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Abstract

:

No previous study has involved uncertain fractional differential equation (FDE, for short) with jump. In this paper, we propose the uncertain FDEs with jump, which is driven by both an uncertain V-jump process and an uncertain canonical process. First of all, for the one-dimensional case, we give two types of uncertain FDEs with jump that are symmetric in terms of form. The next, for the multidimensional case, when the coefficients of the equations satisfy Lipschitz condition and linear growth condition, we establish an existence and uniqueness theorems of uncertain FDEs with jump of Riemann-Liouville type by Banach fixed point theorem. A symmetric proof in terms of form is suitable to the Caputo type. When the coefficients do not satisfy the Lipschitz condition and linear growth condition, we just prove an existence theorem of the Caputo type equation by Schauder fixed point theorem. In the end, we present an application about uncertain interest rate model.
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1. Introduction


Wiener process is a type of stationary-independent increment stochastic process with normal random increments designed by Wiener in 1923 [1]. Then stochastic differential equation (SDE, for short) was proposed by Itô in 1951 as a vital tool to model stochastic dynamic systems [2]. Following that, many areas such as noted European option pricing model [3] by SDEs and famous stochastic epidemic dynamic model hidden in the observed data [4] were developed. As all we know, The SDEs based on probability theory need a large of available sample data. However, when we lack of data or the size of sample data applied in practice are less in many situations, we need to invite some domain experts to evaluate the belief degree that each event happens.



Human uncertainty with respect to belief degrees [5] can play an important role in addressing the issue of indeterminate phenomenon. For describing the evolution of uncertain phenomenon, the uncertain differential equation (UDE, for short) was first proposed by Liu [6]. Following that, Liu [7] also proposed the concept of stability of UDEs. Later, Chen and Liu [8] proved an existence and uniqueness theorem for an UDE and Yao et al. [9] proved some stability theorems. Besides, a large and growing body of literature [10,11,12,13,14] about stability theorems for UDEs have been investigated. Further, Yao and Chen [15] first proposed Euler’s method combined with 99-method to obtain the numerical solution of the UDEs. With the perfect of theory and maturity of numerical method of the UDEs, The UDEs have been successfully applied to many area such as optimal control theory [16,17], differential game theory [18,19], wave equation [20,21,22] and finance theory [23]. To understand developing process of the UDEs comprehensively, the readers can refer the book [24].



V-jumps uncertain processes proposed by Deng et al. [25] are often used to describe the evolution of uncertain phenomenon with jumps, in which the uncertain process may be caused a sudden change by emergency, such as economics crisis, outbreaks of infectious diseases, earthquake, war, etc. Here, It is needed to see that the cadlag functions [26] (right-continuous with left limits) are vital to deal with point process and related applications. The definition of V-jump uncertain process is as follows



Definition 1.

An uncertain process   V k   with respect to time k is said to be a V-jump process with parameters   θ 1   and   θ 2     ( 0 <  θ 1  <  θ 2  < 1 )   for   k ≥ 0   if




	(i) 

	
    V 0  = 0 ,   




	(ii) 

	
   V k   has stationary and independent increments,




	(iii) 

	
For any given   k > 0 ,   every increment    V  r + k   −  V r    is a  Z  jump uncertain variable   ξ ∼ Z (  θ 1  ,  θ 2  , k )   for   ∀ r > 0  , whose uncertainty distribution is


      Φ  ( x )  =     0    i f  x < 0 ,         2  θ 1   k  x     i f  0 ≤ x <  k 2  ,        θ 2  +   2 ( 1 −  θ 2  )  k   ( x −  k 2  )      i f   k 2  ≤ x < k ,      1    i f  x ≥ k .           



















Deng et al. [27] proved an existence and uniqueness of solution to UDE with V-jump under Lipschitz condition and linear growth condition on the coefficients. The uncertain differential equation with V-jump is expressed as follows


  d  Z k  =  p 1   (  Z k  , k )  d k +  p 2   (  Z k  , k )  d  C k  +  p 3   (  Z k  , k )  d  V k  ,  








where   C k   is an uncertain canonical process with respect to time k,   V k   is an uncertain V-jump process with respect to time k, and    p 1  ,    p 2    and   p 3   are some given functions.



Uncertain differential equations with V-jumps are widely applied to uncertain optimal control with V-jumps. Some related references can be seen in [28,29,30,31,32,33]. For the phenomena of complex systems, fractional differential equations (FDEs) [34] are very suitable for characterizing materials and processes with memory and genetic properties. When considering the research of uncertain complex systems, we are eagerly looking forward to having a usable mathematical tool and basic principles to model these complex systems. To better describe the uncertain complex phenomena, Zhu [35] proposed two types of uncertain fractional differential equations in the one-dimensional case, which is the Riemann-Liouville type and Caputo type, respectively. In the same year, Zhu [36] proved the existence and uniqueness of two types of uncertain fractional differential equations in the multidimensional case. The expressions of these two types of equations are as follows


      D   p    Z k  = f  ( k ,  Z k  )  + g  ( k ,  Z k  )    d  C k    d k       








and


         c   D   p    Z k  = f  ( k ,  Z k  )  + g  ( k ,  Z k  )    d  C k    d k       








where    D   p    Z k    and       c   D   p    Z k    denote the Riemann-Liouville type and Caputo type fractional derivative of the function   Z k  , respectively.   C k   is an uncertain canonical process with respect to time k,   f ,   g   are given functions.



Based on the above uncertain FDEs, Lu et al. [37] further analyzed the solution of the uncertain linear FDE. Lu et al. [38] proposed the numerical methods for uncertain FDEs and compared some principles [39] for FDEs with the Caputo derivatives. Jin et al. [40] simulated the extreme values for solution to uncertain FDE and applied it to American stock model. To model discrete fractional calculus, Lu et al. [41] proposed uncertain fractional forward difference equations for Riemann-Liouville type. Furthermore, Lu et al. [42] investigated finite-time stability of uncertain FDEs. However, the uncertain FDEs with jump has not been studied so far. Inspired by Zhu [35,36] and Deng et al. [25,27], for describing the state of the uncertain fractional differential system with jumps more accurately, we propose uncertain FDEs with jump, which is very significant for the characterization of uncertain complex systems when meeting a sudden change by emergency.



The remainder of the paper is organized as follows. In Section 2, we recall some concepts of fractional order derivatives. Section 3 first gives two types of uncertain FDEs with jump in the one-dimensional case, then analyzes the multidimensional case, gives existence and uniqueness theorem of uncertain FDEs with jump by fixed point theorem, finally discuss an application about uncertain interest rate model. In Section 4, we give a brief conclusion.




2. Fractional Order Derivatives


We first recall two classes of fractional order derivatives in the one-dimensional case.



Definition 2.

[43] The fractional primitive of order   p > 0   of a function   ϕ : [ u , v ] → R   is defined by


       I  u +    p   ϕ  ( k )  =  1  Γ ( p )    d  d k    ∫  u  k    ( k − r )   p − 1   ϕ  ( r )  d r ,      








where Γ is the gamma function satisfying


      Γ  ( ϱ )  =  ∫  0  ∞   k  ϱ − 1    e  − k   d k ,  ϱ > 0      













Remark 1.

[43] The properties of the gamma function are as follows:


      Γ  ( ϱ + 1 )  = ϱ Γ  ( ϱ )  ,  ϱ > 0 ;  Γ  ( 1 )  = 1 ;  Γ   1 2   =  π  .      











Besides, the beta function satisfying


      B  ( p , q )  =  ∫  0  1   ϑ  p − 1     ( 1 − ϑ )   q − 1   d ϑ , p > 0 , q > 0 ,      








and   B ( p , q ) = B ( q , p )  . The relation between them is


      B  ( p , q )  =   Γ ( p ) Γ ( q )   Γ ( p + q )   , p > 0 , q > 0 .      













Definition 3.

[43] For a function ϕ given on interval   [ u , v ] ,   the pth Riemann-Liouville fractional order derivative of ϕ is defined by


       D  u +    p   ϕ  ( k )  =  1  Γ ( m − p )     d m   d  k m     ∫  u  k    ( k − r )   m − p − 1   ϕ  ( r )  d r ,      








where   m − 1 < p ≤ m  .



