|n 〉out
−~k (108)

Since we are working in the Heisenberg picture, the field state is taken as independent of time.
However Equation (108) indicates that the field state is not separable with respect to out modes,
which tells that the out modes get quantum entangled to each other. Such entanglement may be
quantified by von-Neumann entropy (S) defined through the conception of reduced density operator
as follows:

S = −Tr
[

ρ̂red
~k

log2(ρ̂
red
~k

)

]
(109)

in kB = 1 (Boltzmann constant) unit, where ρ̂red
~k

is the reduced density operator for~kth out modes

and has the form ρ̂red
~k

= ∑〈m| ρ̂ |m〉out
~−k

with ρ̂ be the full density operator of the scalar field and given
by ρ̂ = |state〉〈state| = |0in〉〈0in|. Going through some simple steps, one obtains the von-Neumann
entropy in terms of Bogoliubov coefficients as follows:

S = log2

[
γγ/(γ−1)

(1− γ)

]
(110)

with γ =

∣∣∣∣ βk
αk

∣∣∣∣2 and the expressions of |αk|2, |βk|2 are obtained earlier.

Using Equation (110), we give the following plots : (1) left part of Figure 7 is the variation of
entropy (S) with respect to mass (m) of the scalar field for ξ = 1/6 (i.e., for conformal coupling) in
absence of the KR field coupling parameter α, (2) right part of Figure 7 is the 3D plot exploring the
variation of S with respect to mass (0 ≤ m ≤ 1 along x axis, in reduced Planckian units) and KR field
energy density (0 ≤ αh0 ≤ 0.7 along y axis, in reduced Planckian units) for ξ = 1/6, (3) left and right
parts of Figure 8 give the corresponding plots respectively for ξ = 0 i.e., for the weak coupling case.
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Figure 7. Left part: S (along y axis) vs. m (along x axis) for ξ = 1/6 ; k = 0.01 in absence of KR
field. Right part: 3D plot of S with respect to mass (0 ≤ m ≤ 1 along x axis) and KR field energy
density (0 ≤ αh0 ≤ 0.7 along y axis) for ξ = 1/6 ; k = 0.01. The quantities m, k and αh0 (having mass
dimensions [+1], [+1] and [+2] respectively) are taken in the reduced Planckian unit.
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Figure 8. Left part: S (along y axis) vs. m (along x axis) for ξ = 0 ; k = 0.01 in absence of Kalb–Ramond
KR field. Right part: 3D plot of S with respect to mass (0 ≤ m ≤ 1 along x axis, in Planckian unit) and
KR field energy density (0 ≤ αh0 ≤ 0.7 along y axis for ξ = 0 ; k = 0.01. The quantities m, k and αh0

(having mass dimensions [+1], [+1] and [+2] respectively) are taken in the reduced Planckian unit.

The figures lead to the following arguments in regard to the effects of the coupling parameters
ξ (the non-minimal coupling parameter of the scalar field to the Ricci scalar) and α (the coupling
parameter between the KR field and the scalar field) on entanglement entropy.

• The effects of ξ on the entanglement entropy can be understood from the left panels of
Figures 7 and 8, where α has the fixed value zero. The left panels clearly demonstrate that
in the conformal coupling case i.e., for ξ = 1/6, the entanglement entropy vanishes for m = 0,
while in the case of weak coupling (i.e., ξ = 0) the entanglement entropy acquires a non-zero value
even at m = 0. This is a consequence of the fact that for ξ = 1/6, the action of a massless scalar
field becomes conformally invariant in four dimensional spacetime, unlike to ξ = 0 for which the
corresponding conformal invariance is broken. Moreover it is evident that the maximum value of
the entanglement entropy is larger for ξ = 1/6 in comparison to that of the weak coupling case.

