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Abstract: The invariants of finite-dimensional representations of simple Lie algebras, such as
even-degree indices and anomaly numbers, are considered in the context of the non-crystallographic
finite reflection groups Hy, H3 and Hy. Using a representation-orbit replacement, the definitions and
properties of the indices are formulated for individual orbits of the examined groups. The indices of
orders two and four of the tensor product of k orbits are determined. Using the branching rules for
the non-crystallographic Coxeter groups, the embedding index is defined similarly to the Dynkin
index of a representation. Moreover, since the definition of the indices can be applied to any orbit of
non-crystallographic type, the algorithm allowing to search for the orbits of smaller radii contained
within any considered one is presented for the Coxeter groups Hy and H3. The geometrical structures
of nested polytopes are exemplified.

Keywords: Coxeter group; nested polytope; orbit index; higher-order index; anomaly number;
weight multiplicity; search algorithm; tree-diagram

1. Introduction

The purpose of this paper is to formulate the definitions of the even- and odd-degree indices for
orbits of the non-crystallographic Coxeter groups Hj, Hz and Hy (the symmetry group of a regular
pentagon, a regular icosahedron and the 600-cell, respectively). In this case, the definition of the indices
of irreducible representations of simple Lie algebras provides a foundation for the indices of orbits.
The generalization of properties of the formulated indices is achieved by examining the individual
orbits of the investigated groups.

A significant number of applications of non-crystallographic Coxeter groups in solid-state
physics [1], chemistry [2] and structural genomics [3] motivates the current study. The symmetries of
the Hp and Hy groups play an essential role in the construction and description of quasicrystals [4].
The icosahedral symmetry of the Coxeter group Hj reveals the structure of the extensive diversity of
spherical molecules [5]. Moreover, during the past few years, the H3 group has gained considerable
interest in mathematical virology, since it serves as a blueprint for examining and describing the
architecture and assembly of spherical viruses [6-9].

The pertinent information about the non-crystallographic reflection groups Hy, n € {2,3,4} can
be found in [10,11]. Even though any Weyl orbit is linked to a finite-dimensional representation of a Lie
algebra, this relation does not exist for the non-crystallographic cases. In general, any orbit O, (G) of a
finite Coxeter group G arises from the action of the corresponding reflections on the dominant (seed)
point A € R". The coordinates of A are commonly provided in the w—basis, and they take values of
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any non-negative real numbers. Since any orbit of H3 can be represented geometrically by a Euclidean
(spherical) polytope, the variation of the coordinates of A € R3 impacts the lower-dimensional faces
represented by edges (arcs) and polygons (tiles on a sphere). As a result, a deeper understanding of a
chosen seed point is achieved. The numbers and types of faces of a polytope are determined using the
decoration procedure applied to a Coxeter-Dynkin diagram [12].

During the past decades, it has been convenient to characterize representations of simple Lie
algebras by their dimensions [13,14]. Even though the formula for the dimension is well-known,
its difficulty in practical exploitation rapidly increases together with the rank of a corresponding Lie
algebra. To overcome this problem, E.B. Dynkin introduced the index that can be calculated for any
irreducible representation [15,16]. Since then, the “Dynkin index” is considered as a powerful tool for
the classification of semisimple subalgebras of simple Lie algebras [17]. The further development of
research led to the discovery of the higher-degree indices of finite irreducible representations that have
been formulated in [18]. Since the decomposition of the tensor product of representations of a simple
Lie algebra into the direct sum of irreducible components is important and relevant to many branches
of physics, the general formulas for indices of such decompositions are determined in [19,20].

In this paper, we define the analogs of the higher-degree indices replacing irreducible
representations of simple Lie algebras by orbits of the non-crystallographic finite reflection groups.
This approach yields several advantages, since the orbit size is finite, and the product of orbits is
always decomposable. Hence, the even- and odd-degree indices of orbits of non-crystallographic
type are formulated in Sections 2 and 3. The former include the lower-order indices of the tensor
product of orbits. The latter are recognized in physics as the anomaly numbers, since they determine
the symmetry-breaking parameters defined for particle systems [21-23]. For the odd-degree index, it is
only necessary to determine whether it is zero or not. In our framework, such indices are considered
as a generalization of the anomaly numbers of irreducible representations [24].

The Dynkin index remains a valid invariant only if a single orbit of non-crystallographic type is
involved in its definition. Therefore, in Section 4, we explore the analog of such an invariant called
the embedding index. The calculations of the index proceed whenever the branching rule for a finite
reflection group and its subgroup is known (G’ C G). For crystallographic reflection groups, the
branching rules are determined for the rank up to n = 8 (for instance, see [25,26] and references
therein). Recently, the branching rules have been formulated for the non-crystallographic reflection
groups as well [27].