Define    D  u +    0   =  I  u +    0   = I  , where I is identity operator, it holds that


       D  u +    p    I  u +    p   = I ,  I  u +    p    D  u +    p   ≠ I , p ≥ 0 .      











For a power function    ( k − u )  η  , it holds that


       D  u +    p     ( k − u )  η  =   Γ ( η + 1 )   ( η + 1 − p )     ( k − u )   η − p   , p > 0 , η > − 1 , k > u .      













Definition 4.

[43] Let   ϕ : [ u , v ] → R   at least be a m order differentiable function. The pth Caputo fractional derivative of ϕ is defined by


          c   D  u +    p   ϕ  ( k )  =  1  Γ ( m − p )    ∫  u  k    ( k − r )   m − p − 1     ϕ  ( m )    ( r )   d r ,      








where   m − 1 < p ≤ m  , and    ϕ  ( m )    ( r )    is the m-derivative of ϕ.





Remark 2.

[43] For   m − 1 < p ≤ m   and   k > 0 ,   it holds that


       D  u +    p   ϕ  ( k )  =     c   D  u +    p   ϕ  ( k )  +  ∑  l = 0   m − 1      ( k − u )   l − p    Γ ( l − p + 1 )    ϕ  ( l )    ( u )  .      













Remark 3.

[43] For convenience, we use   I   p   ,   D   p    and       c   D   p     denote by   I  0 +    p   ,   D  0 +    p    and       c   D  0 +    p    , respectively. We next recall two classes of fractional order derivatives in the multidimensional case.



(a) The pth Riemann-Liouville fractional order derivative of the function   ϕ :  [ 0 , T ]  →  R n    is defined by


       D   p   ϕ  ( k )  =  1  Γ ( 1 − p )    d  d k    ∫  0  k    ( k − r )   − p   ϕ  ( r )  d r ,  k > 0 .      











(b) The pth Caputo fractional order derivative of the function   ϕ :  [ 0 , T ]  →  R n    is defined by


          c   D   p   ϕ  ( k )  =  1  Γ ( 1 − p )    ∫  0  k    ( k − r )   − p     ϕ ′   ( r )   d r ,  k > 0      








where    ϕ ′   ( r )    is the first-order derivative of   ϕ ( r )  .



Meanwhile, they have the following relationship


       D   p   ϕ  ( k )  =   c   D   p   ϕ  ( k )  +   k  − p    Γ ( 1 − p )   ϕ  ( 0 )  .      














3. Main Results


3.1. Two Types of Uncertain FDEs with Jump in the One-Dimensional Case


Definition 5.

Let   C k   be a canonical process and   V k   be a V-jump process. Suppose that   f ,   g ,   h : [ 0 , + ∞ ) × R → R   are three functions. Then


   D   p    Z k  = f  ( k ,  Z k  )  + g  ( k ,  Z k  )    d  C k    d k   + h  ( k ,  Z k  )    d  V k    d k    



(1)




is called an uncertain FDE with jump of the Riemann-Liouville type. A solution of (1) with the initial condition


      lim  k → 0 +    k  1 − p    Z k  =  z 0      








is an uncertain process   Z k   such that


      Z k  =      k  p − 1    z 0  +  I p  f  ( k ,  Z k  )  +  I p   g  ( k ,  Z k  )    d  C k    d k    +  I p   h  ( k ,  Z k  )    d  V k    d k         =     k  p − 1    z 0  +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   f  ( r ,  Z r  )  d r +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   g  ( r ,  Z r  )  d  C r           +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   h  ( r ,  Z r  )  d  V r      



(2)




holds almost surely.





Definition 6.

Let   C k   be a canonical process and   V k   be a V-jump process. Suppose that   f , g , h : [ 0 , + ∞ ) × R → R   are three functions. Then


          c   D   p    Z k  = f  ( k ,  Z k  )  + g  ( k ,  Z k  )    d  C k    d k   + h  ( k ,  Z k  )    d  V k    d k        



(3)




is called an uncertain FDE of the Caputo type. A solution of (3) is an uncertain process   Z k   such that


       Z k  =      Z 0  +  I p  f  ( k ,  Z k  )  +  I p   g  ( k ,  Z k  )    d  C k    d k    +  I p   h  ( k ,  Z k  )    d  V k    d k         =     Z 0  +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   f  ( r ,  Z r  )  d r +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   g  ( r ,  Z r  )  d  C r           +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   h  ( r ,  Z r  )  d  V r       



(4)




holds almost surely.





We will use the following classical Mittag-Leffler function [43]


   E  p , q    ( z )  : =  ∑  j = 0  ∞    z j   Γ ( p j + q )   , p > 0 , q > 0  











Theorem 1.

Let   C k   and   V k   be two integrable uncertain processes.



(i) The uncertain FDE with jump


       D   p    Z k  =  μ k  +  ν k    d  C k    d k   +  σ k    d  V k    d k   , k > 0      








with the initial condition


       lim  k → 0 +    k  1 − p    Z k  =  z 0       








has a solution


       Z k  =      k  p − 1    z 0  +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1    μ r  d r +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1    ν r  d  C r           +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1    σ r  d  V r       











(ii) The uncertain FDE with jump


          c   D   p    Z k  =  μ k  +  ν k    d  C k    d k   +  σ k    d  V k    d k   , k > 0      








has a solution


       Z k  =      Z 0  +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1    μ r  d r +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1    ν r  d  C r           +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1    σ r  d  V r       













Proof. 

We can obtain the conclusions from (2) and (4), respectively. □





Theorem 2.

Let a, b and e be three numbers, and   μ , ν , σ > − 1  .



(i) The uncertain FDE with jump


       D   p    Z k  = a  k μ  + b  k ν    d  C k    d k   + e  k σ    d  V k    d k   , k > 0      








with the initial condition


       lim  k → 0 +    k  1 − p    Z k  =  z 0       








has a solution


       Z k  =  k  p − 1    z 0  +   a Γ (  μ + 1 )   Γ (  p + μ + 1 )    k  p + μ   +  b  Γ (  p )    G k  +  e  Γ (  p )    H k       








where    G k  =  ∫  0  k    ( k − r )   p − 1    r ν  d  C r    is a normal uncertain variable


    G k  ∼ N  0 ,   Γ (  p ) Γ (  ν + 1 )   Γ (  p + ν + 1 )    k  p + ν      








where    H k  =  ∫  0  k    ( k − r )   p − 1    r ν  d  V r    is a  Z  jump uncertain variable


    H k  ∼ Z   θ 1  ,  θ 2  ,   Γ (  p ) Γ (  σ + 1 )   Γ (  p + σ + 1 )    k  p + σ      











(ii) The uncertain FDE with jump


          c   D   p    Z k  = a  k μ  + b  k ν    d  C k    d k   + e  k σ    d  V k    d k   , k > 0      








has a solution


       Z k  =  Z 0  +   a Γ (  μ + 1 )   Γ (  p + μ + 1 )    k  p + μ   +  b  Γ (  p )    G k  +  e  Γ (  p )    H k       








where    G k  =  ∫  0  k    ( k − r )   p − 1    r ν  d  C r    is a normal uncertain variable


    G k  ∼ N  0 ,   Γ (  p ) Γ (  ν + 1 )   Γ (  p + ν + 1 )    k  p + ν      








where    H k  =  ∫  0  k    ( k − r )   p − 1    r σ  d  V r    is a  Z  jump uncertain variable


    H k  ∼ Z   θ 1  ,  θ 2  ,   Γ (  p ) Γ (  σ + 1 )   Γ (  p + σ + 1 )    k  p + σ      













Proof. 

