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Abstract: In the studies of quantitative structure-activity relationships (QSARs) and quantitative
structure—property relationships (QSPRs), graph invariants are used to estimate the biological
activities and properties of chemical compounds. In these studies, degree-based topological indices
have a significant place among the other descriptors because of the ease of generation and the speed
with which these computations can be accomplished. In this paper, we give the results related
to the first, second, and third Zagreb indices, forgotten index, hyper Zagreb index, reduced first
and second Zagreb indices, multiplicative Zagreb indices, redefined version of Zagreb indices,
first reformulated Zagreb index, harmonic index, atom-bond connectivity index, geometric-arithmetic
index, and reduced reciprocal Randi¢ index of a new graph operation named as “subdivision
vertex-edge join” of three graphs.
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1. Introduction

In mathematical chemistry and chemical graph theory, a topological index is a numerical criterion
that is computed based on the molecular graph of a chemical structure. In the study of QSARs/QSPRs,
several topological indices (TIs) are frequently applied to gain the correlations between various
properties of molecules or the biological activity with their shape [1-3]. TIs have also been used
in spectral graph theory to quantify the robustness and resilience of complex networks [4]. Tls are
two-dimensional descriptors, which consider the internal atomic setting of compounds and give the
facts in the numerical form regarding the branching, molecular size, shape, existence of multiple bonds,
and heteroatoms. TIs have gained appreciable significance in the previous few years because of the
ease of generation and the speed with which these assessments can be accomplished.

There are several graphical invariants, which are valuable in theoretical chemistry and
nanotechnology. Thereby, the computation of these TIs is one of the effective lines of research.
Suppose that T represents the set of all finite, simple, and connected graphs. Then, a function
F: T — R" is called a topological index if, for any set of two isomorphic graphs G; and G,
we have F(Gy) = F(Gy). Some impressive types of TIs of graphs are distance-based, spectral-based,
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degree-based, and counting-related graphs. Among these, degree-based are the most eye-catching
and can perform the leading rule to characterize the chemical compounds and predict their different
physiochemical properties such as density, refractive index, boiling point, molecular weight, etc.
For the comprehensive discussions of these indices and other well-known TIs, we refer the reader
to [5-25].

Throughout this article, we assume that all graphs are finite, simple, and connected. For a graph Z,
V(Z) and £(2Z) represent the vertex and edge sets, respectively. For a given graph Z, the order and size
are represented by 1 and e, respectively. An edge with end vertices z; and z; is denoted by z;z; € £(2).
For a vertex z € V(Z), the number of edges having z as an end vertex is called the degree of z in
Z and it is expressed by deg;(z), and, if z = 21z, € £(Z), then deg;(z) = deg;(z1) + deg;(z>)
with z1,z, € V(Z),. The notations 6z and Az stand for the minimum and maximum degrees of a
graph Z, respectively. We denote the path, cycle, and complete graph, each of order n, by P, C;;, and
K, respectively.

Using graph operations, one can construct a new graph from the given graphs, and it is established
that some chemically interesting graphs can be achieved as an outcome of graph operations of some
simple graphs. From the relations of various Tls of graph operations in the form of TIs of their
components, it is beneficial to determine the TIs of some nanostructures and molecular graphs.

There are several studies regarding TIs of different graph operations (see, e.g., [26-32]).
Very recently, another graph operation, named as the subdivision vertex-edge join (SVE-join), has been
introduced [33]. For a graph 21, S(Z;) is the subdividing graph of Z; whose vertex set has two
portions: the original set of vertices V(Z;) and the set Z(2;) consisting of the inserting vertices that
are end vertices of the edges of Z;. Let Z; and Z3 are the two other disjoint graphs. The SVE — join
of Z; with Z; and 23, denoted by Z{ > (2) U Z7), is the graph consisting of S(2;), Z» and Z;,
all vertex-disjoint, then joining the ith vertex of V(Z;) to every vertex in V(Z2;) and the ith vertex
of Z(2;) to each vertex in V(23). Furthermore, we see that Z§ > (2) U 27) is 2V Z; (is obtained
from S(2Z;) and Z; by linking each vertex of V(Z;) to every vertex of V(2;) [34]) if Z5 is the null
graph, and is 21V Zj3 (is obtained from S(Z7) and Zj3 by linking each vertex of Z(Z7) to every vertex
of V(23) [34]) if Z; is the null graph. The graphs P4V C3, P;VK4 and Pf > (ng U Kf ) are illustrated in
Figure 1.

A G Ky
Dy \% Gs PyVKy

Figure 1. P;V/Cs, PyVKy and P§ > (CY UKY).

The Zagreb indices are well considered molecular structure descriptors, and they have appreciable
applications in chemistry. In 1972, Gutman and Trinajsti¢ [1] introduced the first Zagreb index based
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on the degree of vertices of Z. The first and second Zagreb indices of a graph Z can be defined in the
following way:

My(Z2)= ) degi(z)) Ma(Z)= ) degs(z)degz(z). (1)
zeV(2) 7212€E(Z)

The third Zagreb index (also called irregular index) [35] of Z can be stated as:

Ms(2)= ), |degz(z1)—degz(z)|. 2)
212,€E(Z2)

Inspired by the first and second Zagreb indices, Furtula and Gutman [36] proposed the forgotten
topological index (or F-index) of Z in the following way:

F(2)= Y degk(z). (3)
zeV(Z2)

Shirdel et al. [37] put forward a new degree based Zagreb index of Z in 2013 and they named it
“hyper-Zagreb index”, which is specified as follows:

HM(Z)= Y (degz(z1)+deg;(z2))* = F(Z)+2My(2). 4)
212,€E(2)

The reduced first Zagreb index of Z, introduced by Ediz [38], and the reduced second Zagreb
index, defined by Furtula et al. [39], are as follows:

RMi(Z2)= Y (degz(z)—1)?, RMy(Z2)= Y (degz(z1)—1)(degz(z2)—1). (5)
zeV(Z) 712,€E(2)

In 2010, Todeshine et al. [40,41] proposed the multiplicative variants of ordinary Zagreb indices
of Z, which are defined as follows:

[T2)= T1 degi(z), JI(2)= T[] degz(z1)degs(z). 6)

1 2eV(Z2) 2 2122€E(Z)

The first, second, and third redefined versions of Zagreb indices of Z brought by Ranjini et al. [42]
and Usha et al. [43] are, respectively:

deg(z1) +degz(22)
ReZei(Z) = ) @)
1) zlzzg(z) deg;(z1) degz(z2)
deg > (z1) degz(z>)
ReZey(Z) = ) ®)
2) zlzzg(Z) degz(z1) + degz(22)
ReZes(Z) = ), degz(z1)degz(z2)(degz(z1) + degz(22)). )
212,€E(2)

In [44], Milicevi¢ et al. introduced new versions of Zagreb indices called reformulated Zagreb
indices. The first reformulated Zagreb index of Z is as follows:

EMi(Z)= Y degz(f)?= Y (degz(z1) +degz(z2) —2)% (10)
ng(Z) f:zlzzeé'(Z)
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For a graph Z, the harmonic index was presented by Fajtlowicz [45] as:

2
%) zlzzg(Z) degz(z1) + degz(22)
Estrada [46] described atom-bond connectivity index of Z as follows:
d d -2
ase(z)= x|t Swaly 22 1)
222CE(2) deg(z1) degz(z2)
The geometric-arithmetic index of Z was defined by Vukicevic et al. [47] as:
2,/d d
GAZ)= Y. Vdeg(z1) deg;(22) (13)

nact(z) 9€8z(21) +degz(22)

Reduced reciprocal Randi¢ index (RR'R index) of Z was introduced by Gutman et al. in [48]
as follows:

RRR(Z) = Zg( )\/(degz(zl)—1)(degz(zz)—1). (14)
7212p€E(2

Now, we state certain properties of the subdivision vertex-edge join of three graphs in the
next lemma.