• The effects of α on the entanglement entropy can be understood from the left and right panels
of Figure 7 where ξ has a fixed value 1/6, or from the left and right panels of Figure 8 having
ξ = 0 (recall the left and right panels of the figures are plotted for α = 0 and α 6= 0 respectively).
Figure 7 demonstrates that in absence of the interaction between the Kalb–Ramond and scalar
field (i.e., for α = 0), the entropy vanishes at m = 0, while a non-zero KR field coupling parameter
(i.e., α 6= 0) leads to a non-zero entropy even for m = 0. Again this is related to the conformal
symmetry of the scalar field, in particular for ξ = 1/6, m = 0 and α = 0, the scalar field becomes
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conformally invariant in 4 dimensional spacetime, however the condition α 6= 0 breaks the
conformal invariance of a massless scalar field even for ξ = 1/6 and thus the corresponding
entanglement entropy becomes non-zero. Moreover Figure 7 also depicts that without the KR
field, the entanglement entropy is bounded by S . 0.17 (in the unit of kB = 1, see the left panel),
while due to the presence of KR field the upper bound of entropy goes beyond 0.17 kB and reaches
up to S . 2 kB (see the right panel). Similarly Figure 8 reveals that for ξ = 0, the maximum value
of the von-Neumann entropy is given by S . 0.032 kB in absence of the KR field, however the
Kalb–Ramond field indeed affects the situation, in particular the maximum entanglement entropy
reaches upto S . 1.5 kB due to α 6= 0. Therefore the maximum value of the entanglement entropy
becomes larger due to the coupling between Kalb–Ramond and scalar field, in comparison to the
case when the coupling parameter α is zero.

The above arguments indicate that for ξ = 1/6, if the entanglement entropy is found to lie within
0.17 kB . S . 2 kB, then it may provide a possible testbed for the existence of Kalb–Ramond field in
our universe. Similarly Figure 8 reveals that for ξ = 0, if the von-Neumann entropy situates in between
0.032 kB and 1.5 kB, then one can infer about the possible presence of KR field. Moreover this argument
is not only confined to the scale factor we considered earlier, but also valid for the general class of
symmetric bounce scale factor. Thus as a whole, for a non-singular symmetric universe, irrespective
of conformal and weak coupling case, we get max[S(k, m, α 6= 0)] > max[S(k, m, α = 0)] and if the
entanglement entropy is found to lie within these two upper bounds (i.e., within max[S(k, m, α 6= 0)]
and max[S(k, m, α = 0)]), then it may provide a possible testbed for the existence of Kalb–Ramond field
in our universe. However the measurement procedure of the entanglement entropy is still a problem.
If the actual method of measurement of entanglement entropy in a cosmological background takes a
shape in future, these predictions will certainly be useful to test the existence of a Kalb–Ramond field.

6. Conclusions

The paper deals with various aspects of higher rank antisymmetric tensor fields, particularly the
second rank antisymmetric Kalb–Ramond field, in modified theories of gravity. We try to address the
following questions in this article:

• Why the present universe is practically free from any noticeable footmarks of higher rank
antisymmetric tensor fields, despite having the signatures of scalar, vector, fermion as well
as symmetric rank 2 tensor field in the form of gravity ?

• What are the possible roles of the Kalb–Ramond field during early universe ?
• If the Kalb–Ramond field has considerable impact during early universe, then an immediate

question will be—sitting in present day universe, how do we confirm the existence of the
Kalb–Ramond field which has considerably low energy density (with respect to the other
components) in our present universe but has a significant impact during early universe ?

We provide some possible explanations of these questions from modified theories of gravity,
both in four and five dimensional spacetime.

In the context of four dimensional higher curvature gravity theory, it turns out that the KR field
energy density decreases with the expansion of our universe at a faster rate in comparison to radiation
and matter components. Thus as the universe evolves and cools down, the contribution of the KR field
on the evolutionary process reduces significantly, and at present it almost does not affect the universe
evolution. However the KR field has a significant contribution during early universe, in particular,
it affects the beginning of inflation as well as increases the amount of primordial gravitational radiation
and consequently enlarges the value of tensor-to-scalar ratio in respect to the case when the KR field is
absent. Such effects of the KR field during early universe have been discussed for various forms of F(R)
model like the Starobinsky F(R), the logarithmic corrected R2 model, the cubic F(R) etc. However
in regard to the coupling strength, the KR field couplings with other matter fields turn out to be 1

MPl
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in four dimensional context, which is same as the usual gravity–matter coupling. This leads to the
expectation that the KR field may show its signatures in some present day gravity experiment. But
no experimental evidences so far support this expectation and an example is the Gravity Probe B
experiment. Thereby the four dimensional model may not serve the full explanation of why the present
universe practically carries no noticeable footmarks of the Kalb–Ramond field.

