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Abstract: This manuscript is concerned with the oscillatory properties of 4th-order differential
equations with variable coefficients. The main aim of this paper is the combination of the following
three techniques used: the comparison method, Riccati technique and integral averaging technique.
Two examples are given for applying the criteria.
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1. Introduction

Differential equations of fourth-order have applications in dynamical systems, optimization,
and in the mathematical modeling of engineering problems [1]. The p-Laplace equations have
some significant applications in elasticity theory and continuum mechanics, see, for example, [2,3].
Symmetry plays an important role in determining the right way to study these equations [4]. The main
aim of this paper is the combination of the following three techniques used:

(a) The comparison method.
(b) Riccati technique.
(c) Integral averaging technique.

We consider the following fourth-order delay differential equations with p-Laplacian
like operators

(s@ " @ 20" @) +0@ g u(n @) =0, (1)
where ¢ > (. Throughout this work, we suppose that:

K1: p > 1is a real number.
K2: a € C'([¢p,0),R),a () >0, a’ () > 0 and under the condition

0 1
/go mds = 0o, (2)

K3: g € C([Co,),R),q({) >0,
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Kd: 17 € C([Co,o0), R), 77 (§) <&, Jimp (§) = oo,
K5: ¢ € C(R,R) such that g (1) > m |u|p_2u > 0, for u # 0 and m is a constant.

Definition 1. The function u € C3[Z,,0), {u > o is called a solution of (1), if a (Z) [ (D)|P 2w (7) €
CY[Zu, ), and u () satisfies (1) on [{y, ). Moreover, the equation (1) is oscillatory if all its solutions oscillate.

In the last few decades, there have been a constant interest to investigate the asymptotic property
for oscillations of differential equation, see [5-25]. Furthermore, there are some results that study
the oscillatory behavior of 4th-order equations with p-Laplacian, we refer the reader to [26,27].

Now the following results are presented.

Grace and Lalli [28], Karpuz et al. [29] and Zafer [30] studied the even-order equation

u () +qQ)u(n () =0,

they used the Riccati substitution to find several oscillation criteria and established the following
results, respectively:

- IO R Y
A (‘S(S”(S) T2 (5) ] (5)3 <>>d5_ ’ ¥

where § € C! ([7p, ), (0,0)).

(y—1)200-D(r-2)

¢
lim inf q(s)n" % (s)ds >

4
oo Jy(E) e @
and ~§ (y— 1)1
lim inf )72 (s)ds > L 5
minf | 4 1T70) . ©)
Zhang et al. [31,32] studied the even-order equation
/g !/
(6@ (1 ©)") +a@uf @) =0 ©
where B is a quotient of odd positive integers. They proved that it is oscillatory, if
1O q(s) s N (= 1Y
lim inf T2(5)) ds > 27 7
{—eo Jz o a(n(s)) (77 ( )) e @

where v > 2 is even and they used the compare with first order equations. If there exists a function
5 € C1([Zp, 0), (0,00)) for all constants M > 0 such that

o a(s) (OMy 2 (s)n' () " (8'(s) a(s)\") . _
hgrgg}f - o (s) (q (s) — o7 ( - ) ds = oo, ®)

for some constant 6 € (0,1).
Our aim in this work is to complement results in [28-32]. Two examples are given for applying
the criteria.
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2. Some Auxiliary Lemmas

Lemma 1. [13] Fixing V > 0and U > 0, we have that

1
Ux — VxBPD/B < pe ur* .
T (B+ 1)L VP

Lemma 2. [14] Fori =0,1,...,y, let u) (7) > 0, and ul?*V (£) < 0, then

u(@ o (@
v/t T o (v = 1)r

Lemma 3. [16] Suppose that u is an eventually positive solution of (1). Then, we distinguish the
following situations:

for ¢ > {1, where {1 > (g is sufficiently large.

3. Main Results

Let the differential equation

0@ (¢ @) +a@ P 3@ =0, >0 ©)

where a, g € C([{g, ), R"), is nonoscillatory if and only if { > o, and a function ¢ € C! ([, ), R),
satisfying the inequality

¢ @)+ P Q) (@) 1q(0) <0, ong,).
Definition 2. Let
D={(gs) €R*:{>s> o} and Dy = {(,s) €R?: { > s> (o}

A kernel function H; € C (D, R) is said to belong to the function class 3, written by H € S, if, for
i=1,2,

() Hi (€/S> = OfOT' g > CO/ Hi (gls) >0, (gl S) c DO;
(ii)  H; ({,s) has a continuous and nonpositive partial derivative 0H;/ds on Dy and there exist functions
5,8 € CH([¢n,),(0,00)) and h; € C (Dg,R) such that

0 5
S (C9)+ ST (69) = (69 HY P (@) (10
and 5 "
S (09)+ 5 (5) = (£5) yHa (9) an

Theorem 1. Let (2) holds. If the equations

= ’ @\
(2(%2);7@1 (u <g>)”‘1) wha@ (T) @) =0 )
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and

W@+ [ (39 [Tae (’7?)?1 ds> de =0 13)

are oscillatory, then every solution of (1) is oscillatory.