Lemma 1 ([33]). Let 21, Z,, and Z3 be graphs. Then, we have:

o V(ES>(ZYUZD)|=ni+e +nm+nzand |E(Z0 > (2Y UZE))| = 2e; +nyny +einz +ex +

es.
degz (z) +m2, z€V(Z1),
R degzs S (Z) _ nz +2, z e I(Zl),
P> (27 VZ5) degz,(z) +m, z€V(2,)
degz (z) +e1, z€V(Z3)

By using these graph operation, one can construct new (chemical) graphs from existing graphs.
Therefore, it is important to know which physico-chemical properties are carried from original graphs
to the newly constructed graph via this new operation. Moreover, many molecular characteristics of
newly formed compound via this operation can be predicted by computing the expression for their
additive degree-based indices.

2. Applications of Topological Indices

The atom-bond connectivity (ABC) index provides a very good correlation for the stability of
linear alkanes as well as the branched alkanes and for computing the strain energy of cyclo alkanes [49].
The Randi¢ index is a topological descriptor that has correlated with a lot of chemical characteristics of
the molecules and has been found to the parallel to computing the boiling point and Kovats constants
of the molecules. To correlate with certain physico-chemical properties, G.A index has much better
predictive power than the predictive power of the Randi¢ connectivity index [50]. The Zagreb indices
were found to occur for the computation of the total 7r-electron energy of the molecules within specific
approximate expressions [51]. These are among the graph invariants which were proposed for the
measurement of the skeleton of the branching of the carbon atom [52].

3. Main Results

The present section provides the results related to the first, second, and third Zagreb indices,
forgotten index, hyper Zagreb index, reduced first and second Zagreb indices, multiplicative Zagreb
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indices, redefined version of Zagreb indices, first reformulated Zagreb index, harmonic index,
atom-bond connectivity index, geometric-arithmetic index, and reduced reciprocal Randi¢ index
of the subdivision vertex-edge join of three graphs.

In the following theorem, we present the closed formulae for the first, second, and third Zagreb
indices of subdivision vertex-edge join for three graphs.

Theorem 1. Let Z1, Z, and Z3 be three graphs. Then, we have

o M(Zf > (ZYUz])) = Mi(Z1) + Mi(Z2) + My(Z3) + mina(ny + n2) + 4(nzeq + nyex) +
nsei(eq +n3) +4eq (1 + ez + n3).

o My(Zf > (2Y UZT)) = My(22) + My(Z3) + (n3 + 2)M1(Z1) + mM1(22) + s M1 (Z3) +
2nina(eg +ez) + e1(ng + 2)(2e3 + nzeq + 2ny) + 1’1‘%(62 + Vl%) + e1(4ey + eqe3).

o M3(ZP > (2Y UZE)) < M;3(22) + M3(Z3) + M1(Z1) + mina(ng + np) + 2n1(ex + e3) +
611’13(7”13 +e1 + 2) + 2eq (21’12 +n3 + 2).

Proof. ¢ By using Lemma 1 in Equation (1), we get

M(ZF>(2YUZ])) = Y. (deg: (2) +n5+2mpdegs (2)+ Y. (n3+4+4n3)

zeV(Z) z€1(2y)

+ ) (degl (z)+nj+2ndegs (2)+ Y. (degl (z)+e]
ZEV(Zz) ZEV 23)

+2e degz, (2))

= Mq(Z1) + n%nl + 4ngeq + el(ng +4+4n3) + M1(Z) + n%nz
+dnyey + My (23) + e3nz + dejes.

After some simplifications, we get the required result.
e By using Lemma 1 in Equation (1), we obtain

My(25 > (2Y U Z])) = Y (degz, (z1) +m1)(degz, (z2) +m1) + Y (degz, (z1)
2122€E(2y) 2129€E(Z3)
+e1)(degz, (z2) +e1) + ) Y, (degz (z1) +n2)(degz, (22)
21€V(21) 20€V(27)
+m)+ Y Y. (n3+2)(degz,(z2) +e1)
21€Z(21) 22€V(23)
+ ) (degz, (z1) +n2)(n3 +2)
212,€E(S(21)),

21EV(2,),2,€T(Z1)

= My (2) + miMq(22) + nies + My(23) + ey My (23) + edes + 4ejer
+ 2ninses + 2nynse; + n1n2 + (n3 +2)(2e1e3 + n3el) + (n3+2)
(M1(21) + 2nze7).

After some simplifications, we acquire the required result.
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e By using Lemma 1 in Equation (2), we get

Ms(27 > (2Y U 2])) = degz, (z1) — degz, (z2)|

lezef(Zz)

¥ deg, (21) — deg. (22)
Z122€5(Z3)

+ ) Y. |degz (z1) —degg, (2z2) —mi + 712’
21€V(21) 22€V(2,)

+ X )3 degz3(22)+61—713—2‘
21€Z(21) p€V(23)

+ ) degzl(zl)+n2—n3—2‘

212265(8(21)),

21€V(21),22€L(21)
< M3(2,) + M3(23) + 2e1np + 2epm7 + n%nz + nlng + 2e3nq + €%Tl3

+7’l3€1 + 2ein3 + Z degz 71 ‘degzl )+n27n3—2‘
ZGV(Zl)

< M3(25) + M3(23) 4 2e1n3 + nyna(ny + ny) + 2nq(e2 + €3)
+enz(ns + e +2) + Mq(21) + 2nzeq1 + 2e1(n3 + 2).

This completes the proof. [
Now, we set up the precise value of the F-index of subdivision vertex-edge join for three graphs.

Theorem 2. Let Z1, Z, and Z3 be three graphs. Then, we have

F(27 > (2] UZS)) = F(21) + F(22) + F(23) +3(maM1(21) + mMi(22) + e1 M (23))
+ nyno (13 + n3) 4 nzer (n3 + €3) + 6(nde + n2ey + e3e3) + 8ey + 6mzer (n3 +2).

Proof. By Lemma 1 in Equation (3), we get

F(Z > (2)UZ§)= Y (degl (z)+m +3nydeg’ (z) +3n3degz (2)+ ), (13+8

ZEV(Z]) ZEI(Zl)
2 3 3 2 2
+6n5+12n3) + ) (degz, (z) + ny + 3ny degz, (z) + 3njdeg 2, (2))
ZGV(Zz)
+ Y (degZ (z) + ¢} +3ei deg (z) + 3¢f deg 5, (2))
ZEV(Zg,)

= .F(Zl) + n%nl + 31’12./\/11(31) + 61’1%61 + e (l’lg + 8+ 6?1% + 12713) + f(Zz)
+ 1’1‘;'7’12 +3mMq(Z) + 61’1%62 +F(Z3) + 6?713 +3e1M1(Z3) + 66%63.

