symmetry MBPY

Article

Hybrid Ciri¢ Type Graphic (Y, A)-Contraction
Mappings with Applications to Electric Circuit and
Fractional Differential Equations

Eskandar Ameer 12, Hassen Aydi 34,#() Muhammad Arshad ! and Manuel De la Sen >*

1 Department of Mathematics, International Islamic University, H-10, Islamabad 44000, Pakistan;

eskandarameer@gmail.com (E.A.); marshad_zia@yahoo.com (M.A.)

Department of Mathematics, Taiz University, Taiz P.O.Box 6803, Yemen

Nonlinear Analysis Research Group, Ton Duc Thang University, Ho Chi Minh City 758307, Vietnam;
Faculty of Mathematics and Statistics, Ton Duc Thang University, Ho Chi Minh City 758307, Vietnam
Institute of Research and Development of Processes, University of the Basque Country, Leioa (Bizkaia),
48940 Leioa , Spain

*  Correspondence: hassen.aydi@tdtu.edu.vn (H.A.); manuel.delasen@ehu.eus (M.D.1.S.)

G = W N

check for
Received: 19 January 2020; Accepted: 8 March 2020; Published: 16 March 2020 updates

Abstract: In this paper, we initiate the notion of Ciri¢ type rational graphic (Y, A)-contraction pair
mappings and provide some new related common fixed point results on partial b-metric spaces
endowed with a directed graph G. We also give examples to illustrate our main results. Moreover,
we present some applications on electric circuit equations and fractional differential equations.
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1. Introduction and Preliminaries

The Banach principle [1] has been improved and generalized by several researchers for
different kinds of contractions in various spaces. One of these generalizations corresponding to
an (Y, A)-contraction, has been established by [2]. Recently, Ameer et al. [3] introduced common
fixed point results for generalized multivalued (a},Y, A)-contractions in ag-complete partial b-metric
spaces. Ameer et al. [4,5] introduced common fixed point results for generalized multivalued (Y, A)-
contractions in complete metric, b-metric spaces. Ameer et al. [6] initiated the notion of rational
(Y, A, R)-contractive pair of mappings (where R is a binary relation) and established new common
fixed point results for these mappings in complete metric spaces. On the other hand, Bakhtin [7]
investigated the concept of b-metric spaces. Subsequently, Czerwik [8] initiated the study of fixed point
results in b-metric spaces and proved an analogue of Banach'’s fixed point theorem. Matthews [9] gave
the concept of a partial metric space and proved and Banach fixed point result. Shukla [10] extended
the notion of a partial metric to a partial b-metric. Afterwards, numerous research articles have been
dealt with fixed point theorems for various classes of single-valued and multi-valued operators in
b-metric and partial b-metric spaces (see, for example, [3,11-26]). In this article, we shall investigate
fixed points of Ciri¢ type rational graphic (Y, A)-contraction pair mappings on partial b-metric spaces
endowed with a directed graph G.

Bakhtin [7] and Czerwik [8] generalized the notion of a metric as follows:

Definition 1 ([7,8]). Let M be a nonempty set and s > 1 be a real number. A mapping d : M x M — [0, o)
is said to be a b-metric if for all {1,02,0 € M,

(b1) d(G1,G2) = Oifand only if {1 = (o
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(b2) d(C1,02) =d(82,01);
(b3) d(G1,G2) <s[d(Gr,0) +d(o,52)]-

The pair (M, d) is called a b-metric space (with coefficient s).
Matthews [9] generalized the notion of a metric as follows:

Definition 2 ([9]). Let M be a nonempty set. A mapping P : M x M — [0, 00) is said to be a partial metric if
forall 0,02, 0 € M, P satisfies following axioms;

(P1) P(C1,01) = P(C1,02) = P(G2,02) if and only if 1 = Co;
(P) P(81,01) < P(C1,82);

(P3) P(C1,02) = P(C2,01);

(Py) P(Z1,02) < P(C1,0) 4 P(0,22) — P(0,0).

The pair (M, P) is called a partial metric space.
Shukla [10] generalized the notion of a partial metric as follows:

Definition 3 ([10]). Let M be a nonempty set and s > 1 a real number. A mapping P, : M x M — [0, 00) is
said to be a partial b-metric if for all {1, (2, 0 € M, Py satisfies the following axioms:

(P1) Py(G1,81) = Py(G1,G2) = Py(8a, 02) if and only if {1 = Co;
(P2) Py(C1,81) < Py(C1,02);

(P3) Py(C1,82) = Py(C2,C1);

(Py) Py(C1,02) < 8[Py(C1,0) + Py(0,2)] — Py(o, 0).

The pair (M, Py) is called a partial b-metric space (with coefficient s).

Remark 1. The self distance P,({1, (1), referring to the size or weight of (y, is a feature used to describe the
amount of information contained in M.

Remark 2. Obviously, every partial metric space is a partial b-metric space with coefficient s = 1, and every
b-metric space is a partial b-metric space with zero self-distance. However, the converse of this fact need not hold.

Definition 4 ([10]). Let (M, Py) be a partial b-metric space with coefficient s > 1. Let {{, } be a sequence in
Mand {1 € M. Then

(i) {Cn} is said to be convergent to * if limy oo Py(Ln, ) = Py(L*, ).
(i) {Cn} is said to be Cauchy sequence if limy, o0 Py(Cn, () exists and is finite.
(iii) (M, Py) is said to be complete if every Cauchy sequence is convergent in M.

Lemma 1 ([10]). Let (w, Py, K) be a partial b-metric space.