Furthermore, since we are restricted to the non-crystallographic groups, we introduce a search
algorithm to find the orbits of smaller radii that may appear inside an initial one (Section 5).
Here, such orbits are referred to as ‘lower orbits.” The subtraction of the simple roots of H,, n € {2,3,4}
from a seed point A with its coordinates in the w—basis provides the dominant points of lower orbits.
We demonstrate that this method coincides with the root-subtraction for orbits of crystallographic
type. Such a procedure forms a weight system similar to the one of representation. In the geometrical
interpretation, any obtained set of lower orbits together with a starting one results in the structure
of nested polyhedra [28-30]. Such a set of polytopes is quite unusual, as it differs from the sets
obtained for crystallographic cases. For the latter, whenever any two polytopes with dominant points
consecutively obtained by the subtraction method are considered, one can notice that each vertex of a
larger polytope is found in the middle of each edge of a polytope of smaller radius. In contrast, the
nested polyhedra of non-crystallographic types do not have this property.

2. Even-Degree Indices for Orbits

The important information about the even-degree indices of representations of simple Lie algebras
can be found in several papers [14,18,19]. In this section, considered analogs possess the same
properties as the decomposition of products does. However, this property is limited to the indices of
degrees two, four and, for some groups, six. Replacing an irreducible representation of a simple Lie
algebra with an orbit of a finite reflection group has several advantages:
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e the size of an orbit of any Coxeter group is always limited;
e the points of an orbit have only real numbers as their coordinates;
e the product of several orbits can always be decomposed into the sum of orbits of smaller sizes.

Definition 1. Let G be a finite reflection group, and O, (G) be an orbit of elements with a dominant point A.
The number defined by

PG = Y (uw?, peN,
#€0,(G)

is called the 2p-order index of an orbit O) (G). The summation extends over all the elements of O (G), and (-, -)
denotes the scalar product in the weight space of G.

Remark 1. For p = 0, the zero order index of an orbit O, (G) is equal to its size:
1R(G) = 0x(G)],

where |O) (G)| denotes the size of an orbit generated by the action of G on a seed point A. The sizes of orbits of
the examined non-crystallographic groups are presented in Table 1.

Since the elements of any orbit O,(G) are equidistant from the origin, we have the
following remark.

Remark 2. The formula for even-degree indices has the form:
I¥(G) = [0:(G)|(A,A), peEN. )

Proposition 1. For the non-crystallographic reflection groups, the general formulas for 2p-order indices are the
following ones:

2
B=T)V 2 (Ha) =IO(ayay (H)| - RAG+Tm12,+a)1,
2
(4—21’)’71(‘2,[12,”3)(H3) =[0(4y,a9,a5) (H3)]| - [(3—7)a?+4a3+3a3+-4ara,+27a a3 +4Taza3)?,
2
(5=30PLY . (Hy) =IO(ayay g ) (H) - 2 (2=T)a3+ (3—T)a3+303+ 203+ (3—T)arsz

+2a1a3+Taray+4aa3+2taa,+37taza,)]",

2

where T = % = 1.618... is the positive solution of the quadratic equation x* = x + 1 known as the

golden ratio.

Proof. The inner product (-, -) of the elements of orbits of the non-crystallographic groups H, has the
following form:

by
(a1, ..., an), (b, ..., by)) = (zzl...an> Gl | nef234n )
by

where Cﬁi is the inverse Cartan matrix (Table 2). Applying (2) to (1), the desired formulas can be
immediately obtained. [J
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Table 1. The sizes of orbits O, (H;) of the non-crystallographic groups Hy, n € {2,3,4} provided for
each type of a dominant point A with the coefficients a,b, c,d € R>0.

A |0y (H2)|
(a,0) 5
(0,b) 5
(a,b) 10

A |0y (Hs)|

(a,0,0) 12
(0,5,0) 30
(0,0,¢) 20
(a,b,0) 60
(a,0,¢) 60
(0,b,¢) 60
(a,b,c) 120
A |05 (Hy)|
(2,0,0,0) 120
(0,5,0,0) 720
(0,0,c,0) 1200
(0,0,0,d) 600
(a,6,0,0) 1440
(a,0,¢,0) 3600
(a,0,0,d) 2400
(0,b,c,0) 3600
(0,6,0,d) 3600
(0,0,c,d) 2400
(a,b,¢,0) 7200
(a,b,0,d) 7200
(a,0,c,d) 7200
(0,b,c,d) 7200
(a,b,c,d) 14,400

Table 2. The Cartan matrices and their inverses for the non-crystallographic groups Hy, H3 and Hjy.