(i) It follows from Theorem (1) that


      Z k  =      k  p − 1    z 0  +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   a  r μ  d r +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   b  r ν  d  C r           +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   e  r σ  d  V r  ,  ( let  r = τ k , 0 ≤ τ ≤ 1 )       =     k  p − 1    z 0  +  a  Γ (  p )    ∫  0  1   k  p − 1     ( 1 − τ )   p − 1    τ μ   k μ  k d τ +  b  Γ (  p )    ∫  0  k    ( k − r )   p − 1    r ν  d  C r           +  e  Γ (  p )    ∫  0  k    ( k − r )   p − 1    r σ  d  V r  ,      =     k  p − 1    z 0  +   a Γ (  μ + 1 )   Γ (  p + μ + 1 )    k  p + μ   +  b  Γ (  p )    G k  +  e  Γ (  p )    H k      








where    G k  =  ∫  0  k    ( k − r )   p − 1    r ν  d  C r    is a normal uncertain variable, by Theorem 6.4 in [5], we have


   G k  ∼ N  0 ,  ∫  0  k    ( k − r )   p − 1    r ν  d r   








where


   ∫  0  k    ( k − r )   p − 1    r ν  d r =   Γ (  p ) Γ (  ν + 1 )   Γ (  p + ν + 1 )    k  p + ν    








where    H k  =  ∫  0  k    ( k − r )   p − 1    r σ  d  V r    is a  Z  jump uncertain variable, by Lemma A3 in Appendix A, we have


   H k  ∼ Z   θ 1  ,  θ 2  ,  ∫  0  k    ( k − r )   p − 1    r σ  d r  ,  








where


   ∫  0  k    ( k − r )   p − 1    r σ  d r =   Γ (  p ) Γ (  σ + 1 )   Γ (  p + σ + 1 )    k  p + σ    











(ii) The proof is similar to that of (i). □





Theorem 3.

Let a be a real number and    μ k  ,  ν k  ,  σ k    two functions on   [ 0 , T ]  . Then


       D   p    Z k  = a  Z k  +  μ k  +  ν k    d  C k    d k   +  σ k    d  V k    d k   , k ∈  ( 0 , T ]       



(5)




with the initial condition


       lim  k → 0 +    k  1 − p    Z k  =  z 0       








has a solution


       Z k  =      z 0   Γ (  p )   k  p − 1    E  p , p    ( a  k p  )  +  ∫  0  k    ( k − r )   p − 1    E  p , p    ( a   ( k − r )  p  )   μ r  d r          +  ∫  0  k    ( k − r )   p − 1    E  p , p    ( a   ( k − r )  p  )   ν r  d  C r           +  ∫  0  k    ( k − r )   p − 1    E  p , p    ( a   ( k − r )  p  )   σ r  d  V r       



(6)









Proof. 

It is obvious that


      lim  k → 0 +    k  1 − p    Z k  =      lim  k → 0 +    z 0   Γ (  p )   E  p , p    ( a  k p  )  +  lim  k → 0 +    k  1 − p    ∫  0  k    ( k − r )   p − 1    E  p , p    ( a   ( k − r )  p  )   μ r  d r          +  lim  k → 0 +    k  1 − p    ∫  0  k    ( k − r )   p − 1    E  p , p    ( a   ( k − r )  p  )   ν r  d  C r           +  lim  k → 0 +    k  1 − p    ∫  0  k    ( k − r )   p − 1    E  p , p    ( a   ( k − r )  p  )   σ r  d  V r       =     z 0  .     



(7)







For   Z k   provided by (6), we have


         1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   a  Z r  d r      =     1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   a  z 0   Γ (  p )   r  p − 1    E  p , p    ( a  r p  )  d r          +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   a  ∫  0  r    ( r − s )   p − 1    E  p , p    ( a   ( r − s )  p  )   μ s  d s d r          +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   a  ∫  0  r    ( r − s )   p − 1    E  p , p    ( a   ( r − s )  p  )   ν s  d  C s  d r          +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   a  ∫  0  r    ( r − s )   p − 1    E  p , p    ( a   ( r − s )  p  )   σ s  d  V s  d r      =    a  z 0   ∫  0  k    ( k − r )   p − 1    r  p − 1    E  p , p    ( a  r p  )  d r          +  a  Γ (  p )    ∫  0  k    ( k − r )   p − 1    ∫  0  r    ( r − s )   p − 1    E  p , p    ( a   ( r − s )  p  )   μ s  d s d r          +  a  Γ (  p )    ∫  0  k    ( k − r )   p − 1    ∫  0  r    ( r − s )   p − 1    E  p , p    ( a   ( r − s )  p  )   ν s  d  C s  d r          +  a  Γ (  p )    ∫  0  k    ( k − r )   p − 1    ∫  0  r    ( r − s )   p − 1    E  p , p    ( a   ( r − s )  p  )   σ s  d  V s  d r     



(8)







It follows from Theorem 3 in Ref [35] and the Mittag-Leffler function that


     a  z 0   ∫  0  k    ( k − r )   p − 1    r  p − 1    E  p , p    ( a  r p  )  d r =  z 0   Γ (  p )   k  p − 1    E  p , p    ( a  k p  )  −  z 0   k  p − 1   .     



(9)







In addition, we have


         a  Γ (  p )    ∫  0  k    ( k − r )   p − 1    ∫  0  r    ( r − s )   p − 1    E  p , p    ( a   ( r − s )  p  )   σ s  d  V s  d r      =     a  Γ (  p )    ∫  0  k    ∫  s  k    ( k − r )   p − 1     ( r − s )   p − 1    E  p , p    ( a   ( r − s )  p  )  d r   σ s  d  V s      



(10)







We let   r = s + τ ( k − s ) , 0 ≤ τ ≤ 1   in (10), then


         a  Γ (  p )    ∫  0  k    ( k − r )   p − 1    ∫  0  r    ( r − s )   p − 1    E  p , p    ( a   ( r − s )  p  )   σ s  d  V s  d r      =     a  Γ (  p )    ∫  0  k    ∫  0  1    ( k − s )   p − 1     ( 1 − τ )   p − 1    τ  p − 1     ( k − s )   p − 1    E  p , p    ( a  τ p    ( k − s )  p  )  d τ   σ s  d  V s       =     a  Γ (  p )    ∫  0  k    ( k − s )   2 p − 1     ∫  0  1    ( 1 − τ )   p − 1    τ  p − 1    ∑  j = 0  ∞     a j   τ  p j     ( k − s )   p j     Γ (  p ( k + 1 ) )   d τ   σ s  d  V s       =     a  Γ (  p )    ∫  0  k    ( k − s )   2 p − 1    ∑  j = 0  ∞     a j    ( k − s )   p j     Γ (  p ( k + 1 ) )     ∫  0  1    ( 1 − τ )   p − 1    τ  p ( j + 1 ) − 1   d τ   σ s  d  V s       =    a  ∫  0  k    ( k − s )   2 p − 1    ∑  j = 0  ∞     a j    ( k − s )   p j     Γ (  p ( j + 2 ) )    σ s  d  V s       =     ∫  0  k    ( k − s )   p − 1    ∑  j = 1  ∞     a j    ( k − s )   p j     Γ (  p ( j + 1 ) )    σ s  d  V s       =     ∫  0  k    ( k − s )   p − 1    (  E  p , p    ( a   ( k − s )  p  )  −  1  Γ (  p )   )   σ s  d  V s       =     ∫  0  k    ( k − s )   p − 1    E  p , p     ( a  ( k − s )   p   σ s  d  V s  −  1  Γ (  p )    ∫  0  k    ( k − s )   p − 1    σ s  d  V s      



(11)







Similar to (11), we can get


         a  Γ (  p )    ∫  0  k    ( k − r )   p − 1    ∫  0  r    ( r − s )   p − 1    E  p , p    ( a   ( r − s )  p  )   μ s  d s d r      =     ∫  0  k    ( k − s )   p − 1    E  p , p     ( a  ( k − s )   p   μ s  d s −  1  Γ (  p )    ∫  0  k    ( k − s )   p − 1    μ s  d s     



(12)




and


         a  Γ (  p )    ∫  0  k    ( k − r )   p − 1    ∫  0  r    ( r − s )   p − 1    E  p , p    ( a   ( r − s )  p  )   ν s  d  C s  d r      =     ∫  0  k    ( k − s )   p − 1    E  p , p     ( a  ( k − s )   p   ν s  d  C s  −  1  Γ (  p )    ∫  0  k    ( k − s )   p − 1    ν s  d  C s      



(13)







