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Abstract: Throughout this article, we will demonstrate some new generalizations of dynamic Hilbert
type inequalities, which are used in various problems involving symmetry. We develop a number
of those symmetric inequalities to a general time scale. From these inequalities, as particular cases,
we formulate some integral and discrete inequalities that have been demonstrated in the literature
and also extend some of the dynamic inequalities that have been achieved in time scales.
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1. Introduction

In recent years, Hilbert’s double-series inequality and its integral version [1] (pp. 253-254) has been
granted significant attention by many scholars (see, for example, in [2-12]). In particular, B. G. Pachpatte [13]
defined a new inequalities close to that of Hilbert as follows. Letas : N, = {0,1,2, ..., p} C N — Rand
by:N; =1{0,1,2,..,9} CN—= Rforp,q € Nand a(0) = b(0) = 0. Then

: :
(Z —s+1)|Vag] >

P |as| |by
S;ﬂ;l s+ 9

1

q 2
(Z g—9+1) |Vbﬁ|> 1)

where Vas; = as —a;_1, Vby = by — by_1 and

Clp,a) = %\/ﬁ

Symmetry 2020, 12, 1410; doi:10.3390/sym12091410 www.mdpi.com/journal /symmetry


http://www.mdpi.com/journal/symmetry
http://www.mdpi.com
https://orcid.org/0000-0002-2222-7973
https://orcid.org/0000-0001-7556-8942
https://orcid.org/0000-0001-6782-7908
http://www.mdpi.com/2073-8994/12/9/1410?type=check_update&version=1
http://dx.doi.org/10.3390/sym12091410
http://www.mdpi.com/journal/symmetry

Symmetry 2020, 12, 1410 2 of 23

An integral version of (1) is established in the next consequence. Let f(s) and g(¢) be real-valued
continuous functions defined on I, = [0, ) C Rand I, = [0, 0) C Rforx,y € Iy = (0, 0) C R,
respectively, and f(0) = ¢(0) = 0. Then

//y il sui dsdd < C*(x,vy) (/Ox(x—s)|f’(s)|2ds)%

x ( [-9 |g/<19)|2d19)%, @

where 1/ (t) denote the usual derivative of function u(t) and

" 1
C'(x, y) = 5 VY.

In [14], Pachpatte gave some generalizations of (1) and (2) as follows. Let A, 4 > 1 be constants
suchthat 1/A +1/pu =1.1fas: Ny = {0,1,2,...,p} CN = Rand by: N; ={0,1,2,..,q} CN =R
for p,q € Nand a(0) = b(0) = 0, then

>l

: |as| |bs| : A
— 3PP < (), - 1) |V
EZ%”SAUH\MM = (A, w) ;(P s+1) |Vag|
g "
x| Y lg=0+1)[Vb|" |, 3)
8=1
where Vas; = a; —a;_1, Vby = by — by_1 and

s 1 A1, B
x i
) = ) T @)
An integral version of (3) is established in the next consequence. Let A, ;1 > 1 be constants such

that 1/A +1/p = 1.If f(s) and g(&) are real-valued continuous functions defined on I, = [0, c0) C R
and I, = [0,00) C Rforx,y € Iy = (0, ) C R, respectively, and f(0) = g(0) = 0, then

/ /0 s 1|+|g)\l9y|ldsd19 < DA ) (/Ox(x—s) |f/(s)|/\ds>}‘

< ( [-9 \g’(ﬁ)\"dﬂ)’l’, @

1 A-1 p1

DO\ ) = 3 ()T () 7

where

In [15], the authors gave another generalization of (3) and (4) as follows. Let A, 1 > 1 be constants
suchthat1/A +1/p =1.1fas : N, ={0,1,2,...,p} CN = Rand by : N; ={0,1,2,..,qf CN =R
for p, g € Nand a(0) = b(0) = 0, then

s

LY~ e £ DA (L -s+ D[V
s=19=1 ‘uST +/\l9 Au s=1

1

q
(2 g—8+1) IVbﬂIP> , ®)

9=1
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where Vas; = ag —a;_1, Vby = by — by_1 and

1 A-1 p=1
]

D*(A, p) = Aﬂl(;?)T(q)

An integral analogue of (5) is established in the next consequence. Let A, > 1 be constants such
that 1/A+1/u = 1and f(s) € C![[0, x), R*], g(8) € C![[0,y), R*] with £(0) = g(0) = 0. Then

/ / “%‘ sl uds‘w < D™(A w) (/ (x —s) !f/(S)!)‘dS)i
+ A

}l

1

<([w-olg@ra), ©

1 A-1 p=1

m(x)T(y) "

On the other hand, Hilger [16] suggested the theory of time scales to unify discrete and continuous
analysis, based on which some authors have studied the Hilbert-kind inequalities on time scales
(see in [17-21]). In the following, the time scale T is a non-empty closed subset of R and defines the
time scale interval [k, []1 by

where
D*(A, p) =

[k, ] = [k, []N'T.

