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Abstract: The aim of this study was to examine the asymptotic properties and oscillation of the
even-order neutral differential equations. The results obtained are based on the Riccati transformation
and the theory of comparison with first- and second-order delay equations. Our results improve and
complement some well-known results. We obtain Hille and Nehari type oscillation criteria to ensure
the oscillation of the solutions of the equation. One example is provided to illustrate these results.
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1. Introduction

During the past years, research activity has focused on the oscillatory behavior of solutions to
different classes of neutral differential equations. In a related field, the asymptotic behavior of the
solutions to delay and neutral delay differential equations was discussed in many works, awith fruitful
achievements [1-28]. One of the main reasons for this lies in delay differential equations arising in
many applied problems in natural sciences, technology, and automatic control [25].

This paper is concerned with oscillation of the even-order nonlinear neutral differential equation
of the form

(r@ (s ©)") +r ) (\" V() +4 )y (65(c) =0, M

where ¢ > ¢g, n > 4 is an even natural number and

u(g):=y(g) +c(c)y(g(s))- 2)

Throughout this paper, we assume that the following conditions are satisfied:

(C1) 7 is a quotient of odd natural numbers;

(C) reCl([g0,%0)),7(g) > 0,7 (¢) > 0;

(C3) ¢,p,q€ C([co,)),p(5) >0,q(c) >0,0<c(g) <cp<1,qisnotidentically zero for large ;
and

(Ca) g € C([g0,%0)),0 € C([g0,)), 8" (6) > 0,8 (g) < gand limgseo g (¢) = limg 0 () = oo

Definition 1. A functiony € C"~1 [6y,©0), Gy > Go, is called a solution of Equation (1), if r (y(”’l)yy €
C! ([gy,0)) , and y satisfies (1) on [gy, o).
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If a solution of Equation (1) has arbitrarily large zeros on [g,, c0), then it is called oscillatory,
and otherwise is called nonoscillatory. Equation (1) is called oscillatory if all its solutions are oscillatory.
In the following, we present some background details that motivated our research.

Theorem 1. (See [17]) If there exists function p € C' ([go, ), (0,00)) and M > 1, 6 € (0,1), such that

. 1 s (s ee)r(s) o
hfgl’lj:jpm/gl <H(€/S)p(s)‘7(5) ( p ) (H(g,s)G(S))pl>d -

where G (s) = OMg" 2 (s) ¢’ (s), then the equation

p—2

L+p©) | (1" @) Ty @ +a @)1 @@y (2(6) =0, 3)

-2
where Ly = (g) ‘ (y("’l) (g)) ‘p y"=V (¢), pis a real number satisfying p > 1.

As a special case of Equation (1), when p (¢) = 0. Zafer [26] and Zhang and Yan [27] studied
the equation

u™ () +q(c)y(6(c)) =0 )

and established some new sufficient conditions for oscillation.

Theorem 2. (See [26]) Let n > 2 such that

lim sup ‘ 7 (s)ds > (n—1)20=D0=2) 5 (c) > 0

g—oo Jo(g)
i (r-1)(n-2)
"G _ n— n—
liminf [* 7 (s)ds > Y2 ®)
s Jo(g) €
where 7t (g) == "1 (¢) (1 —p (5(g))) g (g), then every solution of Equation (4) is oscillatory.
Theorem 3. (See [27]) Let 0 < p (¢) < po < 1and n > 2 such that
¢ —1)!
lim inf m(s)ds > (n—1)! (6)

6= J5()
or ¢
lim sup m(s)ds> (n—1)!, 5(g) >0
g—00 J4(c)

where 7T (¢) := 8" (¢) (1 —p(6(5))) g (g), then every solution of Equation (4) is oscillatory.

To prove this, we apply the previous results to the equation

1 /1 \\¥ 9
(y (6) + 5y (2g)> + Z%y <1OG> =0¢>1, )

then we find that Equation (7) is oscillatory if

The condition | Equation (5) | Equation (6)
The criterion qo > 1839.2 qo > 59.5

Hence, [27] improved the results in [26].
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In this paper, using the theory of comparison with first- and second-order delay equations,
new oscillatory criteria are established of Equation (1). We improve the results in [26,27]. An example
is provided to illustrate the criteria.

