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Abstract: In this paper, we deal with the asymptotics and oscillation of the solutions of fourth-order
neutral differential equations of the form (r (t) (z” (t))“)/ +q(t)x*(g(t)) = 0, where z(t) :=
x (t)+ p (t) x (6 (t)). By using a generalized Riccati transformation, we study asymptotic behavior
and derive some new oscillation criteria. Our results extend and improve some well-known results
which were published recently in the literature. Symmetry ideas are often invisible in these studies,
but they help us decide the right way to study them, and to show us the correct direction for future
developments. An example is given to illustrate the importance of our results.
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1. Introduction

To date, the oscillatory behavior of the solutions to differential equations has been discussed in
many papers. Among them, there are many papers about the oscillation of the solutions to functional
differential equations. In a related field, the asymptotic behavior of the solutions to delay and
neutral delay differential equations were discussed in many works, and there have been very fruitful
achievements see [1-28].

In this paper, our focus is on improving the criteria of oscillation of fourth-order neutral equations

(70 " 6)) +a () (5 (1) =0, M
where t > fgand z () := x (t) + p (£) x (6 (f)). In this work, we assume:

Hypothesis 1. « € {a/b:a,b € Z},r € C' ([to,)),r(t) > 0,7 (t) > 0and

0 (tg) := /oo V% () ds < oo; (2)

to

Hypothesis 2. p,q € C([ty,0)),q(t) >0,0<p(t) < pp < oo,
Hypothesis 3. 6 € C! ([ty,)), g € C([ty,0)),d (t) > 0,5 (t) < tand limy_0 8 (t) = limy_00 g (t) = 0.

By a solution of (1) we mean a function x € C3 ([tx,0)), tx > to, which has the property
(r () (2 (t))") € C!([tx,o0)), and satisfies (1) on [ty, o). We consider only those solutions x of (1)
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which satisfy sup{|x (t)| : t > T} > 0, forall T > t,. A solution x of (1) is said to be non-oscillatory if
it is positive or negative, ultimately; otherwise, it is said to be oscillatory.
Delay differential equations are often studied in one of two cases

/too V& (s)ds = o0 3)

or (2) which it is said to be in canonical or noncanonical. For canonical, Moaaz et al. [21] proved that (1)
is oscillatory if

Lt )\ . ((n=1)1H*
SR J i) (f“"‘ iy ) 10 P EE)ds > T @
e lim inf t o1 R ds > | 5
minf | o) (C(s))Ry—3(s)ds > o ®)

where Py (1) =1/p (671 (1)) (1= (671 (671(1))" '/ (671 ()" T p (071 (571 (1)) ) -

In [25], the authors proved that (1) is oscillatory if the first-order differential equation

n—1 o
y () +qt) 1—p()" <<n _)S!rl/oft()(s (t))> y(0(t) =0,

is oscillatory, also

t

n-2 (g S 1% a1
lim sup (q (s)(T—p(d(s)))" ()\1(5(11_(2))?( )> _ e N ) i/ (s)> ds = o0

lX-‘rl(s(s

and

t n—2 L3 a+1
lim sup q(s) <(5 (5)9 (S)> - Jﬁ ds = 0.
tse0 Jho (n—2)! (a+1)"1 5 (s) /2 (s)
Now, we state some lemmas that will be useful in establishing our main results:

Lemma 1 ([18]). If the function x satisfies x) (t) > 0,i = 0,1, ..., n, and x""+1) () < 0, then

x (t) S x' (t)

tn/n! = =1/ (n—1)

Lemma 2 ([6] (Lemma 2.2.3)). Let x € C" ([to, ), (0,00)) . Assume that x(") (t) is of fixed sign and not
identically zero on [ty, o) and that there exists a t; > to such that x"=V (£)x") (t) < 0 forall t > t1. If
lim; o0 x () # O, then for every u € (0,1) there exists t, > t1 such that

x(t) > ﬁt”’l ‘x”’*l) (t)‘ fort > b,

Lemma 3 ([10]). Let B be a ratio of two odd numbers, C > 0 and D are constants. Then

B DB+l
_ Cx(BHL/B P
Dx — Cx < ([34—1)5“ P

In this work, we obtain some new oscillation criteria for (1). The paper is organized as follows.
Firstly, we study the behavior of non-oscillatory solutions of (1) andwe obtain the sufficient conditions
which guarantee that every non-oscillatory solution of (1) tends to zero. Secondly, we will use the
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Riccati transformation technique to give some conditions for the oscillation of (1). Finally, an example
is provided to illustrate the main results.