Proof. Assume, for the sake of contradiction, that u is a positive solution of (1). Then, we let u ({) > 0
and u (7 ({)) > 0. By Lemma 3, we have (S7) and (S,).
Let case (S7) holds. Using [25], [Lemma 2.2.3], we find

W Q) > 25" (5), (19
for every 6 € (0,1).
From Lemma 2, we get
WD) _3
u(@ ~ ¢
Integrating from # ({) to ¢, we find
3
L@, 2O -
Defining
" p—1
p(0)=6(0) (”@jﬁ‘_l o >,¢<g> -0, as)

where § € C! ([p, ), (0,00)) and

5 (Q) (" ()P (a7 ) @
w1 T
p—

p—2 "
(s OY e ff();)u @)

¢'(Q) = ()

1

Combining (14) and (16), we obtain

5. (0) (a@ @ @)

5@ *
a " p
- (=) gt LG

(e@ @ @)P)

¢ (0)

IN

' (0)
5(2)

IN

¢ (5)+6(0)

(17)

From (1) and (17), we find

3" (£)

v O <55

¢ (g) —md(Q) ECEEA i ()
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From (15), we have

¢(€)—m5(é)q(§)( 4

Letd ({) = m = 1in (18), we have
_ 2 3 p—1
o' @+ R gt g0 (TE) <o
2771 (0)

Hence, the equation (12) is nonoscillatory, which is a contradiction.
Let case (S;) holds. By Lemma 2, we find

u(n (@€)< 1)
u(@ — ¢
Defining /
P@)= 0@ 8 >0
where ¢ € C! ([Zo, %), (0,0)) and
vO-5v@+e L D v

Integrating (1) from { to x and using u’ () > 0, we have

a(x) (" ()" —a (@) (" () =~ /C q(s) g (u(y(s)))ds.

From (19), we get

a(x) (0" ()" —a (@) (" (@) < k") [

I S

Letting x — oo, we have

© s —1
a(g) (u"/ (é))pfl > kyl’*l (Q/é q(s) <’7( ))p ds

S

and so

o N 1/(p-1)
u’"@)zu(@)(a’é)/g 1) (1) ds) .

Integrating again from { to co, we get

W@ +u@ [ (’(’2) JAEID (’7 ES))M d5>1/(p_1) dc < 0.

3 p-1 _ 2 p
U (C)) ~(p-1)6C ()
2(

"q(s) ('7 <S)>p_1 ds.

50f11

(18)

(19)

(20)

(21)
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Combining (20) and (21), we find

iy < 20) o (g oYY
VOG-0 [ ( / q(s)( ) ds) do- gV O @

If 9 () = m = 1in (22), we get

¢’(g)+¢2(€)+/°° L/m (5)<’7(s)>i’1ds 1/(P—1)d _,
¢ a(g) S 1 S ¢ <0.

Thus, the Equation (13) is nonoscillatory, which is a contradiction. The proof of the theorem
is complete. [

Next, we obtain the following Hille and Nehari type oscillation criteria for (1) with p = 2.

Theorem 2. Let p =2, m = 1. Assume that

o 9€2

o 20N
" timint ([° -5 as) [~ 7)Y g 5 1 23
([ ) [0 (7)o 4 &
for some constant 6 € (0,1),
o VA 1 (s) 1
hgrgglfg/go/v <a(g)/g q(s)( . )ds> dedv > 4, (24)

then all solutions of (1) is oscillatory.
In this theorem, we use the integral averaging technique:

Theorem 3. Let (2) holds. If there exist positive functions 6,9 € C! ([Zo, ), R) such that

. 1 /MONN _
hrgr:s::pm /él (Hl (g,s)md (s)q(s) ( 3 > —7m(s) | ds =00 (25)
and
| 1 g 8BS, _
11?j£pm /gl (Hz (C5)0(s)@(s) — 4> ds = oo, (26)
where

_ W (Gs) HY T (g5) 2715 (s)a (s)
- p? (QSZ)P—l

o N 1/(p-1)
@“>=<ué)4 7(6) (1) dﬂ de,

7 (s)

7

forall§ € (0,1), and

then (1) is oscillatory.
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Proof. Proceeding as in the proof of Theorem 1. Assume that (S;) holds. From Theorem 1, we get
that (18) holds. Multiplying (18) by Hj ({,s) and integrating the resulting inequality from (; to (,
we find that

z 3 p—1 5!
[m@omeae (EE) e < p@mean+ [ (gmes+5Tmes) e

—1)6s2 .
_/é(p—lm Hy (Z,5) @71 (s)ds.
6 2(5(s)a(s) 7

From (10), we get

¢
01

U\!

