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Abstract: This work applies an active control algorithm, using a macro fiber composite (MFC) to
mitigate the unwanted vibrations of a rotating blade. The algorithm is a second-order oscillator,
having the positive displacement signal of the blade for input and the suitable control force to
actuate the blade for output. This oscillator is linearly coupled with the blade, having in mind that
their natural frequencies must be in the vicinity of each other. The rotating blade is modeled by
representing two vibrational directions that are linearly coupled. An asymptotic analysis is considered
to understand the resulting nonlinear phenomena. Several responses are included to portray the
dynamical behavior of the system under control. From the results, we observe the asymmetry between
the blade’s vibrational directions. Moreover, a verification is included for comparing the analytical
and numerical results.

Keywords: macro fiber composite; rotating blade; active vibration mitigation; asymptotic analysis

1. Introduction

Rotating blades are important structures, being fundamental in many industrial fields like robotics,
aerospace engineering, turbomachinery, and others. Due to their high rotating speeds, they may suffer
from unwanted oscillations, causing disturbance and damage to, or even destruction of, the whole
mechanism. Consequently, many researchers have focused their attention on the analysis and control
of these vibrations to achieve maximum safety and optimum operation of such dynamical systems.

Yoo et al. [1] investigated, numerically, the effects of some dimensionless parameters on the
vibration characteristics of a rotating blade and considered combinatory effects among these parameters.
Lin and Chen [2] used a finite element analysis to study the stability problems of a rotating pre-twisted
blade with a viscoelastic core constrained by a laminated face layer and subjected to a periodic axial load.
They derived a system of equations of motion, governing the bending and extensional displacements
through the Hamilton principle. Oh et al. [3] developed a structural beam model accounting for the
fibrous composite material effects and the induced elastic couplings. Librescu et al. [4] considered the
modeling of a spinning, thin-walled beam made of functionally graded materials, featuring a pre-twist
and experiencing bending-bending coupled motion. Sinha [5] derived a complete set of coupled
dynamic equations to analyze the effect of a Coulomb damper near the blade tip with a flexible blade
mounted on a flexible rotating shaft. Hamdan and El-Sinawi [6] developed a slender, flexible arm
dynamic model undergoing relatively large planar flexural deformations with a setting angle and a
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rotating hub. They derived the model by assuming an inextensible Euler-Bernoulli beam while taking
into account the axial inertia and nonlinear curvature.

Other researchers focused on controlling the thin-walled rotating blades via other advanced
techniques. Choi et al. [7,8] improved the damping control behavior for suppressing the vibrations
of a rotating, composite, thin-walled beam by using macro fiber composite (MFC) actuators and
polyvinylidene fluoride (PVDF) sensors. They performed numerical studies based on finite element
analysis and investigated the dynamic responses of the beam. Fazelzadeh et al. [9] demonstrated the
applicability of the differential quadrature method as an efficient numerical method for analyzing
the vibrations of a rotating, thin-walled blade made of functionally graded materials. They obtained
the differential quadrature’s discretized form of the governing equations and the related boundary
conditions at the domain and boundary grid points. Vadiraja and Sahasrabudhe [10] described a
rotating, thin-walled composite blade with embedded MFC actuators and sensors using a dynamic
modeling method. Younesian and Esmailzadeh [11] concluded that the rotating blades were always
subjected to a variety of external excitations due to the vortex-shedding phenomenon. In the forced
vibration case, they assumed either a sinusoidal function or a random excitation with a white noise
time history to be the sources of external excitation, and then investigated the behavior of the passively
controlled blade.

Some researchers worked on controlling the vibration behavior by adjusting the blade’s physical
parameters. Yao et al. [12,13] investigated the complex dynamics and adopted a numerical approach to
analyze the periodic and chaotic motions of a rotating blade. They could control the blade responses,
changing from chaotic to periodic behavior, by adjusting the rotating speed. Latalski [14] discussed
the dynamics of a rotating rigid hub with a flexible, composite, thin-walled blade by taking into
account the moment of inertia of the hub mass. Rafiee et al. [15] presented a comprehensive review of
articles about rotating composite blades that were published in recent decades. The review addressed
analytical, semi-analytical, and numerical studies dealing with dynamical problems involving adaptive,
smart, or intelligent materials. Chen and Li [16] presented a dynamic model based on the shell
theory to investigate the vibration behavior of a pre-twisted, rotating, composite, laminated blade.
They considered the effects of Coriolis and centrifugal forces, due to the rotation motion of the blade.
Liu and Gong [17] proposed a theoretical model and vibration control for the divergent motion of a
thin-walled, pre-twisted wind turbine blade based on a linear quadratic Gaussian controller. Zhang et
al. [18-20] studied the saturation phenomena and the primary resonance of a rotating, pre-twisted,
laminated, composite blade subjected to a subsonic airflow excitation, using the Vortex lattice method
in the case of 1 : 2 internal resonance.