2. The Behavior of Non-Oscillatory Solutions

In this section, we study the behavior of non-oscillatory solutions of (1) when py € (0,1). We use
an approach that leads to only three independent conditions, but we obtain sufficient conditions which
guarantee that every non-oscillatory solution of (1) tends to zero.

Definition 1. A solution x of (1) is said to be non-oscillatory if it is positive or negative; otherwise, it is said to
be oscillatory.

Lemma 4. Assume that x is an eventually positive solution of (1). Then, r (t) (2" (t))" is non-increasing.
Moreover, we have the following cases:

(S1): 2/ (t)>0,2"(t) >0,2" (t) > 0and z¥) (t) < 0;
(S2): 2 (t)>0,2"(t) < 0,2 (t) > 0and z¥ (t) < 0;
(S3): Z'(t)>0,2"(t) >0and 2" (t) <0;
(Sq): Z'(t) <0,2"(t) > 0and 2z (t) < 0.
Lemma 5. Let x be a positive solution of (1) with property (S1) or (Sz). Then the equation
! _ v 9 (t) ﬂ 3 “ —
W (1) + (1= po) o (58 (0) wiz) =0 ©)

has a non-oscillatory solution.
Proof. Suppose the x is a positive solution of (1) with property (S1) or (S;). Then, we have that
2 () >0, 2" (t) > 0and z* (t) < 0.

Thus, from Lemma 2, we obtain
ﬂﬂz%&”@. @)

From definition of z, we see that x (t) > (1 — py) z (), which with (1) gives
(70 " 6)*) + (1= po)* g (1) 2" (3 (1)) <. ®)

Hence, from (7), if we set w := r (z""")" > 0, then the differential inequality

From [4] (Corollary 1), we have that (6) also has a positive solution, and this completes the proof. [
Lemma 6. Let x be a positive solution of (1) with property (Ss). Then the equation

(r(0 (@ (1)) + (1= po)a(6) (B2 (0) @t (1) =0, ©)
has a non-oscillatory solution.
Proof. Suppose the x is a positive solution of (1) with property (S3). Using Lemma 2, we obtain

z(t) > %tZZ” (t). (10)
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As in the proof of Lemma 6, we can obtain that (8). Next, if we set G := r (z""//z")"* < 0, then we get

/ 2R " (g (1) a1/ 1+1/a
6/ (1)<~ (1= () TSI e 6T ).

Hence, from the fact that z”” < 0 and (10), we find
G/ 1 _ o E 2 @ -1/ G1+1/KX < 11
() + @ =po)q(t) (58 (1)) +ar™/%(t) (t) <0. (11)

Therefore, there exists a function G € C! ([tg, o), R) such that (11) holds. It follow from [1] that (9) has
a non-oscillatory solution, and this completes the proof. [

Theorem 1. Assume that the differential equations (6) and (9) are oscillatory. Then every non-oscillatory

solution of (1) tends to zero if
oo 1 ¢ 1/a
/to <r(u) /to q(s)ds) du = co. (12)

Proof. Assume the contrary that x is a positive solution of (1) with property lim;_, x () # 0. From
Lemma 4, we have cases (S1) — (S4). Using Lemmas 5 and 6 with the fact that the differential
Equations (6) and (9) are oscillatory, we conclude that x satisfies case (S4). Then, since z is a positive
decreasing function, we get that lim; . z (t) = ¢ > 0. Suppose the contrary that ¢ > 0. Thus, for all
¢ > 0 and t enough large, we have ¢ < z(t) < ¢+ ¢. Choosing ¢ < (1 — po) (¢/po), we obtain

x(t) = z(t) —po(t)x(6(t)) > c — poz(d(t))
> L(y+e) > Lz(t), (13)

where L = (¢ — po(c+¢)) / (c +¢) > 0. Hence, from (1), we have

!/

(rO " 0)) = —gOx (5(0) < L0 (5 (1)
< —L%"q(t).

