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Abstract: The higher category theory can be employed to generalize the BF action to the so-called
3BF action, by passing from the notion of a gauge group to the notion of a gauge 3-group. The theory
of scalar electrodynamics coupled to Einstein—-Cartan gravity can be formulated as a constrained 3BF
theory for a specific choice of the gauge 3-group. The complete Hamiltonian analysis of the 3BF action
for the choice of a Lie 3-group corresponding to scalar electrodynamics is performed. This analysis is
the first step towards a canonical quantization of a 3BF theory, an important stepping stone for the
quantization of the complete scalar electrodynamics coupled to Einstein—Cartan gravity formulated
as a 3BF action with suitable simplicity constraints. It is shown that the resulting dynamic constraints
eliminate all propagating degrees of freedom, i.e., the 3BF theory for this choice of a 3-group is
a topological field theory, as expected.

Keywords: Hamiltonian analysis; higher gauge theory; BF theory; topological theory; scalar
electrodynamics

1. Introduction

The vast majority of physics community agrees that the quantum theory of gravity is necessary,
even if they disagree on the quantization approach. The theory of loop quantum gravity is one of
the well-formulated possible candidates for the desired theory of quantum gravity [1-3]. There are
two approaches within the theory—the canonical and the covariant quantization method. The covariant
quantization method is focused on obtaining a generating functional, by considering a triangulated
spacetime manifold and defining the functional as a state sum over all configurations of a field living
on simplices of the triangulation [2].

One of the key tools in the covariant quantization approach is the so-called BF theory. Given a Lie
group G and its corresponding Lie algebra g, one considers a g-valued connection 1-form A, and its
corresponding field strength 2-form F = dA + A A A. Multiplying F with a g-valued Lagrange
multiplier 2-form B and integrating over a four-dimensional spacetime manifold M, one obtains the
action of the BF theory,

Swrld,B) = [

" (BAF)g,
where (_,_) is a G-invariant non-degenerate symmetric bilinear form. The BF theory derives its
name from the symbols B and F for the Lagrange multiplier and the field strength present in the action.
As it is defined, the BF theory is topological, containing no local propagating degrees of freedom.
Therefore, for the purpose of building physically relevant actions, attention usually focuses not on
the pure BF theory, but rather on the theory with constraints. The constrained BF models are based
on deformations of the BF theory [4], by adding constraints to the topological BF action that promote

some of the gauge degrees of freedom into physical ones. The well known example is the Plebanski
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model for general relativity [5]. Constrained BF models represent a starting point in the spinfoam
approach to the construction of quantum gravity models [2].

The main shortcoming of building a quantum gravity model using a BF theory is the fact that it is
very hard, if not impossible, to write the action for matter fields (specifically scalar and fermion fields)
in the form of a constrained BF theory. Thus, the spinfoam quantization method is limited to pure
gravity, and the problem of consistently coupling matter fields to gravity in this framework becomes
highly nontrivial. One of the proposed ways to circumvent this issue is to generalize the notion of a BF
theory using the mathematical apparatus of higher category theory.

The higher category theory [6] can be employed to generalize the BF action to the so-called
nBF action, by passing from the notion of a gauge group to the notion of a gauge n-group
(for a comprehensive review of n-groups see for example [7], and also Appendix C). Specifically,
the notion of a 3-group in the framework of higher category theory is introduced as a 3-category with
only one object where all the morphisms, 2-morphisms and 3-morphisms are invertible. Based on
this generalization, recently a constrained 3BF action has been introduced, which describes the full
Standard Model coupled to Einstein—Cartan gravity [8].

As a first step to the study of the Hamiltonian structure of such theories, in this work, we discuss
the simplest nontrivial toy example, namely the theory of scalar electrodynamics coupled to gravity.
The standard way to define scalar electrodynamics coupled to gravity is by the action:

1 1 * *
S = /d4X\/ _g [_WR — Eg‘upgvgpyvppg- + gl/wv”(P VV(P — mz(P (p . (1)
4

Here, g,y is the spacetime metric, ¢ = det(gyy) is its determinant, R is the corresponding
curvature scalar, and [, is the Planck length, its square being equal to the Newton’s gravitational
constant, l% = G, in the natural system of units # = ¢ = 1. The total covariant derivative V, of the
complex scalar field ¢ is defined as V¢ = (9, +igA; )¢, and thus coupled to the electromagnetic
potential A, via the coupling constant g (the electric charge of the field ¢). See Appendix A for more
detailed notation. In the next section, we will reformulate this model as a classically equivalent
constrained 3BF theory for a specific choice of the gauge 3-group. Moreover, for reasons of simplicity,
in the Hamiltonian analysis, we will focus only on the topological sector, disregarding the simplicity
constraints. The Hamiltonian structure of the theory is important for various reasons, primarily for the
canonical quantization program.

The layout of the paper is as follows. In Section 2, we introduce the 3-group structure
corresponding to the theory of scalar electrodynamics coupled to Einstein—Cartan gravity and the
corresponding constrained 3BF action. Section 3 contains the Hamiltonian analysis for the topological,
3BF sector of the action, with the resulting first-class and second-class constraints present in the theory,
and their mutual Poisson brackets. In Section 4, we analyze the Bianchi identities that the first-class
constraints satisfy, which enforce restrictions in the sense of Hamiltonian analysis, and reduce the
number of independent first-class constraints present in the theory. Section 5 focuses on the counting
of the dynamical degrees of freedom present in the theory, based on the results from Sections 3 and 4.
Encouraged by these results, in Section 6, we construct the generator of the gauge symmetries for
the topological theory and we find the form variations of all variables and their canonical momenta.
Finally, Section 7 is devoted to the discussion of the results and the possible future lines of research.
The Appendices contain various technical details.

The notation and conventions are as follows. The local Lorentz indices are denoted by the Latin
letters a,b,c, ..., take values 0,1,2,3, and are raised and lowered using the Minkowski metric 7,
with signature (—,+, +, +). Spacetime indices are denoted by the Greek letters y,v,..., and are
raised and lowered by the spacetime metric g,y = nabe"yeb v, Where e, are the tetrad fields.
The inverse tetrad is denoted as e#;, so that the standard orthogonality conditions hold: e ;e#, = J;
and e“ye’; = J;. When needed, spacetime indices will be split into time and space indices,
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denoted with a 0 and lowcase Latin indices i,j, ..., respectively. All other indices that appear in
the paper are dependent on the context, and their usage is explicitly defined in the text where they
appear. The antisymmetrization over two indices is introduced with the factor one half that is
A[aﬂaz..-an_l\an] = % (Aa]az...an,]an — Agyay..a, 1 ), and the total antisymmetrization is introduced as

A[a1...an] = %Zoesn(_1)Sign(U)Aﬂa(1)~-~ﬂa(n)'

2. Scalar Electrodynamics as a Constrained 3BF Action

Let us begin by providing a short introduction into the construction and structure of a 3BF theory,
after which we will impose appropriate simplicity constraints, in order to obtain the equations of
motion for scalar electrodynamics coupled to gravity.