2 -7 - 2 T
A cil=s=(23)
2 -1 0 2+71T 242t 1+27
Cpy=| -1 2 -t Chi =3 | 242t 4+4t 2447
0 -7t 2 1+2t 2+4t 3+37
2 -1 0 0 242t 3+41 4467 3457
Co — -1 2 -1 0 col— 3+4t 6+8t 8+12t 64107
Hy o -1 2 -7 Hy 7| 4461 8+12tr 12418t 9+157
0 0 -7t 2 3+5t 6+10t 9+157 8+127
Definition 2. Let G be a finite reflection group. The direct sum of orbits with dominant points Ay, ..., A,
k > 2, is provided by the formula:
Ona.en(G) = J 1i=03(G)U...U0)\(G). ®)
#i€0)(G)
i€{1,2,..k}
The size of the direct sum is equal to
On6..00,(G)] = [04,(G)| + ... + |02, (G)]- )
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Definition 3. Let G be a finite reflection group. The tensor product of orbits of G with dominant points
A1, ..., A, k > 2, is provided by the summation of elements of each orbit with elements of other orbits as

O)\1®...®)\k(G) = U (l’ll +...+ ]’lk) (5)
#i€0),(G)
i€{12,..k}

The size of the tensor product is equal to

[0r10..00, (G)] = [0, (G)] - ... - |07 (G) . (6)

Remark 3. The tensor product of k orbits of G decomposes into a union of several orbits [31]. In this case,
the highest weight is A1 + . .. + Ay, and the product of orbits decomposes as follows:

M®...®A = (A +...+ Ag) U...U other lower-order orbits.

Example 1. Let us consider two orbits, O 1 g)(Ha) and O o r)(Hz). The direct sum (3) and tensor product (5)
of orbits are written explicitly as

On,0)e(0,0) (H2) ={(1,0), (=1, 7), (x, =7), (-7, 1), (0, -1),
(0,7),(t+1,—-1),(—t—1,t+1),(tr,—7t-1),(—7,0)};
O,0)2(0,0) (H2) ={(1,7), (t+2,—7), (-7, T+1), (T+1, —7— 1) (1-7,0), (-1,21),

(7,0), (—7t-2,2t+1),(t—1,-1),(—-7t—1,7),(7,0), (2T+1, —27),
(-1,1),(2t,—27t-1),(0, —7), (—7,74+1),(1,1—71), (—27—1,7+2),
(0,-71),(-21,1),(0,7-1), (t+1,—7-1), (—-7-1,7), (T, —7-2), (-7, —1) }.

The tensor product of two orbits decomposes into the union of orbits as

(LO)®(0,7)=(1,7)U2(7,0) L+J (0,7-1).

5+ 5 T 10 t 25 5

The numbers attached to the dominant points correspond to the sizes of the orbits of Hy provided by (4)
and (6) (see Table 1). The number of elements of the orbit product is equal to the number of elements after the
decomposition.

Proposition 2. Let G be a finite reflection group. The formulas for lower-order indices of the tensor product of
k orbits of G are given by:

(i) Iy, (G) = & (11(6) 1 12,(@)) L2 ¢ (Iﬁgc)@(c) 1 12,(@)),
p:

where k € N=2, and r denotes the rank of G.
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Proof. (i) Using the Equation (1), we immediately have

I 601, (G) = [O00--an (G)] - (M®- - - @A, A1 @- - - @A)
= [0, (G)[ - |02, (G)[ .- |04, (G)] - ({A1, A1) + (A2, A2) + . 4 (Ak, Ak))

k k k k
:]‘{12}(6) Y (A A = Z% 3 (G)E[IR{(G)
= = = i

(i) Let us recall the pertinent properties of orbits of finite reflection groups. Considering any
point u = (yy, ..., ir), where r = rank G, we obtain

O::
Y, =0 Y ommi=— Y W
#e0L(G) neOa(G) #eOA(G)

Hence, the index for p = 2 can be written as

I§ 600, (G) = |00, @ (G)] - (M ®- - - @A, M@ - - @A)

k
:|O,\1(G)-|OA2(G)\...|OAk(G)|~(Z(/\i,/\ A, Aj +4Z i )

i,j=1 i,j=1

Using the properties of orbits, we obtain the following expressions:

k
104, (G)] 101, (G)] - 104, (G - | 2o (Ai, Ai)? +2 Z Ais i) % Z AisAj)?

i=1 i
7]
k k
2(r+2
—y [t@I18© |+ 22 Y [B@i© 150
AT £ i

Remark 4. In general, the indices of k-th tensor product of orbits of a group G are defined recursively as

2p 2p >2
IA1®---®Ak(G) I/\1®(/\2® ®/\)(G)’ ke N=%.

The obvious observation is

k
2p _ 2p
I/\]@...@/\k(c) - 21 I)Li (G>
1=

Example 2. Let us calculate the second-order index of the tensor product of the orbits O(; gy (Ha) and
O(0,1)(Hz). Such a product decomposes as

(LO)®(0,1) = (1, 1)U (t—1,t—1)U2(0,0).
Therefore, using the decomposition given above, we can calculate the second-degree index as follows:

20(7+2) 100
1(21,0)®(0,1) (Hp) = I(zlll)(Hg) + 1(2T_1,T_1>(H2) + 21(20,0)(H2) =5 +20+0=—.
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Taking into consideration Proposition 2, the same result is obtained:

10 10 100

i0ye(01) (H2) = Iy 0) (H2) I 1) (H2) + 10y g) (H2) Iy 1) (F) =5 3t 037 3.7

Proposition 3. Let G = Gy x ... xGy be a finite reflection group. The formula for 2p-order indices of the
product of k orbits A; € O(G;), i € {1,2,...,k} is provided by:

k k

k k
2 2
IAf@‘.mk(G):g IJ(G,)]Z[I&(G» = [TIOn (Gl Lt A7)
= 7 = =
i=1

Proof. For any group G = Gj X ... X Gy, the inner product has the following form:

(M@ @A, 1 ®- - @) = (M, )6, + - + (A k)G, -
It is easy to verify that Formula (7) holds. [

3. Odd-Degree Indices for Orbits

The odd-order index of an irreducible representation serves as a parameter limiting the symmetry
of the mathematical model of particle physics and its diverse extensions [21]. The triangular anomaly
numbers have been defined for the Lie group SU(n) by the sum of cubes of the components of the
weights corresponding to the U(1) subgroup in the reduction SU(n) D U(1)xSU(n — 1) [23].

In general, the crucial part of obtaining the anomaly number lies in determining the vector v
passing through the origin of the weight space. For any Coxeter group H,, n € {2,3,4}, the orbits of
its lower subgroup span R"~! orthogonal to v. Projecting the orbit points onto v and calculating the
sum of the distances between the obtained projections, we can determine whether this sum yields
zero or not. Generally, the highest weight of the unitary group U(1) sets the direction of v. However,
other suitable vectors are not excluded, and they are utilized as long as the resulting sum is not equal
to zero.

The non-zero anomaly numbers exist only for those groups that have a corresponding
symmetric Coxeter-Dynkin diagram. From such diagrams for the non-crystallographic groups
(Figure 1), it follows that the anomaly number of the Coxeter group H; is not equal to zero.
The non-crystallographic groups Hz and Hy are anomaly-free groups, as their Coxeter-Dynkin
diagrams are non-symmetric.

H, 020 H; 0—020  H; 0—0—020
&1 &2 &1 &z &3 &1 & &3 (&4
Figure 1. The Coxeter-Dynkin diagrams of the non-crystallographic groups H,, n € {2,3,4}.
The nodes correspond to the simple roots ay, k € {1,...,n}.

The nodes of the Coxeter-Dynkin diagrams of H,, n € {2,3,4} can be also labeled by the
reflections ry across the hyperplanes orthogonal to ay, k € {1,...,n}. For a non-crystallographic group
H,, and any point x € R", the reflection formula is provided by the scalar product (2) as

nx=x—{(x,a), ke{l,...,n} (7)
Definition 4. Let G be a Coxeter group H,, n € {2,3,4} of non-crystallographic type. The number defined by

AN G = Y (mo*l, peN, 8)
1€0,(G)
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where v is a vector orthogonal to the simple roots a1, . .., ax_q, is called the anomaly number or (2p — 1)-th-order
index of an orbit O, (Hy,).

Example 3. Consider an orbit of the non-crystallographic group Hyp with a dominant point A = (a, b) shown
in Figure 2. In this case, the weight wy can be chosen as the vector v, since it is orthogonal to the simple root a1.
Hence, using Formula (8), the calculations of the anomaly numbers yield:

— _ 1 2p—1 -
A ) = T o =2(Z5)" {a-n-se-n
HEO 4,1 (Ha2)

—(at+2b)?P 7 —(at+b(t—1))* "1 +(2a+b1)? 14 (a(t—1)+bT) 1 } .

/
™ / T2
/

,
o7 w1 T + Qg

VT + b.)__(.a, b) /
(—a —br,at +b7) (a+br,—b)

(at 4+ br,—at —b)
aq

—

(—ar —b, (aT +b,—aT — br)

Figure 2. The root system of the Coxeter group H,. The dashed lines r; and rp correspond to the
reflecting hyperplanes orthogonal to the simple roots a1 and «;, respectively. The root ¢ denotes the
highest root of Hy. The coordinates of the points of an orbit with a dominant point A = (4, b) of H, are
listed. The orbits of the reflection group A; are depicted by green segments.

Remark 5. We can generalize Definition 4 by taking into consideration the following statements:

e The anomaly numbers A%u,b) (Hy) = A%a,b)(HZ) =0, foranya,b € R.
e The odd-order indices A%Z;;(Hz) #0,fora#bandp > 2.
o For the Coxeter groups H3 and Hy, as any orbit contains the elements with positive and negative signs, the
anomaly numbers obtained for any orbit are equal to zero:
AV HY) = Y (mo)¥ =0, n=34
HEO, (Hn)

Definition 5. Let G be a non-crystallographic finite reflection group Hp. The number defined by

AV(H) = Y (pw)?, peNU{0}
#€0, (Hz)

is called the p-th-order anomaly number of an orbit O, (Hy).
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From Definition 5, one can immediately notice the following relation:
A} (H2) = [0 (Ha)|-
The general formulas for p-th-order anomaly number of any orbit of the H, group are given by:

((a=b)(1=7))P+(at+2b)P +(—-2a—b7)? ©)

(-1 AL, (Hy) = 2]
+(a(1—1)—br)P+(at+b(t—-1))"], a,b#0,

(3 = T)P A, o) (H2) = 2[(a(1-7))P+(aT)P]+(~20)P, a #0,
(3— T)pAIE’O,b)(HQ) = 2[(b(t—1))P4(=bT)?]+(20)?, b #0.