Concerning the use of MFC, Wang et al. [21] proposed a reliability-based design optimization
approach for improving the buckling load of variable angle tow filament-wound cylinders subject
to axial compression. They showed a fast convergence by the metamodel, achieving an efficient
computational optimization for all cases. Almeida et al. [22] evaluated, both experimentally and
numerically, the notched strength and longitudinal tensile characteristics in unnotched and notched
composites. The notched strength decreased by about 50% when comparing the notched and unnotched
samples. Monticeli et al. [23] presented the importance of 3D characterization of the voids in composite
laminates via statistical approaches. They showed that carbon fibers have more tortuosity vis-a-vis the
glass fibers, which hindered flow impregnation.

Regarding active controllers, several researchers [24-26] controlled the vibrations of different
dynamical systems using an algorithm called positive position feedback (PPF). This strategy consists
of a second-order oscillator coupled to the system, which would be controlled at an internal resonance
of 1: 1. It was verified that the PPF controller could be optimized by tuning its natural frequency
to the nearby excitation frequency. Hamed et al. [27] analyzed the nonlinear vibration control of a
dynamical system using a new, nonlinear modified PPF approach. The modified controller successfully
suppressed the vibrational amplitude when the excitation frequency equaled the blade’s natural
frequency (at 0 = 0), and the classical PPF peaks were reduced significantly.
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The motivation of this work was to merge MFC and one of the active control algorithms. The PPF
active control algorithm is effective at suppressing mechanical vibrations. The role of MFC sensors is
to supply the PPF controller with the feedback signal, and the role of the MFC actuators is to receive
the control signal from the PPF controller. In this paper, we control the rotating blade vibrations
theoretically by applying the PPF control algorithm through MFC sensors and actuators, as presented in
Figure 1. The whole control process is pictured in Figure 1 to show how the MFC sensors acquired the
feedback signal to be processed and conditioned, and then create a control signal to be supplied to the
MFC actuators. The main difficulty was in finding a small-error approximate solution for the nonlinear
model of the blade. Using the multiple scales perturbation technique, we obtained an approximate
solution for the studied model in good agreement with the numerical simulations. Several response
curves are included to portray the dynamical behavior of the blade under control. Moreover, a section
of verification curves is included to compare the analytical and numerical results.

Input voltage to MFC actuators
Actuators /

8 Sensors /~ 17 S 7 ST ra ’7

/ / / s / s s /
/ / / /

4 / / / s / /
7 I3 ’ / / ’ / /
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N Low-Pass
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— o Filter
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(Integrator)

Figure 1. Process of controlling the rotating blade via macro fiber composite (MFC).

The rest of the paper includes three sections. Section 2 presents the equations of motion of the
controlled rotating blade model and the approximate solutions to these equations. Section 3 analyzes
the different response curves of the blade vibrations before and after being controlled. Moreover,
verification of the responses is also included. Section 4 summarizes the conclusions of the work.

2. Equations of Motion and Their Approximate Solutions

The partial differential equations governing the horizontal and vertical deflections—p(t) and
q(t)—of the blade’s cross-section were derived briefly in Appendix A and are detailed in [12,13].
The equations were discretized by a one-term Galerkin’s procedure to have the ordinary differential
equations governing the temporal horizontal p(t) and vertical ¢(t) displacements of the blade’s
cross-section. The extracted equations of motion can be written as follows:

P+ 2up + @p + Prad + puiq + Pspg® + Bsp® = 2fo frap cos(Qt) + f2rap cos? (Q)+ P16 sin(Q1) (1a)

§+2u + &g+ Poap + Porp + Bsp’q + P57 = 2fofpraq cos(Q) + fpasqeos’(Qt)  (1b)

Applying the nonlinear PPF controller to Equation (1), the motion equations can be written as
P+ 2up+ @’p + Praq + Puuq + Pspa” + psp° = 2fofP1ap cos(Qt) + f2Prap cos® () +fr1eQsin(Q) + 1y (2a)