As was discussed in detail in [8], one formulates a topological 3BF action by specifying a particular
gauge Lie 3-group. It has been proved that any strict 3-group is equivalent to a 2-crossed module [9,10].

A gauge theory for the manifold M, and 2-crossed module (L S HSY G, {_,_}) can be
constructed for the following choice of the three Lie groups as:

G=5S0(3,1) xU(1), H=R* L=R>.
The maps 0 and J are chosen to be trivial. The action of the algebra g on h and [ is chosen as:

Mgy > Pe = By Py = 810 “yjc Pa = pjc P T>Pa=0,
My, > P4 =0, TDPA:DABPB

@

where M,;, denote the six generators of s0(3, 1), T is the sole generator of u(1), P, are the four generators
of R* and Py are the two generators of R2. In the previous expression, the action of the algebra u(1) on
the algebra R? is defined via
1 0
B .
> = .
AT =1 [O _1]

The action of the algebra g on itself is by definition given via the adjoint representation and, for
the choice g = s0(3,1) x u(1), one obtains

Myp > Mg = Dub,cdef Mef = fab ,cdef Mef = HadMpc + o Mag — NacMpa — pdgMac, 3)
Myp>T=0, T>My=0, T>T=0,

as the consequence of the direct product structure and the Abelian nature of the subgroup U(1).
The Peiffer lifting
{_,_}tHxH—=L

is also trivial, i.e., all the coefficients X,,* are equal to zero:
{Pu, Py} = X" Tp = 0. @

Given Lie algebras g, h, and [, one can introduce a 3-connection («,f,7) given by the
algebra-valued differential forms a € A'(My,g), B € A*(My,h) and v € A3(My,I).
The corresponding fake 3-curvature (F, G, H) is then defined as:

F=da+ara—0a8, G=dB+aA®B—0y, H=dy+arA®y+{BAB}, (O
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see [9,10] for details. For this specific choice of a 3-group, where & = w + A, given by the algebra-valued
differential forms w € A'(My,50(3,1)), A € A'(My,u(1)), B € A2(My,R*) and 7 € A3 (M4, R?),
the corresponding 3-curvature (F ,G,H) is defined as

F = ROMy+FT = (dw®+w'cAwP)My+dAT,
G = G, = (dB"+w ABY)P,, (6)
= HAPA = (d’)’A+I>BAA/\’)/B)PA.

Note that the connection w™ is not present in the last expression, as follows from the definition of

the action > and the Peiffer lifting {_,_}, see Equations (2) and (4):
H = dy+aA®y+{BAB}
= dy Py + (W™ Mgy + AT) A™ (74Py)
= dyAPs+ WP AyAMy > Py + ANYAT > Py 7)
= dyAPs+ AN >4 BPg
= (dyA +>p2AAYB)P,.

The coefficients of the differential 2-forms F and R%, 3-form G, and 4-form H are:

Fo = 0,A —0,A,,

Rty = 3,0™, — 3,0, + @y, — ey,

Gluvp = 0B vp +uP o+ 3pB v + Wby Blyp + v Bou + 0 hp v s ®)
HA%pe = 07 vpe — 0v Y oou + 0¥ oy — 90

+ DB AAy'Yvaa - I>BAA1/'YB,0¢7;¢ + DBAA,O'YBU;W - I>BAA¢7')’Byvp .
Now, one can define a gauge invariant 3BF action as:
Sswp = [ ({BAF)y+(CAG),+(DAH)), ©)
My

where B € A%(My,50(3,1)), C € AY(My,R*) and D € A°(My,R?) are Lagrange multipliers.
The forms (_,_),, (_,_), and (_,_) are G-invariant bilinear symmetric nondegenerate forms on g,
and [, respectively, defined as

<Mub/Mcd>g:gub,cd/ <T/T>g:1/ <Mab’T>g:0/ <Pﬂfpb>b:gub/ <PA/PB>[:gAB/
where

_ 110 101
8ab,cd = Ma[c|b|d] » 8ab = o 1|’ 8AB = 1 ol-

Identifying the Lagrange multiplier C* as the tetrad field e, and the Lagrange multiplier D as the
doublet of scalar fields ¢*,

¢ =¢ Py =P+ ¢ Py,
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based on their transformation properties as discussed in [8,11], the Lagrangian of the action (9) obtains
the form:

1 1 1 1
S3pr = /M d*x €WW(Z By R oy Qb ca + 1 ByuyFoo + 31 €1 G vpr Sab + ] ¢ HP oo ga8) - (10)
. ! !

Varying the action with respect to all the variables, one obtains the equations of motion:

’ varied variable ‘ equation of motion ‘ ’ varied variable ‘ equation of motion ‘
SBeb Ry =0 SB F=0
S VB — € A By =0 SA dB+¢a >y =0 (11)
5e" Ga=0 op" Vea =0
st Vya=0 sy Vs =0

Since one is interested in the doublet of scalar fields ¢** of mass m and charge g minimally
coupled to gravity and electromagnetic field, we impose additional simplicity constraint terms to
the topological action (9), in order to obtain the appropriate equations of motion equivalent to the
equations of motion for the action (1):

5:/M B% ARy +BAF+ea AV + g V™
4

—Agp A (B”b — ge, A ed)

16713
1
+ )LA A\ (’)/A — EHabcAeu AN Gb A €C> + Alle A (HabcASCdgfed Nee N\ ef - V(PA Neg N\ eh) (12)

12
+AA (B - ;Mﬂbe“ A eb) 4% (Mﬂbgcdgfec AN Nef Nef —FAeg A eb>

>odi m2Pa pAeapeac® NP Nef Ael

For the notation used here and the equations of motion obtained by varying the action (12),
see Appendix A.