This finishes the proof. [

Now, we give the exact expression for the hyper-Zagreb index of subdivision vertex-edge join for
three graphs.

Theorem 3. Let Z1, Z, and Z3 be three graphs. Then, we have

HM(ZP > (2Y U 29)) = F(21) + F(22) + F(Z3) + 2(Ma(22) + Ma(Z3)) + M1(21) (Bnz
+ 213 4+ 4) + 51y M1 (2,) + 5e1 M1 (23) 4 nyny(ny + np)* + 4nyns(eq + eo)
+ nzer (n3 + e1)* + 4eje3 (13 + 2eq +2) + 4nzey (ny + eq) + 8ea (13 + e1)
+ 8eq + 2nyeq (4 + 3ny) + 6nzer (n3 + 2).
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Proof. By definition of hyper-Zagreb index, we have HM (Z{ > (2Y U 2¥)) = F(2{ > (2Y U
Z1) +2My(28 > (2)Y U 2%)). Hence, the result follows from Theorems 1 and 2. [

In the next result, we provide the closed formulas of the reduced first and second Zagreb indices
of subdivision vertex-edge join for three graphs.

Theorem 4. Let Z1, Z, and Z3 be three graphs. Then, we have

o RM(ZF > (2Y UZ])) = RMi(Z1) + RM1(Z) + RM1(Z3) +ning(ng + ny — 4) +4(nper +
niey) + e1(ns + 1)% + e1(eynz + 4e3 — 2n3).

o RMyZS > (2Y UZT)) = RMa(22) + RMa(Z3) + (m3 + DMy(Z1) + mMy(Z2) +
e1M1(Z23) + e1(n3 + 1)(2e3 + nz(e; — 1) +2(ny — 1)) + nyep(ng — 2) + erez(er — 2) + (2e1 +
ny(ny —1))(2e2 +np(n —1)).

Proof. By using Lemma 1 in Equation (5), we get

RMl(ZfD(quzg)) = 2 (degzl(Z)‘f'l’lQ—l)z-‘r 2 (713+2—1)2

zeV(Z) z€L(2y)
+ Y (degz (2 )+n—1)2+ Y degzs(z)+el—l)2
2€V(2,) 2eV(23)
= ) ((degz (2) —1)* +n5+2my(degz (2) 1))+ Y, (m3+1)
zeV(Z) z€Z(2y)
+ Y | (degz, (z 1)2+n%+2n1(degzz(z) -1))
ZGV(Zz)
+ ), ((degz,(z) — 1) +ef +2ei(deg, (2) — 1))
ZGV(Z::,)

= R/\/ll(Zl) + Tl%l’ll —|—21’12(2€1 — 1’11) +e1 (7’13 + 1)2 + R./\/ll(Zz) + n%nz
+2n1(2e0 — 1) + RM(Z3) + e%n3 + 2¢1(2e3 — n3).

By means of some simplifications, we get the required result. Now, using Lemma 1 in Equation (5),
we have
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RMy(Z25 > (2YUZT)) = Y (degz (z1)+n —1)(degz () +m—1)+ ),
lezeg(ZQ) Z]Z2€5(23)

(degz,(z1) +e1—1)(degz,(z2) +e1 — 1)+ ) Y. (degg (1)
21€V(21) 22€V(2,)

+np —1)(degz (z2) +m1 —1) + ) Y, (n3+2-1)
21€L(21) 22€V(Z3)

(degz,(z2) +e1—1) + Y. (degz, (z1) +ma —1)(n3 +2—1)
Z122€5($(21)),
21€V(21),20€Z(21)

= ) ((degz,(z1) — 1)(deg, (2z2) — 1) + n1(degy, (z1) + deg 5, (z2))

2122€E(2y)
—2m +n})+ ), ((degg,(z1) —1)(degz,(22) —1) +ei(deg, (z1)
2122€E(23)
+degz (22)) — 2e1 + ) + Y ) (degz, (z1) degz, (z2) + (n1 — 1)

21€V(21) 22€V(27)
degz (z1) + (n2 — 1) degz, (z2) + (m —1)(n2 — 1)) + (n3 + 1)

Y, ) (degz(z)+er—1)+(n3+1) ) degz (2)(degz (2)
2161(21) ZzGV(Zg,) ZGV(Z1)

+ 1y — 1)

= RMo(Z) + niM1(2,) + eany(ng —2) + RMy(23) + e M1 (23)
+eser(eqr —2) +4ejen + 2nze1(n — 1) + 2nyep(ng — 1) + nyna(ny — 1) (no
—1) + (n3+1)(2e1e3 + nzer(e1 — 1)) + (13 + 1) (M1(21) + 2e1(n2 — 1))

By means of some simplifications, we obtain the required result. This finishes the proof. [

Now, we give the following lemma that is used in the proof of next result.

Lemma 2 ((AM-GM inequality) [53]). Let by, by,...,by be non-negative numbers. Then,

by +by +---+by > {/byby...by
> ...by

n

holds with equality if and only if by =by = - -+ = by,.

In the upcoming result, we give the upper bounds of multiplicative Zagreb indices of subdivision
vertex-edge join for three graphs.

Theorem 5. Let 21, Z, and Z3 be three graphs. Then,

n +2 261
b III(ZlS > (Zgj U Z:{)) < % (M](Zl) + n%nl +4Tl2€1)nl (./\/11(22) + TI%TIQ +4n1€2)n2
172 73

(M1(23) + €2nz + deres) ™,

o M(Z > (2/UZ)) < (n3+2)s+
2

<2€1 + 112)261 <M2(23) + 61./\/11(33) + 8%63 > 63 <4€1€2 + 2111112(61 + 62) + n%n%)nlnz

2e3 + nsep "3 Mz(Zz)—l-?ﬁMl(Zl)—Fﬂ%ez “
eins (%)

2eq es3 niny

holds with equality if and only if Z1, Z, and Z3 are reqular graphs.
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Proof. By Equation (6) and Lemma 1, we have

[[(zP>(2yuz9) = [ (degz(z)+m)* [] (m3+2? [ (degz(z)+m)?

1 zeV(2) z€I(2y) zeV(2;)
[T (degz,(z) +e1)?
ZGV(Z3)
Y (degh, (z) +m3 +2mdegz () " [ L (m3+2)2\”
< ZGV(Zl) ZGI(Zl)
= 7 o
/ (15)

Q}Z(g )(degZZZ (z) + 13 + 2n deg; (2))
z 2

n3

n3

EVZ(Z )(degzza (z) + €} + 2e; deg ; (2))
z 3

n3

By means of some simplifications, we obtain the required result. Now, by Equation (6) and Lemma 1,

we have
[Tz (2Yuzs) = ] (degs,(z1)+m)(degz (z2) +m1) [] (degz (z1)+er)
2 712p€E(2;) z12,€E(23)
(degz3 (z2) +e1) H H degZ 21) +na)(degz, (z2) + 1)
21€V(21) 22€V(2y)
[T II (m3+2)(degz,(z2) +er) 1T (degz (z1) +n2)
Z1€I(Zl) ZzGV(Z3) Z122€€($(Z]) ,

)
21€V(21),22€Z(21)
(n3 + 2).

