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Abstract: In this paper, we study the asymptotic and oscillatory properties of a certain class of
third-order neutral delay differential equations with middle term. We obtain new characterizations
of oscillation of the third-order neutral equation in terms of oscillation of a related, well-studied,
second-order linear equation without damping. An Example is provided to illustrate the main results.
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1. Introduction

In this paper, we consider the third-order nonlinear damped neutral differential equation of
the form

(2 (&)%) ) ©+00) 6 ) 40 f (3 (0 () =0, fort > 1, )
where y (f) = x () + p (t) x (T (t)), a is a ratio of positive odd integers and f € C (R, R) satisfies

f(x) > kx* for x # 0.

Throughout this paper, we assume the following conditions:

(I1) r1, 2 € C([to, ), (0,00))

/ rfl/“ (s)ds = coand / ryl(s)ds =0, t; > ty, t1 € [tg,®0);

t1 fy

(L) p,q € C([to,0),[0,00)),p (t) < po < 0,7 does not vanish identically;

(I3) o, € C'([tp,),R), o(t) < t,7(t) < t, T > 7,007 = Too and limi,e0 (t) =
lim_ye0 T (£) = co0.

A solution of (1), we mean x € C([Ty,),[0,R)) with Ty > ty, which satisfies the property
Yy, 2 (1 (y)") € C'([Ty,0),R)) and moreover satisfies (1) on [Ty, c0). We consider the nontrivial
solutions of (1) existing on some half-line [Ty, c0) and satisfying the condition sup{|x ()| : T < t <
co} >0 forany T > Ty.

Moreover, throughout our results, we need an assumption:
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(A) There exists a nonoscillatory a solution of

(rzz’)/ (t) + (ff(?)) z(t) =0. )

A solution x of (1) is said to be oscillatory if it has arbitrarily large zeros and otherwise, it is called
nonoscillatory. Equation (1) is said to be oscillatory if all its solutions are oscillatory.

Recently, it is easy to notice the growing interest in studying the qualitative properties of solutions
to fractional / functional differential and difference equations, see [1-4]. The third-order differential
equations have an important applications in many problems for instance, economy, physics, biology
and population dynamics, see [5-7]. Although importance of those kind of equations in applications
they had been realized very early.

In the last three decades, a few results asymptotic behavior of oscillation of third-order have been
studied in the literatures. But even-order differential equations have been deeply studied, see [8-14].
In the early twentieth century, it have been appeared the basic interested paper in asymptotic behavior
of third-order differential equations [15]. Recently, a study has developed, especially oscillatory or
nonoscillatory of solutions studying by various techniques, see [16-23].

For the sake of brevity, we define the operators

L1y (t) =1 (y)", Ly (t) =1 (rl (y/)a)/, L3y (t) == (72 (7’1 (.‘/’)a),>l'

From Equation (1) and assumption for f (x), we obtain the inequality

b(t)
r1 (t)

Through this paper, we will use the following notation:

£y (t) +

L1y () +kq (8) x* (0 (1)) < 0. ®)

t

(1) = /t (r, (S))fi ds, m(tt):= / (ra (S))il ds,

fy 51

1/a
772 (t,tl) = <172rl(t('tt)l)> , ;’7\2 (t, tl) = /tlt 172 (S, tl)dS-

Lemma 1. [23] Assume that c1, ¢ € [0,00) and v > 0. Then
(c14c2)" <p(cf+¢3),
where
)1 if y<1
F= ot if ¥>1.

2. Results and Proofs
Lemma 2. Assume that (A) holds. If x is a nonoscillatory solution of (1), then there are two possible classes

fory:

N1 = {y(t): £y (t) >0, £y (t) >0};
No = {y(t):£y(t) <0, £y (t) > 0}.
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Proof. Let x be a positive solution of (1). Then there exists t; > tg such that x (t) > 0, x (7t (¢)) > 0
and x (o (t)) > 0. By (3), it is easy to see that