(1) Every Cauchy sequence in (w, d pb) is also Cauchy in (w, Py, K) and vice versa;
(2) (w, Py, K) is complete if and only if (w, dp,) is a complete metric space;
(3) The sequence {{,} is convergent to some v € w if and only if

nlgl;lopb(gnrv) = Py(v,0) = nlgg‘mph(gnrgm)-

Denote a metric space by MS.
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Definition 5 ([27]). Let (M, d) bea MS. T : M — M is called an F-contraction self-mapping, if there exist
T>0and F € F so that

Ve e M, d(T(C),T () >0=t+F(d(T(),T(n))) <F(@n),
where F is the family of functions F : (0,00) — (—o0,00) such that

(F1) F is strictly increasing;
(F2) For each sequence {a, }> ; C (0,00),

lim F (a,) = —0c0 <= lim ay, = 0;
n—oo n—oo

(F3) There exists v € (0,1) such that lim, o+ t7F(t) = 0.

Theorem 1 ([27]). Let (M, d) be a complete MS and T : M — M be an F- contraction mapping. Then T
possesses a unique fixed point * € M.

Piri and Kumam [28] modified the set of functions F € F.

Definition 6 ([28]). Let (M,d) bea MS. T : M — M is said to be a F-contraction self-mapping if there exist
F ¢ Fand T > 0 such that

Ve, e M d(T(Z), T () >0=t+F(d(T(),T(n) <F(d(n),

where F is the set of functions F : (0,00) — (—o0, 00) satisfying the following conditions:

(F1) F is strictly increasing, i.e., forall {,7 € R™ with { <, F({) < F(n);

(F2) For each positive real sequence {a;,, }>_;,
lim F (x,) = —coif and only if lim a, = 0;
n—oo n—o0

(F3) F is continuous.
On the other hand, recently Jleli and Samet [29,30] initiated the concept of §-contractions.

Definition 7. Let (M,d) be a MS. A mapping T : M — M is said to be a 6-contraction, if there exist 6 € ©
and a real constant k € (0,1) such that

g€ MA(T(),T () #0=0(d(T(Q),T(n)) < [0 )",

where © is the set of functions 6 : (0,c0) — (1, c0) such that:
(®1) 0 is non-decreasing;
(©2) for each positive sequence {t,},

lim 6(t,) = 1ifand only if lim t, =07;
n—00 n—00

(©3) there exist r € (0,1) and £ € (0, 00| such that lim;__,y+ 9(?%1 =
(©4) 0 is continuous.

The main result of Jleli and Samet [29] is

Theorem 2 ([29]). Let (M, d) be a complete MS. Let T : M — M be a 6-contraction mapping. Then there
exists a unique fixed point of T.



Symmetry 2020, 12, 467 4 of 21

As in [2], the family of functions 6 : (0,00) — (1, c0) verifies:
(©1) 6 is non-decreasing;
(©2)' for each positive sequence {t,} , inf; ¢ (g,00) 0(tn) = 1;
(©3)’ 6 is continuous, is denoted by E.

Theorem 3 ([2]). Let T : w — w be a self-mapping on the complete MS (w, d). The following statements
are equivalent:

(i) T is a O-contraction mapping with 6 € &;

(ii) T is an F-contraction mapping with F € F.

Asin [31], a function Y : (0,00) — (0, 00) satisfies:
(i) Y is monotone increasing, thatis, t; < t, = Y (1) < Y (t2);
(if) limy, e Y"(f) = 0 for all > 0, where Y” stands for the nth iterate of Y, is called a comparison
function. Clearly, if Y is a comparison function, then Y(t) < t for each t > 0.

Lemma 2 ([2]). Let A : (0,00) — (0,00) be a continuous non-decreasing function such that
infre(0,00) 9(T) = 0. Let {ty}. be a positive sequence. So

lim A(t;) = 0if and only if lim f; = 0.
k—o0 k—ro0

Example 1 ([31]). The following functions Y : (0,00) — (0, c0) are comparison functions:
(i) Y(t) = at with0 < a < 1, for each t > 0;

(i) Y (t) = ¢, for each t > 0.

Denote by @ the set of functions A : (0,00) — (0, 00) verifying;:
(P1) A is non-decreasing;
(®2) for each positive sequence {f, },

lim A(t,) = 0if and only if lim t, = 0;
n—o0 n—oo

(P3) A is continuous. Liu et al. [2] initiated the concept of (Y, A)-Suzuki contractions.

Definition 8. Let (M, d) be a MS. A mapping T : M — M is said to be a (Y, A)-Suzuki contraction, if there
exist comparison functions Y and A € ® such that, forall {, 7 € Mwith T ({) # T (n),

%d (¢, T(0) <d(&n) = Ad(T (), T () <Y[AMUE )],

where

() = max {4 (@) 4 (€, 7 (@), d 7 (), LAWY,

Moreover, let (M, P,) be a partial metric space, and A denotes the diagonal of M x M. Let G be a
directed graph, which has no parallel edges such that the set V(G) of its vertices coincides with M,
and E(G) € M x M contains all loops (i.e., A C E(G)). Hence, G is identify by the pair (V(G), E(G)).
Denote by G the graph obtained from G by reversing the direction of its edges. That is,

E(G1) ={(&m) e MxM:(5,0) € EG)}.
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It is more adaptable to treat G a directed graph for which the set of its edges is symmetric. Under
this convention, we have that

E(G)=E(G)UE(G ).

In V(G), we define the relation R in the following way: for {,# € V(G), we have {Ry if and only if
there is a path in G from { to 5. If G is such that E(G) is symmetric, then for { € V(G), the equivalence
class [g]a in V(G) defined by the relation R is V(G;). Recall that if ¢:M — M is an operator; then, by

Fix(¢) we denote the set of all fixed points of ¢. Let

My :={g e M}: (§,¢(0)) € E(G).

Property: A graph is said to satisfy property (E*) if for any sequence {{,} in V(G) with {, — ¢
asn — 00, ({n,Cnt1) € E(G) for n € N implies that there is a subsequence {Cn(k)} of {C,} with an
edge between (1) and ¢ for k € N. Throughout this paper, G is a weighted graph such that the weight
of each vertex ( is P, ({,7), and the weight of each edge (¢, %) is P, ({, 7). Since (M, Py) is a partial
b-metric space, the weight assigned to each vertex ¢ need not to be zero, and whenever a zero weight
is assigned to some edge ({,7), it reduces to a loop (g, ).