Comparing the formulas for the lower even-order indices (Proposition 1) and for p-th-order
anomaly numbers (9), one can observe the following equalities:

A (Hz) = I} (Ha),

A3(Hy) = 5B (H),

A4 (y) = g (),
A1) = 55 (1),
A} (o) = g ().

Similarly to the even-order indices, the formulas for the direct sum and tensor product can be
derived for the anomaly numbers of orbits for the Coxeter group Hj.

Proposition 4. The formula for the p-th-order anomaly number of the direct sum of k orbits A; € O,,(Hz),
ie{1,2,...,k} is given by:
k

14 H,) = P(H
A]@-..@Ak( 2) - ZlA)L,( 2)
i=

A

The formulas for the p-th-order anomaly numbers of the tensor product of two and three orbits A; €
0,,(Hz),1 € {1,2,3} are given by:

2 . .
AK1®/\2(H2) = Z;O (f) Al)\l (Hz)AK;Z(Hz),
3 — . .
AK1®/\2®/\3(H2) = ;0 (P) A)\l Hy) ; ( ) (H. )AK;I_J(HZ).

Remark 6. In general, the p-th-order anomaly numbers of k-th tensor product of orbits of the Hy group are
defined recursively as follows:

AP k € N22,

_ AP
M- mk<H2) =4

/\l®()‘2®"'®/\k) (Hz)/

4. Embedding Index

In order to determine the embedding index of an irreducible representation, the branching rule
should be defined for a given Lie algebra and its subalgebra [32]. Such rules have been calculated for
numerous irreducible representations of simple Lie algebras [33]. Applying the branching rule to any
orbit of a non-crystallographic reflection group, we can reduce any chosen orbit to a sum of several
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orbits. Such a decomposition corresponds to the subgroups of a chosen Coxeter group. Dividing the
size of an orbit of any Coxeter group by the size of its reduced orbit provides a specific ratio called the
embedding index.

The index considered in this section depends only on the rank r of a finite reflection group.
Whenever any branching rule is established, it takes the same value for all orbits. Given that the
embedding index can be obtained for any orbit of a crystallographic reflection group, we demonstrate
that this property holds for the non-crystallographic groups H,, n € {2,3,4} as well.

Definition 6. Let G be a reflection group of order n, and Gy % ... X Gy, k < n, be a maximal subgroup of G.
The second-order index of the embedding G <= G1x ... x Gy is given by the formula:

_ *(G)
YT R(Gix... <Gy (10)

Remark 7. The formula for the embedding index is generalized for any parameter k. However, in this paper,
we focus only on the non-crystallographic cases with k € {2,3,4}.

Using the Formula (10), we calculate the embedding indices  for any Coxeter group of
non-crystallographic type and its maximal subgroup (Table 3).

Table 3. The embedding index y provided for the non-crystallographic groups Hy, n € {2,3,4} and
their maximal subgroups G'.

G G’ ¥
H, A 2
H3 Al X Al X A1 1
Hs Ay 3/2
Hs H, 3/2
H4 A2 XA2 1
H4 Hz XHZ 1
H4 A1><A1><A1><A1 1
H4 H3 XAl 1
Hy Ay 1
Hy D, 1

Theorem 1. For any Coxeter group G of non-crystallographic type, the embedding index <y is a fraction of the
ranks, i.e., those of a group G and its maximal subgroup G', namely:

rank G

rank G'”

Proof. Let us consider the two cases: (i) rank G = rank G, and (i) rank G > rankG'.

(i) The elements of any orbit O, (G) of a group G are found on the surface of a sphere with a finite
radius. Applying the branching rule method to A, we obtain several orbits of the subgroup G’ of a
group G. Since rank G’ = rank G, all elements of orbits of G’ are found on the surface of a sphere of
the same radius. Since the second-order index is given by the sum of squared distances between the
orbit points and the origin, we have that I?(G) = I2(G’). In such a case, the index v is equal to 1.

(ii) First, let us recall that for any orbit O, (H3), the orbit points have the coordinates (x,y,z)
in the w—Dbasis. In this case, some particular values occur an equal number of times for x,y and z.
This property arises due to the impact of the tetrahedral symmetry of the non-crystallographic Hs
group on the orbit points.

For instance, the orbits of any maximal subgroup G’ of the Coxeter group Hj are selected in the
following way:
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e consider the points of an orbit O, (H3);

e remove the first coordinate of each point in the case of Hy, and the third one for the crystallographic
group Ap;

e among all the points in R? select those with non-negative coordinates; such points provide the
orbits of G’ in R2.