The dynamical degrees of freedom are the tetrad fields e?, the scalar doublet ¢#, and the
electromagnetic potential A, while the remaining variables are algebraically determined in terms
of them, as shown in Appendix A. The equation of motion for the field ¢ reduces to the covariant
Klein-Gordon equation for the scalar field,

(vﬂw - mz) pa=0. (13)
The differential equation of motion for the field A is:
V=, = %(V%p‘* P apn —patpVI9P) =iqg (Vo 9 —¢'Vg). (4
Finally, the equation of motion for ¢* becomes:

1 2
RV — ~gM"R = 87l T,
(15)

1 1
TH = Vi, V" — 78" (VP¢A VPh +mPpa 4’A) r (ForFP7g"" + 4FME,") .
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3. The Hamiltonian Analysis

The Hamiltonian analysis of the constrained 3BF action (12) for scalar electrodynamics is
exceedingly complicated to study. A testament to this is the level of complexity of the constrained
2BF formulation of general relativity [12], which is merely one sector in the action (12). Therefore,
in this paper, we will limit ourselves to the topological sector of the theory, namely the unconstrained
3BF theory (9), which consists of the terms in the first row of Equation (12), and is written in full
detail in Equation (10). One should be aware that this restriction changes various properties of the
theory. Namely, the simplicity constraints (everything but the first row in Equation (12)) substantially
modify the dynamics of the theory—they increase the number of local propagating degrees of freedom
of the theory, a property that was known since the original Plebanski model [5]. On the other hand,
the unconstrained 3BF theory (9) is important even in its own right, and the Hamiltonian analysis may
give important insight into the structure of both the unconstrained and the constrained theory.

In what follows, the complete Hamiltonian analysis for the action (9) is presented, see [13] for
an overview and a comprehensive introduction of the Hamiltonian analysis. The Hamiltonian analysis
for a 2BF action is performed in [12,14-16].

Under the standard assumption that the spacetime manifold is globally hyperbolic, M4 = R x X3,
the Lagrangian of the action (9) has the form:

1 1 1
L3gr = / 3% HVPU Babyv R oo ab,cd + = BuvFpo + 31 eay gbvptf 8ab T a1 ‘PAHB;wpU gAB) . (16)

4

The canonical momentum 77(q) corresponding for the canonical coordinate g from the set of all
variables in the theory, g € {B“b uvs w?t 1w Buv, Ay, ey, B, <])A, ')/Awp}, is obtained as a derivative of
the Lagrangian with respect to the appropriate velocity,

@) = F0d
giving:
B! = 0, w(wat = "By,
B = 0, wAF = %eOVVPBUp, -
t(e),* = 0, (B = —eOVVPeup,
n@)a = 0, ()" = MPe,.

Since these momenta cannot be inverted for the time derivatives of the variables, they all give rise
to primary constraints:

P(B)p" = m(B)ap"" ~ P(w)ah = 7(w)ap! — e Bayyy =0,
P(B)" = m(B)" =~0 P(A)H = nm(A)M—1e%B,, ~ 0, )
P(e)," = 7n(e), =0, PR = mn(B)a" +60”"Peap ~0,

( ( ( (

=
b S
Il
N
s
N
2
o
~
%)
th
<
e
Il
N
)
N
e
<
e
|
1)
(=}
=
<
)
=<
D>

Here, the symbol “~” denotes the so-called “weak” equality, i.e., the equality that holds on
a subspace of the phase space determined by the constraints, while the equality that holds for any
point of the phase space is referred to as the “strong” equality and it is denoted by the symbol “=".
The expressions “on-shell” and “off-shell” are used for weak and strong equalities, respectively,
and henceforth will be used in this paper.
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The fundamental Poisson brackets are defined as:

{Buw(x), m(B)e (y)} = 40°:8°50°,67, ) (¥ —7),
{w0u(x), n(@)a’ ()} = 26%0°8", 68/ (F~7),
{Buw(x), (B ()} = 267,67,)60(F-7),
{Ap(x), 7(A) () } = 0603 -7), 19)
{e"u(x), m(e)y"(y) } = %6, 00 (X ~7),
{ B (x), (B)p* (v) } = 26%60,07,) 60 (X —7)),
{9(x), m(@)p(y)} = oV (E-7),
{7 e (), (N)p*T(y) } = 316%58%,0P,87, 6 (F - 7).
Using these relations, one can calculate the algebra between the primary constraints,
{P(B)Y"M(x), P(w)ad' ()} = 4e%5%1.0°4 08T ~7),
{P(B(x), P(A) ()} = P(E-7),
{P()™, P(B)y"(v) } = €% (x) 80 (X - ), @
{P@)"(x), P(Ms™ ()} = F64500)(7—7),
while all other Poisson brackets vanish. The canonical on-shell Hamiltonian is defined by
He= [ [ gr(@hat QB + 5e(@ha B0ty + (B By -+ (A) 30y ,
2

1 1
+ 7t(e)a" doe”y + iﬂ(ﬁ)aw 0B v + 7(¢) 4 0D + ﬁ”(?)Awp 07 o | — L.

Rewriting the Hamiltonian (21) such that all the velocities are multiplied by the first class
constraints and therefore in an on-shell quantity they drop out, one obtains:

S ool 1
H, =- d3x GOIJk [2 BabOi Rab]‘k +

1 1
g 5 BoiFji + zea0 Gijk + B0iVjeak
3

2
(22)

1 1 1 1
+ Ew”bo <viBubjk — €[ /3|b]jk) + 540 (aiB]’k +t304 8 A ')’Bijk) + Z’YAOiijfPA] :

This expression does not depend on any of the canonical momenta and it contains only the fields
and their spatial derivatives. By adding a Lagrange multiplier A for each of the primary constraints we
can build the off-shell Hamiltonian, which is given by:

Hr = Hor [ @7 B P(Blal + 31@)"WP(@h + BB + AA)P(4)"
: (23)
FAY P()a" + ZA(B) WP (Bl + APV P@)a + 3:A) o P (1) A"

Since the primary constraints must be preserved in time, one must impose the
following requirement:
P={P,Hr}=~0, (24)
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for each primary constraint P. By using the consistency condition (24) for the primary constraints
P(B)a”, P(w)a”, P(B)*, P(A)°, P(e)’, P(B)a", and P(7) ",

PB)pY ~0, P(w),’~0, PB)Y=~0, PA°~O0,

. . , . . 25
P ~0, P(BY ~0, P(1)4% ~0, )
one obtains the secondary constraints S,
S(R)w' = e Ry =0, S(VB)gy = €"X(ViBapjx — eja)i Bppjk) =0,
S(F)l = %GOiijjk ~ 0, S(VB) = %EOijk(aiBjk—i- %(PA I>BA’)/BZ‘]‘k) ~ 0, )
. . (26
S(9)a = §€%Gup =0,  S(Velid = Ve =0,
S(Ve)al = " Vipa=0,

while in the case of P(B),/*, P(w),~, P(B)*, P(A), P(e).*, P(B)*, P(¢)4 and P(v)4"* the
consistency conditions