2. Main Results

We start with the following definition.

Definition 9. Let (M, Py) be a partial b-metric space endowed with a directed graph G, s > 1 and ¢, be
self-mappings of M. We say that the pair (¢, ) is a Ciri¢ type rational graphic (Y, A)-contraction pair, if:

(1) For every vertex u € G, we have (u, ¢ (1)), (u, (u)) € E(G);

(2) There exists a comparison function Y and A € ® such that for all {1,(, € M, with ({1,2) € E(G) and
¢ (C1) # ¢ (a) , we have

A(sPy (¢ (01),9(82))) < Y[A(As (81,82))], 1)

where,

Py (€1,82) , By (C1, 9 (81)),

As (01,00) = max{ Py (Qo, 9 (3p)), Roerd() +Pb<;b(1)gz)

Py (9(82),22) (14 Poadlcn
1+Py(21.42)

Remark 3. If ¢ = 1, then we say that ¢ is a Ciri¢ type rational graphic (Y, A)-contraction.
Our first main result is the following.

Theorem 4. Let (M, Py) be a complete partial b-metric space endowed with a directed graph G. Let ¢, :
M — M be maps such that (¢, ) is a Ciri¢ type rational graphic (Y, \)-contraction pair. If Y is continuous,
then the following assertions hold:

(a) Fix(¢p) # @ or Fix(¢) # @ if and only if Fix(¢) N Fix(yp) # @;

(b) If I* € Fix(¢) N Fix(¢), then the weight assigned to the vertex {* is 0;

(c) Fix(¢) N Fix(y) # @, provided that G satisfies property (E*);

(d) Fix(¢) N Fix (1) is a complete set if and only if Fix(¢) N Fix(y) is a singleton set.

Proof. (a) Let Fix(¢) # @, so there exists * € Fix(¢). Then there is an edge between {* and ¢ ({*),
so ({*,¢ (¢*)) € E(G). Now, we shall prove that {* € Fix(y); that is, the weight assigned to the edge
(C*, 9 (C*)) is zero. Assume, on the contrary, that a non zero weight is assigned to the edge (¢*, ¢ ({*)).



Symmetry 2020, 12, 467 6 of 21

As (C*,9(¢*)) € E(G) and (¢, ¢) is a Ciri¢ type rational graphic (Y, A)-contraction pair, from (1), we
have

APy (859 (27))) A(sPy (¢ (7)), 9 (7))

YA (As (E5,89)]

IN A

where

PEE) BE9E),
As (C*,g*) — max Pb (g*llp(é’*)), b(g /ll](g ))2':2 b(g '¢(§ )),
Py (8 (7)) (4P (2",¢(27)))
1+Py(C*.0*)

Py (7,8%), Py (67,9 (E7)),
P, (25,9 (27)), Py (T (G ))+2Pb(§ (L )),

Py p(E)) (14 P $2)))
TR0 )

max

= P (Z5 (7).

Thus,
APy (59 (87)) SS YA (P (859 (87))] < APy (T, ¢(57))) -

It is a contradiction. Hence, the weight assigned to the edge ({*,y ({*)) is zero; that is, {* =

P (*). Thus,
{* € Fix(¢) N Fix(y),

Therefore,

Fix(¢) N Fix(¢) # @.

Conversely, let Fix(¢) N Fix(¢) # @. So there exists {* € M such that {* € Fix(¢) N Fix(y), and
then (* € Fix(¢) and * € Fix(¢). Thus, the proof of (a) is ended.

(b) Let {* € Fix(¢) N Fix(¢). Suppose on the contrary that the weight assigned to the vertex {* is
nonzero. As ({*,{*) € E(G) and (¢, ) is a Ciri¢ type rational graphic (Y, A)-contraction pair, we get

APy (27,87) < A(sP(¢(C7), 9 (27)))
< YI[A(AS (8],

where

P (%) P (E0 (),
As (é*/ g*) = max Pb (g*,l,b (g*)) , b(g ,l[J(C ))2‘:2 b(C r¢(§ )),
Dy (29(27)) (1+P (2,9(27)))

14+P,(2%,C*)
Py (g*/g*) rlzb gg*lg*Zf )
Pb (é*lg*), Pb(g ,é )+2Ph(§ ,g )

2
(0,0 AR (E07)
15,0 0)

= maX

7

= PR (Z%0).

It implies that
APy (87,87) S YIA(P (E5,87))] < A (P (85,07)),

which is a contradiction. Therefore, the weight assigned to the edge ({*,(*) is zero. The proof of (b)
is completed.

(c) Let o € M. If * € Fix(¢) or {p € Fix(¢), then from (a) the proof is finished. Assume that
Co ¢ Fix(¢); then ¢ ({o) # Co. Since there is an edge between ¢ ({p) and (o, that is, ({o, ¢ (Co)) € E(G),
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this implies that there is ¢ ({p) = {1 € M such that ({o,{1) € E(G). Similarly, ({1,¢ (1)) € E(G)
implies ({1,82) € E(G). Continuing this process, we can construct the sequence {(,} € M such that
(Cn,Cui1) € E(G) is defined by

¢ (C2n) = Cony1 and {oy42 = Yoy foralln € N.