By Lemma 2, we get

MZ(ZZ) + Tl]M](Zz) + 1’1%(32)62 <M2(Z3) + 81./\/11(33) + 6%63)63
ey €3

[T(25 e (2Y U zD) < (

2

dejer + 2nqngeq + 2nynges + n%n% e e1(n3 +2)(2e3 + nzey) \ "
ning e1n3

(n3+2) Y degy (z)(degz (z1) +12)\ ™
ZGV(Zl)

261 (16)

_ <M2(Zz) + Tl]M](Zz) + 1’1%62)62 <M2(Z3) + 61./\/11(23) + €%€3>63
ey €3

4ejer + 2nqngeq + 2nynsen + n%n% e e1(n3 +2)(2e3 + nzey) \ "
ning e1n3

<("3 +2)(Mi(Z1) + 2n261)>2€1
2eq

After some simplifications, we get the required result. Additionally, if Z;, Z;, and Zj3, are regular
graphs, then the equalities in Equations (15) and (16) hold. O
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In the next three theorems, we give the upper and lower bounds of the redefined versions of
Zagreb indices of subdivision vertex-edge join for three graphs.

Theorem 6. Let Z1, Z; and Z3 be three graphs. Then,

2
21’11 () 523 26’1 €3

(Dz, +m)? (Az, +er) (Az, +e1)?
53 —l—&z +ny+ny ) ( (52 +€1+1’l3+2 52 +le+7’l3+2
+nn ! 2 +en 8 > +2e < 1 ) <
. ((Aa +m)(Az,+m)) P\ (Az +er)(ns +2) "\(Az +m2) (s +2)

52
2 ReZei(Z5) +
2 e el( 2)

m 27?,3361(23) +
2

N 2nqe iy
ReZe(ZS > (ZY UZI) < — 22 _ReZe (2 192 2 ReZe(Z
e el( 1 D( 2 3 )) = (522 +n1)2 e el( 2) + (522 +n1)2 (523 +€1)2 e 61( 3)

2e1e3 <ﬁgl+Azz+n1+Tl2> (AZ3+€1+7’13—0—2>
s 4 gy e1n3
(62, +e1) (62, +1n2)(0z, +m) (62, +e1)(n3+2)
A 2
+2€1( 2, tnp+nz+ )
(0z,(z1) +n2)(n3 +2)

hold with equalities if and only if Z1, Z, and Z3 are reqular graphs.

Proof. By using Lemma 1 in Equation (7), we get

degz,(z1) +degz,(22) +2m

ReZe (20 > (2) U ZT)) =
WE S EUED = b (e, () +m)(deg, (22) )
deg. (z1) +degz (z2) + 2e;
L e = (17)
B (2, (4€82,(21) +e1)(deg 2, (22) +e1)
. degz (z1) +degz,(22) +n1 + 2
HEV(2)) eV 2y) (degz, (z1) +n2)(degz, (22) +m1)
Ly ‘(116823(22) +ep+n3 +22
2€1(21) eV(Z3) (deg z,(22) +e1)(n3 +2)
n degzl(z1)+n2+n3+2.
12cE(S(2))), (degzl (z1) +n2)(n3 +2)
21€V(21),22€Z(21)
Now,
degz, (z1) +degz,(22) +2m _ degz, (z1) +degz, (22) . degz, (z1) degz, (22)
(degz,(z1) +n1)(degz, (22) +n1) deg, (1) degzzz(zz) (degz,(z1) +n1)(degz, (2z2) +11)
1
" (deg, (z1) + m)(deg, (z2) + m) (18)
Az, degz,(z1) + degz, (22) 2m
< X .
T (0z,+m)? " deggz (z1)degz (z2)  (dz, +m)?
Similarly,
deg (z1) +degz, (22) + 21 < A223 " deg (z1) +degz, (22) 2e; (19)

(degz,(z1) +e1)(degz (z2) +-e1) = (dz, +e1)? degz (z1)degz (z2) — (dz, +e1)?
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By using Equations (18) and (19) in Equation (17), we obtain

2
ReZey (2 >(2Yuzi) < Y £z % degz,(21) +degg, (2) 2my
 unel(2) (02, +m)? deg, (21) degz, (22) (02, +m)?

Ly A233 y degz, (z1) + degz, (22) N 2e,
712,€E(Z3) (6z, +e1)?  degz (z1)degz (z2) (0, +e1)?

ANz + Az +n1+np
P p oy hates
21€V(21) 2€V(25) (521 + n2)(522 +ny)

ANz, +e+n3+2
21€L(21) 2€V(23) ( Z3 +el)(”3+ )
AZ] +n2+n3+2

72122€E(S(21)), (62, +n2)(n3 +2)
21€V(21),22€Z(2)

+

2
2niep Ag3
(62, +n1)?  (0z, +e1)

2eqie3 - <A21+A22+711+7’12>
(523+€1)2 172 ((531—1-112)(532—1—111)

tenn <A33—|—€1+1’l3+2)+2€ < Agl+n2+l’l3+2 )
S\ 6z, +e1)(n3 +2) "\ Gz @) tm)(m+2))

AZ
= #ReZel(Zz) +
(62, +n1)?

5 ReZel (Zg)

+

Similarly, we can compute

2

ReZ S vV 7 522
eZei(Z7 > (2 U Z3)) = mRezel(Zz) +
2

2n1ep 5253
(Az, +m)?  (Az +er)

5 REZ€1(23)

2e1e3 (531 + 532 +ny+np
(B +e? T ((Azl +m)(Dz, + nn)
+€1n3< 5Z3+€1+1/l3+2 ) 261( 5gl+n2+n3—|—2 )
(Dzy +e1)(n3 +2) (Dz,(z1) +n2)(n3 +2)

Furthermore, if Z1, Z;, and Z3 are regular graphs, then the above equalities hold. This finishes
the proof. O

Theorem 7. Let Z1, Z,, and Z3 be three graphs. Then,

Azizj_aneZEZ(Zz) + Z(Agrzlil—i—nl)Ml(ZZ) + Z(Aﬁej- ) + Azizi o ReZer(Z3)
e el o () (Gt
+2¢ (Xz i Z) in;;ﬁé) <ReZey(2P > (2Y U 2T)) < (SZZAJ‘;‘ZmReZeZ(Zz)

2 A 2
i raMIB) s g TReZ e (2) s Mi(Z) +

g ((AZI +m2)(Ag, +"1)) +euns ((Azs +e1)(n3 +2)> 2% <(AZI + n2)(n3 +2)> _

5Z]+(532+7’l1+712 5g3+€1+713+2 5gl+112+7’l3+2

hold with equalities if and only if Z1, Z,, and Z3 are reqular graphs.
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Proof. By using Lemma 1 in Equation (8), we get the following