G200 + @ + Baap + Paup + Bsp>q + Bs7° = 2fofBaaq cos(Q) + f2Paaqcos®(Qf)  (2b)
V4 2ucy + @iy +ay’ = cop (20)
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The parameters of Equation (2) are suitably scaled such that

a = ed, 1 = efyy, P13 = ebia, Pr1a = Pry, Pro = ePrg P21 = Py P2 = by, Pou = ey, 3)
Bs = €Ps, 1,2 = €Cy, 0, = €[, pe = Efl,

where ¢ is a bookkeeping parameter. If we apply the multiple scales method [28], then the asymptotic
expansions of p, 4, and y can be expressed as

p(t;€) = po(To, T1) + ep1 (To, T1) + O(¢?) (4a)
g(t;¢) = qo(To, Tr) + eq1(To, T1) + O(&?) (4b)
y(t;€) = yo(To, T1) + y1(To, T1) + O(&?) (40)

where T, = ¢"t (n = 0, 1) are the fast and slow time scales, respectively. The time derivatives in
Equation (2) can be rewritten as

% = Do + Dy + O(?) (5a)

dZ
7= D} +2¢D1Dg + O(&?) (5b)
where D, = d/dT, (n = 0, 1). After inserting Equations (3)—(5) into Equation (2) and comparing the

terms of ¢ for similar power coefficients, we get the following.

For O(eo) :
D2po + w*py =0 (6)
Djdo + @0 = 0 (6b)
D%yo + wfyo =0 (6¢)
For O(el) :

Dip1 + @’p1
- _9q _p A A 2 A3 3 0Ty | ,~iQT,
= %DlDOPO 2iDopo ﬁ13DpEio p11g0 — Pspoqy — Pspy + fof, 514}70(6 te ) (7a)
+f2514 po(eiQTO 4 e—iQTo)z _ ifﬁlzeﬂ (eiQTO _ e—iQTO) +eo

D%lh + a)qu
- _ _9p _A _A A2 A3 5 iOTy | ,—iOT,
— —2D1Doqo — 28Dodo — f2Dopo = arpo = Pspiao — By + fof fasdo(e¥T0 + 7o) (7b)
24 . .
1 L 30T + 6—10T0)2
D2y1 + w?y1 = —2D1Doyo — 20Doyo — &g + E2po (7¢)

Based upon the theory of linear differential equations, the complex form solutions of Equation (6) are

Po = A1 (T1 )EinO + Zl (Tl )g_inO (8a)
qo = A(T1)e ™0 + Ay(Ty), T (8b)
yo = As(T1)eeT0 4+ A3(Ty), T (8¢)

Preliminary numerical simulations of the controlled blade model revealed that the worst resonance
occurred for cases where () = w and w, = w. Therefore, the parameters g1 and 0 were imposed to
express the detuning of the considered resonance case so that

Q=w+oq (9a)
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We = w + 02 (9b)

To avoid any unbounded solutions, and from the theory of linear differential equations, we can
eliminate the secular terms in Equation (7) by equalizing the coefficients of ¢“T0 and ¢<T0 to zero.
Equations (8) and (9) are inserted into Equation (7). Then, using Equation (3), we can return every
parameter to the real time ¢, which leads to

. J— i i 2
—2iwAq - 2iuwAy — iwp13Az — P11A2 — 2BsA1Ar A, — Bs A1 A3 — 3PsATA; + %Al

+ 11 AleZIGlt _ %ﬁmeemlt 4 C1A3€lgzt =0
—ZiQ)Az = 2ipwAy — iwPrpAr — fr1A1 — 2ﬁ5A121A2 - ‘B5A%Zz - 3[3514%22 (10b)
2 2 — .

_._ﬁz;f Ay + 5221]( Azezlglt =0

— 2iwAs - 2iucwcAs — 3aA3As + cpAre 2 = 0 (10¢)
The functions A, (n = 1, 2, 3) can be formulated in a polar form as
. ‘a . .

Ay = 2 Leidn = A, = Z”elén —5—1?"6,1@’6” (11)

where a, and 6, are the amplitudes and phases of the blade vibrational directions and controller
signal, respectively. Inserting Equation (11) into Equation (10), separating real and imaginary parts,
and simplification gives us