If the weight assigned to the edge (2, (om+1) is zero for some m € N, then (o = Com+1 = ¢ (Com),
which implies {»,, € Fix(¢), and from (a), {2,y € Fix(¢) N Fix(yp). Then there is nothing to prove.
Assume that the weight assigned to the edge ({25, {2n+1) is non zero for all n € N; that is, (o, # (ont1
for all n € N. By (1), we get

A (Py (Cant1,C2n)) < A(sPy (Cont1,Con)) ()
= APy (¢ (C2n) ¢ (G2n-1)))

Py (Z2n,Con—1) » Py (Con, ¢ (C2n))
Pb (€2n 1/ (€2n 1))
Py (Gon ¥ (Zan—1))+Po(Con— 1¢(§2n))

P (Cant(Can) 2P G 1 0020 1))
1+Py (G2n,G2n-1)
Pb (€2n/ (-211 1) Pb (5211/ €2n+1)

— Y| A|max? Py (on_1,0on), Py (Gon,s Czn)H’b(é'zn 1 Czn+1)
Pb(§2»1/§2n+1)(1+Pb(CZn 1/ C2n))
1+Py(G2nG2n-1)

Py (Can, Con-1), Py (Con, Cons1)
Py (Con1, Con) , DelConan) L P Candanin) |

2s
max Dy (Zan—1,82n) 14Dy (ConLont1))
Pb(éZn ézn 4
Pb(€2m§2n+1)(1+Pb(é2n—1/§2n))
Py (Zan/Gon+1)
Pb ((-271/ an 1) Pb (CZn/ CZn-&-l)

— Y| A | max? Py (on_1,0on), Py(Gon,s Czn)H’b(é'zn §2n+1)

Py (Gon—1,821) A1+ Py (Con, Cz;z+1))
Pb(§2n an 1)

= Y (A (max {P, ({an, G2n—1) , Po (Can, Gons1)})) -

If max {Py ({21, Con—1) » Po (C2ns Cont1) } = Py (C2ns Gont1); then, from (1) we have,

IN
<
>

ma

bed

IA
<
>

A (Py (Cans1,C2n)) <Y (A(Py (Z2n,Cont1))) < A (Py (Cons Cons1)) s

which is a contradiction. Hence, max {Pb (gzn, Cznfl) /Pb (éan §2n+1)} = Pb (gznfl, CZH) and

A (Py (Zons1,0on)) <Y (A (Py (Z2n-1,020))), foralln € N. ©)

It yields that
A (Py (Cont1,Gan)) < A(Py (Gon—1,C2n)), foralln € N.

Due to property (P1), we get

Py (Cont1,Gan) < Py (Con—1,02n), foralln € N. 4)

Analogously, one can find that

Py (Cont2,Cont1) < Py (Con, Cont1), forallm € N. (5)
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The Equations (4) and (5) yield that {P, ({2441, (2n)} is a decreasing sequence. From (5), we have

Y (A (Py (G2ns Gant1))) < Y2 (A (Py (Z2n—1,C2n))) (6)

A(Ph (€2n/€2n+l)) <
< <Y (A (P (20,01)))-

Similarly, one gets

Y (A (Py (Zont1, Gans2))) < Y (A (Py (2, Cont1))) 7)
e SYPHH(A (P (G0, 01))) -

A (Py (Cons1,Cong2)) <
<

Letting 1 — oo in (6) and (7), we get
0< lim A (P (ZnZnin)) < lim Y (A (P, (G0,81)) = 0;

that is,
Jim A (Py (Gn, Cnyr)) = 0.

From (®2) and Lemma 2, we get

Jim By (T, Gne) = 0. ®
Further, from (P,2) we have
Jim Py (€0,0) = 0. ©)

We will prove that {(, } is P,-Cauchy. We argue by contradiction. Assume that there exist ¢ > 0

and a sequence 1 i, and {7,}°"_, of natural numbers such for all n € N, fy > 7, > n with
q =1 J n=1 J

By (gf,(n)/éj(n)> >¢ Dy (éfl(n),éj(n)_l) < e. Therefore,

e < P (Cf,(n)/éj(n)) <s [Ph (éf,(n)/gj(n)fl) + Py (gj(n)flrgj(n))] — Py(Gin) -1, Gj(n)—1)
< s [Pb (Cﬁ,<n>/€j(n)—1) + Py (éj(n)—lrgj(n))}
< se+ 5Py (Gi-1,Gjim) ) - (10)
Letting n — oo in (10), we get
e < 1im Py (i) o)) < s (11)

From triangular inequality, we have

A

By (éﬁ(ny@f(n)) < slB (Cn(n)rémnm) + D (éﬁ(n)w@f(n))] — B (Gfl(mﬂr?mnm) (12)
< s[B (gfl(n)’gﬁ(n)-&-l) + Py (gfz(n)-&-l’gf(”))]’

and

IA

SIP (8 oy 1) + P (G 0 )1 = Po (G Bhy)— 09)
s[Py (gﬁ(n)'gfz(n)+1) + Dy (éza(n)/gf(n))]-

P, (qu(n)ﬂ' é;(n))

IN



Symmetry 2020, 12, 467

By taking upper limit as n — co in (12) and applying (8) together with (11),

e < lim sup P, (Cﬁ(n)rgj(n)> <s (,}i_ﬁ}osup Py <€ﬁ(n)+l’€f(”))> :

Again, by taking the upper limit as # — oo in (13), we get

5 < Jim sup Py (GG ) <5 (lim sup Py (G G ) ) < 7.

Thus .
i 2
; < nlgrolo sup P, (C,;(n)H, gj(n)) < s“e.
Similarly,
€ . )
s < nh_r)rolosup Py, (C,;(n),gj(n)H) < s“e.

By triangular inequality, we have

IN

s[Pp (C;;(n)H,Cj(n)H) + Py (Cj(n)+1/§j(n))] - b (gj(n)+l/§j(n)+1>
s[Py (gfl(n)+1r€j(n)+l> + P, (éj(n)ﬂréfj(n))]-

Letting n — o0 in (16) and using the inequalities (8) and (14), we get

P, (gfz(n)+1’gf("))

IN

€ .
2 < ,}Eﬂosup Py (gﬁ(n)+l’€7(”)+1) :

Following the above process, we find
lim sup P, (C;; Zs ) < s%.
n—00 (n)+175f(n)+1 ) =
From (17) and (18), we get

£ . 3
2 < nlgrolo sup P, (sz(n)+1’€f(”)+1) <s’%.