(degz, (z1) + n1)(degz, (z2) +m1)
degz, (z1) +degz, (z2) +2m

ReZey(Z5 > (2Y U ZE)) =

21Z2€(‘:(22)
> (degz,(21) + e1)(degz, (22) + 1)
mmed(zy) 98z (z1) +degz, (22) +2¢

(degz, (21) + n2)(degz, (z2) +m1)
P V(2 vz, €8z, (21) +degz (z2) + 11 + 1y (20)
> (degz,(z2) +e1)(n3 +2)
21€1(2,) 22€V(2Z3) degz, (z2) +e1+n3+2
(degz, (z1) +n2)(n3 +2)
degz (z1) + 12 +n3+2 '

Ay

_|_

ZlZzeg(S(Z1)),
21€V(21),220€Z(21)

Now,

(degz,(21) +m1)(degz, (22) + 1) _ degz,(21)degz, (z2) +mi(degz, (21) + degz, (22)) + ni
degy (z1) + degz, (z2) + 2m degz, (z1) +degz, (z2) +2m

By multiplying and dividing the first term of above expression by deg 7, (z1) + deg z, (z2), we get

(degz,(2z1) +m1)(degz,(z2) + 1)  deggz,(z1)degz, (22) . desz, (z1) + deg, (22)
degz, (z1) +degz, (z2) +2m degz (z1) +degz, (z2)  deggz (z1) +degz, (22) +2m
ni(degz, (z1) +degz, (22)) n2
(degz,(z1) +degz, (z2) +2n1  degz (z1) +degz (z2) +2m

By using Az < deg;(z) < 4z, we acquire following

(degz,(z1) +n1)(degz,(22) + n1) < degz, (z1) degz, (22) o Ag,
degz (z1) +degz, (z2) +2n1  ~ degz (z1) +degz,(22) Iz, +m 1)
ni(degz,(z1) + degz (22)) N n2
2(6z, +m) 2(6z, +m)
Similarly,
(degz,(z1) +e1)(degz, (z2) +e1) < B deg (21) degz, (22)
degz (z1) +degz (z2) +2e1  ~ 0z, +er  degz (z1) +degz (22) 22)

e1(degz,(z1) + degz, (22)) N e?
2(532+€1) 2(5334-61)'
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By using Equations (21) and (22) in Equation (20), we obtain

( Ag, « degz, (z1) degz,(22)
nmeE(2y) \02 11 degz (z1) +degz, (22)

ReZey (25 > (2Y UZE)) <

n1(degz, (1) + degz (22)) n?
2(0z, +m) 2(6z, +n1)>
n ( Az, degz (z1) degz (22)
e (zy \02; Fe1  degz (z1) + deg (22)
e1(degz (z1) + degz (22)) e2
2(0z,+e1) 200z, + el))

(Az, +n2)(Az, +n)
(531 +§Zz +ny+np

(Az, +er)(n3+2)
0z, +eg+nz+2

Ay

Z1 EV(Z]) ZzGV(Zz)

oY)

zlel(Zl) ZzEV(Z?,)

(23)

(Az, +nz)(n3+2)

+
nneé@(z), OnTmtnat2
21€V(21),20€Z(Z1)

A n2e,
772626 Z 7/\/{ Z) 4 ——1c
532+ 1 2( 2) (522+n1) 1( 2) 2(522+n1)

6263
+ ReZe Z 7/\/1 R
523 2( 3) (5 Te ) l( ) (5Z3+el)

A 1) (A n Nz +e)(ns+2
+n1nz<( z +m)(Dg, + 1)>+e1n3(( z, +e1)(n3 ))
(531—0—5324-7114-112 5234-61-0-7’134-2
A 2
ra (Lt D)
5gl+n2+n3+2

Similarly, we calculate

2

ny niez
ReZer) (25> (ZY U Z 77?,626 Z 7/\/1 Z)+ 77—
2( 1 ( 2 3)) AZZ 2( 2) (A22+nl) 1( 2) 2(A22+n1)
oz e1 6263
4+ 7B ReZe(Z 7/\/1 Z) 4
ANz, +e 2(2s) + 2(Az, +e1) 1(23) 2(Az, +e1)

0 0 1) 2
+n1n2((21+”2)( zz+n1)>+e n3<( z, +e1)(n3 + ))
Az, +Az +n1+n Az, +ep+n3+2
0 2
+2el((zl+ﬂ2)(”3+ )>'
Az +ny+n3+2

Additionally, the above equalities hold if and only if Z1, Z,, and Z3 are regular graphs. This finishes
the proof. O
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Theorem 8. Let 21, Z, and Z3 be three graphs. Then,

ReZes(Z5 > (2Y U ZT)) = ReZes(2,) + ReZes(23) + mHM(2,) + ey HM(23) + 2n1 My (2,)
+2e1 M3 (23) + (311 + 261 + nyng) M1(22) + (3n1 +e1(n3 +2)) M1(Z23)
+ (13 +2)F(21) + (2en + nyny + (13 +2)(2np + n3 4 2)) M (21) + 2nde;
+ 2633 + (8eqey + n2n3) (ny + np) + 2nyna(ny + 1) (e + e) + 2nyma (e
+nye2) + e1(nz +2)(ey + n3 + 2)(2e3 + nzer ) + 2ejes(n3 + 2)
+ 2nze1(ng + n3 +2).

Proof. By using Lemma 1 in Equation (9), we get the following:

Rezer(Zf o (B UZD) = L (dens, (o) dess, (z2) (degz, (2) + degz, (22)
2122€E(2y)

+ 201 deg, (1) deg, (z2) + m (deg, (21) + g, (22))
+ 3n%(deg32 (z1) +degz, (22)) + Zn?) + ) < degz, (z1)
2122€E(23)

degz, (22)(degz (z1) + degz (22)) + 2e1 degz (z1) deg z, (22)

+e1(deg 5, (21) + deg, (22))* + 3¢} (deg, (z1) + deg 5, (z2)) + ze%)

+ ) ) (deg%1<21>(degzz(22>+n1)+degzzz(22)(degzl(21)
21€V(21) 22€V(2y)

+n2) +2(m +nz) deg z (1) degz, (22) + (11 + n2)(n1 degz (21)

+npdegz, (22)) + mna(degyz (z1) + degz, (22)) + mina(ng + ”2))

tmi2) Y% (degé3<zz>+degzs<zz><n3+zel+z>
21€Z(21) 22€V(23)

+e1(n3+ e +2)> + (n3+2) ) (degzz1 (22) + degz, (22)
212,€E(S8(2y)),
21€V(21),22€L(24)

(2n2 + n3 +2) + (n2 +n3+2)>

= ReZe3(25) +2mMa(25) + niHM(2,) +3n M1 (2,) + 2nde;
+ ReZe3(23) + 2e1 Mo (23) + ey HM1(23) + 311 M1 (23) + 263e3
+ (2 + nynp) M1 (21) + (2e1 + nyng) M1 (2,) + 8erex(n1 + n2)

+ 2nymp(ny + 1) (e1 4 e2) 4 2nymap(nzeq + nyep) + nind(ny + ny)

+ (13 +2)(e; M1 (23) + 2e1e3(2e1 + 13 +2) + nzet(eg +n3 +2))

+ (n3 +2)(F(21) + M1 (21)(2np + n3 + 2) + 2nze1 (np + n3 + 2)).