Let C,; denotes the set of right-dense continuous (rd-continuous), CC,; denotes the set of functions
¢(%, ¥2) on Ty x T, where g is rd-continuous in ¢; and &, and CC}d denotes the set of all functions
CC,; for which both the A partial derivative and A; partial derivative exists and are in CC,;. For details
on calculating the time scales see in [22,23].

The following useful relationships are often used between the time scale calculus T and the
difference calculus R and the difference calculus Z. Please mind that
(1) if T = R, then

7(0) =0, 12(0) = £0), [ @m0 = [ (o) @)
(i) if T = 7, then
o(8) = 8+1, F2(8) /fA Aﬂ—Zf @®)

Within the following, we display some basic lemmas and some algebraic inequalities that play
a key role in inaugurating the major findings of this paper.

Lemma 1 (Hé6lder’s inequality in one dimension [24]). Letk,1 € Tand {, x € C,4(T, R). Then

[ iononae < ([ ierae)’ ([ oreae)’ o)

where A, u > land 1/A+1/pu = 1.

Lemma 2 (Holder’s inequality in two dimensions [24]). Letk, 1 € Tand {, x € CCL,([k, ]t x [k, I]T,
R). Then,

[ [ 1ets, onts, yiasne < (/kl [ et ﬂ)AAsMY </kl |, wts, oyrasae) o

where A > 1and y =1/(A —1).
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Lemma 3 (Jensen’s inequality in one dimension [24]). Let k, | € T and m, n € R. Assume that
¢ € Cy([k, I, (m,n)) and x € Cyy([a, blT, R) are non-negative with fkl |0(8)|A® > 0.If® € C((m, n),
R) ba a convex function, then

(fkm ) _ L lz@ex(@)as an
le@las )~ fklé |A19

Lemma 4 (Jensen’s inequality in two dimensions [25] Theorem 3.1). Lets, ¢ € Rand —co < p < g < co.
If{ € CCL(R, (p,q)) and ©® : (p, q) — R be a convex function, then

(fk fk S, 19 A15A219> < fk fk A1SA219, (12)

fk Ji Bisbat fk fk A15A2l9

where R is a rectangle in Ty x Ty defined by

=k I)x[m n)={(s, 0):se€lk 1), 9€[m n)}.

Lemma 5 (Fubini’s theorem [26] Theorem 1.1). Let Ty and Ty be two time scales. Suppose that { :
Ty x Ty — R is a A-integrable function with respect to both time scales. Define

Q) = /T I(s, 8)As, O €Ty,
and
T1(s) :/T 2(s, $)A8, s € T;.

Then, Q) is A-integrable on Ty and 11 is A-integrable on Ty and

/11‘1 As /Tz C(s, 9)AY = /Tz AD " {(s, 9)As. (13)

Lemma 6 (Young's inequality [27]). Letr > 0, pug > 0and Zszl tg = Qp. Then

z Hq in 1 4 r %
< — .
ql;[l Sy 19, q; HqSq (14)

The symmetry index is the most important parameter when evaluating functional asymmetries in
athletes of different disciplines. Hence, the first objective of this paper is to establish a new inequality
symmetry to Hilbert’s type inequality. Our findings provide new estimates on time-scale for this form
of inequality. During that paper, we must assume that all functions found in the theorems statements
are non-negative, right-dense continuous (rd-continuous) and that the integrals considered exist.

2. Main Results

In this section, we state and prove our main results. Namely, we set a time scale model for
inequalities (5) and (6). To prove our next theorems, we will assume that A, i be any two real numbers
such thatA, y > 1with1/A+1/u =1.
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2.1. The One Dimension Version

Theorem 1. Lets, 9andty € T, f(s) € CL ([to, x)1, RT), g(8) € CL([to, y)1, RT) and f(ty) = g(to) = 0.
Then, fors € [tg, x)r and ¢ € [ty, y)1, we have

Y f(s)]18(8)]
/t /t G- (o) G A9AY
0 “to V(S_tO) Ap +)\(l9— tO) Ap

< e ([T -9]ro] as)

< ([ -0 @) a0) g (15

fo

where
p—1
"

E(A, p) = (x—t) T (y—to) 7, (16)

At
forx,y € Ip = [tp,o0) N'T.