9 of 21

(14)

(15)

(16)

(17)

(18)

(19)

From (8) and (11), we can choose a positive integer 119 > 1 such that for all n > ng, from (1), we get

0 < A (Spb (gfz(n)+1’€f(n))) =A (SPb (4’ (gﬁ(n)) P (gf(n)*l)))
< Y (A (Ap, (T Gii1) ) ), foralln = no,
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where

By (G Giim1) P (o ¥ (Gicn)) )
Py (gﬂm—l"’> (Q(n)—l ) ’
Ap, (gﬁ(n)'éf(n%l) - max P (5ﬁ<n)'¢<5f<n>—1>)2+2pb (gﬂn)—l'“/(@ﬁ(n))),
S
P (9 (G-1) &0 -1) (14 Pe (G # (G ) )
1+P, (Q}(Miéi(n)—l)

By (gﬁ(n)'gf(n)ﬂ) By (gﬁ(n)’gfl(n)Jrl) ,
By (Cﬂm—l' gi(")) ’

max by (gfl(n)/gi(ﬂ>>+Pb (gj(n),1'€ﬁ(n)+l>
252 4
Py (&im) Cimy—1) (111% <§ﬁ(n)'§ﬁ<z1)+1> )
1+P, (gi,(n)/gj(n)—1>

IN

Taking the upper limit as n — co and using (8), (11), (14) and (15), we get

<

\
IN

. se + s%e
Jim, sup As (G Gjn-1 ) < max {S’ 252}

< maxqe e+ 5% = max ¢ 257 =max{e e} =¢
= 7 252 - U 252 - 7 - &

A(S-g) <A (S;}i_fgosup By (C;;(nmféf(n))) < limY (A (As (éﬁ(n)’gf(”)—1)>>
Y (A(e)) < A(e).

It is a contradiction. Therefore, {{, } is Cauchy. Since (M, Py, ) is a complete partial b-metric space,
by Lemma 1, (M, dp,) is a complete b-metric space. Therefore, the sequence {{, } converges to some
{* € (M,dp,). Again, by Lemma 1, there exists {* € M such that

if and only if

lim dp, (¢n,C7) =0 (20)
lim Py (¢n,¢") = lim Py (7,¢7) = Hm Py (Cn, Gm) - (21)

Now, we show that {* € Fix(¢), so the weight assigned to the edge ({*, ¢ (¢*)) is zero. Suppose
that P, (C*,¢ (C*)) > 0. If {opq1 € V(G), n € N, then we get (Cont1, Gont2) = (Gont1, ¥ (G2nt1)) €
E(G). By property (E*), there is a subsequence {Czn(k)+1} of {C2n+1} with an edge between {5, 4) 11
and {* for k € N. Using (1), one gets
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AP (¢ Canm2)) = A(Po (9@ (Canwin))) 22)
Py (%) Cantiye1) /P (85,9 (07)),
Dby (Czn 41 P (éZn k)+1)
< YA mMax B (9 (Gnp 1)) +Po(Cani19(0))

(g* (g* 1+Ph<2€2n +1l[1 an +1)))
1Py (8 Can (k) 41)

Py (8% Cany 1) P (7,0 (67)),

Py \ Can(iy+1, Con(iy+2 ) +
= Y [A | max Pb(g*ézn(k)ﬂ)+Pb(§2n(k)+1’¢(§*))
2 4

2s
Py(C*(27)) (1+Pl7 (éZn(k)+l'§211(k)+2) )
14+Py (8% Gan(r)+1

P, (€*1€2n(k)+1) Py (85,9 (27)),

Py <§2n K)+17 Can(k +2> ,
< A max Pb(g*/gbl +2)+Pb(§2n +1/¢(§*))

Pb(C*r¢(C*))(1+Pb(Czn K+1.52n(0+2) )
14+Py (8 Zon(iy +1)

Taking the upper limit as k — cc in (22) and using the continuity of A, we have

APy (¢(57),07) <A (P (E7¢(87))),

a contradiction. Therefore, the assigned weight of the edge ({*, ¢ ({*)) is zero; thatis, {* € Fix (¢).
Similarly, {* € Fix (). Hence, {* € Fix (¢) N Fix (3) . The proof of (c) is completed.

(d) First, we assume that Fix (¢) N Fix () is complete. We shall prove that Fix (¢) N Fix (i) is a
singleton. On the contrary, suppose that there exists {*,#* € Fix (¢) N Fix (¢) such that {* # 1*. As
(C*,1*) € E(G), so from (1), we have

AP (G 7)) < AR (), ¢ (7))
Py (T 17) Py (27,9 (87))

)
By (1,9 (7)),
Y| A[maxq R0 )>+Pb<n A&

P AN E R 0)
TP, (")

Y (A (R (& 717)))

A(Py (85 m7)) -

IN

It is a contradiction. Thus, {* = 5*.
Conversely, assume that Fix (¢) N Fix (¢) is a singleton; then, Fix (¢) N Fix (¢) is complete. [

Example 2. Let M = {1,2,3,4,5} = V(G)and P, : M x M — [0,00) defined by P, ({1,02) =
[max {1, 82}]?, for all 1,0, € M. Then (Py, M) is a complete partial b-metric space with s = 2. Set
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Define ¢, : M — M by

1, nef125, 1 nefsy,
(&)= { 2, fiefzay. Y@= { 2, 01€{2,3,4}.

and A,Y : (0,00) — (0,00), by

At)y=tel, t>0,Y(t) = %, t>0.
It is easy to show that, for every vertex u € G, we have (1, ¢ (1)), (u, 9 (1)) € E(G). Now, forall (C1,02) € M,
with {1 # Ca, )
Hence, by Figure 1, (¢, ¢ ) is a Ciri¢ type rational graphic (Y, A)-contraction pair. Thus, all the conditions
of Theorem 4 are satisfied, and ¢ and p have a unique common fixed point (that is, 1). Figure 2 represents the
graph with all the possible cases.