(2 (1) (8) + 22 (1) > 0, @

where z (t) = —£1y (t) . Let u(t) > 0be a solution of (2) for t > t; > t(. Assume that z > 0 is oscillatory.
Hence z has consecutive zeros at a and b (t; < a < b) such that z’(a) > 0, z/(b) < 0 for t € (a,b).
This implies that

0 < /ab<(r2z'(t))’(t)+rbl((tt))z(t)>u(t)dt

- rz(t)z’(t)u(t)]z—/abrz(t)z’(t)u'(t)dt—i—/ab

b(t)
P (t)z (Hu(t)dt

= M2 Ou®) —n bz () |§+/ab (r2 (t)u’(t))’z(t)dt—l—/;

b(t)
X (t)z (H)u(t)dt

r

— 7 (t)u(t)]ZJr/ab ((r2 ' (1) + z((tt))u(t))z(t) dt =, ()2 (Hu (B <o.

This contradiction completes the proof. O
Lemma 3. Assume x is a nonoscillatory solution of (1) with y € Ny. Then

£1y () > 2 (t,t1) £2y (t) 5)

and
y(£) > 772 (&, 1) (Lay (£) . ©)

Proof. Let x be a positive solution and y € Nj be a solution of (1). Then there exists t; > tg such that
x (o (t)) >0and x (g (t)) > 0. From (1), we see that £3y () < 0. Thus

£1y (1)

/tlt (£1y (s)) ds + £1y (1) Z/lt !

w6 = hy () |
12 (t, tl) Ezy (f) .

tlm

That is,

1/a
v (02 (O ey ()7 = () oy ()" %

Now, integrating (7) from #; to t, we get

ot ot
() = [ s h) Gy () ds = (Gay ()" [ Fa(s ) ds
Jh Jh
= Tt t) (Ly ()"
Thus, the proof is complete. [

Lemma 4. Assume x is nonoscillatory solution of (1) with y € N,. Then

y () = (=L (0)m (v,u), foro>u>t ®)
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Proof. Since £y (t) is nondecreasing, for v > u > t, we have

i (9)
1

r

= (~£y @) m (v,u),

v = ylo) - [ (e (8)"/"do

- v () > (~£1y (@)Y 11 (0,10).

The proof of the lemma is complete. []

Lemma 5. Assume that x is a positive a solution and y € Ny and p (t) € (0,1). Then

b(t)
ry (t)

L3y (1) + £1y () +kQ (1) y* (e (1) <0, ©)

where

Q) =q(t)(1—p(e(t))".

Proof. Let x be a positive a solution of (1) and y € Nj. Then there exists t; > to such that x (o (t)) >0
and x (g (t)) > 0. The corresponding y(t) satisfies

x(t) = y@®)—p®)x(t(t) =yt)—pt)y(r(t))
> y)—pBHyt)=yt)A-p().
That is
X (o(t) >y (o (1) (1—p(o(t)". (10)

Combining (3) and (10), we have

£ (1) + 1y () Q04" (0 (1) <.

The proof of the lemma completed. O

Lemma 6. Assume x is a positive a solution of (1) and y € Ny. Then

Po b(t) Py b(t(t) Kooy
(”u?) fay (1) + (n A (Togé ) <f>>> LAy @m) <o, a

where q (t) :=min{q (t),q (Tt (¢))}.

Proof. Let x be a positive a solution of (1) and y € N;. Then there exists t; > tg such that x () >
0, x(t(t)) >0and x (o (t)) > 0. From Lemma 1, we obtain

y* () < p (6" () + pox® (o (1)) - (12)

Now, from (3) and (I3), we have

0= ff‘?’-‘/ (r(0)+ Pﬁbl,(w”))ﬁly (T (1)) + pikg (T (1)) 2* (¢ (¢ (1))).. 13)
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Combining (3) along with (13), we get

p“ b () b))
0 > £3y<t>+Tg£3y<r<t>>+<rl a0+ (T(t))ﬁlyu(t)))

+kq (1) (x* (o () + pox" (T (e (1)) -

By virtue of (12) and using £3y () < 0, we have

0= (148) ey (0 + ( M)+ ( ‘;‘; et <t>>> 2709 @ (0).