. .. (27)
Ple)* =0, P(B)~0, P(p)a~0, P(y)a*~0,
determine the following Lagrange multipliers:
Mw)ag' =~ Viwgo, AB)T  ~ 20l Bl + 4,0 > A 9B,
AA)Y &~ 9 A, MBS = 2Vl BOI — ¢, 0 BT,
/\<4))A ~ AO > AB (PB , A(E)ui ~ vi eﬂO _ wubO ebi , (28)
AB)w ~ 2B+ ey 0By T — 260 U1 By O + 200 By Y,
M) AT m A o B oygilk 4 Wiey 40k _ iy 0 | 7Ky 400

Note that the consistency conditions leave the Lagrange multipliers
AB) o, Mw)o,  ABoi,  A(A,  Ale)o,  AB)ei, A (29

undetermined. The consistency conditions of the secondary constraints do not produce new constraints,
since one can show that

SR = (S(R), Hy} = il SR,

S(VB) = {S(VB), Hr} = —pt B S(Ve) AT,

S(g)” = {S8(9)", Hr} = Brok S(R)™* — ™ S(G)y,

S(Ve)d = {8(Ve)d', Hr} = SR’ — w0 S(Ve)y', (30)
S(VP)aT = {S(V)a’, Hr} = Ao aPS(Ve)s/,

S(F) = {S(F)', Hr} = 0,

S(VB)w = {S(VB)w, Hr} = S(R)uc* B ok + @Wia0S(VB)pe

—Blalok S(Ve) " + eajo S(G) 1) -
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Then, the total Hamiltonian can be written as

Hr = [ @ [0 @™+ 1) ®w)® + B O(B); + MAY ©(4)

FAEL )" + AP (B + 5A (1) ATD() A

X3

2

1 1 (31)

— 5 Baoi ®(R)"™ — Swapo ®(VB)" — By; ®(F)' — Ag ®(VB)

2

1 N
— €20 P(G)" — Baoi ©(Ve)" — 5V AGij (V)]

where
CD(B)ubi = P(B)abOz CD(')/)Al] = P(’Y)AOZ]
D(w)® = P(w), @(F)! = S(F)' —9;P(B)7,
@(B); = P(B)oi, D(R)™ = S(R)™ - (B)”bif,
D(A) = P(A), @(g)" = S(G)" +ViP(e)*' — 1 Brij P(B)™, )
D(e)" = P(e)%, O(Ve)' = S(Ve)* —V,;P(B)* + Le,; P(B)Y,
@(B) = P(B)oi, D(VP)AT = S(VP)A + ViP(7)A7* —p? o8 P(B)T,
®(VB) = S(VB)+aP(A) + 5 fyA,,k > P P75 — g4 25 P(9)P,
q)(VB)ab _ S(VB)Hb-l-ViP((U)abl —|—B ( )C‘b] ij _23[3|ip(3)‘h]i _13[“‘1-]-]?(‘3)“7} ij,
are the first-class constraints, while
X(B)a =P(B)u/*,  x(BY*=P(B)*,  x(e)a' = P(e)d, x(@)a=P(¢p)a )
x(@a' =P@)a',  x(A)=PA)Y,  x(B)a’ =P,  x(1)a" =P(r)a",
are the second-class constraints.
The PB algebra of the first-class constraints is given by:
{@(G)"(x), @(Ve)y'(y) } = —®(R)%i(x)s¥)(% - 7)
{@(9)"(x), D(VB)ue(y)} = 26 D(G))q(x) 6B (- 7),
{@(Ve)i(x), ®(VB)pe(y) } = 26 P(Ve)gi(x) 83 (X - 7), .
{®(R)™(x), ®(VB)(y)} = —4l d(R)Yi(x)s®) (% -7),
{@(VB)™(x), ®(VB)(y)} = —4dll @(VB) y(x)s®) (¥ -7),
{@(VB)(x), D(VP)al(y)} = —20F4 &(Ve)pi(x)6® (¥ 7).
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The PB algebra between the first and the second-class constraints is given by:

[ORIT(), x(@)ad (1)) = 405 x(B) ()6 (7~ ),
{001 (), (@)} = 207 x(e)y (6D (- 7),
(001 (@), x(BFW)} = —xB) K7,
{@(Ve)(x), x(@ad (1)) = 28 x(8)(x) 6 (2~ ),
{(@(Ve)(x), X)) = 5x(B)%T6O(F—7),
{@(VB)™(x), x(@)ed (1)} = 40 x(w); V62 ),
[R(VB)(), x(A) ()} = 2x(A) 60 (E-7), o)
[R(VB)"(x), x(B)H(y)} = 200l x(B)k 6O (x — ),
{(O(VB)(), XA (W)} = 5aP x(0)s7(x) 6D (- 7),
[R(VB)"(x), x(B)ea(y) } = 46401 x(B)g 600 (2 - ),
[R(VB)"(x), X))} = 200l (o) 6O (7~ ),
[VB)(0), x(@)a®)} = —Pax(@)s(x) 60z -7),
[(D(VR)Ni(x), (AW} = 54 x ()P (x) 6 (7~ ),
(VM) x(@)s()) = — 5 x(B)I(x) 6% )

The PB algebra between the second-class constraints has already been calculated, and is given
in Equations (20).

4. The Bianchi Identities

In order to calculate the number of degrees of freedom in the theory, one needs to make use of the
Bianchi identities (BI), as well as additional, generalized Bianchi identities (GBI) that are an analogue of
the ordinary BI for the additional fields present in the theory.

One uses BI associated with the 1-form fields w® and e?, as well as the GBI for the 1-form A.
Namely, the corresponding 2-form curvatures

R% = dw® + w A w?, T? = de” + w? Aeb, F=dA, (36)

satisfy the following identities:

eV, R, =0, (37)

Auvp a _ pab —
M (VT — R e) = 0, (38)
MV, Fyp = 0. (39)

Choosing the free index to be time coordinate A = 0, these indentities, as the time-independent
parts of the Bianchi identities, become the off-shell restrictions in the sense of the Hamiltonian analysis.
On the other hand, choosing the free index to be a spatial coordinate, one obtains time-dependent
pieces of the Bianchi identities, which do not enforce any restrictions, but can instead be derived as
a consequence of the Hamiltonian equations of motion.



Symmetry 2020, 12, 620 11 of 21

There are also GBI associated with the 2-form fields B*’, B and B*. The corresponding 3-form
curvatures are given by

s% — dB® 420wl ABIY,  P=dB, G"=dp"+wAB. (40)

Differentiating these expressions, one obtains the following GBI:

1
eMve <3VA % p — R, BCbJVP> =0, (41)
€MD, Pyp =0, (42)
2
ehnve <3V/\ G yp — R”bAy ﬁbvp) =0. (43)

However, in four-dimensional spacetime, these identities will be single-component equations,
with no free spacetime indices, and therefore necessarily feature time derivatives of the fields.
Thus, they do not impose any off-shell restictions on the canonical variables.