(Tta) NsPp(d(T), % (%)) YI{MA: (G, %))]

(2,1) 14.77 174.71

(4,1) 23,847.66 113,742,214.66

(5,1) 14.77 1,440,097,986,747.71
(3,2) 23,847.66 58,342.20

(4,2) 23,847.66 113,742,214.66

(5,2) 23,847.66 1,440,097,986,747.71
(4,3) 23,847.66 113,742,214.66

(5,3) 23,847.66 1,440,097,986,747.71
(5,4) 23,847.66 1,440,097,986,747.71

Figure 1. Verification of the contraction (1).

Py(p4,3) = 4

P, (925 $4) = 4
Py (#3,92) = 4

Figure 2. The graph defined in Example 2.

If ¢ = ¢ in Theorem 4, we obtain the following result.

Corollary 1. Let (M, Py) be a complete partial b-metric space endowed with a directed graph G and the map
¢ : M — M such that ¢ is a Ciri¢ type rational graphic (Y, A)-contraction. If Y is continuous, then the
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following assertions hold:

(a) If * € Fix(¢), then the weight assigned to the vertex {* is 0;
(b) Fix(¢) # @, provided that G satisfies property (E*);

(c) Fix(¢) is a complete set if and only if Fix(¢) is a singleton set.

If s = 1 in Theorem 4, we obtain the following result.

Theorem 5. Let (M, P) be a complete partial metric space endowed with a directed graph G. Let ¢, ¢ : M — M
be maps such that:
(1) For every vertex u € G, we have (u, ¢ (1)), (u, ¥ (u)) € E(G);
(2) There exist a comparison function Y and A € ® such that for all 1,{> € M with ({1,{2) € E(G) and
§(51) # § (22), we have

A(P(9(G1), 9 (52)) < YIA(A(G1,82))],

where

P(C1,62), P (C1,¢(81)),

C1,
A(01,0) =max?{ P(fa 9 (), Mot theol)s)
P(p(2a)0) (14 P(Edln) )i}
1+P(C142)

IfY is continuous, then the following assertions hold:

(a) Fix(¢) # @ or Fix(y) # @ if and only if Fix(¢) N Fix(y) # @;

(b) If * € Fix(¢) N Fix(¢), then the weight assigned to the vertex {* is 0;

(c) Fix(¢) N Fix(yp) # @, provided that G satisfies the property (E*);

(d) Fix(¢) N Fix(4) is complete set if and only if Fix(¢) N Fix(1) is a singleton set.

Example 3. Let M = [0,1] =V (G) and P : M x M — |0, ) be defined by P ({1,(2) = max {1, {2}, for
all 1,0» € M. Then, (P, M) is a complete partial metric space. Set

E(G) = {(¢1,02) : 1,02 € [0,1]}.

Define ¢, : M — M by

_a _ O
¢ (C1) = and ¢ (51) = &,
and A,Y : (0,00) — (0,00), by
A(t)=te', t>0,Y(t) = %, t>0.

It is easy to show that, for every vertex u € G, we have (u, ¢ (u)), (u, 9 (1)) € E(G). Now, forall ({1,{2) € M
with {1 # {2 # 0,
A(P(¢(81),9(%2)) <Y[A(A(G182))]-

Therefore, (¢, ¢) is a Ciri¢ type rational graphic (Y, A)-contraction pair. Hence, the conditions of
Theorem 5 hold. Moreover, 0 is a common fixed point of ¢ and .

3. Some Consequences

Corollary 2. Let (M, Py) be a complete partial b-metric space (s > 1) endowed with a directed graph G. Let
¢, : M — M be maps such that:

(1) For every vertex u € G, we have (u, ¢ (1)), (u, ¥ (u)) € E(G);

(2) There exist 6 € E and k € (0,1) such that for all {1,(» € M, with ({1,02) € E(G) and ¢ ({1) # ¢ ({2),
we have

0 (sPy (¢ (1), (82))) < [6(As (01, 0))],
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where
Py (1,82) , Py (C1, 9 (C1)),

As (01,02) = max{ Py (32,9 (22)), Py (81,9(82) )erb(?( 1), éz)
2

Py(p(22),2) (14 Py(G1. e
1+Py(21.42)

Then the following assertions hold:

(a) Fix(¢) # @ or Fix(y) # @ if and only if Fix(¢) N Fix(y) # @;

(b) If * € Fix(¢) N Fix(¢), then the weight assigned to the vertex {* is 0;

(c) Fix(¢) N Fix(yp) # @, provided that G satisfies property (E*);

(d) Fix(¢) N Fix(4) is a complete set if and only if Fix(¢) N Fix(y) is a singleton set.

Proof. It suffices to take in Theorem 4, Y (t) := (Ink)tand A (t) =1In (6) (¢) : (0,00) — (0,00). O

Corollary 3. Let (M, Py) be a complete partial b-metric space (s > 1) endowed with a directed graph G. Let
¢, : M — M be maps such that:

(1) For every vertex u € G, we have (u,¢ (u)), (u, (1)) € E(G);

(2) There exist F € F and T > 0 such that for all ({1,02) € M with ({1,02) € E(G) and d (¢ ({1),¢ ({2)) >
0, we have

T+ F(sPy (¢ (1), ¥ (82))) < F(As(01,82)),

where
Py (1,82) , Py (G1,9 (C1)),

As (21,0) = max{ Py (Z2 9 (22)), Py (S §2))+Pb(<)P( 21), é'z)
2

Py(p(22)2) (14 Po(G1. b0
1+Py(21.02)

Then the following assertions hold:

(a) Fix(¢) # @ or Fix(¢) # @ if and only if Fix(¢) N Fix(y) # @;

(b) If * € Fix(¢) N Fix(¢), then the weight assigned to the vertex {* is 0;

(c) Fix(¢p) N Fix(y) # @, provided that G satisfies property (E*);

(d) Fix(¢p) N Fix(4) is a complete set if and only if Fix(¢) N Fix(y) is a singleton set.