The proof of the lemma completed. O

Theorem 1. Assume (A) holds, a > 1and o’ (t) > 0. If there exist a function & (t) € C! ([tg, o), (0,00)),
for all sufficiently large t1 > to, there is a tp > t1 such that

. 2L (&' ()1 (1) =8 () b (1)) ]
imsu — 6(s)— ds = oo,
e (L0080 o e T

then, Ny = @.

Proof. Let x be a positive a solution of (1) and y € Nj. Then there exists t; > to such that x (o (t)) >0
and x (g (t)) > 0. By (1), we see that £3y (t) < 0

t to1 t 1
£1y (t :/£ s)) ds+£1y (h) < | ——£ay(s)ds+ £y (t2) < £ t/
1y (t) tz(ly()) 1y (2) 72 5) 2y (s) 1y (f2) < £2y (t) 72 (9
= Ly (k) + 2 (tt2) Loy (1),
for t, > ty, thatis £,y (t) > 0 otherwise lim; o £y (f) = —00, a contradiction. Define a positive
function by
£2y (1)
w(t) =0(t . (15)
0]

Using (7), we have

r (o r1 (o (¢)
hence,
V(o) o ( (0 (1), h) >““ 5V (1) (£2y ()"
y(e®) = \r(e®)s@) y (o (D)
_ (me® )\
- <5<t>rl<a<t>>) v 1e)

hence

(17)
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Now, by differentiating (15), we get

; 1o L2y (1) Ly (t)  ad(H)y (o () y (o (t) o’ () £ay (¢)
WO =80 T E @) (@ (1) : 19)
Using (15) and (9), we obtain
) £3y (t) ac’ (H)y' (o (t))
O = SO e O w0
b(t) «
& (t) iy () —kQ () y* (o (1)) ac’ (1) y' (o (1))
= s £y (0 YOy W
It follows from (15) and (5) that
, &' (t) b ac’ (1) y' (o (t))
w (t) < 5(f) ZU(t) - " (t)UZ (t tl)w(t) _kQ (t)(;(t) - y(U’(t)) (t)
o'(t)  b(t) pen Y (e (1)
< (5 - ramem)em-kmem -a 0L Hen. a9

From (16), we get

: (1) bt o (00 0) N -
o ()< (G = g b)) w0 —kQ W a0 e’ () (LATELAL) 0l @) u 1),

By (17), we have

AZ
Au — Bu? < 1B’
with & (t b(t " (t
A= (5 - romen), =5 R 0 0,0 @0,
Thus,
, kK (' () () =38 (1)b (1)
W () < - QM+ 50 (1)
y 5(t)
dac’ (1) 772 (o (1), t1) (72 (0 (1), 11))* "
that is
p k
W (f) < QM

(20)
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Integrating (20) from t; to f, we obtain

flk - (0 (Hr () —3b ()
ALQmM”4w@muwww%wwmﬂ%wmmwl

0
[E—
Q.
0
AN
g
S

The proof of the lemma is complete. []

Now, let

P = b () () =KQ (1) a1 1)"

i (t) =exp </t]t Py (s) ds) .

and

We present the following theorem.
Theorem 2. Assume (A) holds. If every a solution of the first-order equation

Z(H)+Py(t)z(o(t)) =0. (21)
or £2y (t) is oscillatory, then Ny = @.

Proof. Let x be a positive a solution of (1) and y € Nj. Then there exists t; > fg such that x (o (t)) > 0
and x (g (t)) > 0. As in Theorem 1, we have £,y (t) > 0. Hence by (9), we obtain

b(t)

0> £3]/ (t) + " (t)

£1y (1) +kQ (1) y* (o (1))
Using (5) and (6), we have

b(t)
r1 (t)

Now, set @ (t) = £,y (t), we get

0 > £3y (t) + 2 (t 1) £2y () +kQ () (72 (0 (1), 11))" £ay (0 (1)) -

@ () + P (H)@ () +Pa(t)@ (o (1) <O. (22)

Multiplying (22) by u (t), we have

(n@)" (t) +p (1) P2 (H) @ (o (1)) < 0.