= —ya1 - ﬁﬁaz cos ¢ — gg ap sin ¢ — Sw”l“ Zsin(2¢,) + ﬁl;ﬂ{ ay sin(2¢1) (12a)
ﬁl;’w cos 1 + y-azsin s
3
b1 = 01+ B i~ G cos g — £ — g cos(2a) ~ e + W eosao)
@)
_|_514f + ﬁl;mfull sin ¢y + 2a) Zl cos P3
2
ap = —uay — ’%al cos ¢ + S‘B—Sa%az sin(2¢y) + 'B?f ay sin(2¢q — 2¢2) + '[?al sin ¢ (12¢)
by = B U singy + B L cos gy + 202 + §5a? cos(2n) + e
ﬁ24f cos(2¢1 — 2¢p2) — ﬁi“({ 123 gi sin ¢y — /321; Zi cos ¢y — 4/%5{1% (12d)
- %“2 cos(2¢n) — Zﬁj %—i— praf® cos(2¢1) + = ﬁMf + B ﬁléﬂf 1 sin ¢
cl a
s ai cos ¢3
a3 = —cdz — o 2 ——ay sin 3 (12e)
C
by =00+ 2202 — 22U cos g + LR sin hy — EL22 cos ¢y — 2242 — £5.42 cos(2¢h)
3 = 027 803 ™ 2uw; a3 2 n 200 10" 7 B2 2 (12f)
38ﬁm5 %—l— ﬁlgg cos(2¢1) + ﬁ1§ilf Hll sing + ﬁMf + 5 Z? cos ¢3

where ¢1 = 01t =01, P2 = 02 — 01, and ¢p3 = 0t + 03 — 61. The steady-state form of Equation (12) can be
reached by imposing the condition that a,, = qi)n = 0(n =1, 2, 3), but the resulting expressions cannot
be solved explicitly, at which point we should resort to the Newton-Raphson numerical technique.
A stability analysis needs to be done to examine whether the steady-state solutions are stable or not.
Suppose that the amplitudes a,, are composed of perturbation amplitudes a,,, added to the steady-state
amplitudes ays. Similarly, suppose that the phases ¢, are composed of perturbation phases ¢, added
to the steady-state phases ¢;. This can be formulated as follows:

Ay = App + Ans = Ay = dpp (13a)
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ﬂbn = anp + (Pns = (Pn = <Pnp (13b)
Inserting Equation (13) into Equation (12) and linearizing give us
a
p arp i 2 13 T4 s Tie a1p
@1’0 b1p r1 Tx T3 Taa 15 T || P1p
Aop | ) oag | | a1 T3 T3z Taa 35 36 || azp 14
- =] = (14)
P2y P2p ry Tap T3 Taa Tas Tae || Po2p
azp a3p 51 152 153 I54 155 T56 || A3p
q53p O3p Tel Te2 Te3 Tea Tes Tee J\ P3p

where ] is the Jacobian matrix whose elements are given in Appendix B. The characteristic equation of
J is a sixth degree equation in the following form:

A8 491 A5 4 oAt 9343 49422 4 y5A +96 =0 (15)

where y; (i =1, -+, 6) are given in Appendix B. The roots A of Equation (15) are the eigenvalues of ],
and they determine whether the system solutions are stable or not. If the real parts of the eigenvalues A
are negative, then the steady state solution will be asymptotically stable; otherwise, it will be unstable.
To guarantee the stability of the solutions, the Routh-Hurwitz theorem is considered to derive the
criteria for stable solutions:

(r1)
(172 -73)
(=274 +y1r273 + 1175 = 73)
(Bv2ve = V272 = y102ys + y1vaysya— yivave + 2v1vays + vayays —viya—vi) >0 (16)
(ﬁ%%Zﬁnm%+ﬁmmw—ﬁﬁm—hﬁ%—wnﬁ%—@—wWwwe)
+2y174VE + v273YE + V3Ve — V5y4Ys + V1Vay3Vays
(76)

Moreover, if there is a sign change in a real eigenvalue, then a saddle-node bifurcation point will
appear. This corresponds to the condition y¢ = 0. Additionally, if there is a sign change in the real parts
of a pair of complex conjugate eigenvalues, then a Hopf bifurcation point will appear. This corresponds
to the following conditions:

(75)
(76)
(7ays — (73Y6) >0 (17a)
(v3vays —y2v2 = v3vs + r175v6)
(y2ysyays = 717275 + 2120576 — V3VE + 74y = v3vsye — V2y2ve + 1173vave — V3V2)

Y1Y2Y3V4Y5 = V3VaV5s + 2V1VaVE — V3VAVs — V1V5VE + VayaVE +273y2ys5ve — Vi — 3V1V3V5)6

(17b)
—Y172Y3v6 + V3ve + Vivavaye —v3vi =0

3. Results and Discussion

In this section, we analyze the different responses of the blade vibrations and the control signal
to variations of the excitation frequency and force amplitude. These responses are plotted using
Equations (2) and (12), with the aid of the stability criteria in Equation (16).
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3.1. Effects of the Parameter Variation on the Blade Steady-State Vibrational Amplitudes