Considering the values appearing at each coordinate, the index I? of the subgroup G’ of Hj is
equal to %IZ(H:),). Therefore, the embedding index v = 3. A similar explanation can be provided for
the H group. O

5. Lower Orbits of H, and Hj

For simple Lie algebras, using the highest weight of an irreducible representation, we can
determine its dominant weight multiplicities by subtracting the simple roots [34]. Hence,
the computational problem comprises the following components:

e  determination of the highest weight;
e  subtraction of simple roots from the highest weight;
e  an algorithm that describes the subtraction path.

For crystallographic cases, the appearance of dominant weight multiplicities arrises from the
non-commutativity of the certain elements of a Lie algebra [35,36]. Since, in the case of finite reflection
groups, all reflections commute, a similar procedure can be developed and properly applied to
individual orbits of the considered non-crystallographic groups. The multiple occurrences of equal
dominant weights within one system necessarily involve the same number of dominant points of
corresponding lower orbits.

In this section, we only examine the groups H,, n € {2,3}; their simple roots a;, i € {1,...,n}
are provided by the Cartan matrices (Table 2). In order to identify all lower orbits of H, and Hj3,
the algorithm contains the following steps:

(i) determine a dominant point A = (Iy,...,1;),l; = a; + bit € Z[t]*°,i € {1,...,n};

(ii) establish a correspondence between the coordinates of a dominant point A and the index
ie{l,...,n}of asimpleroota;: i — I;;

(iii) if atleastone of I; > 0,i € {1,...,n}, then proceed the following subtraction:

° ifbiIO,then]/li:/\—]"Déi,jG{1,...,011'};
o ifh,>1:

- anda; =0, theny; =A—kt-a;, ke {1,...,b;};

- andag; > 1, theny; = A —km cag, ke {1,2,...,gcd(a;, b;)};

(iv) replace a point A in (i) with y;;
(v) repeat the steps (ii)—(iv) until at least one of the coordinates y; is greater than zero.

This recursive method provides a tree-diagram for any dominant point A of the H, and Hj
groups (Figures 3-5). Such a method allows one to determine the coordinates of dominant points of
lower orbits starting from any chosen A. In order to generalize the formulas for the coordinates, it is
convenient to consider the dominant points with their coordinates provided by integer coefficients.
Furthermore, to obtain such expressions, we only consider the coordinates of dominant points A with
equal ‘dynamic’ coefficients. For example, in the case of H3, if A = (a,b,0), it is necessary to consider
a = b. However, for A = (a,b,c) and a,b,c > 0, the number of vertices of a corresponding orbit is
|O(a,,c)(H3)| = 120, and the generalization of the coordinates of lower orbits becomes less apparent.
Therefore, this case is omitted in this paper.
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(1,1)
X1 %)
(-LT+1) (t+1,-1)
(o | [ey ] (el | e+ 0m
[ o T (27, -7 ~1) (-t—1,27)
(-L1) (t,-1) ™ Tity
| T2 (s (0,0) (0,0)
T Ty
(T'ﬁil (71’22 (—27,1+7) (T+1,-21)
(-7,1) 1, -1) (T+1)az | |+
l’az ,l a (1,-1-71) (-1-1,1)
S e
(0,-1) (-1,0) My @

(a) (b) (c)

Figure 3. The tree-diagram for the orbits of Hy. (a) O(1,9)(H2); (b) Ogq)(Hz); (¢) O 1)(Hz).
The dominant points are displayed in boxes. The points that do not belong to O(y ) (Hy) are depicted
by blue colour.

Let us consider a dominant point A = (4,0) of Hy. Hence, we can generalize the coordinates of
obtained seed points of lower orbits as follows:

(a,0) aeN; (11)
ok ar _ >2,
(a—2k—2, (k+1)7), ke{o,...,[z] 1} a € N?2;
a—2k a+2k a
(- k), kefo 5]} a=2nneN
(a_zzk_lr— u+22k+1, (2k+1)r> , ke {O,..., {al—oz} } a=2n+1,ne N2

For a dominant point A = (a,4) of Hp, only half of the dominant points of lower orbits are
provided as

(a,a),(0,0) aeN; (12)
a—2k,a+kt), kedl,..., a a € N22;

2
((a2k)7a—;2k,2k(7+1)> , ke {O,..., [a;n] } a=2nnecN;
(W—Qk—DT—a+§H1,Qk+DT), ke{op.q{“zn]—l} a=2n+1, n € N22,

The formulas for A = (0,a) and the formulas for the other half of the points obtained from
A = (a,a) are derived by interchanging the coordinates as (x,y) — (y, x) of (11) and (12), respectively.

For the Coxeter group Hj3, the formulas for the coordinates of dominant points of lower orbits are
listed in Table 4. The notation [ - | corresponds to the integer part of a number. In order to generalize
each case depending on the type of a dominant point, we only consider 4,b,¢ € {1,2,...,9}. However,
such a generalization can be potentially obtained for any a,b,c € N.