Proof. From the hypotheses, we have the following two identities hold,

)= [ ] ax, (17)
sl = [ | @] ac, as)
for s € [to, ), t € [to, y)r. Further, by using Holder’s integral inequality (9), we have
1< =)' ([ fA(r)\AAr)i, 19
s0) < @)% ([ gA@)ﬂ”A@)’l‘. 0)

By multiplying (19) and (20), we get

@o'se)" e

fA(T)‘AATY </:

) 18(8)] < (s —t0) T (8~ 10) </

Using the inequality (14), we note

(s1597) @ < o r o (w1s] + wash). (22)

Now, by setting 51 = (s —to)* 1,52 = (8 — to)* !, w1 = 1/A, wp = 1/pand r = w1 + wy in (22),
we get
A0 (=)
A=l p-1 Au (s —to) " (0 —tp) :
¢ 9—ty) ¥ < +
(S 0) ( O> — )\"‘]l A 2

(23)
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Substituting (23) into (21) yields

e (=) ()
[ (s=to) L (B-t)
A u A "

1
SPINT X/
X (/ f (T)‘ AT) (/
to to
(r=1)(A+p)]/ Ap

Dividing both sides of (24) by the last factor (s — to)[A-DA+I/ A 4y (9 — to)[ ,
we obtain

f)lg@)] <

CIRYR e

f(s)l18(9)]

A=1)A+p) (=) (M)

u(s—te) " +A®—t) M

< A ([lrelan) ([

Integrating both sides of (25) and using (9), we find that

/x /y 1f(s)]g(8)] ) AsAY
R

@) a¢) g 5)

A=1)(A+p) (p=1)(A+p

S—fo) Ax -i-)\(ﬁ—to) Ax

-0 T -0 (/ (f fA(T)‘AAT)%As>
x (/t: (/: gA(C)]”Aé):’Aﬁ)
- swn ([ ([lrol"s) ) (£ (Ll

Applying Fubini’s theorem on (26) and by taking advantage of the fact that o(§) > 4,
we conclude that

I £ lg(0)] shd
R

IN

2" A[;’) ! Aﬁ) . (26)

A=1)(A+p) (p=1)(Atp

s—ty) " AW —t) M
< e ([em-alro] ss) ([ o -olo] s)",

which is equivalent to (15). O

Remark 1. By setting 1/A +1/u = 1in (22), we obtain

1
w1 Wy < ( w1+wy w1+w2) ) 27
(s71s57%) < T oy W + wysy (27)



Symmetry 2020, 12, 1410

Therefore, by applying (27) on the right-hand side of (15) in Theorem 1, we get

Y f(s)]18(9)]
/t\O /fo (A*l%ﬂ w AsAD
u(s—to) " +AB—t)

(A+p)? to

([ -o o) s0) } .

Remark 2. Clearly, for T = Z and ty = 0, inequality (28) in Remark 1 reduces to

< o) T y-n) {i ([et-9 ]f%s)hs)“‘“

At
Ap

A-1 p=1 P
< Mo p)'T i(Z(PsH)AasIA)

s=1
Atp
1 q Ap
2 (Z(q—l9+1) |Abz9|”>
H\s=1

7 of 23

(28)

(29)

where Aas = a1 — as, Aby = by — by. It is merely a similar variant of the consequence disparity

in [15] Remark 1, attributed to Young and Byung.

Remark 3. For T = R and tg = 0, Remark 1 coincides with Remark 2 in [15].

Remark 4. Inequality (15) is nothing more than a close version of the following inequality established

in [28] Theorem 6,

/t: /toy F(s)G(9) ~AsAb

A-1)(A+p) (p=1)(Atp

u(s—to) " HAO—t) 7

< B0 ([ -9 [f(s)]AAs)1

to

([ -0 ls@) a0) g

where F(s) = [ f(2)AZ, G(8) = [y, $(£)AG and

A-1 p-1

(s—ty) * (0—ty) ¥ .
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Remark 5. Letting 1/A+1/u = 1in (15), then we get
X ry
/ / OISO opg
to Jto u(s—tg)" + A9 —tp)"
1
x A x
< e ([t -9]re)] as)

fo
1
u "
Aﬁ) , (30)

< ([ -0 e

fo

where
u—1

1 A1 p1
E** (A = —(x—t)) T (y—to) ¥ .
A )= x—t) Ty —to)
It is merely a similar variant of the consequence disparity in [29] Corollary 3.3, attributed to Saker et al.

Remark 6. Inequality (30) is exactly the time scale form of inequalities (1) and (3) in Theorems (1) and (2),
respectively, due to B. G. Pachpatte [14].

