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Abstract: We characterize normal Toeplitz operator on the Fock spaces F2(C). First, we state basic
properties for Toeplitz operator T, on F2(C). Next, we study the normal Toeplitz operator T, on
F%(C) in terms of harmonic symbols ¢. Finally, we characterize the normal Toeplitz operators T,
with non-harmonic symbols acting on F2(C).
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1. Introduction

In this paper, we study the normality of Toeplitz operators operating on the Fock space.
Our interest is focused on Toeplitz operators with harmonic and non-harmonic symbols.

Many authors in [1-7] studied intensively Normal operators and Toeplitz operators on the Hilbert
spaces. It is natural for Toeplitz operators to ask when they are going to be normal. In 1963, Brown and
Halmos [8] characterized normal Toeplitz operators on the Hardy space. This contains many basic
results of the algebraic properties of Toeplitz operators. It has had significance in operator theory.
Thus, we will focus on normal Toeplitz operators with various symbols on the Fock space.

Recently, Kim and Lee [6] gave a characterization for the normality of Toeplitz operators with
non-harmonic symbols on the Bergman space. In view of this, we characterize the normal Toeplitz
operators with harmonic and non-harmonic symbols acting on the Fock spaces.

Let # be a separable complex Hilbert space and £(7) be the algebra of bounded linear operators
on H. For any operator T € L(#), T is normal if its self-commutator [T*, T] := T*T — TT* = 0, where
T* denotes the adjoint of T.

Let L?(C, du) represents the Hilbert space of all Lebesgue measurable square integrable functions
f on the complex plane. For f € L?(C,du), the norm of f is denoted by

1712 = [ 1fE)Pan(z).
Here, du(z) = e"z|2dA(z) and dA is the Lebesgue area measure on C. The Fock spaces F?(C)

is the closed subspace of L?(C,du) comprising all analytic functions in L?(C,du) ([9]). F?(C) is the
Hilbert space with inner product

(f,8) = [ F@3Eu()

where f,g € F?(C). In [9], the author checked that e, (z) = \/Z;? is an orthonormal basis for F2(C) for
a nonnegative integer 7. '
For ¢ € L?(C), the Toeplitz operator with symbol ¢ is the operator T, on F?(C) defined by

Tof:=Plp-f)  (f € F¥(C)).
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Here, P: L2(C,du) — F?(C) represents the orthogonal projection. For any complex numbers
_ 22
z,w, the reproducing kernel in F2(C) is provided by K, (w) = Le“?, and k;(w) = -1 Wi~ i the

7 = U=°
normalized reproducing kernel.
Now, we study the normality of T, on the Fock spaces with various symbols. The following
properties are very well-known results of the Toeplitz operators on the Fock space. Let f, g be in L?(C)
and «, B € C, then we can easily check that

(i) Tafypg = aTr + BTy
(i) Ty = Tz
(iii) T5Ty = Tg,, if f or g is analytic.

This paper is designed as follows. First, we study the basic properties of Toeplitz operators on the
Fock spaces and consider the normal Toeplitz operator T, on F?(C) with harmonic symbols ¢. Second,
we focus on the normality of Toeplitz operators T, with non-harmonic symbols acting on F?(C) and
their applications.

2. Toeplitz Operators with Harmonic Symbols

First, we prove the basic results of T, on the Fock spaces. We need several auxiliary lemmas to
prove the main theorems. We begin with:

Lemma 1. ([10]) For any nonnegative integers s, t,

ifs = s! —t .
@, z) = { Fs=t P(z'z) = ek ifs=t
0 ifs#t 0 ifs < t.

Lemma 2. ([10]) For m > 0and ¢; € C, we have
G 2" ) ¢z |? = Y ni+ m)!|ci|? and
i=0 i=0

@ IPE" L e = 3 O
i=0

= (i—m)!

lcil .

The following theorem is the characterization of normal Toeplitz operators with harmonic symbols
on F2(C).

Theorem 1. Let ¢(z) = g(z) + f(z), where
N m
flz) =Y anz" and g(z) =) a_,z"
n=0 n=1

with a_yay # 0. Then, Ty is normal on F2(C) if and only if g(z) = € f(z) for any 6 € [0,271).
Proof. Observe that T, is normal if and only if
Trs + TgTg = TpTr + Tgg. (1)

First, we show that N = m. We assume N > m. Then, by z™ acting on both sides in (1), we have
Tf fzm = TfT?zm, and hence

N N N
P( Z anz" Z anz”zm) = Z anz”P( Z aTz”zm)
n=0 n=0



Symmetry 2020, 12, 1615 30f9

By direct calculations, we have

N N N N iy
—n nmy __ Tl m
P(Zanz Y anz"z )—P(Z Y aiz'aj7 )
n=0 n=0 i=0 j=max{0,i—m}
and

N N N m
Z anz"P< Z aTz”zm> = Z anz"P( Z aTz"zm)
n=0 n=0 n=0 n=0

Looking at the coefficient of z", we deduce that

Z(m—‘-]) | ]|2 i m!

[,
= m! = ? (m—j)!
Moreover, since
(m+j)! S m! ‘
m! = (m—j)!

forl1 <j<mand (mm%]) >0form+1<j<N,thus aj = Oforall1l <j < N. This is a contradiction
to the assumption ay # 0.