Finally, there is also GBI associated with the 0-form ¢. The corresponding 1-form curvature is:

QA =do? + >t ANQE, (44)
so that the GBI associated with this curvature is:

e (vaAP — % >g 4 FVP¢B> =0. (45)

This GBI consists of 12 component equations, corresponding to six possible choices of the
free antisymmetrized spacetime indices Ay, and the 2 possible choices of the free group index A.
However, not all of these 12 identities are independent. This can be seen by taking the derivative of the
Equation (45) and obtaining eight identities of the form

>p A e Y, Fup P =0, (46)

which are automatically satisfied because of the GBI (39). One concludes there are only four
independent identities (45). Now, fixing the value A = 0, one obtains the time-independent components
of both Equations (45) and (46),

y 1
vk <V]-QAk ke Aij4>B) =0, (47)
and
DBAEOijkaiij(PB =0. (48)

Of these, there are six components in Equation (47), but, because of the two components of
Equation (48), there are overall only four independent GBI relevant for the Hamiltonian analysis.

5. Number of Degrees of Freedom

Let us now show that the structure of the constraints implies that there are no local degrees of
freedom (DoF) in a 3BF theory. In the general case, if there are N initial fields in the theory and there
are F independent first-class constraints per space point and S independent second-class constraints
per space point, then the number of local DoF, i.e., the number of independent field components,
is given by

n=N-F— g . (49)
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Equation (49) is a consequence of the fact that S second-class constraints are equivalent to
vanishing of S/2 canonical coordinates and S/2 of their momenta. The F first-class constraints are
equivalent to vanishing of F canonical coordinates, and since the first-class constraints generate
the gauge symmetries, we can impose F gauge-fixing conditions for the corresponding F canonical
momenta. Consequently, there are 2N — 2F — S independent canonical coordinates and momenta and
therefore 2n = 2N — 2F — §, giving rise to Equation (49).

In our case, N can be determined from the Table 1, giving rise to a total of N = 120 canonical
coordinates. Similarly, the number of independent components for the second class constraints is
determined by the Table 2, so that S = 70.

Table 1. The number of components for all fields present in the theory.

“’abﬂ Ay B Ve Bubﬂv By % ¢4

24 4 24 8 36 6 16 2

Table 2. The number of components for the second class constraints present in the theory.

x(B)ap™  x(BY*  x(e)at x(¢)a x(w)a' x(A) x(B)a"  x(7)a”*

18 3 12 2 18 3 12 2

The first-class constraints are not all independent because of BI and GBI. To see that, take the
derivative of ®(R)*' to obtain

) . 1 .
Vi®(R)™ = dFV, R + ERC[”‘Z-]-P(B)CM” . (50)

The first term on the right-hand side is zero off-shell because elik ViR“b k= 0, whichisa A =0
component of the BI (37). The second term on the right-hand side is also zero off-shell, since it is
a product of two constraints,

L1 .
Rl P(B) M = §€Oiij(R)C[a|kP(B)C‘h]l] =0. (51)

Therefore, we have the off-shell identity
V;®(R)™ =0, (52)

which means that six components of ®(R)" are not independent of the others. In an analogous

fashion, taking the derivative of ®(F)’, one obtains

%®(F)' = "% 9;Fy + % F; P(B). (53)

The first term on the right-hand side is zero off-shell because €'k 9;F ik =0, whichisaA =0
component of the GBI (37). The second term on the right-hand side is also zero off-shell, since it is a
product of two constraints,

L1 g
F;P(B)/ = EeOi]-kS(F)kP(B)” =0. (54)
Therefore, we have the off-shell identity

;®(F) =0, (55)
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which means that one component of ®(F)’ is not independent of the others. Similarly, one can
demonstrate that

1 1 g 1
Vid(Ve)a' — 5 ®(R)a' i+ ZLGOUkS(R)ahk P(B)’;j = EGO”k (ViTajk — Rapij ebk) : (56)

The right-hand side of the Equation (56) is the A = 0 component of the BI (38), so that Equation (56)
gives the relation:

V®(Ve), — %@(R)ahi et =0, (57)

where we have omitted the term that is the product of two constraints. This relation means that four
components of the constraints ®(Ve),' and ®(R),;' can be expressed in terms of the rest. Finally,
one can also demonstrate that

1 3 .
Vi®(Vp)a" - > €0ikl >4 S(F) x(7)8" + B 4 pp ®(F)/
58)
1 ; B 1 (
+ 5 €oitm >B 4 P(B)T S(Ve)p™ = ek (Vz'QAk +5 >B 4 Fi ¢B> ,
which gives
Vi® (V) 4l + % >B 4 pp ®(F) =0, (59)

for A = 0 component of the GBI (45), where we have again used that the product of two contraints
is zero off-shell. This relation suggests that six components of two first-class constraints, ®(V¢) 5"
and ®(F)/, are not independent of the others. However, in the previous section, we have discussed
that only four of these six identities are mutually independent, which means that we have only
four independent identities (59). A rigorous proof of this statement entails the evaluation of the
corresponding Wronskian, and is left for future work.

Taking into account all of the above indentites (52), (55), (57), and (59), we can finally evaluate
the total number of independent first-class constraints. From the Table 3, one can see that the total
number of components of the first-class constraints is given by F* = 100. However, the number
of independent components of the first-class constraints is F = 85, obtained by subtracting the six
relations (52), one relation (55), four relations (57) and four relations (59).

Table 3. The number of components for the first class constraints present in the theory. The identities (52),
(55), (57), and (59) reduce the number of components which are independent. This reduction is explicitly
denoted in the table.

®(B)y' ®(B) @()a P(w)ay P(A) D(B)a' V(a7 OR)w' @(F) @(G)a D(Ve)d @(VB)a @(VB) B(Ve)al

18 3 4 6 1 12 6 18—-6 3-1 4 12-4 6 1 6—4

Therefore, substituting all the obtained results into Equation (49), one gets

n:120—85—72—0:O, (60)

which means that there are no propagating DoF in a 3BF theory described by the action (10).