Hereafter, we adopt the parameter values y = 0.5, y. = 0.005, Q) = w = w¢, f11 = —0.003,
B21 = —0.001, B13 = Pop = —0.82, f14 = 0.55, fog = 0.5, f5 = 0.9, f1s = 655, fo =7, f =2, ¢ =0,
c1 = ¢ = 1000, and 07 = 02 = 0. The saddle-node bifurcation and Hopf bifurcation points are
denoted by SN and H, respectively. These points were explored due to the criteria in Equation (17).
Figure 2 shows how the blade’s horizontal and vertical amplitude responded to the excitation frequency
detuning o7 before control. It is clear that the blade was in a stable motion until it got into the range
of 0 < 07 < 3, where jumps may happen due to the existence of bifurcation points. After control,
the blade’s horizontal and vertical amplitudes responded to the excitation frequency detuning o1,
as shown in Figure 3, achieving a stable motion all over the range of 0;. The bifurcation points
disappeared, and no jumps were present. The blade is preferred to operate in the region of g1 € [—4, 4],
especially at the point 01 = 0, for which the blade is at its minimum vibratory level.

50 T T 40
——stable perturbation solution /,;
40 -=-=-unstable perturbation solution 5 / SN
* bifurcation points // } H 30 /
/ A

) vy /S
o / // o 20 . /

20" // / /

" 10 / 4
10 L
SN

(a) (b)

Figure 2. The blade’s horizontal and vertical amplitude responses to the excitation frequency detuning
01 before control: (a) horizontal, (b) vertical.

Figures 4 and 5 show the various effects of both the control signal gain ¢; and the feedback
signal gain ¢, on the blade and controller amplitude responses to the excitation frequency detuning
01. When we departed from o; = 0, the blade vibration amplitudes begin to rise. We can see the
important role of ¢; and ¢, in controlling the bandwidth between the high amplitude peaks shown in
the figure. This leads to increased safety if the blade’s excitation frequency () deviates from its natural
frequency w.

05

Figure 3. Cont.
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(©

Figure 3. The blade and controller amplitude responses to the excitation frequency detuning o after
control: (a) horizontal, (b) vertical, (c) controller.

(©

Figure 4. Effect of the control signal gain c; on the blade and the controller amplitude responses to the

excitation frequency detuning o1: (a) horizontal, (b) vertical, (c) controller.

Figure 6 demonstrates the effect of the controller damping p. on the blade and the controller
responses to the excitation frequency detuning oy. Increasing u. suppressed the high amplitude peaks
of the blade vibrations. However, the minimum amplitudes at 01 = 0 begin to rise slightly, since the
energy bridge between the controller and the blade was choked.
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(0)

Figure 5. Effect of the feedback signal gain c, on the blade and the controller amplitude responses to
the excitation frequency detuning o1: (a) horizontal, (b) vertical, (c) controller.

15 T T T 12

(0

Figure 6. Effect of the controller damping pi. on the blade and the controller amplitude responses to the
excitation frequency detuning o1: (a) horizontal, (b) vertical, (c) controller.
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Figure 7 shows how the variation of the controller frequency detuning o; affected the blade and
the controller responses to the excitation frequency detuning o1. We verified that the blade and the
controller were at minimum vibratory values when -5 < 07 = 02 < +5. This can be achieved only by
equalizing the controller natural frequency w, and the blade excitation frequency Q.

Lo

(©

Figure 7. Effect of the controller frequency detuning o, on the blade and the controller amplitude

responses to the excitation frequency detuning o;: (a) horizontal, (b) vertical, (c) controller.

Figures 8 and 9 illustrate the hardening or softening effects that could be imposed on the blade and
the controller responses to the excitation frequency detuning o1 by varying the controller nonlinearity
parameter a. However, the bifurcation points, which led to the problem of jump phenomena, emerged
again. Based on Figures 8 and 9, we verified that the value of @ should be within the range a € [-3, 3].
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()

Figure 8. Effect of the controller nonlinearity parameter « on the blade and the controller amplitude
responses to the excitation frequency detuning o; for @ = {-2, 0, +2}: (a) horizontal, (b) vertical,
(c) controller.

(0)

Figure 9. Effect of the controller nonlinearity parameter « on the blade and the controller amplitude
responses to the excitation frequency detuning o; for @« = {-3, 0, +3}: (a) horizontal, (b) vertical,
(c) controller.
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Figure 10 portrays the blade’s horizontal and vertical responses to the excitation amplitude f
before and after control at 61 = 02 = 0. The blade vibration amplitudes were very sensitive to small
rises of the excitation amplitude before control. After control, the blade vibrations were saturated
at a vibration level of almost zero, and most of the vibration energy was channeled from the blade
sections to the controller. From Figures 2-10, we can notice the asymmetry between the blade’s
vibrational directions.