Proof. The result follows from Theorem 4 by taking Y (t) = e~ "t and A (t) = ") : (0,00) —
(0,00). O

Corollary 4. Let (M, Py) be a complete partial b-metric space (s > 1) endowed with a directed graph G. Let
¢, : M — M be maps such that:
(1) For every vertex u € G, we have (u, ¢ (1)), (u, ¢ (u)) € E(G);

(2) I for all (31,02) € M, with ({1,02) € E(G),

d(¢ (1), ¥ (C2)) < B(As(C1,82)) As (§1,02)),

where

Py (§1,82) Py (G1, 9 (21)),

As (01,00) = max{ Py (G2, 9 (02 Py(£1 ll’(@z))“’b( (Cl)/éz)l
4

),
Py (¥(82),62) (1+P5 (81, ¢(Cl)))
1+P;(C1.62)

and B : [0,00) — [0, 00) is such that lim B (r) < 1 foreacht € (0, 0).

r—tt

Then the following assertions hold:

(a) Fix(¢) # @ or Fix(¢) # @ if and only if Fix(¢) N Fix(y) # @;

(b) If * € Fix(¢) N Fix(¢), then the weight assigned to the vertex {* is 0;

(c) Fix(¢) N Fix(yp) # @, provided that G satisfies property (E*);

(d) Fix(¢p) N Fix(4) is a complete set if and only if Fix(¢) N Fix(y) is a singleton set.
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Proof. It follows from Theorem 4 by taking Y (t) := B (t)tand A (t) =t : (0,00) — (0,00). O

Remark 4. Theorems 4 and 5 generalize and extend results of Liu et al. [2], Jleli and Samet [29] and
Wardowski [27] for partial b-metric spaces and partial metric spaces along with a power graphic contraction
pair, respectively.

4. Applications

4.1. Application to Electric Circuit Equations

In this section, we study the solution of the electric circuit equation (see [32]), which is in the
second-order differential equation form. The electric circuit (as in Figure 3):

Figure 3. Electric Circuit.

Contains an electromotive force E, a resistor R, an inductor L, a capacitor C, and a voltage V in
series. If the current [ is the rate of change of charge g with respect to time ¢, we have I = % and

V = IR,
= qC/
dl

By law of Kirchhoffs voltage, the sum of these voltage drops is equal to the supplied voltage; i.e,

9, 4 _
IR+ 5 +L=V(H),
or
q dl '
IR+E+LE:V(t)/‘7(O):0/q(0):0' (23)

The Green function associated to (23) is given by

—seT6-1) if0<s<t<1,
Glt,s) = { —teT1) if0<t<s<1

where the constant T > 0 is calculated in terms of R and L.
Let M = C([0,1]) be the set of all continuous functions defined on [0, 1]. The partial b-metric P,
on M is defined by

Py (£1,02) = max {1 (t) — 8o (1))

0<t<1

Moreover, we define the graph G with the partial ordered relation:

(1,02 €C([0,1]),01 < = T (t) <02 (t),

forallt € [0,1]. Let E(G) = {((1,02) € M x M : {1 < (2} . Note that (P, M) is a complete partial
b-metric space with coefficient s = 2, including a directed graph G. Clearly, A = (M x M) € E(G),
and (P, M, G) has property (E*).
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Theorem 6. Let ¢ : C([0,1]) — C([0,1]) of a partial b-metric space (C([0,1]), Py). Suppose that the following
assumptions hold:

(1) There exists a continuous and non decreasing function K:[0,1] x R — R such that for all {1, > € C([0,1]),
with {1 < 0o,

IK(t,01) — K(t,32)| < T2 "4/ As(81, 02),

where
Py (81,82) Py (C1, 9 (C1)),

As (1, 0>) = max (§2,<P (T» é) Py (C1, <P(§2))+2Pb( (gl)'C:Z)’

)/
Py (¢(G2),52) (1+Py (L1 4’(51)))
1+Py(G1,62)

where t € [0,1],and T > 1,
@ allZ; € C([0,1]),

01 < /01 G(t,s)K(t, 1 (s))ds, forall t € [0,1].

Then the problem (23) has a unique solution.

Proof. The above problem is equivalent to the integral equation:

60 = [ Gt 9K T (5))ds @

where t € [0,1]. Consider a mapping ¢ : M — M defined by

P (@) = [ Gle 9Kt (5)ds @)

where t € [0,1]. Then, {* is a solution of (24) if and only if {* is a fixed point of ¢. From Condition (2),
it is easy to show that for every {1 € M, we have {1 < ¢ ({1); i.e., (1, ¢ (1)) € E(G). It follows from

Condition (2) that My = {01 € M: {1 < ¢ ({1),ie., (1,9 (1)) € E(G)} # @. Let {1,{» € M; then,
from Condition (1), we have

—~

|9 (G1(8)) = @ (G2(1))]

IN

G(t,s) [K(t, 01 (s)) — K(t, G2 (s)) | ds

0
< / As(C1,82)ds
< /Ot 20721520 [ A (01,

< e[ A(LL D) / TGt 5)
< As(l1,00) [esz (1—2tt + tre ™ — e—ﬁ)} .
Thus,
[0 (C1(8) = ¢ (C2())] €72 < 7T\ As(@1, o) [1 267 + tTe ™ — 7.
This implies that

6 (Z1(1) — ¢ (La(D)] < 7Ty As(C1,02) [L = 2tT +tre™™ — 7T
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Since 1 — 2tT + tte~ ™ — e~ < 1, we get that

9 (G1(t)) — @ (G2(1)] < e T/ As(C1, 02)-
Hence,

Py (¢ (Z1(1)), ¢ (22())) < e 2" As(1,0)-
Taking A(t) =tand Y (t) = 82% with T > 1, one gets

2
APy (¢ (G1(1), ¢ (C2(1)))) = APy (¢(C1(1), ¢ (L2(1))) < A (As(E1,82))
= Y(A(As(G1,82))),
or
APy (9 (Ga(1), 9 (G2(1))) <Y (A (As(C1,62))) -
Therefore, from Corollary 1, ¢ has a fixed point. Consequently, the differential equation arising

in the electric circuit Equation (23) has a solution. [

4.2. Application to Fractional Differential Equations

We apply the result given by Theorem 4 to study the existence of a solution for a system of
nonlinear fractional differential equations (see [33]). Let M = C ([0, 1], R) be the space of all continuous
functions on [0, 1]. The partial b-metric P, on M is defined by

Py(r,j) = max |r() — (P, rjenx.