Remark 7. As a particular state of Theorem 1 if T = Z and ty = 0, then we have relations (8) and inequality
(15) reduce to

i i |as] [bs |
(A=1)(A+p) (=DA+p)

s=109=1 A

us M +AY
: A
< Eo(A m) (Z(P—S+1)|Aas| )
s=1
1
q Iz
X (Z(q_l9+1)|Abl9|#> , (31)
9=1
where Aas = agq — as, Aby = by, 1 — by and
1 A-1, (B
Eo(A, u) = ——(p) * m
o(A, p) Aﬂl(ﬁ) (9)

This is just a similar version of (5) that premised in the Introduction.
Remark 8. As a given state of Theorem 1 if T = R and ty = 0, inequality (15) reduce to (6).

In what follows, we give a further generalization of (15) obtained in Theorem 1. Until giving
our results, we assume that there are two functions ® and ¥ which are real-valued, nonnegative,
convex, and submultiplicetive functions defined on [0, o). A function x is a submultiplicetive if
Xx(s8) < x(s)x(9) fors, 8 > 0.

Theorem 2. Lets, Sand ty € T, f(s) € CL,([to, x)1, RT), §(8) € CL,([to, y)1, RT) and f(to) = g(to) = 0.
Suppose h(t) > 0on [ty, x)r and (&) > 0 on [to, y)r and assume that

H(s) = [ In(e)| At and 1(8) = /:|z<¢>|m:. (32)

to
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Then, for s € [ty, x) and O € [ty, y)1, we get

I AFENHIOD _xp
ty Jto
u(

(A=1)(A+p) (p=1)(A+p
A A A
£2(s) > AS)

-

s—1tp) a + A —tg) a
h(s) )

) )

con=t ([ ()7 0) (LCER) ) oo

forx,y € Iy = [tp, o0) NT.

where

Proof. Using the two identities (17) and (18) in the proof of Theorem 1 and the properties of ® and
utilize (11), we obtain

H(s) [ [h(o)] \f,f(g) At
(f)l) = @( G @)

Ji n(0)] | 55 ac
®(H(s))® ( IRIGIES
Q(H(s)) [*

a2 [inore

Further, by Holder’s integral inequality (9), we see that

s < S8 (o) ([ (pere (555)) o)

CDE;ES)) (s—to) T (/to (Ih(*r)lcI> ( f:((rl;) ))AM>A‘ o)

IA

fA(0)
h(T)

IN

Likewise, we get

¥(30)) < S5 (0 - 10)F (/ (iore

By multiplying (36) and (37), we get

) e

A=1 p-1
A [

O(If()NF(Ig@B)) < (s—to) ¥ (8 —to) "

SO (oo

i () (none

2O ) e
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Applying (22) on the term (s — to)A=1/4 5 (8 — to)(H=D/#, gives

- (=0s)
Ap ((Sto) g 0—ty) )

S(If()NF(Ig@)]) < A 2

T A+p

From (39), we observe that

(If(s)DF(Ig(8)])

(A-1)(A+p) (p=1)(A+p)

y(s - i’o) Ar + }\(19 — t()) ¥

s o (1) ) )
) (‘{’(LL(E;;)) (/t: (l(c)‘i’< %A(g)D)%M)j |

Integrating both sides of (40) and using (9), we find that

fA(T)
h(7)

(1 f(s))¥(I8(®)])
/to /to [EESITEE) (0] AsAd
p(s—to) " FAB—ty)

) (L (e
(‘I’ Ll ) (/:/: (i@ (

) o)

10 of 23

(39)

(40)

(41)
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Applying Fubini’s theorem on (41) and using ¢(8) > J, we obtain

* Y (| f(s))¥(g(2)])
/tg /to [T (0] AsAd
p(s—to) " +AMO—t)

IN

([ (e ) (e )

which is equivalent to (33). [
Remark 9. By applying (27) on the right-hand side of (33) in Theorem 1, then

(If(s)DF(Ig(8)])

x ry
/to AO ()\71/)\5[/\411) (u— 1})‘V\+} ASAﬂ
u(s — to) +A(8 - to)

< G0 {i ( [ o9 (more (|4 ))AAs> E
- (/t:(‘f(}’) - o) (1o ( gf(g?))y@ﬁf}. (12)

Remark 10. Inequality (33) is actually a related version of the following inequality in [28] Theorem 9,

/ / D(F(s))¥(G(9)) AsAY
to Jto

A-1)(A+p) (p=1)(A+p)

u(s—ty) M +AW—-t) M

< G p ( [ et - (noe (%))Aa)
(oo ion () )

- ;y(/*(@;ﬁs>>>%>%/s <>>

:f:)f )AZ, G(9 ft $)AG, H(s ft E)AE and L(9 ft

oQ

<

where

>
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Remark 11. Letting 1/A +1/u = 1in (33), then we get

I i e
< 6 (/:w(x) o) (In6s) ( )) )
x ( [ew-o (o (|5 ) ()

A—1 -1

G*(A, ) = Aly (/ (q)(hz(;))) As)A (/t: (T(LL(E;?))”&AQ}I.