Substituting (9), (11)–(13) into (8) yields


         1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   a  Z r  d r      =     z 0   Γ (  p )   k  p − 1    E  p , p    ( a  k p  )  −  z 0   k  p − 1        +     ∫  0  k    ( k − s )   p − 1    E  p , p     ( a  ( k − s )   p   μ s  d s −  1  Γ (  p )    ∫  0  k    ( k − s )   p − 1    μ s  d s      +     ∫  0  k    ( k − s )   p − 1    E  p , p     ( a  ( k − s )   p   ν s  d  C s  −  1  Γ (  p )    ∫  0  k    ( k − s )   p − 1    ν s  d  C s       +     ∫  0  k    ( k − s )   p − 1    E  p , p     ( a  ( k − s )   p   σ s  d  V s  −  1  Γ (  p )    ∫  0  k    ( k − s )   p − 1    σ s  d  V s      











Hence,


         z 0   k  p − 1   +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   a  Z r  d r +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1    μ r  d r          +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1    ν r  d  C r  +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1    σ r  d  V r       =     z 0   Γ (  p )   k  p − 1    E  p , p    ( a  k p  )  +  ∫  0  k    ( k − r )   p − 1    E  p , p    ( a   ( k − r )  p  )   μ r  d r          +  ∫  0  k    ( k − r )   p − 1    E  p , p    ( a   ( k − r )  p  )   ν r  d  C r  +  ∫  0  k    ( k − r )   p − 1    E  p , p    ( a   ( k − r )  p  )   σ r  d  V r       =     Z k  .     











Thus, (6) is a solution of (5) by Definition 5. □





Theorem 4.

Let a be a real number and    μ k  ,  ν k  ,  σ k    two functions on   [ 0 , T ]  . Then


          c   D   p    Z k  = a  Z k  +  μ k  +  ν k    d  C k    d k   +  σ k    d  V k    d k   , k ∈  ( 0 , T ]       



(14)




has a solution


       Z k  =      E  p , 1    ( a  k p  )   Z 0  +  ∫  0  k    ( k − r )   p − 1    E  p , p    ( a   ( k − r )  p  )   μ r  d r          +  ∫  0  k    ( k − r )   p − 1    E  p , p    ( a   ( k − r )  p  )   ν r  d  C r           +  ∫  0  k    ( k − r )   p − 1    E  p , p    ( a   ( k − r )  p  )   σ r  d  V r       



(15)









Proof. 

The proof of Theorem 4 is similar to that of Theorem 3, we omit here. □





Remark 4.

In this part, we introduce the Riemann-Liouville type and the Caputo type of uncertain FDE with jump in the one-dimensional case. Now we state those concepts in a multidimensional case. In the next part, we will always assume   p ∈ ( 0 , 1 ] .   Let    C k  =   (  C  1 k   ,  C  2 k   , ⋯ ,  C  l k   )  T    be an l-dimensional canonical process and    V k  =   (  V  1 k   ,  V  2 k   , ⋯ ,  V  l k   )  T    be an l-dimensional V-jump process.






3.2. Existence and Uniqueness of Uncertain FDEs with Jump in the Multidimensional Case


Definition 7.

Let   C k   be a canonical process and   V k   be a V-jump process. Suppose that   f :  [ 0 , + ∞ )  ×  R n  →  R n   , and   g , h :  [ 0 , + ∞ )  ×  R n  →  R  n × l     are three functions. Then,


       D   p    Z k  = f  ( k ,  Z k  )  + g  ( k ,  Z k  )    d  C k    d k   + h  ( k ,  Z k  )    d  V k    d k        



(16)




is called an uncertain FDE with jump of the Riemann-Liouville type. A solution of (16) with the initial condition


       lim  k → 0 +    k  1 − p    Z k  =  z 0       








is an uncertain process   Z k   such that


       Z k  =      k  p − 1    z 0  +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   f  ( r ,  Z r  )  d r +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   g  ( r ,  Z r  )  d  C r           +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   h  ( r ,  Z r  )  d  V r       



(17)




holds almost surely.





Definition 8.

Let   C k   be a canonical process and   V k   be a V-jump process. Suppose that   f :  [ 0 , + ∞ )  ×  R n  →  R n   , and   g , h :  [ 0 , + ∞ )  ×  R n  →  R  n × l     are three functions. Then,


          c   D   p    Z k  = f  ( k ,  Z k  )  + g  ( k ,  Z k  )    d  C k    d k   + h  ( k ,  Z k  )    d  V k    d k        



(18)




is called an uncertain FDE of the Caputo type. A solution of (18) is an uncertain process   Z k   such that


       Z k  =      Z 0  +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   f  ( r ,  Z r  )  d r +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   g  ( r ,  Z r  )  d  C r           +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   h  ( r ,  Z r  )  d  V r       



(19)




holds almost surely.





For simplicity, we use   | · |   to denote a norm in   R n   or   R  n × l   . Let   C  [ u , v ]    denote the space of continuous   R n  -valued functions on   [ u , v ]  , which is a Banach space with the norm


      ∥   Z k   ∥ =   max  k ∈ [ u , v ]    |  Z k  |  ,  for   Z k  ∈  C  [ u , v ]   .     











Give three functions   f  ( k , z )  :  [ 0 , T ]  ×  R n  →  R n   ,   g  ( k , z )  :  [ 0 , T ]  ×  R n  →  R  n × l     and   h  ( k , z )  :  [ 0 , T ]   ×   R n  →  R  n × l    . Now we introduce the following mapping  Φ  on   C  [ 0 , T ]   : for    Z k  ∈  C  [ 0 , T ]   ,  


     Φ (  Z k  ) =       k  p − 1    z 0  +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   f  ( r ,  Z r  )  d r +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   g  ( r ,  Z r  )  d  C r            +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   h  ( r ,  Z r  )  d  V r      



(20)




where   z 0   is a given initial state.



Lemma 1.

For uncertain process    Z k  ∈  C  [ 0 , T ]   ,   the mapping Ψ defined by


     Ψ (  Z k  )     =   k  p − 1   −  u ˜    z 0  +  Z a  +  1  Γ (  p )    ∫  a  k    ( k − r )   p − 1   f  ( r ,  Z r  )  d r          +   1  Γ (  p )    ∫  u  k    ( k − r )   p − 1   g  ( r ,  Z r  )  d  C r  ,          +   1  Γ (  p )    ∫  u  k    ( k − r )   p − 1   h  ( r ,  Z r  )  d  V r  ,  k > a ≥ 0     



(21)




is sample-continuous, where    u ˜  =  u  p − 1     if   u > 0  , or    u ˜  = 1   if   u = 0 ,   and   f , g   and h satisfy the linear growth condition


      |  f  ( k , z )  | + |  g  ( k , z )  | + |  h  ( k , z )  |  ≤ L  ( 1 + | z | )  ,  ∀ z ∈   R  n  ,  k ∈  [ 0 , + ∞ )      








where L is a positive constant.





Proof. 