3()\ P!
mEam 0o (L) @ < e@m@m+ [ n@on " @

_/;(P_l)es’zHl(gls)(prl(s)ds. 27)
5

(
Using Lemma 1 with V = (p — 1) 852/ (2 (5 (s)a (s))ll) Hy (g,s), U =hy (§,s) HP VP (Z,5)
and u = ¢ (s), we get

h (@ s) HE VP (,5) 9 <>—(’Z

W (g,s)HY ' (g,5) 2015 (s) a (s)
pP (952)%1

which, with (27) gives

L[ MO
m/@l <Hl (C,S) mo (S)Q(S) ( 3 ) 7'[(5)) ds < q)(Cl)

This contradicts (25).
Assume that (S;) holds. From Theorem 1, (22) holds. Multiplying (22) by H; (¢, s) and integrating
the resulting inequality from (; to {, we get

g

A Hy (,s)0(s)@ (s)ds < ¢ (¢1)Ha(C, 1)
¥ (s)
+/ < H, (Z,s) + ()Hz(g,s))lp(s)ds
1
. 19( ] H (,5) 9* (s) ds.
Thus, from (11), we get
(@900 < pE)H @)+ [ @) iy ds
¢ 1 d
6] Hz (3,5) ¢* (s) ds

és)

N

< ¢(61)H2(3, 1) +/
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and so
L 8(s)h3 (Z,5)
m@ (Hz (C,5)0(s)@ (s) — 42> ds < ¢ (Z1),

which contradicts (26). The proof of the theorem is complete. O

Example 1. Consider the equation

u® Q)+ Z?Z” (?g) =0,0>1,90>0. (28)

Letp =2,a(0) =1, q(5) = q0/¢* and (§) = 9¢/10. Ifwe set m = 1, Hy ({,5) = (§ —s)°
and & (s) = s°, then hy ({,s) = (¢ —s) (5 —3(s™ 1), and conditions (23) becomes

3 p-1
limsup¥ /; <H1 (,s)md(s)q(s) (77 S§S)> -7 (s)) ds

(= H1(3,01)

14 2.—1 25 9272_30 -1
— limsup 1 / 7294900>%s N 729905 729q07 s (25+90°s gs™h) ds
T ((—1)2 0 1000 1000 500 20
= o

7

if g0 > 500/ (810) for some 6 € (0,1), letting 6 = 81/82, then gy > 6.25.
Also, set Hy ({,s) = ({—s)* and 9(s) = s, then hy({,8) = ((—s)(3—-Cs7Y), @(s) =
390/ (20@2) and conditions (24) becomes

, 1 ¢ 9(s) 13 (&,5)
hrgrfzpm /él (Hz (C,5)8(s)w(s) — 42> ds

L ¢ (3g00%s ' 3qos  3qo¢ s(9—6CsT1+7%7?)
- ey /g( 20 20 10 4 ds
= o0

if go > 5/3, From Theorem 3, all solutions of (28) are oscillatory, if o > 6.25.

Remark 1. By comparing our results with previous results
1. By applying condition (3) in [28], we get

go > 1728,
2. By applying condition (4) in [29], we get

go > 919.6,
3. By applying condition (5) in [30], we get

qo > 28.73,
4. By applying condition (7) in [31], we get

qo > 28.73,

5. The condition (8) in [32] cannot be applied to Equation (28) due to the arbitrariness in the choice of 6.
Therefore, our result complement results [28-32].
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Example 2. Let the equation
€4 2 7 P 7
Leta(Z) =1, q(¢) =qo/T*and y () = {/2. If we set m = 1, then condition (23) becomes

7 9s2 00 ,73 (S) €3 ® gg
lim inf — = liminf | = —=
vy ( 7 24 (s)ds> /g 7(5) ( s3 ) ds e ( 3 ) 4 854ds

q 1
7271

and condition (24) becomes

i [ (s o0 (147 o) e = e ()

Hence, by Theorem 2, all solution equation (29) is oscillatory if g9 > 18.

Remark 2. We point out that continuing this line of work, we can have oscillatory results for a fourth order
equation of the type:

(e @ " @ 2w @) + iqi (@) I 1 ()20 (3 (2)) = 0, where § = Go, m > 1,

under the condition - ,
/éo 2/ (1) (5) (S)ds < .

4. Conclusions

In this article, we studied some oscillation conditions for 4th-order differential equations by
the comparison method, Riccati technique and integral averaging technique.
. . ces [ 1
Further, in the future work we study Equation (1) under the condition [ % mds < oo.
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