It is merely a similar variant of the consequence disparity in [29] Theorem 3.2, attributed to Saker et al.

where

Remark 12. As a particular state of Theorem 2 if T = Z and to = 0, then we have relations (8) and inequality
(33) reduce to

D(las|) ¥ (|bs])

(A=1)(A+p) )(A /) (p=1)(A+p)
Vus— w4t M

M&

3

s=19¢

Aag

p
< Go(A, p) (Z(P—S+1) <|as|q>( —

1
s=1 s

))
(f g 0+1) (llwlcb( e )) )V, (45)

nestp (EC)) (B E))

For A = u = 2, inequality (45) is just a similar version of Pachpatte’s result [13] Theorem 1.

where Aas = g1 — as, Aby = by 1 — by and

Remark 13. As a particular case of Theorem 2, if T = R and ty = 0, then we have relations (7) and inequality
(33) reduce to

/x /y O(f DY s
0 JO 8
f'(s)

(A=1)(A+p) (p=1)(A+p)
1
A Py
) ”"")

ML A(D) i
< GiA ) (/{f(x—s) (1)1
(o () )"

aonn =ty (£ (542)" o) (£ () o) "

For A = p = 2, this is Pachpatte’s result [13] Theorem 2.

where
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2.2. The Two Dimension Version

In the next theorems, we define the two independent variable versions of the inequalities given in
Theorems 1 and 2. Throughout this paragraph, we are always assuming that T; and T, are two defined
time scales with (i) fo, s, t, x, z € Ty, (ii) to, 9, , y, w € T,. We denote the partial delta derivatives of
u(s, 9) with respect to s, ¢ and s¢ by

ou(s, 9)

ou(s,9)
Als M

Ay

0u(s, ®)

Al —
(5,9) AstAL 9

B2(s,8) = and u®2(s,9) = = uM(s,9),

respectively.

Theorem 3. Let f(s, ¥) € CCpy([to, x)1, X [to, ¥)1,, RT), g(t, r) € CChy([to, 2)1, X [to, w)T,, RT)
with f(s, to) = g(t, to) = 0and f(ty, 8) = g(to, ) = 0. Then for (s, ¢) € [to, x)1, X [to, y)1, and
(t,r) € [to, z)T, X [to, W)T,, ONE gets

Lf(s, O)lg(t, 1)l
I e —

[s—to)(0—to)] ™ +A[(t—to)(r—to)]

x 2 A X
< RO, p) ( / /j(o(x%s)(a(ywﬁ) i Alszw)
z W s "
x ( /to /to (o(w) — ) (o(z) = 1) azglizﬂ) AltAzr> , (47)

where
p—1

el (CEOIURD) R CREDICRENIS

forx,z € Iy = [ty, 00) N Ty and y, w € I§ = [ty, o) N T.

R(A, p) =

Proof. From the hypotheses, we have the following two identities hold,

*f(& i)

9) _// ‘A Aot 48
f(s, 9)| w o | Brcdan 16021 (48)
ot 1) = Ao AT 49

Nl = /to /to AlU'AZT 17827 )

Further, by using Holder’s integral inequality (10), we find that

1

L *f( :

(s, O] < (s — to) (8 — to)] 7 </t0 /to A{ ;AZ \ A16A2n> , (50)
and .
82g(c7 T) ¥ #

Aot

18(t, 1) < [(t—to) (r — fo)]% </t: /r

4
A10'A2T> . (51)
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By multiplying (50) and (51), we get

-1

£ OIgt Nl < (5= 1)~ t)] T (£~ to)(r — t)] T

PfE 1) '
</to /to 1800 A1§A2’7>
<‘/t0 KO A10‘A2T A]O’Az‘[’) . (52)

Applying (22) on the term [(s — fo) (¢ — to)]()‘fl)//\ and the term [(t — o) (r — to)](yfl)/” , gives

@=1)@+p) (=1)(A+p)
Ap ([(sto)(ﬂtoA)] M‘ 4 lt=t)r—t)] M )

[f(s, 91t 1) < At T

1
P&, 1) '
</t o o gt
1
H
</t0 /to Al(mzr A10A2T>
@@ty (r=1) (\+4)
_ M (H[(sto)(ﬂto)] A" /\+/\[(t*to)(r*tn)] A )
At Z
Pf(E 1) '
A A
/l‘o /fo A1CA277 16 2
1
3
</t0 /to AlaAz'c A10’A2T> . (53)
Dividing both sides of (53) by p[(s — to) (¢ — to)][A" DA/ A L A [(t — tg) (r — to)][(ﬂil)()\ﬂ[)wy ,

we obtain

f(s, B)[Ig(t, 1)