Actually, for   γ ∈ Γ   and   k > s > u ,   it holds that


         | Ψ   (  Z k   ( γ )  )  − Ψ  (  Z s   ( γ )  )   |       =       k  p − 1   −  s  p − 1     z 0  +  1  Γ (  p )    ∫  s  k    ( k − r )   p − 1   f  ( r ,  Z r   ( γ )  )  d r             +  1  Γ (  p )    ∫  s  k    ( k − r )   p − 1   g  ( r ,  Z r   ( γ )  )  d  C r   ( γ )              +  1  Γ (  p )    ∫  s  k    ( k − r )   p − 1   h  ( r ,  Z r   ( γ )  )  d  V r   ( γ )              +  1  Γ (  p )    ∫  u  s     ( k − r )   p − 1   −   ( s − r )   p − 1    f  ( r ,  Z r   ( γ )  )  d r             +  1  Γ (  p )    ∫  u  s     ( k − r )   p − 1   −   ( s − r )   p − 1    g  ( r ,  Z r   ( γ )  )  d  C r   ( γ )              +   1  Γ (  p )    ∫  u  s     ( k − r )   p − 1   −   ( s − r )   p − 1    h  ( r ,  Z r   ( γ )  )  d  V r   ( γ )              ≤   s  p − 1   −  k  p − 1     |   z 0   | +   1  Γ (  p )    ∫  s  k    ( k − r )   p − 1    |  f  ( r ,  Z r   ( γ )  )  |  d r             +  1  Γ (  p )     ∫  s  k    ( k − r )   p − 1   g  ( r ,  Z r   ( γ )  )  d  C r   ( γ )               +  1  Γ (  p )     ∫  s  k    ( k − r )   p − 1   h  ( r ,  Z r   ( γ )  )  d  V r   ( γ )               +  1  Γ (  p )    ∫  u  s     ( k − r )   p − 1   −   ( s − r )   p − 1     |  f  ( r ,  Z r   ( γ )  )  |  d r             +  1  Γ (  p )     ∫  u  s     ( k − r )   p − 1   −   ( s − r )   p − 1    g  ( r ,  Z r   ( γ )  )  d  C r   ( γ )               +  1  Γ (  p )     ∫  u  s     ( k − r )   p − 1   −   ( s − r )   p − 1    h  ( r ,  Z r   ( γ )  )  d  V r   ( γ )              ≤   s  p − 1   −  k  p − 1     |   z 0   | +   1  Γ (  p )    ∫  s  k    ( k − r )   p − 1    |  f  ( r ,  Z r   ( γ )  )  |  d r             +   K γ   Γ (  p )    ∫  s  k    ( k − r )   p − 1    | g   ( r ,  Z r   ( γ )  )   | d r +   1  Γ (  p )    ∫  s  k    ( k − r )   p − 1    | h  ( r ,  Z r   ( γ )  )  |  d r             +  1  Γ (  p )    ∫  u  s     ( k − r )   p − 1   −   ( s − r )   p − 1     |  f  ( r ,  Z r   ( γ )  )  |  d r             +   K γ   Γ (  p )    ∫  u  s     ( k − r )   p − 1   −   ( s − r )   p − 1     g ( r ,  Z r   ( γ )  )  d r   ( by   Lemma  A 1  in  Appendix  A )             +  1  Γ (  p )    ∫  u  s     ( k − r )   p − 1   −   ( s − r )   p − 1     h ( r ,  Z r   ( γ )  )  d r   ( by   Lemma  A 2  in  Appendix  A )            ≤   s  p − 1   −  k  p − 1     |   z 0   | +   L  Γ (  p + 1 )    ( 1 + ∥   Z k   ( γ )   ∥ )   ( 2 +  K γ  )     ( k − u )  p  −   ( s − u )  p        








by the linear growth condition. So,    | Ψ   (  Z k   ( γ )  )  − Ψ  (  Z s   ( γ )  )   | → 0    as   | k − s | → 0 .   In other words,   Ψ (  Z k  )   is sample-continuous. □





Theorem 5.

(Existence and uniqueness) The uncertain FDE (16) or (18) has a unique solution   Z k   in   [ 0 , + ∞ )   if the coefficients   f ( k , z ) ,     g ( k , z )   and   h ( k , z )   satisfy the Lipschitz condition


       |  f  ( k , z )  − f   ( k ,  z ^  )   | + | g   ( k , z )  − g  ( k ,  z ^  )   | + | h   ( k , z )  − h  ( k ,  z ^  )   | ≤ L | z −   z ^   | ,  ∀ z ,   z ^  ∈   R  n  ,  k ∈  [ 0 , + ∞ )       








and the linear growth condition


       |  f  ( k , z )  | + | g  ( k , z )  | + | h  ( k , z )  |  ≤ L  ( 1 + | z | )  ,  ∀ z ∈   R  n  ,  k ∈  [ 0 , + ∞ )       








where L is a positive constant. Furthermore,   Z k   is sample-continuous.





Proof. 

We here only give the proof for the uncertain FDE with jump (16). A symmetric proof in terms of form is suitable to the uncertain FDE with jump (18). Let   T > 0   be an arbitrarily given number, and let  Φ  be a mapping defined by (20) on    C  [ 0 , T ]   .  



Give   γ ∈ Γ  . For   λ ∈ [ 0 , T ) ,   assume   d > 0   such that   λ + d ≤ T  . Define a mapping  Ψ  on    C  [ λ , λ + d ]   :   for    Z k  ∈  C  [ λ , λ + d ]   , k ∈  [ λ , λ + d ]  ,  


     ψ (  Z k  ) =        k  p − 1   −  λ ˜    z 0  +  Z λ  +  1  Γ (  p )    ∫  λ  k    ( k − r )   p − 1   f  ( r ,  Z r  )  d r           +  1  Γ (  p )    ∫  λ  k    ( k − r )   p − 1   g  ( r ,  Z r  )  d  C r  +  1  Γ (  p )    ∫  λ  k    ( k − r )   p − 1   h  ( r ,  Z r  )  d  V r      








where    λ ˜  =  λ  p − 1     if   λ > 0  , or    λ ˜  = 1   if   λ = 0 .   For    Z k   ( γ )  ∈  C  [ λ , λ + d ]   ,   It follows from Lemma 1 that   Ψ  (  Z k   ( γ )  )  ∈  C  [ λ , λ + d ]    .



Let    Z k   ( γ )   ,     Z ^  k   ( γ )  ∈  C  [ λ , λ + d ]   .     ∀ k ∈ [ λ , λ + d ] ,   it holds that


      ψ  (  Z k   ( γ )  )  − ψ  (   Z ^  k   ( γ )  )   =  max  k ∈ [ λ , λ + d ]    ψ  (  Z k   ( γ )  )  − ψ  (   Z ^  k   ( γ )  )         ≤  max  k ∈ [ λ , λ + d ]     1  Γ (  p )    ∫  λ  k    ( k − r )   p − 1     f  ( r ,  Z r   ( γ )  )  − f  ( r ,   Z ^  r   ( γ )  )   d r         +  1  Γ (  p )    ∫  λ  k    ( k − r )   p − 1    g  ( r ,  Z r   ( γ )  )  − g  ( r ,   Z ^  r   ( γ )  )   d  C r   ( γ )          +  1  Γ (  p )    ∫  λ  k    ( k − r )   p − 1    h  ( r ,  Z r   ( γ )  )  − h  ( s ,   Z ^  r   ( γ )  )   d  V r   ( γ )         ≤  max  k ∈ [ λ , λ + d ]     1  Γ ( p )    ∫  λ  k    ( k − r )   p − 1    |  f  ( r ,  Z r   ( γ )  )  − f  ( r ,   Z ^  r   ( γ )  )  |  d r         +   K γ   Γ (  p )    ∫  λ  k    ( k − r )   p − 1    | g  ( r ,  Z r   ( γ )  )  − g  ( r ,   Z ^  r   ( γ )  )  |  d r        +   1  Γ (  p )    ∫  λ  k    ( k − r )   p − 1    | h  ( r ,  Z r   ( γ )  )  − h  ( r ,  Z r   ( γ )  )  |  d r        ≤   ( 2 +  K γ  ) L   Γ (  p )    max  k ∈ [ λ , λ + d ]    ∫  λ  k    ( k − r )   p − 1    |  Z r   ( γ )  −   Z ^  r   ( γ )  |  d r   ( by   Lipschitz   condition )        ≤    ( 2 +  K γ  )  L  d p    Γ (  p + 1 )    ∥  Z k   ( γ )  −   Z ^  k   ( γ )  ∥  .     











Let   κ  ( γ )  =  ( 2 +  K γ  )  L  d p  / Γ  ( p + 1 )  .   We take a suitable   d = d ( γ ) > 0   such that   κ ( γ ) ∈ ( 0 , 1 ) .   In other words,  Ψ  is a contraction mapping on   C  [ λ , λ + d ]   . Thus, by the classical Banach fixed point theorem, we can obtain a unique fixed point    Z k   ( γ )    of  Ψ  in   C  [ λ , λ + d ]   . And then,    Z k   ( γ )  =  lim  j → ∞   ψ  (  Z  k , j    ( γ )  )    where


      Z  k , j    ( γ )  = ψ  (  Z  k , j − 1    ( γ )  )  ,  j = 1 , 2 , ⋯     



(22)




for any given    Z  k , 0    ( γ )  =  Z k  ∈  C  [ λ , λ + d ]   .  