Integrating this inequality from #; to t, we get

2" (t) < —Le (rlt) /t]tq(s)ds>

By integrating from ¢; to t, we obtain

2" (t) <7 (t) — Le /tlt (r(lu) /tltq(s)ds)l/a du.

Letting t — o0 and taking into account (12), we get that lim;_; Z"'(t) = —oo. This contradicts the
fact that z’ (f) > 0. Therefore, ¢ = 0; moreover the fact x (t) < z(t) implies lim; 0 x (t) = 0,
a contradiction. This completes the proof. [

1/

Corollary 1. Assume that (12) holds. Then every non-oscillatory solution of (1) tends to zero if |, tzo q(s)ds = oo,

0 rEE) T en (1 por

liminf
t—o00

/g* 9(s)8> (s) 6" (14)
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and
t

« a a+1
lim sup <(1 —p0)" 0% (s)q (s) (ggz (s)) — <“ - 1) A (sl) p (s)> ds > 0. (15)

t—oc0 to

Proof. It is well-known from [3] (Theorem 2) and [2] (Corollary 2.8) that (14) and (15) imply oscillation
of (6) and (9), respectively. O

Lemma 7. Assume that x is an eventually positive solution of (1). If z is an increasing and

—1)/2 2k
Z [Tr(s'®) <1, (16)
k=0 r=1
then
x(t) = (1-p(t)z(t), (17)
for any odd positive integer n, where
(n—1)/2 2k
po=r@ L IIr (¢ 1)
=0 r=

x(t) = z(t)=pH)x(6®)
=z -pMzE®)+p (B p @ (1) x(2(1)
= 2O —p®zEM —pOPEE) P (2 ®)z(®)+p®pE®p () (8 1) x(s*®)
> z(t)—(nkzl/z Z_kOp( () = (841 (¢ )+1ﬁ0p(5f<>) Gas0)
. Z(t)_(n—l)/zlz_kI ( )2(52k+1 ) s

for t > t,, where t, > tg sufficiently large, and any odd positive integer n. Since 621 (t) < 62% (t),
we find
z(&@)gz@,fmi:Qme

which with (18) gives

(n—=1)/2 2k .
x(t) > (1— ) I%p(&(ﬂ))Z(ﬂ.

k=0
The proof is complete. [

By replacing p (t) instead of p in the previous results, we can get the following corollary:

Corollary 2. Assume that (12) holds. Then every non-oscillatory solution of (1) tends to zero if |, ;;o q(s)ds = oo,
o[t N ) g% (s) 6%
hmmf/ 1-— s & $ge s 2
B o T PEO T pe
and

t

« a+1
lim sup ((1—ﬁ(g<5)>)“9“<5)q<5) (52@) - () rl/a(sl)(,(s)>ds>0'

t—oo  Jip a+1
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3. New Oscillation Criteria

For convenience, we denote:

o () e m)) B
Pe(t) : = RI0) 1- o1 (o1 (t)))l_k , fork=2,n,
a1 (07 (g(s)) -
O (s = o 0(t) = r s)ds
) (a+ 1" 1/ (5)0(s) (671 (2(5)))) & /to )
and
&)= " 27 (071 (8.(5)))

(19)

and
_rOE" W)
e m) @0

At studying the asymptotic behavior of positive solutions, there are three Cases (S1) — (S1). We
recall an existing criterion for Cases (S1) and (S;) in the following lemma:

Lemma 8 ([21]). Assume that x be an eventually positive solution of (1). If (4) and (5) hold, then z is neither
satisfied (S1) nor (Sz).

Lemma 9. Assume that x be an eventually positive solution of (1) and

(67 (s (t)))n_l < (s (t))”_1 p(s71 (571 m)). 1)

Then ) -

O (t O (07 (¢t

x(t)zz(il())i 711 Z( 71( 71())) (22)
pO=t(#)  p(e=H(#) p(6=1 (671 (1))

Proof. Assume that x be an eventually positive solution of (1) on [ty, o). From the definition of z (),
we see that

pB)x(0(H) =z(t) —x ()
and so

p (5-1 (t)) x(t) =z (5—1 (t)) —z (5-1 (t)) .