6. Generator of the Gauge Symmetry

Based on the results of the Hamiltonian analysis of the action (10), it can also be interesting to
calculate the generator of the complete gauge symmetry of the action. The gauge generator of the theory
is obtained by using the Castellani’s procedure (see Chapter V in [13] for details of the procedure),
and one gets the following result (see Appendix B for details of the calculation):
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G = /d%?(
X3

NI~

+
+

—~

1 1 3
+ E(VoeAij)CD('Y)Al] - EeAijq)(V(P)Al]

doe;)P(B)' — @ (F) +
Voe")®P(e)y — €"D(G)a +

14 of 21

1 1
(voeabi)cD(B)ubz_EeﬂbiqD(R)ab + 5 (Voe MY (W) — 56 D(VB)

2

(30)®(A) — e®(VB)

(Voeai)q)(ﬁ)ai — e“iQD(Ve)ai

(61)

+e® <.B[a\0ip(.3)\h]i + efapPe)y + B[u\cOiP(B)Cw]i) — € a0ij > P(7)PY

+ €"BroiP(B)™ + €% ebop(B)ahi) .

ab

Here, €%’;, €” ab €;,€,€% €% and eAl-]- are the independent parameters of the gauge transformations.
Furthermore, one can employ the gauge generator to calculate the form-variations for all canonical
coordinates and their corresponding momenta, by computing the Poisson bracket of the chosen variable

A(t, X) and the generator (61):

SoA(t,X) = {A(t,
The results are given as follows:
50(4)”[]0 = voeah ’ (507T(w)ah0
50w”bi = vieab ’ 507r(w),1hi
8By = Ve + elleltly So7t(B) "

F2elale gl + lalgltl,

80B";; = 2V ety 4 2€lleBl
+2€[ﬂ\[ie\h}ﬂ + e[ﬂ\[glh}i].,

b0Ag = JdpE,

0 A; = Je,

b0Boi = o€,

0Bij = 29 —l—eAij >B 4 ¢35,

SoB%i = Vo€ — €™ Byoi,

SoB%i = 2Vpeh — €™ Buij,

b€ = Vet —eey,

Soe?; = Ve"—eey,,

), G}

(62)

2€145i71(B) o) — 2€(0 (@) )
+2epq71(e) ) + 2€ 057 (B) 1™,
—2€1, % 7T(B) i)’ — 265 i () g
+2¢ \”( ) eji + 2€(al70(B) 1)
+260 j1€ap ) + €%7Fe s Bro i

26[u|c H(B)\b]d ’
2€yc (B) )Y,

—5etii B g ()",
"%0jer — Jetjp B 4 7t(7)p",
0,
_ ik,
—eat(B)PY + 3€7(B)a”,
—€ap 70(B)" + € 70(B) "
_Vijk e
—eqp 71(e)" + 3% m(B) ",
—eqp 71(e)" 4 €0 ( Viji€a + eabﬁbjk)
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Sortoi; = Voelij —enPoj >4, Sort(7)a% = eB m(v)s",
Sov%ijk = —erPip ot +Vietn  Sm(n)a* = epa® (N(W)Bijk + €Ok 4)3) ,
—Vieli + Viehy, (63)
bop? = epP g, bo(p)a = —enPam(p)p+ % e B 4 g
—% >apelijm(B)T — %GOijk Viet i,

These transformations are an extension of the form-variations in the case of the Poincaré 2-group
obtained in [17].

7. Conclusions

Let us summarize the results of the paper. In Section 2, we have demonstated in detail how to use
the idea of a categorical ladder to introduce the 3-group structure corresponding to the theory of scalar
electrodynamics coupled to Einstein—Cartan gravity. We have introduced the topological 3BF action
corresponding to this choice of a 3-group, as well as the constrained 3BF action which gives rise to
the standard equations of motion for the scalar electrodynamics. In order to perform the canonical
quantization of this theory, the complete Hamiltonian analysis of the full theory with constraints has to
be performed, but the important step towards this goal is the Hamiltonian analysis of the topological
3BF action. This has been done in Section 3. Here, the first-class and second-class constraints of
the theory, as well as their Poisson brackets, have been obtained. In Section 4, we have discussed the
Bianchi identities and also the generalized Bianchi identities, since they enforce restrictions in the
sense of Hamiltonian analysis, and reduce the number of independent first-class constraints present
in the theory. With this background material in hand, in Section 5, the counting of the dynamical
degrees of freedom present in the theory has been performed and it was established that the considered
3BF action is a topological theory, i.e., the diffeomorphism invariant theory without any propagating
degrees of freedom. In Section 6, we have constructed the generator of the gauge symmetries for
the theory, and we found the form-variations for all the variables and their canonical momenta.

The results obtained in this paper represent the straightforward generalization of Hamiltonian
analysis done in [15] for the Poincaré 2-group, and a first example of the Hamiltonian analysis of
a 3BF action. The fact that the theory was found to be topological is nontrivial, since it relies on the
existence of the generalized Bianchi identities, which have been identified for the first time. In addition
to that, it was demonstrated that the algebra of constraint closes, which is an important consistency
check for the theory. There is another very interesting aspect of the constraint algebra. Namely,
one can recognize, looking at the structure of Equations (34) that the subalgebra generated by the
first-class constraint ®(V¢) 4/ is in fact an ideal of the constraint algebra because the Poisson bracket
between this constraint and all other constraints is again proportional to that constraint. It is curious
that precisely the constraint ®(V¢) 4" is the only one related to the Lie group L from the 3-group,
according to its index structure, and also that the structure constant of the ideal is determined by
the action > of the group G on L. Let us also note that the action > appears as well in the structure
constants of the algebra between the first-class and second-class constraints.

The results of this work open several avenues for future research. From the point of view of
mathematics, the relationship between the algebraic structures mentioned above should be understood
in more detail. More generally, one should understand the correspondence between the gauge
group generated by the generator (61) and the 3-group structure used to define the theory. This is
not viable in the special case of the 3-group discussed in this work, but instead needs to be done
in the case of a generic 3-group, where homomorphisms ¢ and 9 and the Peiffer lifting {_,_} are
nontrivial. From the point of view of physics, the obtained results represent the fundamental building
blocks for the construction of the quantum theory of scalar electrodynamics coupled to gravity, as
well as a convenient model to discuss before proceeding to the Hamiltonian analysis and canonical
quantization of the full Standard Model coupled to gravity, formulated as a 3BF action with suitable
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constraints [8]. Both the Hamiltonian analysis of constrained 3BF models and the corresponding
canonical quantization programme need to be further developed in order to achieve these goals.
Our work is a first step in this direction.