This completes the proof. [

In the following theorem, we present the exact value of first reformulated Zagreb index of
subdivision vertex-edge join for three graphs.
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Theorem 9. Let Z1, Z, and Z3 be three graphs. Then, we have

EM(Z] > (29 U Z5)) = EMA(Z2) + EM1(Z3) +5mMi(Z2) +5er M (Z3) + F(Z1) + (3m2
+2n3) M1 (Z1) + 4nyex(ny — 2) + 4eres(e; — 2) + 8eqes +4(ng +np + 2)
(ngey + nyex) + nyng(my + ny +2)% + eyng(er + nz)* + dees (e + n3)
261 (1 + 32

Proof. By using Lemma 1 in Equation (10), we get the following:
EMIE > (2P UE)) = ) ((degz,(z1) +degz,(z2) —2)° +4f + 4y (degz, (21)
2122€E(23)

+degz,(z1)) —8m)+ ) ((degz,(z1) +degz(z2) —2)° +4ef
712p€E(23)

+dey(degz, (z1) +degz, (z1)) —8er) + ) Y. (degk (z1)
21€V(21) 22€V(23)

+ degzzz(zz) +2degz (2z1) degz, (z2) +2(n1 +n2 — 2)(degz (21)

+ degZ2(z2)) + (n1 +np — 2)2) + Z 2 (deg223 (z2) + (e1 + ”3)2
21€L(21) 22€V(23)

+2(e1 +m3)degz (22)) + ) degz (2)(deg, (z) + (n2 + n3)?
ZEV(Zl)

+2(np + n3) deg z (2))

= EM(2,) +deyn? +4ni My (2) — 8njey + EM1(23) + desed
+4ey M1 (23) — 8eres + naMq(21) + ni M (2,) + 8eren + 4(ng + ny + 2)
(nge1 + nyex) + nyng(my + ny +2)% + e M1 (23) + exnz(er + n3)* + deges(er
+n3) + F(Z1) +2e1(ny + n3)2 +2(ny + n3) M1 (21).

After some simplifications, we get the required result. This completes the proof. [

In the following theorem, we provide the lower and upper bounds of the Harmonic index of
subdivision vertex-edge join for three graphs.

Theorem 10. Let Z1, Z; and Z3 be three graphs. Then,

2n1ny 2e113

1)
= + +
A51+A32+1’11+1’l2 A33+€1+1/l3+2

Agz +n

oz
Z — = H(Z
H( 2)+AZ3+e1H( 3)

4eq S 1% T Az, AZ3
+ <HZ > (ZYUZ < —2 H(ZH) + H(Z
AZI 1y 13 2 = ( 1 ( 2 3 )) = 522 n ( 2) 523 e ( 3)

+ 27’[11’[2 + 2617’[3 i 461
531+(522+711+Tl2 5ZS+€1+H3+2 (521+n2—|—n3—|—2,

hold with equalities if and only if Z,, Z, and Z3 are reqular graphs.
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Proof. By using Lemma 1 in Equation (11), we get the following:

2
2122€E(25) degzz(zl) + cilegz2 (z2) + 2m
Z 2
2129€E(23) degz, (z1) + deg (22) + 2e1

+ ) 2

V) mevzy) 968z, (21) +degz, (z2) + 11+ 1y
2
o
21€L(21) 22€V(Z3) deg23 (z2) +e1+n3+2
2
degz (z1) +n2+n3 +2

H(Z > (2 uzg)) =

+

+

212268(8(21)),
21€V(21),22€1(Z,)

2 degz, (z1) +degz, (22)
H(Z{ > (2 U zT)) = X 2 2
(27 > (2, 3)) 2122625(22) degz (z1) +degz, (z2) deggz (1) +degz, (22) +2m
. 2 " degz, (1) + degz, (22)
2122€E(25) degz (z1) +degz, (z2)  degz (1) + degz, (22) +2e9
2
+
Zleyz(zl) 2,€V(2,) degzl (Zl) + deg22 (ZZ) +np+np
2

+ Z Z
21€€(21) 22€V(23) degz, (z2) +e1+n3+2
2

+ )y
et B2, degzl(zl)+n2+n3+2
21€V(21),22€Z(21)
AZ AZ 27’117’12
< —22 _H(Z)+ _H(Z3) +
- 532+n1 ( 2) 5Z3+€1 ( 3) 5zl+(522+n1 + 1y
2eqns 4eq

+ + .
5Z3+€1+1’13+2 (521+n2+n3—|—2
Similarly, we have

+ 2111112
Agl -|—ﬁgz +ny+np

oz 0z
HZS > (ZYuziy> 22 3 (z — = _H(Z
(Z7 > (2, 3))_A22+”1 ( 2)+AZ3+€1 (23)

2611’13 461
+ .
AZS+€1+H3+2 Agl+n2+n3+2

Additionally, if Z1, Z,, and Z3 are regular graphs, then the above equalities hold. [

In the next result, we give the lower and upper bounds of the ABC index of subdivision
vertex-edge join for three graphs.

Theorem 11. Let Z1, Z, and Z3 be three graphs. Then,

532 \/27’1182
—=—ABC(2,) —
‘ Dz, +m (22) Dz +m

+ 5gl+(532+7’l1+n2—26n 5Z3+€1+Tl3 Iy 5zl+n2+1/l3
PN Az, tm) (g, +m) N\ (Bz, +er)(ns +2) W (Az +m)(nz+2)

523 \/26183
ABC(Z3) — +——-
+‘Az3 +er (2) Az, +eq
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A
< ABC(Z8 > (2Y uzi)) < %ABC(Z}) +

z, T

17 of 25

A V2 V2
2 ABC(2,) + Y2 A%
5Z3+€1 (532+111 (523+€1

Agl +ny+n3

- A21+A22+”1+”2—2
PR (62, +m2) (02, +m)

+en Dz tatns + 2¢
1 (0z, +e1)(n3+2) ! (0z, +n2)(n3+2)

hold with equalities if and only if Z1 is a reqular graph and Z, = Z3 = P;.