20

before control

— 10- before control 1 ©

after control
after control

/ 0
0 2 4 ¢ 6 8 10 0 2 ‘l* ¢ 6 é 10
(@ (b)

(©)

Figure 10. The blade’s horizontal and vertical amplitude responses to the excitation amplitude f before

and after control at 01 = 0 = 0: (a) horizontal, (b) vertical, (c) controller.
3.2. Time Responses

The blade’s horizontal and vertical temporal displacements, before and after control,
are represented in Figures 11 and 12, respectively. The simulation was conducted using MATLAB and
the ODE45 package to integrate Equation (2) numerically. From the figures, we can see that the control
algorithm was successful in suppressing the blade vibrations to almost a level of zero. This optimum
level can be the best approach if the tuning condition 01 = 0> is guaranteed, as was discussed before.
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p(t)

q(t)

20 30 40 50 60
(a)

(b)
Figure 11. The blade’s horizontal and vertical temporal displacements before control: (a) horizontal,
(b) vertical.

15

0.2

p(t)

q(t)

-1.5

o

15 20 25 30
t
(a)

y(t)

15 20 25 30
t

Figure 12. The blade’s horizontal and vertical, as well as the controller’s, temporal displacements after
control: (a) horizontal, (b) vertical, (c) controller.
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3.3. Validation Curves

This section shows the closeness between the analytical and numerical solutions in Figures 13-19
for the responses shown above. These results confirm the validity of the proposed modeling and
control strategy.

50 40

—— stable perturbation solution s

——-unstable perturbation solution | 7~ -,
40 * bifurcation points // /? 30 /

© numerical simulation / // / /
30 / / { / /
- / Ny / /
© / / o 20 /
/ |
20 / v / /
10 /
10 5 0 5 10 10 10
c 1 G 1
(a) (b)

Figure 13. The analytical and numerical blade’s amplitude, compared to the excitation frequency
detuning o1 before control: (a) horizontal, (b) vertical.

15 T 1.5

o
o,

-10 -5 0 5 10 -10 -5 0 5 10

@ (b)

(0

Figure 14. The analytical and numerical blade’s amplitudes, compared to the excitation frequency
detuning o after control at 0o = 0: (a) horizontal, (b) vertical, (c) controller.
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20 12 : | ' .
)
10- :
15
su
- 10 —— before control ~
1] 1]
—— after control
J al
5
2|
.

(@) (b)

(©)

Figure 15. The analytical and numerical blade and controller amplitudes, compared to the excitation
amplitude f before and after control: (a) horizontal, (b) vertical, (c) controller.

15 T T T 2

Figure 16. Cont.
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20
q
15
mm 10
5
of
-10 5 0 5 10
o
1
(©)

Figure 16. The analytical and numerical blade and controller amplitudes, compared to the excitation
frequency detuning o; after control at oo = 5: (a) horizontal, (b) vertical, (c) controller.

2

15
15F
10
- ~
(1] ™ 1
5
0.5
-]
0 ]
10 5 5 10 -10 5 0 5 10
(o]
1 o1
(a) (b)
25;
20
15
m
m
10
5 -]
D ’
-10 5 0 5 10
(o]
1
(c)

Figure 17. The analytical and numerical blade and controller amplitudes, compared to the excitation
frequency detuning o; after control at o = —5: (a) horizontal, (b) vertical, (c) controller.
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15 " T

=—Time history
L= === perturbation modulated amplitude )
Q o
15 : ' ‘ -10
0 10 20 S‘tD 40 50 60 0 10 20 30
(a)

40 50 60
t

(b)
Figure 18. The analytical and numerical blade’s amplitude, compared to the temporal displacements
before control: (a) horizontal, (b) vertical.

1.5

p(t)

a(®)

-0.2
20 0

20

y(t)

(©)

Figure 19. The analytical and numerical blade and controller amplitudes, compared to the temporal
displacements after control: (a) horizontal, (b) vertical, (c) controller.
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4. Conclusions

This work addressed the control of the rotating blade vibrations via MFC sensors and actuators by
applying the PPF algorithm. An asymptotic analysis extracted the equations governing the nonlinear
dynamics of the controlled blade. Several responses were included to portray the dynamical behavior
of the blade under control. Moreover, an extensive comparison was fulfilled to show the closeness
between the analytical and numerical results.