Here, we define the next notation:

Mo (6) + =exp (/ng((;‘))du>

00 ¢ = (g [COm Od )
() :/;oﬁk,l(s)ds, k=1,2,.,n—2
and L o
Cm@%:C@jW®>(l_@rlgbéﬁdgﬁg~wo»>’m:2”'

We establish the oscillatory behavior of Equation (1) under the conditions

6(¢) <g(g), ¢ (g) >0and (g’l (Q))/ >0 ®)

/:o (r(ls) P <‘ /g f<(Z>) d”))w ds = co. 9)

2. Some Auxiliary Lemmas

and

We employ the following lemmas:

Lemma 1. [15] If the function y satisfies y®) (¢) > 0,i = 0,1,...,n, and y"+1 (¢) < 0, then

Lemma 2. ([1] (Lemma 2.2.3)) Let y € C" ([co, ), (0,00)) . Assume that y™) () is of fixed sign and not
identically zero on [go, o) and that there exists a ¢; > o, such that y"=) (¢)y("™ (¢) < 0 forall ¢ > ¢;.
Iflim¢ 00y (g) # O, then for every p € (0,1), there exists g, > g1 such that

¥(©) 2 iy [y (o)) for = g

Lemma 3. ([21] (Lemma 1.2)) Assume that Equation (9) holds and vy is an eventually positive solution of
Equation (1). Then, there exist two possible cases:

(M): u(g) >0 u(g)>0,u"(¢) >0, ul™ (¢)>0andu (¢) <0,
(L) : u(g)>0,ul(c)>0,ul*V(c) < 0 forall odd integer
je{1,2,.,n—=3},u" V() >0and u(c) <0,
for ¢ > g1, where g1 > ¢ is sufficiently large.

Lemma 4. Assume that Equation (9) holds and y is an eventually positive solution of (1). Then

(00 @7 (&) (1" (©)") 10 (€)1 (6) (1~ (3 (€)W (5(c)) <O, forep <1 (10)
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and
(’ko (c)r(¢) (u(nfl) (g)>v>/

o () - ug g teE)))
*m (” (s C6)) - : ) <0, (11)

or ¢ > g1, where g1 > ¢ is sufficiently large.
yiarg

Proof. Let y be an eventually positive solution of Equation (1). It is not difficult to see that
1 d

o (6) dg (’ko (c)r(s) (u(”—1> (g))W)

= %Ol(g) <77g0 (6) (r () (u

= (r(g) (uir" (g))y)/ G

= (r@ ("1 @)") +p @) (" @) (12)

Considering Equation (2) and ' (¢) > 0, we determine that y (¢) > (1—c(g))u(g). Thus,
from Equations (1) and (12), we have that Equation (10) holds.
From Equation (2), we obtain

c(s7@)ve) = u(g©)-v(e )

ey 6 6 @), (13)

which, with Equations (1), (12), and (13), gives Equation (11). The proof is complete. [

vV
=
N

oq
AN
—~
Nl
N~—
—
|

3. Comparison Theorems with First-Order Equations
In this section, we compare the oscillatory behavior of Equation (1) with the first-order
differential equations.

Theorem 4. Assume that co < 1 and Equation (9) hold. If the differential equation

n—1 v
" (6)+(1—c(6(g))q(c) %Zg&((gg))) <(n ’iflrl/fizs (g))> v(d(g)) =0 (14)

is oscillatory, then every solution of Equation (1) is oscillatory.