In the case of the H3 group, applying reflections given by the Formula (7) to dominant points
of lower orbits, we obtain the structures of nested polytopes, with their vertices provided in the
w—basis. In Examples 6 and 7, to demonstrate the geometric structure of nested polytopes in R?,
the orthonormal ®a— and w—bases of H3 defined in [10] are utilized.

The subtraction paths for the non-crystallographic group Hy can be constructed in a similar
way. However, for a,b,c,d > 0, an orbit of such a group contains the large number of elements:
‘O(a,b,c,d) (Hy)| = 1202. In this case, the computational routine becomes laborious. Even though for
the non-crystallographic cases, the actual method for determining such multiplicities has not yet
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been developed, it will likely prove related to determining the multiplicities for crystallographic
reflection groups.

In general, to obtain the dominant points of lower orbits, one can choose A with any non-negative
real numbers as its coordinates. As shown in Example 4, the values from the ring Z[t] can as well
represent the coordinates of a dominant point A. However, such a choice does not affect the subtraction
path. Moreover, it is worth mentioning that the definitions of indices introduced in previous sections
of this paper also apply to any lower orbits obtained using the introduced algorithm.

Table 4. Dominant points for lower orbits obtained by subtraction of the simple roots a1, a5, a3 of Hs
are listed for any type of a dominant point of the initial orbit: (a,0,0), (0,4,0), (0,0,4), (a,4,0), (0,4,a),
(a,0,a). The coefficients are provided by the values 2 € {1,2,...,9}.

(a,0,0):
(a—2kk,0), ke {0,...,[5]} any a
(0,5(t—1),0 even a
<0, 5] T— [%],T) odd a >3
(0,4,0):
(k,a—2k,kt), ke {0,...,[5]} any a
(0,0,0), (§(t—1),0,%),(a,5(7—1),0) even a
[4] r— [#] 7+1, (4] =), (a, (3] T [242] 1) odd a >3
(0,0,a)
(0,kt,a —2k), k € {0,...,[2]} any a,
('2771 )r 27/0%1'*1)) even a
<[ ] t— [% ) ( 5]t [%],0) odd a >3
(a,a,0):
(a,4,0),(0,0,at), (a,a(t—1),0) any a
(a—2k,a+k0),(a+ka—2kkt), ke {1,...[5] a>1
%(2r-1,0,2—-71),5(0,7-1,0),5 (4,7 —-1,0),5 (0,2 —7,a) even 4
(a,(a—1)T—(a+1),27) a>4
(2a,[5]t—[5+1],7),(0, [5]T—[5+1],7) odd a >3
(a,(a—2)T— (a+2),471) a>8
(a,0,a):
(a,0,a),(at,0,0) any a
(a—2k,k,a), (a,kt,a=2k), k € {1,...[5]} a>1,
(0, (a—2k=1)7= [$+k+1], (2k+1)(+1)), k € {0,... [32]} a>1
£(0,1,0), 2(t+2,0,7—1), 4(1,0,2—7), (—1,0,27—1) even a
(0, (a—2k)t—5—k,2k(t+1)), k€ {0,... [{]}
(t+2,[5] 7—1,0) odd a >1
([5] T+a, T, [§] T [54-+1]), ([5]) T— [§+1] , T+1, (a—1)T— [5+1]) odd a>3
(ZT+4 (7—1) 2,0) even a > 4
(3t+6, [5—1] 7-3,0) odd a >5
(0,a,4a)
(0,a,a),(a(t+1),0,0) any a
(k,a—2k, kt+a),(0,kt+a,a—2k), k€ {1,...,[5]} a>1
(0,0,a), % 2 (2t-1,0,7), (0, 5(7—1),0) even a
((§—Fk) (t41),2k(T+1), (a—2k)T — [§ +k]) even a
(a, (a— 2k)Tf% —k2k(t+1)), ke {0,...,[3]}
([5—kK] (t41), (2k + 1) (t+1), (a—2k—1)T — [§+k+1]) odd a > 1
(a, (a—2k—1)T — [&+k+1], (2k +1)(t+1)), k € { [%3]}
((a=1)7—[§+1] ,27+1, [§-1] T-1) odd a >3
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Example 4. Let us consider the orbit of the non-crystallographic group Hp arising from the dominant point
with at least one irrational coordinate, namely (T,1). The subtraction of the simple roots aq and ay of Hy yields
the tree-diagram shown in Figure 4.

T (1) ay
(-7, 74+2) (27, -1)
(T+2)az | Ty
2t+1,-1t-2) (0,7)
2T+ D Tog
(=21 —1,21) (=27,2T+1)
Ty | 2T+ 1)ay
(-7,0) (t+2,-2t1-1)
T | LT+ 2
(1, *ZT) (—T—Z,T)
“1\‘ “Tay
(-1,-7)

Figure 4. The tree-diagram for the orbit O( ;)(Hz). The dominant points are displayed in boxes.
The points that do not belong to O, 1) (H>) are depicted by blue colour.