Now, setting the positive function z = p®@ and taking into account y (t) is increasing function, we
obtain

That is
Z(t)+ Py (t)z(o(t)) <O0.

In view of [24](Theorem 1), we see that the first-order delay differential Equation (21) has a positive a
solution, a contradiction. Then, the proof is complete. [J

Corollary 1. Assume (A) holds. If
t
lim inf Py (t)ds > %, (23)

t—rc0 o(t)

then N1 = @.
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Theorem 3. Assume (2) is a oscillatory, then Ny = @.

Proof. Let x be a positive a solution of (1) and y € Nj, there exists t; > t such that x (¢ (t)) > 0 and
x (g (t)) > 0.Set x = £1y (t) in (9), we see that

(1)) (1) +

In view of [19] (Lemma 2.6), (2) has positive a solution, a contradiction. Then, the proof is complete. [

Now, we can extend Theorem 2 to

(72 ( W)') ()b ( (1) +4(0) f (x (7 (1) =0, (24)
where i € C! ([tg,0),R) is such that o (t) < h (t) < tand I’ (t) > 0.

Theorem 4. If every solution of the first-order equation

b

N/

r t)+ ———=x(h(t)) =0, 25
or y' is oscillatory, then Ny = @.

Proof. Let x be a positive solution of (1) and y € Nj. Then there exists t; > £ such that x (¢ (¢)) > 0
and x (g (t)) > 0. Now, we can easily extend Lemma 5 to the equation

£ (6 + 1 05y (1 (D) +KQ ()3 (¢ (1) < 0

Set x = £1y (t), we see that

b(t)

N/

r H+———x () <O0.

In view of [19] (Lemma 2.6), (25) has a positive solution, a contradiction. Then, the proof is
complete. [

Theorem 5. Assume (A) holds and a > 1, and there exists a function h € C'(I,R) such that o (t) < h (t) <

t, 0 (t) > 0. If
t

liItILSup W) Q(s)m(h(t),h(s))ds >1 (26)
holds with
a0 = (C:au) 400 (0) -2 f; P2 %) forallt > b,

where c is positive constant, then N = @ or £,y (t) is oscillatory.

Proof. Let x be a positive solution of (1) and y € N;. Then there exists t; > ty such that x (¢ (£)) > 0
and x (g (t)) > 0. We consider £,y (t) < 0 cannot hold for all large ¢, by a double integration of

o= ()= ()
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that is ¥’ < 0, a contradiction. Thus £,y (f) > 0. By using (8) with u = ¢ (t) and v = h(t), we get
(@ (t) <h(t) <T(h)

1

y(o () = (h(t),0(t) (—£1y (h (1)) . (27)
Substituting (27) into (11), we obtain

O LI C) <t>>> n fﬁ(t)y” (@ (1))

P b(t
0> <1 + Tg) £3y (1) + (h Ok (10)% "1 (T (1))

Since h (t) < T (t) < t, we find

0 > <1+Z§)£3y(t)+£1y(h(t))(b((t)+ P b““”)

KGO m (@), 0 @) (—Ey re)E.

M
Set 0 (t) = —£1y (t)
s o b L ph b))
0 = (1+8) a9 0)' +oti0) (rl 0 i (r(t)))
=S m (0, () 0 (1) 0 (1),

Taking into account that is 6/ () < 0 and a > 1, there exists positive constant ¢ such that
(6 (h(£)" " > c. Thus

Y T ck Py b(x(®) bt
(ra ()0 (1)) > o (Vl(ﬂ m (h(t),o(t)) i n O] (t)> 0 (h(t)).

This implies
(6 (1) = Q16 (h (). (28)

From (28) we see that rp6’ is increasing, we get

f12(5)0 (s)

no 12(s)
= 0 (tz) + 7 (tz) o’ (tg) 12 (t, tl) .

ds > 0 (tr) +12(t2) 0 (t2) /t

0(t) = 0(t) + L 72(5)

Thus, 6’ (t;) < 0 otherwise we imply lim;_,¢ 6 (t) = co a contradiction to the boundedness of 6. So for
tr > t, we have
0>0 6 <0 (rn8) >o0.