Repeating the same process, we obtain
__ 1 ) (2OTHETN®)) x0T ())
=T ( (7o) (p(él ETH)  pETEI(0) ))

which yields

z(61 (1) 1 z(071(07 (1)

x(t) > -

p=t(®) pO@ @) p1 (1)
Thus, (22) holds. This completes the proof. 0O
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Lemma 10. Assume that x is an eventually positive solution of (1) and

(70 (" 6)%) < g (O P (g (5)2* (67 (5(1))), if = satisfes (53) 23)

and

(r(0) " (1)) +a (1) P (202" (67 (1)) <0, ifz satisies (S4). 4)

Proof. Let case (S3) holds. From Lemma 1, we have z (t) > £z’ (#) and hence the function t 1z (t) is
nonincreasing, which with the fact that 6 (t) < f gives

(5*1 (t)) z (5*1 (5*1 (t))) < (5*1 (5*1 (t))) z (5*1 (t)) . (25)

Combining (22) and (25), we see that

1 G CG))) -
TER0) (1 RIS (t)))) “(07)

= P (f)z (5*1 (t)) . (26)
From (1) and (26), we obtain
(rO " 0)Y) < g P g (67 (5(1). @)
Thus, (23) holds. Assume that Case (S4) holds. Since 1 (t) < 671 (671 (¢)) . From (22), we see that
1 1 _
0 2 sy (- pean) )
= Ptz (5—1 (t)) , (28)

which with (1) yields

(7)) ")) +a () P (g (1) 2" (57 (3(1))) <.
Thus, (24) holds. This completes the proof. 0O

Lemma 11. Assume that x be an eventually positive solution of (1) and (S3) holds. If we have the function
w € Cl[t, 00) defined as (19), then

N >

“ -1 41
<000 (3 (7 50)) e e 0, )

forall t > t1, where t| large enough.

Proof. Let x is an eventually positive solution of (1). From Lemma (2), we get

(57 @) 2 5 (57 s 0) 2 (5 s(1), (30)

for every A € (0, 1) and all sufficiently large t. Recalling that r (t) (z”"" (t))" is decreasing, we get

r( @) (27 (57 )) = (" ()"



Symmetry 2020, 12, 477 8 of 12

This yields

(Z/// (571 (g (t))))a > 1’(5_11,((;)(1%))) (z”’ (t))a. (31)

From the definition of w (t), we see that w (t) < 0 for t > t;. By differentiating, we find

!

W (1) = (r(E" M) @) E" @) 2" (07 (g(1) (6 (g (1)) '

-

(2" (671 (g (1))" (2 (5~ (g (1))

From (19), (30) and (31), we get

(1) S )P (5() o

< —0r ) (30 6w)) -

The proof is complete. [

Lemma 12. Assume that x be an eventually positive solution of (1) and (S4) holds. If we have the function
7 € CU[t, c0) defined as (20), then

1 2
705 a0 P8 g ) o1 BONLELEO s ) @)

forall t > t1, where t1 large enough.

Proof. Let x is an eventually positive solution of (1). From the definition of ¢ (), we see that { (t) <
0 for t > t;. By differentiating, we find

!/

/ @ r(B)E" ()" (67 g (1) 2 (07 (g (1))
(1) < —q (1) PE (g (1) —a T ] . 3)
From Lemma 2 and (31), we get
1 s— H - 2 r(t) e m
#(0w0) = 5 (7 ew) (Grramy) O 9
for all u; € (0,1) and every sulfficiently large ¢. Thus, by (20), (33) and (34), we get
, . ) =
‘: (t)S—Q(t)Pz (g(t))_“y ( rl/a(5)1 Eg( ))) ) §+1 (t)
The proof is complete. [
Theorem 2. Assume that (4) and (5) hold. If
[ (10pr o) (5 (07 6w)) e e -0 ds = @5)
and o B
[ (9678 (5510 () ds ~ 6 (5) ) ds = o (36)

for some u, A € (0,1), then every solution of (1) is oscillatory.
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Proof. Assume the contrary that x is a positive solution of (1). From Lemma 4, we have cases
(S1) — (S4). From Lemmas 8, z is neither satisfied (S;) nor (S;). Suppose that case (S3) holds. From
Lemma 11, we get that (29) holds. Multiplying this inequality by 6* (¢) and integrating the resulting
inequality from 1 to t, we get