Example 5. Consider the orbits of Hz with the dominant points (1,0,0) and (0,0,1). The coordinates of the
orbit-points are obtained from the tree-diagrams provided in Figure 5.

a3
(1,0,0) (0,7,-1)
o lT‘XZ
(t,—7,7)
-1,1,0
( l “2) Ti“l/ NG
(0,-1,7) (71’10,1’) }/ (1’,1,71’)\0‘A2
o ™
l‘m3 (7T,T+1,37T) (r+1,-1,0)
(O,Tifr) L +1)m - _ll(TT-&(-))l)M
Tat (1,-1—1,7+1) - az
w (1,-7,1) 2 e ”‘:{ \gTJ:l)Dig /
g ~ ,T,—T—1) (1,t,-t-1) .
(-7,0,1) (1,0,—1) TN Y 2
l a3 lTﬂ’l (-1, t+1,-1t-1) (t+1,-71,0)
(T+1)a l(T+1)D¢1
(-m 1)\A L/(iTT -1 (T,—Tl—l,T) ’ (-t—1,1,0)
B (0, —7,7) e Tfl/ \Tiés l“z
(—-1,-1,71) (t,0,—7) (-t,-1L,1)
(R . M
(0,1, —71) Cor :
l 2 lTle
(1,-1,0) (0,—7,1)
l “ } s
(=1,0,0) (0,0,-1)
(a) (b)

Figure 5. The tree-diagrams constructed for the orbits of Hj. (a) O(;0)(Hz); (b) O1)(Hs).
The repetitive coordinates and subtraction paths are marked in blue.
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Example 6. Consider the orbit of Hz with the seed point (2,0,0). As shown in the tree-diagram below, such an
orbit has two lower orbits with the dominant points (0,1,0) and (0, —7’,0), where T = 1 — 7. The nested
polytopes are generated as presented in Figure 6.

(2,0,0)

(a) (b)
Figure 6. (a) The tree-diagram for the orbit O, )(Hs); (b) the corresponding nested polytopes.
The orbits O y0,0)(H3), O(g1,0)(Hs) and O _r ) (H3) are presented in green, black and bold
colours, respectively.

Example 7. Consider the orbits O(31 g)(Hz) and O 13)(Hz). Applying the subtraction of the simple roots,
we find the following dominant points of lower orbits:

(3,1,0): (3,1,0),(1,2,0),(2,0,"[),(0,1,’1’);
(0,1,3): (0,1,3),(0,7+1,1),(tr+1,0,2),(t+1,7—1,2T1 - 2).

Both of the nested polytopes consist of four orbits of different radii, as shown in Figure 7. Depending on the radius
of each orbit that is descending from left to right, they are distinguished by cyan, blue, green and black colours.

/ g /7 Z Y \\ N A ‘\
/, \ | y
N \ \ % 7 k \/
; X ) 4
~ I 2
(a) (b)

Figure 7. The nested polytopes provided by the algorithm of root-subtraction. (a) O310)(Hs);
(b) O,1,3)(Ha).

6. Concluding Remarks

o  The decomposition of a tensor product of representations of a simple Lie algebra into a direct sum
of irreducible components given by Young tableaux symmetries plays an essential role in physics.
As the indices of the representations help to determine such a decomposition [31], we demonstrate
that their definitions can be extended to orbits of the non-crystallographic Coxeter groups. As a
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result, the notation of the even- and odd-order indices of representations are reformulated for the
orbits of Hy, n € {2,3,4}.

It would be useful to generalize the properties of higher-order indices and anomaly numbers of
orbits, similarly to [18,23]. Along with these properties, one could potentially obtain the formulas
for the explicit forms of higher even-order indices of a tensor product of orbits. Moreover,
the expressions for the even-order indices, anomaly numbers and embedding indices could be
reformulated and adapted to orbits of any finite reflection group of crystallographic type.

Even though the Coxeter groups of non-crystallographic types do not have underlying Lie
algebras, the recursive algorithm introduced in Section 5 is shown to be similar to the algorithm
developed for the weight multiplicities of simple Lie groups [34]. It is important to mention
that our algorithm also provides the seed points of orbits that are smaller in radius than an
initial orbit (referred to as ‘lower orbits’). The geometrical construction of sets of lower orbits
results in the structures of nested polytopes. Since the recursive rules are only applied to a
dominant point A of the non-crystallographic groups H, and Hs, one could consider applying
them to any seed point of the Hy group as well. As the size of an orbit (O, . 4)(Hs)| = 1202,
fora,b,c,d > 0, the generalization of the formulas for the coordinates of the seed points of lower
orbits is considered as future research. Moreover, it would be an interesting task to generalize the
formulas given in Table 4 for any a € N, as it was done for the H; case.
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