Therefor, for v > u > t1, we find

vry(s)0 (s)
72 (5) ds

0
0 (1) > 0(u)—6(v) = —/ 0’ (s) ds = —/
u u
Since 16" is increasing
v

0() > —2 (0) €' (o) | 1)ds — i (0,1) 12 (0) ' (0). 29)

u 12 (S
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In (29), setting u = h (s) and v = h (t),, we have

6 (h(s)) > —ma (h(£),h(s))r2 (1 (£)) 6" (h (1)) .
By Integrating (28) from h(t) > t; to t, we get
2 ()8 ((0) > [ Q)0 0(s)ds

>—mumwmmA0

t

Q(s)m2 (h(t),h(s))r2 (h(£)) 0 (h ().

Thus,

/hzt) Q(s)ma (h(t) h(s))ds <1,

which contradicts (26). The proof is complete. [J

Theorem 6. Assume (A) holds and « > 1, there is function h € C*(I,R) such that o (t) < h (t) <'t, h' (t) >
0. If

lim sup t < t“) /ut Q(s) ds) du >1 (30)

t—o0 h(t) \12

holds with Q (t) defined as in Theorem 5, then No = @ or £2y (t) is oscillatory.

Proof. Let x be a positive solution of (1) and y € N,. Then there exists t; > £ such that x (¢ (¢)) > 0
and x (g (t)) > 0. As in Theorem 5 ,we obtain (28) and

0>060 <0 (rn0) >0
Integrating (28) from u to t, we get
ot t
6 (1) > [ Q)0 (s)ds =0 (1) [ Qs)as

that is

—0" (u) >

Integrating from # () to ¢, we have

6(h (1) > 0 (h(b) /h;) (rz Eu) _/ut 0 (s) ds) du.

/h;) (rzl(u) [ ae ds) du <1,

which contradicts (30). The proof is complete. [

Thus

Note that the conditions (14), (23) and (25) eliminate solutions from the class Nj, while conditions
(26) and (30) eliminate solutions from the class N,. By combining condition eliminate solutions from
the class N; and condition eliminate solutions from the class Ny, we ensure that the solutions of (1) are
oscillatory. Therefore, we get the following theorem

Theorem 7. Assume that (A) holds and there is a function h € C'(I,R) such that o (t) < h(t) < t
and W' (t) > 0. Let one of the following statements are true:
(a) a < 1,0 (t) > 0and there exists a function 6 (t) € C! ([tg, ), (0, 00)) such that (14) and (26) hold;
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(b) a < 1,0’ () > 0 and there exists a function & (t) € C* ([tg, ), (0, 00)) such that (14) and (30) hold;
(¢) a > 1,(26) and (23) hold;

(d) @ > 1,(30) and (23) hold.

Then every solution of (1), or £5y (t), is oscillatory.

Theorem 8. Assume that (A) holds and there is a function h € C'(I,R) such that o (t) < h(t) < t
and h' (t) > 0. Let one of the following statements are true:

(a) & > 1, (2) is oscillatory and (26) holds;

(b) « > 1, (2) is oscillatory and (30) holds;

(¢) « > 1,(25) is oscillatory and (26) holds;

(d) « > 1, (25) is oscillatory and (30) holds.

Then every solution of (1), or y' (t), is oscillatory.

Example 1. Consider the damped neutral differential equation
1 1 37
" Lo L A
y (t)+2y(t)+2x<t 2) 0,
where y (t) = x () + pox (10) , « = 1. Let h (t) = (t — 1) , we see that

o(t) <h(t)<t W (t) >0,
~ T ck 1 37 ps b(t (1))
Q“>—m+°pg<yz”1(f”'tz) <<t>>1>

t—nt—3—n —B—N—n
771 7 2 - 2 .

By Theorem 6, condition (30) becomes

also

where

cTo7T + 2po + 41970
8 (o + po)

> 1. (31)

If (31) hold, then it is clear that all conditions of Theorem 5 are satisfied, and hence every solution of (1), or y' (t),
is oscillatory.
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