-t

0* () (1) =0 () w () +a [ 17 (5)0° () (5) ds

ty

< —/tltq(s) Pt (g (;\ ((5 L )2>lx9”‘ (s)ds

6" (s) (67" ( 85))/8’ o
e O 7

We set ,

6" (s) (01 (8(s)) &' (s)
s (e g6 T -

D=7 (5)6*7' (s), Ci=

Using Lemma 12, we find

S e 0 (5) (57 (55))'8'(5) e

ra (s)6 1 (s)w(s) — A 70 (3 (5))) w
rERE)

@+ 1) /s )0 (s) (071 (3(5)))

From (37), for every A € (0, 1), and all sufficiently large , we obtain

/t: (q (s) P (8(s)) (;‘ ((5—1 (g(t))>2>

but this contradicts (35). The proof is complete. Let case (S3) holds. Using Lemma 12, we have that
(32) holds. Multiplying this inequality by 6% (¢) and integrating the resulting inequality from ¢; to ¢,
we get

o

6% (s)ds — @(s)) ds < 6% (t1)g(th)+1,

t

0* (1) £ (1) =0 (1) & (1) + [ r¥ (5)0° 1 (5) 2 (5) s

/t 110 (5) (071 (g(5))) &' (5) (071 (g (5))) " ,2mn
H 270 (s)r (671 (g (s)))

IN

[ a6 P (3(5)) 6% (5)ds —a

ty

We set

116% (s) (61 (8(5))) &' (5) (67 (2 (5))
2rt/2 (s)r (671 (8 (5)))

Applying Lemma 3, for every p; € (0, 1), we obtain

Di=r7 (56" (s), Ci=

1 " s 51 s %41
P2 (s)0n1 ()2 (s) = P10 0 rwg(s()))() g E >(())) (8)) 2

atl 2% ( (g (S))) ,
(+ 1) 17w (5) 9 () 1y (( L(g(s)) (671 (g ()))2>
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which implise that

[ (95078 (5(5)) 0 () s~ & (5) ) ds < 0 () g (1) +1,

5]

but this contradicts (36). The proof is complete. [

Example 1. Consider the equation

(tz (x () + 16x (;))W>/+qox (;) =0, (38)

where t > 1, qo > 0. We note that r (t) = 2, p (t) = 16, 5 (t) = g (t) = 1/2t and q (t) = go. Moreover,
we get

Py () = %, Py (t) = % 0 (t) = % o) = i
and :
@(0::5?
Thus, we find
[ (0 (567 w)) e @s-0)a
7q0 1\ [
<zgg - 4) /to sds
= oo if gp>9.14
and

7 (a6 P (5150 8% (575~ B.(5)) s

to

q 1 /°°1

(32 2) , s
— o if go>16.

Therefore, applying Theorem 2, we have that every solution of (38) is oscillatory if qo > 16.

Example 2. Consider the equation

<t2 (x (f) + 4x G))/H)/ +qox (;) —0, (39)

where t > 1, qo > 0. We note that r (t) = 12, p (t) = 4, 6 (t) = g (t) = 1/2t and q (t) = qo. Thus, it’s easy
to see that (4) and (5) are satisfied. Moreover, we have

Hence, Condition (35) and (36) become
qgo >4 (40)

and

go > (41)



Symmetry 2020, 12, 477 11 of 12

respectively. It’s easy to see that (40) implies (41). Therefore, by Theorem 2, we conclude that (39) is oscillatory if
(40) holds.

Remark 1. The results of this paper can be extended to the more general equation of the form

aN !
(r (Z D ®)) +a ) 2(1) =o0.
The statement and the formulation of the results are left to the interested reader.

Remark 2. One can easily see that the results obtained in [25] cannot be applied to Theorem 2, so our results
are new.

4. Conclusions

This paper is concerned with oscillatory behavior of a class of fourth-order delay differential
equations. Using a Riccati transformation, a new asymptotic criterion for (1) is presented. In future
work, we will aim to present a new comparison theorem that compares the higher-order Equation (1)
with first-order equations. There are numerous results concerning the oscillation criteria of first order
equations, which include various forms of criteria such as Hille/Nehari, Philos, etc. This allows us to
obtain various criteria for the oscillation of (1). Further, we can try to get some oscillation criteria of (1)

if z(t) = x(t) — p () x (6 (¢)).
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