Moreover, we define the graph G with the partial ordered relation:
rjeC((01]),r<jer(t) <j),

forallt € [0,1].Let E(G) = {(r,j) € M x M : r < j} . Note that (P,, M) is a complete partial b-metric
space with coefficient s = 2, including a directed graph G. Clearly, A = (M x M) € E(G) and
(Py, M, G) has property (E*).

Consider the following system of fractional differential equations:

{ CD%r (t) = Ky (t,r(t)) (26)

D% (t) = Ka(t,j(1)) *

with boundary conditions

{ r(0) =0, Ir (1) = 7 (0)
j(0)=0, Qj(1)=j(0).

Note that “D* denotes the Caputo fractional derivative of order &, defined by
t —p—
CD*Ki (1) = try Jo (= 9)" "1 Ki(s))ds,
t ——
CD*K () = mray Jo (= 9)" T Kg(s))ds,

where
n—l<a<landn=[a]+1,
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and [*K; and I*K; denote the Riemann-Liouville fractional integral of order « of continuous functions
Kj and Kj, given by

I"Kq (t) = (8 —s)* 1Ky (s)ds, witha >0,

QK (t ﬁf (t—3s)* 1 Ky(s)ds, witha > 0.

The system (23) can be written in the following integral form:

(>*ﬁb&t—s“1&bdﬂws
—O—I-Zt f f YKy (u, 7(u) ) duds,
) = ﬁ)ww“l&@nmw
+1-2t fo fo ) 1 Ko(u, j(u))duds
Theorem 7. Assume that the following conditions hold:
(i) K1, Ky : [0,1] x R — R are continuous functions;
(ii) K1 (s,.) , Kz (s,.) : R — R are increasing functions,
(iii) For all v, j € M, with r < j, we have
‘ e T(e+1 .
K (5,7) ~ Ka ()] < 0 o,
where,
Py (r,7), Py (r, 0 (1)),

P, (]/‘P (])) , Pb(’r¢(j))+zpb(¢(7)rf)

Py (9(1)) (14 Py(r911)))
1+Py (7,])

As (1,j) = max

4 7

(iv) There exist 1o, jo € C (]0,1],R) such that for all t € [0, 1], we have

7o (1) < gy Jo (£ =9)" " Ku(s,ro(s))ds

—|—r%t o fos (s —u)*~ 1K1(u ro(u))duds,
) = Tw) fo f—s "1 Ka(s,jo(s))ds

+r2t f fo (s Ko (u, jo(u))duds.

>_x

Then the system (23) has a solution.

Proof. Define the mappings ¢, : M — M by

¢ (r (1) = sy Jo (E=9)"""Ku(s,7(s))ds
—i—r%i) fol fos (s — u)”“1 Ky (u,r(u))duds,
P (5) = g Jo (= 9)" " Ka(s, j(s))ds
ey Jo Jo (s =) Ko, j(u))duds

Following assumptions (iii) and (iv), we have

ﬁ fott(t—s)“ 1Kl(s,r(s))ds
1 a—1
() = (i (1) = — a7 Jo (E=9)""" Ka(s, j(s))ds
|<P( (t)) ¢ (] (t))| - +Tli) fol fOS (S N u)tx 1 Kl(u,r(u))duds
— 25 o s (s = ) Ka(u, () duds



Symmetry 2020, 12, 467 19 of 21

< .(:I“(lzx)US)a UKy (s, 7(s)) — Ka(s, j(5))] ds
+ /Ol/osr(za)(s_u)ﬂl [Kl(s,r(u))—Kz(u,j(u)]duds

IN

f 1
T (Dé)/o (t — s)”‘_ |K1(s,r(s)) — Kz(S,j(S))| ds
s [ =0 Ko r00) — Koo, (0 s

0

S e W e ACRS IS
+ 2 e+l /Ol/os(s—u)“_l|r(u)—](u)|duds

IN
—
—
X
~—
N\
~
—
—
R
—+
—_
~—
BN
5y
—~
3
—.
~
/\N‘
—
|
V2]
~—
=2
—
2
v5)
—+

< (TERERD) ane
2eTﬁ(a+l,l)m- As (1,7)

< % AdniH%x/m:
3e4‘T a0 ) (28)

where B is the beta function. From the inequality (27), we obtain that

D0 0) =GO < X A ).
Hence, ,
P00 (0) 9 (0) < 5 A ()
This implies that
SPy (9 (1) 9 G (D)) = 2P, (9 (r (1), (1))
< o P (0),) (1)
< 9

e As (7 (0.5 (1),

where A (t) = tand Y (t) = =%, T > 1. Since the above inequality holds for all r,j € M with

82T/

r(t) <j(t),itis true for any (r,j) € E (G) . Hence, we have

APy (9 (r (1), ( (1)) <Y (A(As (1))

Therefore, all hypotheses of Theorem 4 are satisfied. Hence, ¢ and ¢ have a common fixed point;
that is, the system (26) has at least one solution. [
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5. Conclusions

In this paper, we introduced the concept of a Ciri¢ type rational graphic (Y, A)-contraction pair of
mappings and established some new results for such contractions in the context of complete partial
b-metric spaces endowed with a directed graph. Moreover, we give some examples in support of main
theorems. At the end, we applied our main results to provide solutions of electric circuit equations
and also of fractional differential equations. The obtained results generalize several corresponding
results in metric spaces.
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