We can summarize the results as follows:

1. Before control, the blade suffered from severe vibrations and jumps due to the existence of
bifurcation points. After control, the blade exhibited stable solutions without jumps due to the
absence of bifurcation points;

2. The blade vibrations reached minimum levels in the range of o1 € [-3, 3], especially at 01 = 0;

3. The minimum amplitude bandwidth could be adjusted via the control signal gain c¢; or the
feedback signal gain cy;

4.  If we guaranteed that 01 = 05, then the blade operated safely in the range of 01 € [-5, 5];

5. The controller damping u. was inversely proportional with the minimum vibratory level reached
at oy =op;

6.  The controller nonlinearity parameter a should stay in the range of a € (=3, 3), either for hardening
or softening effects in the response curves without creating new jumps;

7. The blade vibration amplitudes were very sensitive to small rises in the excitation amplitude f
before control. However, after control, they became saturated at a level of almost zero thanks to
channeling most of the vibration energy to the controller.
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Abbreviations

Horizontal and vertical displacements, velocities, and accelerations of the blade’s
P 4 Pa-p: cross-section.
v, v,y Acceleration, velocity, and displacement of the PPF controller.
U, He Damping coefficients of the blade and controller.
W, We Linear natural frequencies of the blade and controller.
B11, P21, P13, P22, 5 Coupling factors between the blade’s vibrational directions.
Bs, Cubic nonlinearity coefficients of the blade and controller.
B4, Boa Parametric excitation coefficients.
fo.f Amplitudes of the excitation force.
Q, 01,02 Excitation frequency and detuning parameters.
c1,C Gains of the control and feedback signals.
Appendix A

The considered thin-walled blade of length L and thickness /, shown in Figure A1, is connected
to a rigid hub, which spun with an angular velocity (). A harmonic excitation F = fy + f cos(t)
may affect the blade’s rotation. Due to the blade’s flexural vibration, an angle y appeared, and for
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twisting, another angle § = foz/L appeared. A bunch of assumptions should be imposed to continue
the analysis:

There will be no deformation in the cross-section for the long-term operation;
The blade’s thickness is very small, compared with its radius of gyration;
The blade can be considered an Euler—Bernoulli beam to neglect the shear force transversally;

LN =

In addition, we can neglect the elongation axially compared to the shown deflections.

F A
p p
Y,
P
X u,
h
r+p
xu,
b
a

Figure A1. Cross-section plane of the studied blade.

According to axes rotation rules, the rotary axes ¥’ and y” could be related to the stationary axes x
and y. The extended Hamilton principle was used for deriving the equations of motion. Considering
Kand U are the kinetic and strain energies, respectively, W is the virtual work due to external forces,
and 6 is the variation operator, we have

t
f((SK—(SU+6W)dt =0 (A1)
0

In[12,13], detailed substitutions and extractions have been fulfilled to get the normalized equations
of motion as

iy — FPugp — PZ[R(z)ug +R’ (z)u(’)] + aATuy — [as (z)y — 016(2)”6]”

" ’7 ’” 2 2 - (A2a)
= ué(u(’)uo + v(’)vo ) +uy [%(ué) + %(06) ] —F(Ro+z) + px
9o — F2[R(2)v! 4+ R (2)0,| + aAT0! = |as(2)u) — as(z)0) |
, [ v, g o ~lm g 0 (A2b)

= Z’6(”0”0 Y% ) +7 [%(”6)2 T %(06)2] Py

The single-term Galerkin procedure is applied to Equation (A2) to represent the vibrational
modes as
ug = G(z) p(t) (A3a)

v = G(z) q(t) (A3b)

where p(t), and ¢(t) are the temporal deflections of the blade. The linear free undamped mode G(z)
takes the form

B coshT + cosT

G(z) = cosh(T'z) — cos(T'z) SinhT T+ sinT

][sinh(l"z) —sin(T'z)] (A4)
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where I' is the solution of the equation coshI'cosT + 1 = 0. Inserting Equations (A3) and (A4) into
Equation (A2), then continuing with the Galerkin procedure and simplifying yields the system

P +2up + @0’p + praq + Puiq + Bspa® + Psp® = 2fofPrap cos(Q) + f2Prap cos* () +fB16Qsin(Q)  (Aba)

G+ 2uq + @ + Baap + Baup + Bsp°q + B53° = 2fofBaaq cos(Q) + f2Baaq cos® () (A5b)

where all the parameters are given in detail in [12,13].