Proof. Assume the contrary that y is a positive solution of Equation (1). Then, we suppose that y (),
y(g(g)),and y (4 (g)) are positive for all ¢ > ¢; that are sufficiently large. From Lemma 4, we obtain
that Equation (10) holds. Using Lemma 2, we obtain that

u(g) > ﬁg“‘lu“‘” c), (15)
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for some y € (0,1). From Equations (1), (10), and (15), we see that
/ n—1 v
(16 7@ (4 (@)") + s @0 0@ (228 (M oen) <o

Then, if we set v (¢) = 1¢, (6) 7 (5) (u(”_l) (g))v, then we have that v > 0 is a solution of the
delay inequality:

n—1 v
)+ (=)0 28 () e <o

It is well known ([24] (Theorem 1)) that the corresponding Equation (14) also has a positive
solution, which is a contradiction. The proof is complete. [

Theorem 5. Assume that Equations (8) and (9) hold. If the differential equations

-1 n—1
o () g (c) T (6) (ﬂ(g (6(5)) cn<5<§;>

N B
16 (8710 (0)) \ (n=1D)77 (371 (c))) ) w(z ' @E))=0 a9

and
@' (6) +8 7 (0 () s (e w (871 (6(c))) =0 (17)

are oscillatory, then every solution of Equation (1) is oscillatory.

Proof. Assume the contrary that y is a positive solution of (1). Then, we suppose that y (¢), y (g (5)),
and y (9 (¢)) are positive for all ¢ > ¢; that are sufficiently large. From Lemma 3, we have two possible
cases (Iy) and (Ip).

In the case where (I;) holds, from Lemma 1, we obtain u(g) >

¢u' (¢) and then

(n—1)
(¢*"u (¢))’ < 0. Thus, we obtain
1 (.—1 n—1
u gfl gil (Q) < (g (g (23)_) u gfl (Q) ) (18)
( ( )) (g71(c)) 1 ( )
Using Lemma 4, we have that Equation (11), given by Equation (18):
(1 @7 (@) (" @) ") + 16, (@ c) 7 (3(e)) w7 (37 (5 (e))) <0 (19)

From Lemma 2, we obtain Equation (15). Therefore, from Equation (19), we obtain:
7/ n _ n=1\7 [ (a_ _ v
(762 (©)r (&) (" (0)) + 16 (@) (U5 (571 6(e))" ) (w0 D (571 (0())) " 0. (20)

Then, if we set w (g) = 11¢, (5) 7 (5) (u(”’l) (g))y, then we have that w > 0 is a solution of the
delay inequality:

, G T CIG) M CI) A
o) e <5<g)>>< (n )7 (15 (5))) ) o(¢70w) <o

It is well known ([24] (Theorem 1)) that the corresponding Equation (16) also has a positive
solution, which is a contradiction.
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In the case where (I) holds, from Lemma 1, we obtain:

u(g) = ¢t (c) (21)
and then (¢~ 1u ()" < 0. Hence, since g™ (¢) < ¢! (g7 (¢)), we get:
(- 8§ e) (.-
u (8 ! (g ! (Q))) < W” (g ! (Q)) , (22)
which, with Equation (11), yields:

(e, @7 (&) (1 (©)") +a(e) e, ()} (3(e)) w” (57 (5(c))) <0 (23)
Integrating Equation (23) from ¢ to co, we obtain:

1/

—u D) < - <77gl(€1)7(€) /:’q (8) 76, (s) 3 (8(s)) u” (gil (0 (S))) ds>

—ilo () u (371 (5(c))) -

IN

Integrating this inequality n — 3 times from ¢ to co, we obtain:

u" (6) +iu-s ()u (s (0 (e))) <0, 24)

which, with Equation (21), gives:

W' () +8 1 (6(6)us () (371 (6(¢))) <0.

Thus, if we set w (g) := 1’ (¢), then we conclude that w > 0 is a solution of:

W' (6)+8 1 (6(6)ns (9w (871 (6(5))) <0, (25)

It is well known ([24] (Theorem 1)) that the corresponding Equation (17) also has a positive
solution, which is a contradiction. The proof is complete. [

4. Comparison Theorems with Second-Order Equations

In this section, we compare the oscillatory behavior of Equation (1) with the second-order
differential equations.
It is well known [2] that the differential equation

[0 (v ©)"] +a@y () =0 > 26)

where y > 0 is the ratio of odd positive integers, 4, g € C[gp, o), is nonoscillatory if and only if there
exists a number ¢ > ¢, and a function v € C![g, o), satisfying the inequality:

v () +7a7 (¢) (v(¢) ™7 4+q(g) <0, on g 00).