(A=1)(A+p) =)@y

uls—to)(®—to)] ™ +A[(t—to)(r—to)]

A+# </to /fo aZégA 2 ‘ AlgAz”)
<]

"
A10A2T> . (54)

A10’A2T
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Integrating both sides of (54) and using (10), we see that

Lf(s, D)lg(t, 1)l
/fo /to (/fo /fo (/\—1})L(/\+14) (= 1AVA+;4 AltAzr) ASEIAVIY

[(s—to)(0—tg)] o A(t—to) (r—to)]
A1 -1
[(x—to)(y to)] ¥ [(z—to)(w —tg)] *

IN

)H—;l

(L
(LI
- won ([ (4 /to
L L e s o)

Applying Fubini’s theorem on (55), we conclude that

O Y |£(s, 8)]Ig(t, 7))
/tg /t(] (\/tg \/to (A=1)(A+p) (1= 1}\]4/\+ﬂ AltAzr A]SAZ&

*f(&, n)
ANTHASY)/

1
A
’ A1§A277> A]SA2ﬂ>

1
"

A A A tA
A10AzT 10 2T> 1 2r>

1
2 A
O f(& 1) ‘ A1§A2;7> A15A219>

A10A2

ul(s—to)(0—to)] M +A[(t—to)(r—to)]
1
x v f(s, 8)[* !
< —JANTr E)
< R(A, u) </t0 /to (x Arsiyd A1sAy0

azg( r) |

"
AtA
AtAyr 1thor ),

(Zolo (= Hw—1)

by using the fact that ¢(J) > 4, one gets

L B £(s, 8)]Ig(t, 7)]
d 4 A1tArr | AsA>O
44(44 CEEn S

pl(s—to) (8—to)] FA[(t=to) (r—to)]
2165, 0 5 ng)
X ory 0-f(s,
< mmm(@ﬁgdw—mww—wzmbﬁ\Mﬂﬁ)

Pgl(t, 1)

" i
Mthyr)
Ajthyr | CHeT

x(ﬁ[ﬂdm—www—n

which proves (47). This completes the proof. O

15 0f 23

(55)
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Remark 14. Applying (27) on the right-hand side of (47) in Theorem 3 gives

S N B |£(s, B)]1g(t, )]
/to /to (/fo /to Gty s AltAZT AlsAZﬂ

Hls—t)0—to)) " #Alt—to)r—t)]
oy 2 O\
< R, p) i(/to [ e 5ot~ | FXF AlsAﬁ)
1 z pw 2o(t I3 A/\#
- ( /to /to (0(2) = ) (o (w) - 7) AglEA'z:) AltAyf) . (56)

Remark 15. Letting 1/A +1/p = 1in (47), then we get

A T —
ty Jto to Jto  u(s—to)(9—to)] [(t—f(])(?’—to)]

x 2 A i
< R p) ( [ et =5t - | F5 AlsAﬁ)
(/t /t o(w) —t)(e(z) = 7) Psll, 1) A11%27) ﬂ, (57)

AqtAyr
R*(A, ) = Aly ((x—t) (¥ — to)] T [(w—to) (2 — t0)] 7,

where
which is exactly the time scale version of inequalities (8) and (10) in Theorems (3) and (4), respectively, due to
B. G. Pachpatte [14].

Remark 16. As a particular state of Theorem 3 if Ty = Ty = Z and ty = 0, then we have relations (8) and
inequality (47) reduce to

SR RSB |45, o] [b, |
I D I e iese

s=19=1 t=1r=1 ‘u(s_&) Ap —|—)\(t1’) Ap

x v 1
< Ro(A, p) <2 Y (x—s+1)(y—8+1) |A2A1(as,19)|/\>
s=109=1
(B oo ) o
t=1r=1

where the operators Ay (as,9) = 51,9 — as,0, D1 (Dt r) = bes1,r — be, v, DoA1(as,9) = Da(D1(as,9)) =
A1(D2(as,9)), DaDy (b, ) = Da(Di (b, 1)) = A1 (D2(by,r)) and

u—1

(xy) ' * (zw) T

It is merely a similar variant of the consequence disparity in [15] Theorem 2.3.
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Remark 17. As a particular state of Theorem 3, if T = Tp = R and ty = 0, we have relations (7) and
inequality (47) reduce to

L B |f(s, ®)|g(t 1)
/0 /0 /0 /0 1) () (e Atdr | dsdd
u(

s9) M + A(tr) A

>l

< R, ([ [0 =9 0) 12Dy sGs, 0] st )

1

x </OZ /Ow(z — #)(w—r)|DaDrg(t, )" dtdr> "