Proof. By using Lemma 1 in Equation (12), we get the following:

degz,(z1) +degz,(2z2) + 21y —2

ABC(Z{ > (27 U 2E)) =

X

212,€E(2y)

(degz, (z1) +n1)(degz, (z2) +m1)

+

D

degz (z1) +degz (22) +2¢1 —2

212,€E(Z3) \J
+

21€V(21) 22€V(2,)

(degz,(z1) +e1)(degz, (22) +e1)

degz (z1) +degz, (2) + 11 +np -2
(degz, (z1) +n2)(degz, (22) + n1)

oY)

Z1€I(Zl) ZzGV(Z3)

degz (z2) +e1+n3+2-2

(degz, (22) +e1)(n3+2)

+

212265(3(31))/ \
21€V(21),22€Z(21)

Now,

degz, (z1) +degz, (z2) +2ny —2

_ degz (21) +degz (z2) —2

degz (z1) +m2+n3+2-2
(degz (z1) +m2)(n3+2)

degz, (z1) deg, (22)

(degz, (z1) +m1)(degz, (22) + 1)

degz, (1) degz, (22)

* (deg, (z1) +n1)(deg, (22) +m)
nq

M

degz, (z1) +n1)(degz, (22) +n1)

I

<P , desz, (21) + degz, (22) -2 2m
= (0z, +m)? deg (1) degz, (22) (02, +m)?
Since va + b < v/a + v/b with equality if and only if a = 0 or b = 0. Therefore,
deg (z1) +degz, (22) + 21y —2 Az, [|degz (z1)+degz (z2) =2  /2n
(degz,(z1) +mn1)(degz,(z2) +1m1) = 0z, +m degz, (z1) degz,(z2) 8z, +n1’
Equality holds if and only if deg 7 (1) = degz, (z2) = 1. Similarly, we have
degz, (1) + degz (22) +2e1 —2 Ag, degz, (z1) + degz (z2) — 2 V2
(degz,(z1) +e1)(degz, (z2) +e1) ~ 0z, + e degz, (1) degz,(22) 0z, +e

J

Equality holds if and only if deg z, (z1) = degz (2z2) = 1. By the above calculations, we get

Az,

\/2711

ABC(Z5 1 (2 U ZD)) < (
2122€E(23) Oz, tm

+

\/degz2 (z1) + degz, (22) — 2

)

degz, (z1) degz, (z2) 0z, +m

degz, (1) + degz, (z2) — 2 V2eq

Z1Z2€5(Z3)

I
(533 +e

J

|

deg (z1) degz, (22) 0z, + e
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DNz +Nz +ny+np—2
sy oy ffarte
71€V(21) 2€V(2,) (02, +m2)(0z, +m)

Az, +e+n3
+ Z Z 3
21€T(21) p€V(Z3) (523 + 61) (Tl3 + 2)

AZ] +ny+n3

+
212,€€(S(21)), \/(‘521 +n2) (13 +2)
721€V(21),22€L(Z1)

A V/
23 ABC(Z3) + 26]63

(533 +e

4 AZ]+AZZ+711+712—2+€” AZ3+€1+713
12 (0z, +n2)(0z, +mn) 1 (0z, +e1)(n3z +2)

+ 2e Dz + 1t
Wz +m)(ns+2)

Ag v2niep
ABC(Z8 > (ZY U zZh) = ——22_ABC(Z
(Z7 > (2, 3)) 5z, +m ( 2)+§Zz+7’11+523+€1

Now,

deg, (1) +degz, (22) + 211 —2 S 0z2 degz, (z1) +degz, (z2) —2 N 2m4
(degz,(z1) +mn1)(degz, (z2) +m1) = (Az, +n1)?  deggz (z1)degz, (22) (Az, +np)?

Since v/a + b > |\/a — V/b| with equality if and only ifa = 0 or b = 0,

deg (21) +degz, (z2) +2m —2 oz degyz,(z1) + degz (z2) -2 /2y
(degz, (z1) +m)(degz, (22) +11) ~ | Az, +m deg, (z1) deg (22) Az, +m

Equality holds if and only if deg 7, (z1) = deg 2, (z2) = 1. By a similar argument as those are given
above, we get:

\J degz,(z1) +degz,(z2) +2¢1 —2

(degz, (z1) +e1)(degz, (z2) +e1) —

0z, deg (z1) + degz, (22) — 2 V2
AZS + e deg23 (z1) degz3 (22) Ag3 +e

Equality holds if and only if deg z (z1) = degz,(z2) = 1. By the above calculations, we get

ABC(Zf - (2Yuzd) > ¥ oz, \/ degz, (1) +degs, () =2 am
T mei(z) \|[ Bzt m degz,(z1) degz, (22) Nz, +m

+ X
2129€E(23)

52 + (SZ +ny+ny; — 2
+ E 2 1 2
ez vz, | Bz T m2)(Az, +m)

|
|

oz, degz, (z1) +degz (22) =2 /2e;
Nz, +e degz, (z1) degz (22) Dz, +e

0z, +el+n3
4 3
Zﬁ;&) ZZEVZ(Zg) (A23 +e1)(n3 +2)
6z +ny+ns
4 1
212265(28(21)), \/(AZI + nz)(n?) + 2)

Z1€V(Zl),Z2€I(Zl)
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0z, v2n1e; ’ oz V2ee3
= |—=2—ABC(Z,) — 5 ABC(Z3) — -——=-
‘A22+n1 (22) A32+111 + AZ3+61 (23) AZ3+€1

4 5gl+5gz+n1+n2—2+en 533—1—614—713
1 (Az, +m)(Dz, +m) ’ (Az, +ep)(nz+2)

0z +np+nj
2 1 .
+ el\/(A21+n2)(n3+2)

Additionally, if Z; is a regular graph and Z, = Z3 = P, then the above equalities hold. This completes
the proof. O

In the following theorem, we give the lower and upper bounds of the G.A index of subdivision
vertex-edge join for three graphs.

Theorem 12. Let Z1, Z;, and Z3 be three graphs. Then,

er(dz, +mq) N e3(0z, +e1) 2”1”2\/(521 +12)(0z, +m) 261”3\/(‘523 +e1)(n3 +2)
Nz, +m ANz, +e Nz + Az, +ny+n Az, +e+nz+2

e \/(523 +e1)(n3 +2)

ea(Az, +n1)  e3(Az +er)

<GA(Z > (2Yuz])) <

AZ3+61+1/I3—|-2 (5324—111 5234-61
2”1"2\/(A21 +n2)(Lz, +m) 261"3\/(Az3 +e1)(n3+2) de \/(Az1 +12)(n3 +2)
_l’_
0z, +0z, +n1+ny 0z, +e1+n3+2 0z, +ny+nz+2

hold with equalities if and only if Z1, Z,, and Z3 are reqular graphs.

Proof. By using Lemma 1 in Equation (13), we get the following:

2\/(degz, (z1) + 1) (deg , (22) +m)

GA(ZS > (2Y U Z)) =
(Z7 > (2, 3)) zlzZezgl(Zz) degz, (1) +degz, (22) +2m
2,/(degz, (1) + 1) (deg, (22) +e1)
_|_
212,€E(23) degz, (z1) + degz, (z2) + 2¢1

2,/(degz, (z1) +n2)(deg, (z2) + 1)
degz (z1) +degz, (22) +n1 + 2

2,/(degz, (z2) +e1) (n3+2)
degz (z2) +e1+n3+2

2\/(deg21 (z1) + n2)(n3 +2)
degz (z1) +n2+n3+2

XX

21€V(21) 2€V(2,)

)

21€1(21) 22€V(23)

+
zlzzeé’(S(Zl)),
21€V(21),22€1(2,)

< bz +m) n e3(Dz, +er) N 2”1”2\/(A21 +12)(Az, +m)
T bz tm 0z, teq 0z, +0z, +ny+ny
261"3\/(Az3 +e1)(n3 +2) 461\/(521 +12)(n3 +2)
(533+€1+713+2 (531-0-7’124-7134-2 '
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Similarly,

g.A(ZSD(ZVUZI)) > 32(522+111) 63(5Z3+€1) 2”1”2\/(5ZI+”2)(522+7’11)
1 2 37 = AZZ—Fnl Ags—l—el A31+A22—|—n1—|—1’l2

261”3\/(523 +e1)(n3+2) de \/(523 +e1)(n3 +2)
Ag3+€1+n3+2 + Ag3+€1+n3+2

+

Additionally, if 21, Z,, and Z3 are regular graphs, then the above equalities hold. This completes
the proof. O

Finally, we set up the lower and upper bounds of the reduced reciprocal Randi¢ index of
subdivision vertex-edge join for three graphs.