In what follows, we compare the oscillatory behavior of Equation (1) with the second-order
half-linear equations of the type in Equation (26).
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Theorem 6. Assume that Equations (8) and (9) hold. If the differential equations

(e 29 e (6 (?“(‘5(9)) v <g>>”)/ e QT GV (=0 @)

(116 (g) 6" 2 (¢))"
and .
my” (6) +7m13(5)y(c) =0 (28)

are oscillatory for some constant y1 € (0,1), then every solution of Equation (1) is oscillatory.

Proof. Assume the contrary that y is a positive solution of Equation (1). Then, we can suppose that
y(c),v(g(c)) and y (6 (g)) are positive for all ¢ > ¢; that are sufficiently large. From Lemma 3,
we have two possible cases: (I;) and (I).
In the case where (Iy) holds, as in the proof of Theorem 5, we arrive at Equation (19). Now,
we define a function ¢ by
()

?(6) =10 ()7 (&) 5y

Then, ¢ (¢) > 0, for all ¢ > ¢;. Differentiating ¢ and using Equation (19), we get:

(o1 e (9)r(g) (D) i _ ’ /
9 (6) < 16, (€)q ()¢ (6 ¢)) &) maOr(u? TO) 11 5 () ! (5(6)) 0 (6)- (29)

From Lemma 2, we have:

W' (8(6)) = L2 () ul Y (8 (). (30)

Since 77, (¢) 7 (g) (u(”’l) (g))v is decreasing, we have:

e (6)7(6) (1" (©)) " < ey (6(6) 7 (8 (6)) (1D (8(¢))) ", forallg > 6(c), @)

that is, )
(e, (©) r ()" u=V (g) < u™V (5 (¢)), (32)
(G (e) VT (5(g))
from Equations (30) and (32), we have:
, 57172 .
W (5 (g) > (©) (ex (€) 7 (€)Y 7 um ) (¢). 33)

(n=2)t e (5 (€))7 (5(c))
Since g1 (¢) > cand u’ (g) > 0, we have u (g1 (g)) > u (¢) and so
> 1. (34)

By using Equations (34) and (33) in Equation (29), we have:

7+1

161 (©)r(6) ("D (g) 5 (g)on2 ney (O)r(e)  \V7
§(©) < ey (6)a (6) ¢ (5 (¢)) — "Il SO gt e (Lumleria VT @)

From the definition of ¢, we have:

'(©) < 1 25 (0)) 19’ (6) "2 (g) D/ ()
¢ (6) < =111 (6)q(6) en (6(5)) =2 (5(5))7(5(9)))1/74) ()
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that is,

1’ (g) 6" % (g)
(n—=2)!(ng (6(c))r(6(¢)))

Thus, we conclude that Equation (36) is nonoscillatory for every constant u € (0,1) . From [2],
we see that Equation (27) is nonoscillatory for every constant y; € (0,1), which is a contradiction.

In the case where (I,) holds, as in the proof of Theorem 5, we arrive at Equation (24). Now,
we define a function ¢ by:

¢’ (¢) + 77 TT(Q) + 1y () en (6())a(6) <0 (36)

Then ¢ (¢) > 0, for all ¢ > ¢;. Differentiating ¢, we obtain:

V(6 = s~ A () (@),

since u” (¢) < 0, wehave u’ (6 (¢)) > ' (¢) forall ¢ > 6 (¢) . Thus

: W(e) [ wie) \
o6 2 2 (D) o). @)

From Equation (24), we obtain:

, s (@u(gTiO) [ W)\,
7o)< (5 (Q) (u(é(g))) (6

Since g7! (¢) > gand u’ (¢) > 0, we have u (g7 (¢)) > u (), and so:

/ 2
GEEACR P S o) o8

From the definition of ¢, we have
¢’ (6) < ~Tu-3(c) =" (¢) 9* (c),

that is,
¢’ (6)+ 6 (5) 9> (¢) + ilu—3 () < 0. (39)

Thus, we conclude that Equation (39) is nonoscillatory. From [2] we see that Equation (28) is
nonoscillatory, which is a contradiction. Thus, the proof is complete. [J

Corollary 1. Assume that co < 1 and Equation (9) hold. If

iminf [* (1= c(6(s s Mg (5) uo" 1 (s) \7” s (n=1)))7
lmint [ (1-¢(3()"0(5) ;2950 (M(&(S))) gs > (1= )

is oscillatory, then every solution of Equation (1) is oscillatory.

Corollary 2. Assume that Equations (8) and (9) hold. If

lim inf ((n=1)n7 (41)
g—>00 e

/g 7(s) o ) <u(g‘1((S(S)))”‘lcn<(s(s))>7
g6 g (871 (6(5))) 77 (g1 )
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and " ,
lim inf (5 (s)) 7,3 (s)ds > = 42
fminf | ey § (6()) fn—3 (s)ds > (42)

are oscillatory, then every solution of Equation (1) is oscillatory.

It is well known [23] that if

© 1 ¢ 1 © 1
d¢ = o0, and lim inf (/ ds) / s)ds > —,
/Qo a(c) s \Jgo a(s) G 70) 4

then Equation (26) with v = 1 is oscillatory.
Based on the above results and Corollary (3), we easily obtain the following Hille and Nehari type

oscillation criteria for Equation (1) with y = 1.

Corollary 3. Let v = 1. Assume that Equations (8) and (9) hold. If

o0 19’ () 6" 2 (g)
dc = o0
/gU (n—2)lng, (0(6)) 7 (6(c)°
and /
L. ‘1115 (5" S o0 7 1
1 f d ¢y (6(s))ds > —,
mint ([0 E S sas) [T ()66 as > |
also, if
/ o' (¢)dg = co
Go
and

g o0 geel 1
1"f/ 5 d)/ 7 a(s)ds > -,
imin ('GMO (s)ds Jo 3(s)ds > 7

are oscillatory for some constant yy € (0, 1), then every solution of Equation (1) is oscillatory.

Example 1. For ¢ > 1, consider the equation
1
(4) 2,40 Q. (S _
)+ ¥ 0+ Ty (3) =0, (43)

where u (¢) = y(¢) + 3y (§) and go > 0 is a constant. Note that vy =1, n = 4, r(¢) = 1, p(g) =
1/6,(c) = q0/6% 5(c) =¢/2, 871 (¢) = (3/2) gand g () = ¢/3.S0, we obtain:

Mo (6) =6, Mg, (6(5)) =¢/2.

Thus, we find:
¢ n—1 v
it [, 0= @000 25505 ()
= liminf ;2 ZO (8 ) ds = LIn2.
Hence, the condition becomes:
qo > o2 (44)

Therefore, by Corollary 1, all solutions of Equation (43) are oscillatory if go > 25.5.
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Remark 1. Consider Equation (7) by Corollary 1; all solutions of Equation (7) are oscillatory if qo > 57.5,
whereas the criterion obtained from the results of [26,27] are qo > 1839.2 and qo > 59.5, respectively. Hence,
our results improve the results in [26].

Remark 2. The results obtained in [26,27] are a special case of the results obtained in this study.

Remark 3. The results in this paper can be extended to the more general equation of the form

(1@ (1 ©)") +p () (1" (©) +4(0) F (6 () =0,

where f (y) > kyP > 0. The statement and the formulation of the results are left to the interested reader.

5. Conclusions

This paper is concerned with the oscillatory behavior of solutions of Equation (1).
Using comparison with first- and second-order delay equations, a new asymptotic criterion for
Equation (1) is presented. We obtained Hille and Nehari type oscillation criteria to ensure oscillation
of the solutions of Equation (1). In future work, we obtain some Philos type oscillation criteria of
Equation (1).
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