" 1 A1 p=1
Ro(A ) = 3 (aw) - (zw) 7

and Dyu(s, 9) = (9/9s)u(s, 8), Dyu(s, 9) = (9/0%)u(s, ), DaDyu(s, 9) = DyDqu(s, 9) =
(0%/0s09) u(s, 8), which is the same result inequality due to Young and Byung in [15] Theorem 2.4.

where

Theorem 4. Let f(s, ¢) and g(t, r) with f(s, tg) = g(t, to) = 0and f(ty, ¥) = g(to, ¥) = 0, be as in
Theorem 3 and h(&, ) > 0, (o, T) > 0. Furthermore, assume that

H(s, 9) / / |h(&, 1)| A1GAy and L(t, r) / [I(o, T)| AjoAyT. (59)
Then for (s, v) € [to, X)T, X [to, y)T, and (t, ) € [to, z)T, X [to, w)T,, One gets

/ / (/ / <(|1f§i+?|) (gt e AltAzr) AsAsd
to Jto to Jto Az T

ul(s—to)(0—to)] M +A[(t—to)(r—to)]

< S ) ( [ [ ot 9w -o) <|h<s, 19>|<1><

g(t, 1)

x ( I RCORNICORE (|l<t, a1k (

I(t, 1)

1

A X
)) AlsAzﬁ)
z i
)) AltAzr> , (60)

p—1
W

Pf(s,9)
AlsAzﬂ
h(s, 9)

where

AltAzi’)

L /\T
S(A ) = f(// ) A15A219> (//
to f[) to Jto
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Proof. Using the two identities (48) and (49) in the proof of Theorem 3 and the properties of the

function ® and utilize (12), we obtain

()
H@ﬁHZﬁW@wﬂ<ﬁ£%>A£MW
(0] , 0 = &
(|f(s )|) f:) f;g|h(€, ﬂ)lAchZﬂ
Af(g 1)
fto ffo < h%g Z ) ASYRAVY/
< P(H(s, 9))P

( ( )) fti fto |h(‘:r 77)| A18As1

Pf(E, )
CD(H( A18Ay

Applying (10) with indices A and A /(A — 1) on the right-hand side of (61), we have

@(1fs ) < (s o107 Tt D)

L//(WCUW(

SO

(&, 1)
A18Azn

h(& )

A
)) ASTHAVY/ N (62)

Analogously,
Y(gt, r)]) < [(t—to)(r—toﬂ”"lw

(AA(IUHT(

Thus, form (62) and (63), it can be acquired that
)
—1

Clt—to)(r—to)] T

==

9?¢(o, T)
AlUAzT

l(o, 7)

K
) ) A10'A2T> . (63)

@(|f(s, 9))¥(Ig(t,
< [(s—to)(®—to)]

>—/\

>“

1
A

@(H(s 19)) s 9 azf(irﬂ) A
XW /to ./to (h(éf )| ® ( h(lé j7’7) )) A1ED7

?g(0,7)
A1 UAzT

I(o, T)

" "
)) Al(TAzT) . (64)
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Applying (22) on the term [(s — t0) (8 — t9)]* "/ and the term [(t — to) (r — £o)] " V¥ gives

(1 £(s, ))¥(1s(t, 1))
(=1)(A+) D)t

e (Ls=t@ -t " =) )]

ot o) (o (o (ISR %

e /to/to @ I | |5 &8

Bzg((f T)
Al(TAzT

I, 7)

" i
) ) A]O’AzT) . (65)

S (L (e

(If(s, O)NY (gL 1)])

From (65), we observe that

A=1)0y) (D))
plls—to)(@—to)] ™ +A[(t—to)(r—to)]
1 O(H( azféi 1) A
A4y H(s, 19 / /fo [h(E, n)|® (1@ 2,;7> A1GAL1

azg(a, T)

A10’A2T

I(o, T)

Z "
)) Alo’AzT) ) (66)

-1),

YL, ) ([
XwJ>(44(W“WY(

Integrating both sides of (66) and using (10) again with respectto A, A/(A — 1) and p, u/(

respectively, we may write

A Y O(|f(s, $))¥ (It r)))
- - A tArr | AsA>O
/to /to (/to /tg M*l))‘;ﬁu) M‘# 1552 1552

pl(s—to)(8—to)] +A[(t—to) (r—to)]
p=1

< o (0L (e MWQAQJO ﬂ
(L (8 (remo [
(L (oo (135
< s | [ (e
(0 (1 (e (55

AﬂAy’)

Pf(E 1)
A GA

A
)) A1§A211 A15A219

%
)) AlgAziy) AltAzl’)

Pf(E, 1)
A1GAoy

h(é, 1)

Z "
)) A10’A2T) AltAzi’) . (67)