Theorem 13. Let 2y, Z;, and Z3 be three graphs. Then,

‘RRR(ZZ) — ey — 1/2m (62, — 1)] + ‘RRR(Z3) —eres — /261 (02, — 1)‘

+erzy [ (8z, +e1 — 1)(n3 +1) +mnay/ 0z, +m2 —1)(8z, +m —1)

+2e1\/(6z, +m2— 1)(n3 +1) < RRR(Z{ > (2) U 2)) < RRR(Z) + miey +\/2m (L z, — 1)
+ RRR(Z3) + erez + \/m+ 1’11112\/(Agl +ny—1)(Az, +ny—1)

+ermay/(Dz, +er —1)(n3+1) + 2611/ (Az, + 12— 1)(n3 +1).

hold with equalities if and only if Zy is a reqular graph and Z, = Z3 = P».

Proof. By using Lemma 1 in Equation (14), we get the following:

RRR(Z\ > (2Yuzl))= L \/(degs,(z1) +m —1)(degs,(z) +m — 1)
21Z265(Z2)
+ ¥ \f(degz,(z1) +e1 — 1)(degs, (22) +e1 — 1)
2127€E(23)

+ L L /(degz (z1) +n2—1)(degz, (z2) + 11 — 1)
21€EV(21) 22€V(2,)

+ L L y/(degy(z) tea-Dim+2-1)
21€1(21) 22€V(23)

+ L /egz(z) +m -1 +2-1).
Z1Z2€5(5(Zl))/
21€V(21),22€Z(21)

However, v/a + b < \/a + v/b, with equality if and only if 2 = 0 or b = 0. Therefore,

\/(degzz (z1) +m1 — 1)(degz,(z2) +m1 —1) < \/(de822 (z1) — 1)(deg22(zz) —-1)+m
+ \/ﬂ\/degz2 (z1) +degz, (z2) — 2.

Equality holds if and only if deg 7, (z1) = degz, (z2) = 1. Similarly,

\/(degz, (z1) +e1 — 1) (degz, (z2) + o1 — 1) < y/(degz, (21) — 1) (degz, (22) — 1) +ex
+ \/a\/degz3 (z1) +degz, (z2) — 2.
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Equality holds if and only if deg 7 (z1) = degz (z2) = 1.

RRR(25 > (2 UZD) <  E (|/degz,(on) — 1)(degz, (e2) ~ 1)+
2122€E(2y)

Vi e, (1) + de, (22) 2

+ 8 ((fldens o)~ Didegz (2 -1

Z122€5(Z3)
+e1+ \/a\/degzs(zl) + degZ3(zz) - 2>

+ Y Y ez tm-1)(Az+m—1)
21€V(21) 22€V(2;)

+ T L Jenra-1)m+1)
21€L(21) 22€V(Z3)

Y B rm -1+
2129€E(S(21)),
Z]EV(Z] ),226.,[(2])

< RRR(Z2) +mey +1/2n1 (A z, — 1) + RRR(Z3) + eres

+ \/261(&23 —1)+n1n2\/(Azl +ﬂ2—1)(A32 +m—1)

+ermsy[/(Dz, +en —1)(n3 +1) + 2611/ (D z, + 12— 1)(n3 +1).

However, va + b < |\/a — v/b|, with equality if and only if 2 = 0 or b = 0. Therefore,

/(e o)+ 1) ez z2) + 1) = [ (e (o0) — 1) (e, (22) ~ 1) =

_ \/nl(degzz(zl) —0—deg22(22) — 2)‘

Equality holds if and only if deg (z1) = degz,(z2) = 1. By a similar argument as those are given
above, we get:

/(e o) 4 ) ez z2) 1) > | (et (on) — ez (22) ~ 1) e

— \Je1(deg, (z1) + deg 5, (22) —2)|.

Equality holds if and only if deg 7 (z1) = degz (z2) = 1. By using the above calculation, we obtain

RRR(Z{ > (2Yuzf) > ).
lezeg(ZZ)

\/(:1egz2 (z1) + degz (z2) — 2‘

Ay

212,€E(23)

—e — \/a\/degzs(zl) +degz (z2) — 2‘

\/(degz, (21) — 1)(deg, (z2) = 1) = m — i

/(degz, (71) —1)(deg, (72) — 1)
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+ 2 2 \/((531—1—712—1)(5224—111—1)
21€V(21) 22€V(2y)

+ T T Jen+a-1)im+1)

21€Z(21) 22€V(23)

+ X @z rm -1+
2122€E(S(2y)),
21€V(21),20€Z(21)

RRR(Z,) — nyey — \/2n1(5z, — 1)]

+ ’RRR(Z3) —eje3 —4/2e1(0z, — 1)’

+ 111112\/(521 +npy — 1)(522 +n — 1) +e1n3\/(533 +e — 1)(113 + 1)

+2e11/ (82, +m2—1)(n3 +1).

Furthermore, if Z; is a regular graph and Z, = Z3 = P,, then the above equalities hold. This finishes
the proof. O

4. Conclusions

In this article, we compute additive degree-based topological indices for new graph operation
subdivision vertex-edge join of three graphs. By using these graph operation, one can construct new
(chemical) graphs from existing graphs. Therefore, it is important to know which physico-chemical
properties are carried from original graphs to the newly constructed graph via this new operation.

Recently, the Zagreb indices and their variants have been used for studying the complexity of
molecular graphs while overall Zagreb indices have shown a potential applicability for deriving
multilinear regression models. Zagreb indices have also been used by various researchers in their
QSPR and QSAR studies. The first and second Zagreb indices are useful for the computation of the total
rt-electron energy of molecules. The expression for Zagreb type indices for subdivision vertex-edge
join will be useful in study of QSPR and QSAR analysis of new compound formed by this operations.

The Randic index is a topological descriptor that correlates with many chemical characteristics
of molecules such as boiling point. The expression obtained for subdivision vertex-edge join of
three graphs would be useful and applicable for correlating many chemical properties of new
molecular compounds.

The atom-bond connectivity (ABC) index exhibits a very good correlation for computing the strain
energy of molecular graphs. Hence, the results obtained for ABC index can be used for correlation of
computing the strain energy of new molecules formed by this new introduced operations. Sometimes,
the GA index has as much predictive power as that of the Randic index, so the GA index is more useful
than the Randic index in some cases as it has more predictive power for certain chemical compounds.
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