Finally, let us note in the end that the above list of topics for future research is by no means
complete, and there are potentially many other interesting topics that can be studied in this context.
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Appendix A. The Equations of Motion for the Scalar Electrodynamics

The action of scalar electrodynamics coupled to Einstein—Cartan gravity is given in the form (12):

SZ/M B% ARy +BAF+e, ANVB +pa Vit
4

—Agp A (B“b - gtbedg A ed>

16713
1
+ A4 A ('yA — EHabcAe” Ael A ec> + AA A (Ha;,CASCdEfEd NeeNep —VpaNeg A eb) (A1)
12
+AA (B — ;Mabe” A eb) +g <M,,hecdgfec Aefne Nef —FAeg A eb)

a ﬁmz‘l’A P eapeae” Nt N Net

Varying the total action (12) with respect to the variables By, B, Wy, Ba, Aaps ADPA A NA H o,
gab, M, A, A, 4>A and e“, one obtains the equations of motion:

R A% =, (A2)
F+A=0, (A3)

VB — el A pltl = 0, (A4)
Ve' =0, (A5)

B%® Lsabc‘iec Neg =0, (A6)

B 2
167Tlp
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HahCASCdefed/\ee/\ef—Vq)AAeaAeb =0, (A7)
Voa—Aa=0, (A8)
1 a b c
’)/A_EHabcAe Ne’ Ne" =0, (A9)
1
—EAAAe“/\ebAeC+stefA“bA/\ed/\ee/\ef =0, (A10)
M c d e f_ —
ab€cdef€ Ne"Ne"Nel —FNe;Nep =0, (A11)
12 a b ab c d e f
—;A/\e Ne” 4 TTecgepe N Net Nel =0, (A12)
B— ?Mabe“ Ne? =0, (A13)
—dB+d(C%e, Aey) —pa>p AP — APA BB L ppne, N, =0, (A14)
\V4 _ ab . l 2 a b c d _
Y4 — V(AP 4 Neg ANey) T Pacapeae” Ne’ NeC Ne” =0, (A15)
1 3
VBa.+ Wsabchbc Aet + EHabcA/\A Ael Aef + 3HdefASabchefA Ael Aef
p
1
—2Apa AV N — 25m2¢A o eapeae’ N et et (Ale)
24

- ;Mah)\ Ael + 4CefMef£abcdeb AeC Net =20, Fnet =0.

The dynamical degrees of freedom are the tetrad fields e?, the scalar field ¢#, and the
electromagnetic potential A, while the remaining variables are algebraically determined in terms
of them. Specifically, Equations (A2)-(A13) give

1

b b A A
/\abyv = Rappv w” n= AN W Y ouvp = _?es;tvpa VU(P ’

abA __ 1 Avoo A a b a _ c d
A H_@gw\s POV e e, B =0, Babuv—m‘“«abcde uev,

1
1
)\yv = F;w ’ Byv = _@syvpapp(rr
1 1
Mab — _ @syvpappw eapeba , é—ub _ @syvpapyv eapeba )
Note that from the Equations (A4)—(A6) it follows that 5 = 0, as in the pure gravity case. The

equation of motion (A15) reduces to the covariant Klein-Gordon equation for the scalar field coupled
to the electromagnetic potential A,

(vuv# - m2> pa=0. (A18)

From Equation (A14), we obtain the differential equation of motion for the field A:
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Finally, the equation of motion (A16) for e* becomes:

RM — %gWR = 8nly T,
W — M vpAd _ L P pA 2 ay_ 1 00 GV MO V (A20)
T = Vg, V¢ Zg VP(PAV(P +m PP 4q (FpaF g"" +4F Fp).

The system of Equations (A2)—-(A16) is equivalent to the system of Equations (A17)—(A20).

Appendix B. The Calculation of the Gauge Generator

The gauge generator of the theory is obtained by the standard Castellani procedure (see [13] for
an introduction). One starts from the generic form for the generator,

L1 | | 1
G = /)2 agx(i(aoeabi)(?lahl + EeabiGOahl + E(ao€”b)G1ah + EeubGOab
3
+ (do€; Gli +€'G0i 4 (dpe) Gy + €Gy
(9o€i) i (90€) ’ | (A21)
+ (90€")G1a + €"Goa + (do€”1)G1a' + €"iGoa'
1 1 )
+ E(aOGAij)GlAl] + EeAijGOAl]) ,
where the generators Gy and G; are obtained by the standard prescription [13]:
G1 = Cprc,
Go+{G1, Hr } = Cprc, (A22)
{Go, Hr } = Cprc,
where Cprc is a primary first-class constraint. For example, one choses Gt = dJ(B),,bi. From
the conditions
Goap' +{P(B)av', Hr } = Goa' + P(R)ar’ = Cprc,
(A23)

{ Goa', Hr } = Cprc* = { Cprc — ®(R)n', Hr },

we solve for Gy’ by determining Cprc from the second equation. Evaluating one PB, one can reexpress
the second equation in the form:

{Cprc, Hr } = Cppc”™ + 20, 0®(R) " = { 2w}y "0P(B) ', Hr } - (A24)
From the second equality, we recognize that
Cprc = 2w "0P(B) ', (A25)
which can then be substituted into the first condition above, giving
Goab' = 2wiy 0@ (B) ' — P(R) ' (A26)
One thus obtains
Lo ab ig b i 1o ab i1 a i
5(90e™) (G’ + 5€%iGoar' = 5 V0™ i P(B)ay' — 51 P(R)ap' -

The other Gy and G; terms are obtained in a similar way, and the generator (61) is derived.
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Appendix C. Introduction to 3-Groups

The notion of a 3-group is usually introduced in the framework of higher category theory [6].
In category theory, every group can be understood as a category which has only one element,
and morphisms which are all invertible. The group elements are then individual morphisms that
map the category element to itself, while the group operation is the categorical composition of the
morphisms. In such a case, the axioms of the category guarantee the validity of all axioms of a group.
This kind of construction can be generalized to 2-groups, 3-groups and, in general, n-groups. Namely,
a 2-group is by definition a 2-category which has only one element, and whose morphisms and
2-morhisms (i.e., morphisms between morphisms) are invertible. Similarly, a 3-group is by definition
a 3-category which has only one element, while its morphisms, 2-morphisms, and 3-morphisms
are invertible.

The above definition of a 3-group is very abstract, and while theoretically very important, in itself
not very useful for practical calculations and applications in physics. Fortunately, there is a theorem
of equivalence between 3-groups and the so-called 2-crossed modules, which are algebraic structures
with more familiar properties [9,10]. For the applications in physics, attention focuses on the so-called
strict Lie 3-groups, and their corresponding differential (Lie algebra) structure, which corresponds to
the differential Lie 2-crossed module. Let us therefore give a brief overview of the latter.