Suppose that   [ 0 , d ] , [ d , 2 d ] , ⋯ , [ j d , T ]   are the subsets of   [ 0 , T ]   with   j d < T ≤ ( j + 1 ) d .   The above proof means that the mapping  Ψ  has a unique fixed point    Z  k   ( i + 1 )    ( γ )    with    Z  id   ( i + 1 )    ( γ )  =  Z  id   ( i )    ( γ )    on the interval   [ i d , ( i + 1 ) d ]   for   i = 0 , 1 , 2 , ⋯ , j ,   where we set   ( j + 1 ) d = T .   Define    Z k   ( γ )    on the interval   [ 0 , T ]   by setting


      Z k   ( γ )  =       Z k  ( 1 )    ( γ )  ,     k ∈ [ 0 , d ] ,        Z k  ( 2 )    ( γ )  ,     k ∈ [ d , 2 d ] ,      ⋯        Z k  ( j + 1 )    ( γ )  ,     k ∈ [ j d , T ] .          











It holds that    Z k   ( γ )    is the unique fixed point of  Φ  defined by (20) in    C  [ 0 , T ]   .   Besides,    Z k   ( γ )  =  lim  j → ∞   Φ  (  Z  k , j    ( γ )  )    where


      Z  k , j    ( γ )  = Φ  (  Z  k , j − 1    ( γ )  )  ,  j = 1 , 2 , ⋯     



(23)




for any given    Z  k , 0    ( γ )  =  z k  ∈  C  [ 0 , T ]   .   Because   Z  k , j    are uncertain vectors for   j = 1 , 2 , ⋯ ,   It is obvious that   Z k   is an uncertain vector by Theorem 3 in [36]. By the arbitrariness of   T > 0  , it holds that   Z k   is the unique solution of uncertain FDE with jump (16). Furthermore, owing to    Z k   ( γ )    is in    C  [ 0 , T ]   ,   so   Z k   is sample-continuous. The proof is completed.



If the coefficients   f ,   g and h do not satisfy the Lipschitz condition and linear growth condition, we will give the existence theorem just for continuous f, g and h as follows. □





Theorem 6.

(Existence) Let f(k,z), g(k,z) and h(k,z) be continuous in


      G =  [ 0 , T ]  ×  z ∈  R n  :  | z −  z 0  |  ≤ c  .      











Then, uncertain FDE of the Caputo type (18) has a solution   Z k   in   k ∈ [ 0 , T ]   with the crisp initial condition    Z 0  =  z 0  ∈  R n  .  





Proof. 

For any   γ ∈ Γ ,   let   d > 0   be a positive number such that


       H  2 +  K γ     Γ (  p + 1 )    d p  = c     



(24)




where   K γ   is the Lipschitz constant of the canonical process   C k  , and   H = m a  x  ( k , z )   ∈  G | f  ( k , z )  |  ∨  | g  ( k , z )  |  ∨  | h  ( k , z )  | .    Denote


     Q =      Q ( 2 +  K γ  )   Γ ( p + 1 )      Z k   ( γ )  ∈  D  [ 0 , t ]    :  Z k   is  an  uncertain  vector  and   ∥   Z k   ( γ )  −  z 0   ∥ ≤    H ( 2 +  K γ  )   Γ (  p + 1 )    t p       



(25)




where   t = min { T , d } .  



It holds that Q is a closed convex set. Define a mapping  Φ  on Q by


     Φ (  Z k   ( γ )  ) =      z 0  +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   f  ( r ,  Z r   ( γ )  )  d r      +     1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   g  ( r ,  Z r   ( γ )  )  d   C r   ( γ )   ,      +     1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   h  ( r ,  Z r   ( γ )  )  d   V r   ( γ )   ,  0 ≤ k ≤ t .     



(26)







For    Z k   ( γ )  ∈ Q ,   we have


      ∥ Φ   (  Z k   ( γ )  )  −  z 0   ∥      =  max  0 ≤ k ≤ t    | Φ  (  Z k   ( γ )  )  −  z 0  |           ≤  max  0 ≤ k ≤ t     1  Γ (  p )    ∫  0  k    ( k − r )   p − 1    |  f  ( r ,  Z r   ( γ )  )  |  d r           +    K γ   Γ (  p )    ∫  0  k    ( k − r )   p − 1    | g  ( r ,  Z r   ( γ )  )  |  d r          +   1  Γ (  p )    ∫  0  k    ( k − r )   p − 1    | h  ( r ,  Z r   ( γ )  )  |  d r          ≤  max  0 ≤ k ≤ t     H ( 2 +  K γ  )   Γ (  p )    ∫  0  k    ( k − r )   p − 1   d r          ≤   H ( 2 +  K γ  )   Γ (  p + 1 )    h p  .     



(27)







This means   Φ (  Z k   ( γ )  ) ∈ Q ,   and the mapping  Φ  is bounded uniformly in    Z k   ( γ )  ∈ Q .   Besides, for   0 ≤  k 1  <  k 2  ≤ t ,   it holds that


      | Φ   (  Z  k 1    ( γ )  )  − Φ  (  Z  k 2    ( γ )  )   |      =   1  Γ (  p )    ∫   k 1    k 2     (  k 2  − r )   p − 1   f  ( r ,  Z r   ( γ )  )  d r           +  1  Γ (  p )    ∫   k 1    k 2     (  k 2  − r )   p − 1   g  ( r ,  Z r   ( γ )  )  d   C r   ( γ )            +  1  Γ (  p )    ∫   k 1    k 2     (  k 2  − r )   p − 1   h  ( r ,  Z r   ( γ )  )  d   V r   ( γ )            +  1  Γ (  p )    ∫  0   k 1      (  k 2  − r )   p − 1   −   (  k 1  − r )   p − 1    f  ( r ,  Z r   ( γ )  )  d r          +  1  Γ (  p )    ∫  0   k 1      (  k 2  − r )   p − 1   −   (  k 1  − r )   p − 1    g  ( r ,  Z r   ( γ )  )  d  C r   ( γ )           +  1  Γ (  p )    ∫  0   k 1      (  k 2  − r )   p − 1   −   (  k 1  − r )   p − 1    h  ( r ,  Z r   ( γ )  )  d  V r   ( γ )  ,          ≤   H  2 +  K γ     Γ (  p + 1 )     k  2  p  −  k  1  p       








we can get a conclusion that  Φ  is equicontinuous for    Z k   ( γ )  ∈ Q   in   [ 0 , t ] .   We know that  Φ  is a compact mapping on Q by the Ascoli-Arzela theorem.



Let    Z  k , i    ( γ )    converge to    Z k   ( γ )  ∈ Q   as   i → ∞ .   In other words,    Z  k , i    ( γ )    converges to    Z k   ( γ )    uniformly in   k ∈ [ 0 , t ] .   Hence,


     Φ (  Z  k , i    ( γ )  )     =  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   f  ( r ,  Z  r , i    ( γ )  )  d r          +   1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   g  ( r ,  Z  r , i    ( γ )  )  d   C r   ( γ )            +   1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   h  ( r ,  Z  r , i    ( γ )  )  d   V r   ( γ )            →  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   f  ( r ,  Z r   ( γ )  )  d r          +   1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   g  ( r ,  Z r   ( γ )  )  d   C r   ( γ )            +   1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   h  ( r ,  Z r   ( γ )  )  d   V r   ( γ )            = Φ (  Z k   ( γ )  )     








uniformly in   k ∈ [ 0 , t ] .   It is easy to see that that  Φ  is continuous on   Q .  



We know that  Φ  has a fixed point    Z k   ( γ )    on Q by Schauder fixed point theorem. Thus,


      Z k   ( γ )  =  z 0      +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   f  ( r ,  Z r   ( γ )  )  d r        +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   g  ( r ,  Z r   ( γ )  )  d   C r   ( γ )          +  1  Γ (  p )    ∫  0  k    ( k − r )   p − 1   h  ( r ,  Z r   ( γ )  )  d   V r   ( γ )       



(28)




(10) for   k ∈ [ 0 , t ] .   Extending this way, there exists    Z k   ( γ )    satisfying (28) in   k ∈ [ 0 , T ] .   In other words,   Z k   is a solution of (18). Hence, the proof is completed. □






3.3. Application


In this subsection, we will discuss an application of the present study. We give an uncertain interest rate model that the short interest rate   Z k   satisfies the following uncertain FDE with jump


         c   D   p    Z k  =  ( m − μ  Z k  )  + ν   d  C k    d k   + σ   d  V k    d k   , k > 0     



(29)




where m,   μ ,     ν ,   and  σ  are positive numbers. The above model is the FDE with jump form of the model in Ref [43]. Then, the price of a zero-coupon bond is


     P = E  exp  −  ∫  0  d   Z k  d k   ,     








where E is the uncertain expected value [5], d is a maturity date.