?¢(0, 7)
A]U’Az'['

A
) ) A1§A21’] A15A219

Al(TAzT

l(e, 7)
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Applying Fubini’s theorem on (67) and using ¢ (6) > J, we get

@(|f(s, 8)D¥(g(t, 1))
/tg /to (/to /to A=1)(A+p1) = 1MA+;« A1tA2r> A1shrt

[(s—to)(8—t0)] " +A[(t—t0)(r—to)]

2f(s,0) [\ \ X
< S(A m) /to/ x—s)(y—19) <|h(s 1.9)@( }f(l;Aztl; )) AqsAy 0
a%g(t, 7) H 7
x (/to (z—t)(w )<|(l(t, r)|‘I’( ZA(ltt,A:’; )) AltAzr)
N 2 f(s, 8) A X
< ﬂmu>[@ﬁwuwwxdw—m(h@ﬁWD(Qfg)) Bisiat

9%g(t, 1)
Al l‘AzY

I(t, )

u 3
) ) A] tAzT’) ,

Remark 18. By applying (27) on the right-hand side of (60) in Theorem 4, then

x oy [ oz opw (| f(s, 0¥ (Ug(t,1)])
/to /to ( /to /to ot 2 WAﬂAzr AqsAyt

uls—to)(t—to)] " +A[(t—to)(r—to)]

X<K¢?dﬂ—Mdm—ﬂowhmT<

which is (60). This completes the proof. O

5 A )\/\-:(y
N R
< s | [ @) =s)et) — o) (Ints o)1 (| 5755 | | dsnat
A+
Pg(t,r)
Aqthyr

It )

;(ﬁ[ﬁdn—mwm—ﬂoutmw<

p b
) ) Aq tAzi’)
Remark 19. Letting 1/A +1/u = 1in (60), then we get

/t/t (/t/t d>(\fsv9)\) (8(, 1)) (M)Almzr> M50
0 70 o Tt ul(s—to) (9—t0)] "V +A[(t—t0) (r—t0)]

1

- 2fs,0) [\ \ x
< SWAw>(1;AﬂU&)ﬂ@h0ﬁ)OM&ﬁH©<;£%§>> Aﬁ&w)

g(t, 1)
Al tAzr

1(t,7)

Z "
)) A]fAz?’) ,

AﬂfAzT’)

x(ﬁﬂﬂd@—WﬂM—@((@M?(

where

u—1
[

([ ) ama) (L[
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Remark 20. As a particular state of Theorem 4 if Ty = Ty = Z and to = 0, then we have relation (8) and
inequality (60) reduce to

i y i i D(|as, 5])F(|br, +|)
G1)(rp) OO0

s=10=1 \ t=1r=1 P[(Sﬁ) Au + /\(t?") Au

|—=

< SolA, ) <S_mel(x—s+1)(y—t+1) <|h(s, 9) @ ( W >>A>A
(tX:er: (z—t+1)(w—r+1) (|(l(t, r)|‘P(’Alz<ill;t)">>y>}‘, (68)

where the operators Aq(as,9) = Asy1,9 — s, 9, M1(be,r) = b1, — brr, DaDi(ag9) = Aa(D1(as,9)) =
A1 (D2(as, 8)), Dadiby, r = Da(A1 (bt r)) = D(A2(by, ) and

o=ty (5 (0 ) (B (1))

Remark 21. As a particular state of Theorem 4 if T1 = T = R and ty = 0, we have relations (7) and
inequality (60) reduce to

L[ // ?D Ut D) g1y | asa

+)\(t ) Ap

1

< SHA, ) <./(;x./(;y(xs)(yl9) <|h(s, 8)|® (‘WD)A%dﬁ)A

x </OZ/Ow(z—t)(w—r) <|(l(t, ke quzD(lf(:)'r) ))Mdtdry, 69)

where
p—1

S5A, 1) = (// AAldsdﬁ) (// Vldtdr)ﬂ,

and Diu(s, 9) = (9/9s)u(s, 9), Dou(s, 8) = (9/9t)u(s, 9), DaDqu(s, ) = DyDqu(s, 8) =
(9%/0s98) u(s, ).

3. Conclusions

In the context of this article, we presented generalizations of symmetric Hilbert-type inequalities on
time scales. Our consequences are considered in rather general forms and contain several special integral
and discrete of symmetric inequalities. The technique is based on the applications of well-known
inequalities and new tools from time scale calculus, which is used in various problems involving
symmetry for Hilbert-type inequalities. For future work, we can present such inequalities by using
Riemann-Liouville type fractional integrals and fractional derivatives on time scales, which has many
applications of symmetric and asymmetric Hilbert-type inequalities. It will also be very interesting to
present such inequalities on quantum calculus.
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