A differential Lie 2-crossed module (I KN h KN g, >, {_, _}) is given by three Lie algebras g, h and [,
mapsJ : [ — hand 9: h — g, together with a map called the Peiffer lifting,

{_,_}:hxbh—=1, (A27)

and an action 1> of the algebra g on all three algebras.
Let us introduce the bases in the three algebras, 7, € g, t;, € hand T4 € [, and structure constants
in those bases, as follows:

[, 6] = fap Ty, [taste] = fav'te, [TaTsl = fas“Tc. (A28)
Now, the maps d and 6 can be written as
Ata) = 0" T,  O(Ta) =04"ta, (A29)
and the action of the algebra g on g, h and [ as:
Wb Tp=Dup’ Ty, Tabta=Dad’ty, Tu>Ta=0ea" Tp. (A30)
Finally, the Peiffer lifting can be encoded into coefficients XahA as:
{ta, 1y} = X" Tar. (A31)

A differential Lie 2-crossed module has the following properties (we write all equations in the
abstract and their corresponding component forms, side by side):

1. The action of the algebra g on itself is via the adjoint representation, i.e., Vg, g1 € g:

g>81 =[g.81], Dap” = fup” - (A32)

2. The action of the algebra g on algebras h) and [ is g-equivariant, i.e, Vg € g, h € h, I €L
a(g >h) = 8§ a(h), aaﬁ fzx,ﬁ7 = Dmb %7, (A33)

s(g>1) =g (1), 64" Bual = >aal op’. (A34)
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3. The Peiffer lifting is a g-equivariant map, i.e., for every g € gand hy,hy € bh:
g {h1,hp} = {g>hy, ho} + {1, g > ha}, Xop? Bup? = Daa” Xop™ + oy’ Xoc . (A35)
4. For every hy, hy € b, the following identity holds:
6({h1, ha}) = [, ha] — 0(h1) > ha, Xap* 64° = far® = 3" D€ (A36)
5. Forall I}, I € [, the following identity holds:
[h, ] = {6(h), 6(L)} , fapS = 04" 68" X . (A37)
6. Forall hy,hy, hs € b:

{[h1, ha], h3} = O(h1) > {ho, ha} + {hy, [ha, W3]} — 0(h2) > {1, h3} — {ha, [, h3]} ,

(A38)
far XacB = 30" Xpe aa® + Xod® foe? — 9 Ban® Xae? — Xpa® fac.
7. Forall hy,hy, h3 € b:
{h1/ [h2/ h3]} = {5 {hl/ hZ} /h3} - {5 {h1/ h3}/ hZ} ’
Ag d Bsdy A Bsdy A (A39)
Xad” fo" = Xap"” 08" X" — Xac” 0" Xap™
8. Foralll € land Vh € b:
{6(1), B} +{n, 6(1)} = —a(h) > 1, 264" X(apy® = —0p" aa” . (A40)

Finally, when dealing with various algebra valued differential forms, one multiplies them as
differential forms using the ordinary wedge product A, and simultaneously as algebra elements using
one of maps defined above. For example, the product with an action A” of the g-valued n-form p on
the h-valued m-form 7 is defined as:

1
p APy = — O ittt M vy Ta D>t AP A df AdX™ A - A dx
111.m. (A41)
= O T v D Pty dxtt AL dxm Adx A Ada

References

Rovelli, C. Quantum Gravity; Cambridge University Press: Cambridge, UK, 2004.

2. Rovelli, C.; Vidotto, F. Covariant Loop Quantum Gravity; Cambridge University Press: Cambridge, UK, 2014.

3.  Thiemann, T. Modern Canonical Quantum General Relativity; Cambridge University Press: Cambridge,
UK, 2007.

4. Celada, M.; Gonzalez, D.; Montesinos, M. BF gravity. Class. Quant. Grav. 2016, 33, 213001. [CrossRef]

5. Plebanski, J.E On the separation of Einsteinian substructures. J. Math. Phys. 1977, 12, 2511. [CrossRef]

6. Baez, J.C.; Huerta, J. An Invitation to Higher Gauge Theory. Gen. Relativ. Gravit. 2011, 43, 2335-2392.
[CrossRef]

7. Garzén, A.R.; Miranda, J.G. Serre homotopy theory in subcategories of simplicial groups. J. Pure Appl.
Algebra 2000, 147, 107-123. [CrossRef]

8.  Radenkovi¢, T.; Vojinovi¢, M. Higher Gauge Theories Based on 3-groups. J. High Energy Phys. 2019, 10, 222.
[CrossRef]

9.  Martins, ].E; Picken, R. The fundamental Gray 3-groupoid of a smooth manifold and local three-dimensional
holonomy based on a 2-crossed module. Differ. Geom. Appl. ]. 2011, 29, 179-206. [CrossRef]

10. Wang, W. On 3-gauge transformations, 3-curvature and Gray-categories. |. Math. Phys. 2014, 55, 043506.
[CrossRef]


http://dx.doi.org/10.1088/0264-9381/33/21/213001
http://dx.doi.org/10.1063/1.523215
http://dx.doi.org/10.1007/s10714-010-1070-9
http://dx.doi.org/10.1016/S0022-4049(98)00143-1
http://dx.doi.org/10.1007/JHEP10(2019)222
http://dx.doi.org/10.1016/j.difgeo.2010.10.002
http://dx.doi.org/10.1063/1.4870640

Symmetry 2020, 12, 620 21 of 21

11.

12.

13.
14.

15.

16.

17.

Mikovi¢, A.; Vojinovi¢, M. Poincare 2-group and quantum gravity. Class. Quant. Grav. 2012, 29, 165003.
[CrossRef]

Mikovi¢, A.; Oliveira, M.A.; Vojinovi¢, M. Hamiltonian analysis of the BFCG formulation of General
Relativity. Class. Quantum Gravity 2019, 36, 015005. [CrossRef]

Blagojevi¢, M. Gravitation and Gauge Symmetries; Institute of Physics Publishing: Bristol, UK, 2002.

Mikovi¢, A.; Oliveira, M.A.; Vojinovié¢, M. Hamiltonian analysis of the BFCG theory for a generic Lie 2-group.
arXiv 2016, arXiv:1610.09621.

Mikovi¢, A.; Oliveira, M.A.; Vojinovi¢, M. Hamiltonian analysis of the BFCG theory for the Poincaré 2-group.
Class. Quantum Gravity 2016, 33, 065007. [CrossRef]

Mikovi¢, A.; Oliveira, M.A. Canonical formulation of Poincare BFCG theory and its quantization.
Gen. Relat. Gravity 2015, 47, 58. [CrossRef]

Oliveira, M.A. The BFCG Theory and Canonical Quantization of Gravity. arXiv 2018, arXiv:1801.04818.

@ (© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1088/0264-9381/29/16/165003
http://dx.doi.org/10.1088/1361-6382/aaee25
http://dx.doi.org/10.1088/0264-9381/33/6/065007
http://dx.doi.org/10.1007/s10714-015-1900-x
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Scalar Electrodynamics as a Constrained 3BF Action
	The Hamiltonian Analysis
	The Bianchi Identities
	Number of Degrees of Freedom
	Generator of the Gauge Symmetry
	Conclusions
	 The Equations of Motion for the Scalar Electrodynamics
	 The Calculation of the Gauge Generator
	 Introduction to 3-Groups
	References