Appendix B

The elements 7;; (i, j = 1,- -+, 4) of the Jacobian matrix | given in Equation (14) are as follows:

B5 5 ﬁmf2

= -—-uy- Sw azs Sln(quzs)

sin(2 ¢15)

)
14 1602 .
T = ﬁ4a{ 115 cos(2 ¢15) + P wa sin ¢y

13 1 . 5 ;
3 = —ﬁ? COS (o5 — 'i—w sin (rps — f—wals@s sin(2¢s)

Bs
—alsaﬁs cos(2¢as)

Bz . B11
ria = —-fgssin P20 — 5125 COS P — 10

2w
c1 .
r5 = % sin 3
C1
16 = @35 COS (3
2w

a a
Fop = ﬁ13 o qub + 6 511 9% 008 s — ﬁs e — ﬁlzewf 1 gin b1
aj, aj,

f_lﬁ
e cos qbg,s

2
4 16
Ty = f (2¢1s) ﬁ 2 f o COS (z)ls
P13 Pu 1 ﬁ Ps
3= gy SN0 T o oy, 059 T 4w”25 cos(20zs)
P13 a ﬁll 225
To4 = Tf cos (s + 2_£ sin ¢ps + Sll‘l(quzs)
aq 1
175 = ﬁ; COS ¢35
s
C1 d3s .
o = —ﬁa—lz sin 3
22 21 . 5 ;
r31 = —'87 cos o5 + ‘i—a) sin (s + f_a)ﬂlsa% sin(2¢as)
2
24
- 45 25 COS(2¢p15 — 2¢25)

Boaf?
8w

ﬁS 2 .
33 = —U+ Gt sin(2¢ps) +

sin(2¢1s — 2¢s)

1’234 = %als sin (s + %als Cos (g5 + f—z)aia% cos(2¢as)
B2l 4y, cos (21 — 22s)
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r35 =136 = 0

3
T4 = ﬁéz - sin s + /32 7,7 COS (o5 + zﬁw as + f—i)ah cos(2¢ns) — %als ﬁés 22 sin ¢hos
1
+€g ”%S oS (s ﬁlzéwf ) sin ¢y — C—— oS (35
Bosf? . Braf? P1eQ2f 1
T4 = sin(2¢qs — 2 - sin(2 ———cos
2 40w ( ﬂbls (PZS) 40w ( les) 2w a1 les
T4z = —@uﬁ sin ¢hps — %aﬁ oS ¢hos — 2 205 — ﬁsyaZS cos(2¢os) + 3ﬁ aps + %3 sin ¢25—gll COS (s
2 @ @ 4a 4o ais @ A1
2
raq = ﬁéz i oS (o5 — ’[%%s n¢25 a3 sin(2¢as) — ﬁffa{ sin(2¢1s — 2¢os)
1 5 Zib os ¢ps + 221) Zfs sin qf)ZS i3 a%s sin(2¢s)
1
45 = 5 ~——COs P3s
1s
C1 a3s .
T4 = — 57— — SIN O3
2w ays Pas
[
r51 = —=—— SIN Q3
2w, Pas
rsp =153 =154 =0
rs5 = —Hc
56 = —5—a15 COS P35
C
o 1 Bz aps . B11 aps 3Bs B1eC2f 1 1
Tg] = ——— — COS P35 — — — SiN (og + —— — €OS (g — —— 13 — ———— —— Sin ———cos
61 ch 35 ¢3s 2 a2 ¢25 20 112 ¢2s 40 1s 2w a2 ¢1s 2w ¢35
1s 1s 1s 1s
Biaf? B16Q2f
= - 2 + — cos
62 10 (2¢15) o 7 15
p1 B 1 Bs
= ——si -——0c a ——aps cos(2
63 . ¢25 2w 15 (PZS 20 2s 2s ( ¢2s)
P13 az P11 az Bs
64 = 7—5 P25 + %—S sin (s + 4—6125 sm(2¢25)
C2 dis C1
Te5 = a —= % cos — — COoS
R Y P3s + 5 P35
C2 1 a3s
Te6 = —— — sin 3y — — — s1n
66 2a)c . P35 P35

6 6

1

= 2 . Y riitjj = Tijr
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6 6 6 6
1
ra =g Z Z Z Z il jTkir = 6Tt jT T + 81t jkTatij + 31ij itk ik = O7ijT kTl i

6 6 6 6 6
1
V5=75 2 L kZ zZ L (riitjirictutmm — 10057 iyt + 20757 (1507 1k
i=1j=1k=11=1m=1

=207;j7jit kT 1wk + 15737 gk 1 mt — 3073 g immj ~+ 28757 gV mi )

6 6 6

6 6 6
Ye=a L Y. X Y X X (rurjjricturmm?un — 155ttty mnT nm
i=1 j=1Kk=11=1m=1n=1

+4073i7 jj ikt 1 mnt i — O0Fii? T il 1 mn Tk + 144757 T a ¥ 1 mnTnj
+457iit jitat ik mntnm — 15731 jitkat i mntnm — 1207357 et im ¥ mn ni
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