Theorem 7.

Let   Z 0   be the crisp initial state    z 0  .   Then


      P = E  exp  −  δ 1   z 0  − m  δ 2  − ν  ξ 1  − σ  ξ 2         








where    δ 1  = d  E  p , 2    ( − μ  d p  )   ,    δ 2  =  d  p + 1    E  p , p + 2    ( − μ  d p  )   ,    ξ 1  =  ∫  0  d   ∫  r  d    ( k − r )   p − 1    E  p , p    ( − μ   ( k − r )  p  )  d k d  C r    is a normal uncertain variable


    ξ 1  ∼ N  0 ,  d  p + 1    E  p , p + 2    ( − μ  d p  )     








   ξ 2  =  ∫  0  d   ∫  r  d    ( k − r )   p − 1    E  p , p    ( − μ   ( k − r )  p  )  d k d  V r    is a  Z  jump uncertain variable


    ξ 2  ∼ Z   θ 1  ,  θ 2  ,  d  p + 1    E  p , p + 2    ( − μ  d p  )     













Proof. 

By (15), we can easily obtain the following solution of (29)


      Z k  =      E  p , 1    ( − a  k p  )   z 0  + m  ∫  0  k    ( k − r )   p − 1    E  p , p    ( − μ   ( k − r )  p  )  d r        + ν  ∫  0  k    ( k − r )   p − 1    E  p , p    ( − μ   ( k − r )  p  )  d  C r           + σ  ∫  0  k    ( k − r )   p − 1    E  p , p    ( − μ   ( k − r )  p  )  d  V r      



(30)







It holds that


      ∫  0  d   Z k  d k =      ∫  0  d   E  p , 1    ( − a  k p  )   z 0  d k + m  ∫  0  d   ∫  0  k    ( k − r )   p − 1    E  p , p    ( − μ   ( k − r )  p  )  d r d k        + ν  ∫  0  d   ∫  0  k    ( k − r )   p − 1    E  p , p    ( − μ   ( k − r )  p  )  d  C r  d k          + σ  ∫  0  d   ∫  0  k    ( k − r )   p − 1    E  p , p    ( − μ   ( k − r )  p  )  d  V r  d k     



(31)







It follows from Theorem 5 in Ref [35] that


      ∫  0  d   E  p , 1    ( − a  k p  )  d k = d  E  p , 2    ( − μ  d p  )  ,     










      ∫  0  d   ∫  0  k    ( k − r )   p − 1    E  p , p    ( − μ   ( k − r )  p  )  d r d k =  d  p + 1    E  p , p + 2    ( − μ  d p  )  ,     








and


      ∫  0  d   ∫  0  k    ( k − r )   p − 1    E  p , p    ( − μ   ( k − r )  p  )  d  C r  d k =      ∫  0  d   ∫  r  d    ( k − r )   p − 1    E  p , p    ( − μ   ( k − r )  p  )  d k d  C r       ≜     ξ 1  ∼ N  ( 0 ,  λ 1  )      








where


      λ 1  =  ∫  0  d   ∫  r  d    ( k − r )   p − 1    E  p , p    ( − μ   ( k − r )  p  )  d k d r =  d  p + 1    E  p , p + 2    ( − μ  d p  )      











Similarly, by Lemma A3 in Appendix A, we can obtain that


      ∫  0  d   ∫  0  k    ( k − r )   p − 1    E  p , p    ( − μ   ( k − r )  p  )  d  V r  d k =      ∫  0  d   ∫  r  d    ( k − r )   p − 1    E  p , p    ( − μ   ( k − r )  p  )  d k d  V r       ≜     ξ 2  ∼ Z  (  θ 1  ,  θ 2  ,  λ 2  )      








where    λ 2  =  λ 1   . Hence, we can obtain that


     P =     E  exp  −  ∫  0  d   Z k  d k        =    E  exp  − d  E  p , 2    ( − μ  d p  )   z 0  − m  d  p + 1    E  p , p + 2    ( − μ  d p  )  − ν  ξ 1  − σ  ξ 2         =    E  exp  −  δ 1   z 0  − m  δ 2  − ν  ξ 1  − σ  ξ 2        








where    δ 1  = d  E  p , 2    ( − μ  d p  )   ,    δ 2  =  d  p + 1    E  p , p + 2    ( − μ  d p  )   , the proof is completed. □







4. Conclusions


The main goal of the current study is to prove existence and uniqueness for uncertain FDEs with jump. In addition, we give an application about uncertain interest rate model. Of course, the readers can further study more complex models by uncertain FDEs with jump, such as uncertain stock model and uncertain optimal control model. One source of weakness in our study is the lack of numerical methods, these will be the focus of our future research.
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Appendix A


Lemma A1.

[17] Suppose that   C k   is an l-dimensional canonical Liu process, and   Z k   is an integrable   n  ×  l  -dimensional uncertain process on   [ u , v ]   with respect to   k .   Then, the inequality


             ∫  a  b   Z k   ( γ )    d C  k   ( γ )   ∞  ≤  K γ   ∫  a  b    ∥  Z k   ( γ )  ∥  ∞  d k          








holds, where   K ( γ )   is the Lipschitz constant of the sample path    C k   ( γ )    with the norm    ∥ · ∥  ∞  .





Lemma A2.

Suppose that   V k   is an l-dimensional uncertain V-jump process, and   Z k   is an integrable   n  ×  l  -dimensional uncertain process on   [ u , v ]   with respect to   k .   Then, for any sample γ, the inequality


             ∫  a  b   Z k   ( γ )    d V  k   ( γ )   ∞  ≤  ∫  a  b    ∥  Z k   ( γ )  ∥  ∞  d k          








holds,





Proof. 

For the multidimensional case, it is easy to obtain the result similar to Theorem 3.2 in [27]. □





Lemma A3.

Let   V k   be a V-jump process and let   f k   be an integrable and determinstic function with respect to time k. Then the uncertain integral


    ∫  0  s   f k  d  V k    








is a  Z  jump uncertain variables at each time s, i.e.,


    ∫  0  s   f k  d  V k   ∼ Z (   θ 1  ,  θ 2  ,  ∫  0  s   |   f k   | d k )  .   













Proof. 

Because the V-jump process has stationary and independent increments and every increment is a V-jump uncertain variable, for any partition of closed interval [0,s] with   0 =  k 1  <  k 2  < ⋯ <  k  m + 1   = s ,   it follows from Theorem 3.1 in [25] that


   ∑  i = 1  m  f  (  k i  )   (  V  k  i + 1    −  V  k i   )  ∼ Z   θ 1  ,  θ 2  ,  ∑  i = 1  m   | f  (  k i  )  |   (  k  i + 1   −  k i  )   .  