Thus we move forward to investigate the phenomena of the suppression of the KR field from some
higher dimensional spacetime model. As a higher dimensional model, we consider a 5 dimensional
higher curvature warped braneworld model in presence of Kalb–Ramond field exists in the bulk
together with gravity. The higher curvature term generates a stable radion potential in the effective
four dimensional on-brane theory, which ensures the stabilization of the extra dimensional modulus.
The important point that deserves mentioning that the warping nature of the extra dimension makes
an exponential suppression to the the on-brane KR field couplings over the gravity–matter coupling
1/MPl , in particular, the resolution of the gauge hierarchy problem leads to the suppression factor of
the KR field couplings in our present universe as 10−16 over 1/MPl . This may explain why the KR
field shows practically no observable signatures even in some present day gravity experiment and thus
the finding is in agreement with the Gravity Probe-B experiment. Thereby in comparison to the four
dimensional model, the higher curvature warped braneworld scenario may serve a better explanation
about why the present universe is free from the observable footmarks of antisymmetric Kalb–Ramond
field. Moreover in view of the higher dimensional warped braneworld model, we may also argue
that the suppression of the KR field in our present universe and the resolution of the gauge hierarchy
problem are intimately connected.

The cosmological evolution of the KR field both from the perspective of four and five dimensional
spacetime model leads to a well motivated question—“How do we confirm the existence of the
Kalb–Ramond field which has considerably low energy density in our present universe but has a
significant impact during early universe?” For this purpose, we address the possible effects of the KR
field on cosmological quantum entanglement entropy for a massive scalar field, which may encrypt
the information of early universe. The scalar field is considered to be non-minimally coupled with the
Ricci scalar and moreover the KR field also couples to the scalar field. In such scenario, we calculate
the entanglement entropy of the scalar field and as a result, the maximum value of the entanglement
entropy is found to be larger due to the presence of the KR field in comparison to the case when the
KR field is absent i.e., max[S(k, m, α 6= 0)] > max[S(k, m, α = 0)] (where α is the KR field coupling
parameter, m is the scalar field mass and k denotes the momentum of the scalar particle). Furthermore
this argument holds irrespective of the conformal or weak coupling between the scalar field and
the Ricci scalar. Thus if the entanglement entropy is found to lie within these two upper bounds
(i.e., within max[S(k, m, α 6= 0)] and max[S(k, m, α = 0)]), then it may provide a possible testbed for
the existence of Kalb–Ramond field in our universe.

7. Brief Discussions on Future Perspectives

Here we have studied various aspects of antisymmetric tensor fields, in particular the second
rank Kalb–Ramond field, in modified gravity theories. What remains to be done in this context is to
study the possible effects of the KR field in the formation of Primordial Black Hole (PBH). Since the
KR field energy density is supposed to be large during early universe, the KR field may has significant
contributions in PBH formation. In Section 5, we showed that KR field indeed affects the phenomena
which carries the information of early universe, like the cosmological quantum entanglement of a
scalar field coupled to the KR field. In this arena, we can progress our research further to get some
deeper insights of quantum cosmology from the existence KR field. Moreover the models we discussed
in this review are the inflationary models which, in fact, suffers the well known singularity problem.
Due to this reason, the bouncing cosmology gets a lot of attention in theoretical cosmology, as it can
remove the initial Big Bang singularity. Thus it is important to study the evolution of Kalb–Ramond
field in non-singular bounce models. In particular, the tensor perturbation in F(R) bounce models are,
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in general, found to be comparable with the scalar perturbation and thus the tensor-to-scalar ratio
becomes order of unity which is not consistent with the Planck constraints. Maybe the presence of a
non-minimally coupled KR field (i.e., non-minimally coupled with the curvature) in the F(R) bounce
model suppresses the amplitude of the tensor perturbation and makes the observable quantities
consistent with the Planck observations. These issues may be further studied in the future.
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