In other words, the sum is also a V-jump uncertain variable . Because f is an integrable function, it holds that


   ∑  i = 1  m   | f   (  k i  )   |   (  k  i + 1   −  k i  )  →  ∫  0  s   |  f k  |  d k  








as the mesh   Δ → 0  , where the mesh is written as   Δ =  max  1 ≤ i ≤ m    |  k  i + 1   −  k i  |   . Thus we obtain


   ∫  0  s   f k  d  V k  =  lim  Δ → 0    ∑  i = 1  m  f  (  k i  )   (  V  k  i + 1    −  V  k i   )   ∼ Z (   θ 1  ,  θ 2  ,  ∫  0  s   |   f k   | d k )   








□







References


	



Wiener, N. Differential space. J. Math. Phys. 1923, 2, 131–174. [Google Scholar] [CrossRef]

	



Itô, K. Stochastic integral. Proc. Jpn. Acad. Ser. A 1944, 20, 519–524. [Google Scholar] [CrossRef]

	



Black, F.; Scholes, M. The pricing of option and corporate liabilities. J. Political Econ. 1973, 81, 637–654. [Google Scholar] [CrossRef]

	



Gray, A.; Greenhalgh, D.; Mao, X.; Pan, J. A stochastic differential equation SIS epidemic model. SIAM J. Appl. Math. 2011, 71, 876–902. [Google Scholar] [CrossRef]

	



Liu, B. Uncertainty Theory: A Branch of Mathematics for Modeling Human Uncertainty; Springer: Berlin, Germany, 2010. [Google Scholar]

	



Liu, B. Fuzzy process, hybrid process and uncertain process. J. Uncertain Syst. 2008, 2, 3–16. [Google Scholar]

	



Liu, B. Some research problems in uncertainty theory. J. Uncertain Syst. 2009, 1, 3–10. [Google Scholar]

	



Chen, X.; Liu, B. Existence and uniqueness theorem for uncertain differential equations. Fuzzy Optim. Decis. Mak. 2010, 9, 69–81. [Google Scholar] [CrossRef]

	



Yao, K.; Gao, J.; Gao, Y. Some stability theorems of uncertain differential equation. Fuzzy Optim. Decis. Mak. 2013, 12, 3–13. [Google Scholar] [CrossRef]

	



Liu, H.; Ke, H.; Fei, W. Almost sure stability for uncertain differential equation. Fuzzy Optim. Decis. Mak. 2014, 13, 463–473. [Google Scholar] [CrossRef]

	



Sheng, Y.; Wang, C. Stability in p-th moment for uncertain differential equation. J. Intell. Fuzzy Syst. 2014, 26, 1263–1271. [Google Scholar] [CrossRef]

	



Yao, K.; Ke, H.; Sheng, Y. Stability in mean for uncertain differential equation. Fuzzy Optim. Decis. Mak. 2015, 14, 365–379. [Google Scholar] [CrossRef]

	



Sheng, Y.; Gao, J. Exponential stability of uncertain differential equation. Soft Comput. 2016, 20, 3673–3678. [Google Scholar] [CrossRef]

	



Yang, X.; Ni, Y.; Zhang, Y. Stability in inverse distribution for uncertain differential equtions. J. Intell. Fuzzy Syst. 2017, 32, 2051–2059. [Google Scholar] [CrossRef]

	



Yao, K.; Chen, X. A numerical method for solving uncertain differential equations. J. Intell. Fuzzy Syst. 2013, 25, 825–832. [Google Scholar] [CrossRef]

	



Zhu, Y. Uncertain optimal control with application to a portfolio selection model. Cybern. Syst. 2010, 41, 535–547. [Google Scholar] [CrossRef]

	



Ge, X.; Zhu, Y. A necessary condition of optimality for uncertain optimal control problem. Fuzzy Optim. Decis. Mak. 2013, 12, 41–51. [Google Scholar] [CrossRef]

	



Yang, X.; Gao, J. Uncertain differential games with application to capitalism. J. Uncertain. Anal. Appl. 2013, 1, 17. [Google Scholar] [CrossRef]

	



Yang, X.; Gao, J. Linear-quadratic uncertain differential games with application to resource extraction problem. IEEE Trans. Fuzzy Syst. 2016, 24, 819–826. [Google Scholar] [CrossRef]

	



Gao, R. Uncertain wave equation with infinite half-boundary. Appl. Math. Comput. 2017, 304, 28–40. [Google Scholar] [CrossRef]

	



Gao, R.; Ralescu, D.A. Uncertain wave equation for vibrating string. IEEE Trans. Fuzzy Syst. 2019, 27, 1323–1331. [Google Scholar] [CrossRef]

	



Gao, R.; Ma, N.; Sun, G. Stability of solution for uncertain wave equation. Appl. Math. Comput. 2019, 365, 469–478. [Google Scholar] [CrossRef]

	



Gao, R.; Liu, K.; Li, Z.; Lv, R. American barrier option pricing formulas for stock model in uncertain environment. IEEE Access 2019, 7, 97846–97856. [Google Scholar] [CrossRef]

	



Yao, K. Uncertainty Differential Equation; Springer: Berlin, Germany, 2016. [Google Scholar]

	



Deng, L.; Zhu, Y. Uncertain optimal control with jump. ICIC Express Lett. Part B Appl. 2012, 3, 419–424. [Google Scholar]

	



Jacobsen, M. Point Process Theory and Applications: Marked Point and Piecewise Deterministic Processes; Springer Science and Business Media: Boston, MA, USA, 2006. [Google Scholar]

	



Deng, L.; Zhu, Y. Existence and uniqueness theorem of solution for uncertain differential equations with jump. ICIC Express Lett. 2012, 6, 2693–2698. [Google Scholar]

	



Deng, L. Multidimensional uncertain optimal control of linear quadratic models with jump. J. Comput. Inf. Syst. 2012, 8, 7441–7448. [Google Scholar]

	



Deng, L.; Zhu, Y. An uncertain optimal control model with n jumps and application. Comput. Sci. Inf. Syst. 2012, 9, 1453–1468. [Google Scholar] [CrossRef]

	



Deng, L.; Zhu, Y. Uncertain optimal control of linear quadratic models with jump. Math. Comput. Model. 2013, 57, 2432–2441. [Google Scholar] [CrossRef]

	



Deng, L.; Chen, Y. Optimistic value model of uncertain linear quadratic optimal control with jump. J. Adv. Comput. Intell. Intell. Inform. 2016, 20, 189–196. [Google Scholar] [CrossRef]

	



Deng, L.; Chen, Y. Optimal control of uncertain systems with jump under optimistic value criterion. Eur. J. Control. 2017, 38, 7–15. [Google Scholar] [CrossRef]

	



Deng, L.; You, Z.; Chen, Y. Optimistic value model of multidimensional uncertain optimal control with jump. Eur. J. Control. 2018, 39, 1–7. [Google Scholar] [CrossRef]

	



Kilbas, A.A.; Srivastava, H.M.; Trujillo, J.J. Theory and Application of Fractional Differential Equation; Elsevier Science B.V.: Amsterdam, The Netherlands, 2006. [Google Scholar]

	



Zhu, Y. Uncertain FDEs and an interest rate model. Math. Method Appl. Sci. 2015, 38, 3359–3368. [Google Scholar] [CrossRef]

	



Zhu, Y. Exitence and uniquence of the solution to uncertain fractional differential equation. J. Uncertain. Anal. Appl. 2015, 3, 5. [Google Scholar] [CrossRef]

	



Lu, Z.; Yan, H.; Zhu, Y. European option pricing model based on uncertain fractional differential equation. Fuzzy Optim. Decis. Mak. 2018, 18, 199–217. [Google Scholar] [CrossRef]

	



Lu, Z.; Zhu, Y. Numerical approach for solution to an uncertain fractional differential equation. Appl. Math. Comput. 2019, 343, 137–148. [Google Scholar] [CrossRef]

	



Lu, Z.; Zhu, Y. Comparison principles for fractional differential equations with the Caputo derivatives. Adv. Differ. Equ. 2018, 2018, 237. [Google Scholar] [CrossRef]

	



Jin, T.; Sun, Y.; Zhu, Y. Extreme values for solution to uncertain fractional differential equation and application to American option pricing model. Phys. A Stat. Mech. Appl. 2019, 534, 122357. [Google Scholar] [CrossRef]

	



Lu, Q.; Zhu, Y.; Lu, Z. Uncertain fractional forward difference equations for Riemann-Liouville type. Adv. Differ. Equ. 2019, 2019, 147. [Google Scholar] [CrossRef]

	



Lu, Q.; Zhu, Y. Finite-time stability of uncertain fractional difference equations. Fuzzy Optim. Decis. Mak. 2020, 19, 239–249. [Google Scholar] [CrossRef]

	



Chen, X.; Gao, J. Uncertain term structure model of interest rate. Soft Comput. 2013, 17, 597–604. [Google Scholar] [CrossRef]







© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access article distributed under the terms and conditions of the Creative Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).






nav.xhtml


  symmetry-12-00765


  
    		
      symmetry-12-00765
    


  




  





media/file0.png