Next, we find the necessary and sufficient condition of normality of T,. For any k € N

N N
(Tff TfT ZF = (Eanz Za z"z ) - Zanz"P< ZaTz"zk)
n=0 =
min{j+k,N} N (k+]) k! .
_\F ) j+k—i R ki
L LG (0,2 Za] Z — 1,z

i= 0 _Z)'
and

N N N N
Tso — T T5)2K = P a_nz" a_nz"zF) — a_,z"P a_
88 88 1 1 )

n= n= n— n=1

min{j+kN} N (k+ . ! .

! jk—i ALp——

= T Az E a_;z E 7,11,-2 .
=1 j= 1 (k+j—i)! o ! = (k—i)! l

By (1), looking at the coefficients of ZktN=2 we have

agan—z +atan—1(N +k—1) +a2an(N +k —1)(N +k)

- (%QN72 +aran_1k + @mank(k — 1))
=aqa_(y_1)(N+k—1) +730_N(N +k—1)(N +k)
— (T30 (yonyk + T30 Nk(K—1))

for any k € N. Therefore,

(N—1) (anfl - ﬁa,m,l)) +N(2k-1) (@zN - Ea,N) -0

for any k € N. Since k is arbitrary, we have that ajay_1 = a-7a_(y_1) and ;2ay = a—3a_yN. Witha
similar argument, we have

aiaj =a_;a_
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foralli,j, with 1 <1i,j < N. Therefore,

a_j=e"a;
forall1 <j < Nandso g(z) = e f(z).
If ¢(z) = €/ f(z), then
T;l;T(P = TerngJrf = Tf+619fTe*i9]7+f = Te*i9?+fT?+ei9f = Tq’TqT?'

Thus, T, is normal on A?(D)). This completes the proof. [

3. Toeplitz Operators with Non-Harmonic Symbols

In this section, we study the normality of T, on F?(C) with non-harmonic symbols. Since symbols
of Toeplitz operators cannot be divided into analytic parts and co-analytic parts, the method cannot be
applied as in the Theorem 1. Thus, we have to calculate the self-commutator of T, for non-harmonic
symbol ¢. First, we consider the Toeplitz operators with symbol ¢ of the form ¢(z) = a,,,z"z".

Lemma 3. Let ¢(z) = am,nz"Z" with ay,, € C. Then, T, on F*(C) is normal if and only if m = n.

Proof. For ¢(z) = an,nz"z", Ty is normal if and only if
<(T:;T4, —TpTy) Y ciz', ), ciz'> =
i=0 i=0
for all ¢; € C. Using Lemmas 1 and 2, we get that
IT icizfnz T icizfnz
. 74
am nzmz" 2 Ci ZZ ”2 umnz mon 2 Ci Zl ”2

2
ciz' H - HP Annz"2" Y ez ‘
1 ) ( m,n l;) 1 )
o +i)! o +1)!

y M‘ |2 2 y &MZ_

(m—l—i—n)!c ~ [amn (n+i—m)!

= HP (am,nz’"f”

;M8

= |um,n|2

i=max{n—m,0} i=max{m—n,0}

Hence, T(P is normal if and only if

i (m+1i)! |l|2 i (n+1)! o2

m+i—n)! (n+i—m)!c

i=max{n—m,0} ( i=max{m—n,0}

for all ¢; € C. Since ¢;’s are arbitrary, we can see that T, is normal if and only if m = n. This completes
the proof. O

Now, we consider the normality of Toeplitz operators T, with non-harmonic symbols of two
terms. The following consequence gives a general characterization of normal Toeplitz operators with
the symbols that are of the form ¢(z) = az"z" + bz’z! (m>n>0,t>s>0).

Theorem 2. Let ¢(z) = az"z" + bz5zt withm > n > 0, t > s > 0 and nonzeros a,b € C. Then, Ty is
normal if and only if ¢(z) is either

p(z) = alz]*" +b|z[* or ¢(z) = a(z"2" +€2"2")

for some 6 € [0,271).
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Proof. Let ¢(z) = az"z" + bz°z! withm > n,t > s. By the same arguments as in the proof of Lemma 3,

T, is normal if and only if

© 2 © 2
HTq, Zc,-le — ‘ Ty ) ciz"
i—0 i—0

2

o [e0]

Tﬂszn Z Cl'Zl + szszt Z ClZlH — ’ ﬂZ Zn Z C Z + sz Zt 2 C ya H
i=0 i=0

oo 0 2
= HP(aZ” Y ciz”m) + P(bZt ) cizl+s>
i=0 i=0

‘ 2
[p(m & o) + (5 £ ) I

— o 5 D e+ b §
WP L Gl R L G el = o

i=m—n

foranyc; € C (i =0,1,2,...).

Case (1) If m = n,t = s, then the equality (2) holds, and so T, is normal if and only if ¢(z) =
az|?™ + b|z|*.

Case (2)If m > n,t > s, putcg = 1and ¢; = 0 fori > 1, then

m!
la|? D] 3)

(m—n)! a

o
C(t—s)!

@ Ifm=n+1,t=s+1, then we get

(m+l) | |2 (t+l ) |b|2 (Ti’l—|—l ) | |2 (t |b‘2
(i+1)! (i—1)! (i—1)! (i+ )
for all i > 1. From equality (3), we get
(m+itt  (t+i—1)!  (m+i-1) 0 (t+10)!

G+D)im G- (- ml " (i+1)!

foralli > 1. Hence, fori =1, wehave m = t and son = s.
(i) Let m > n+1,t = s + 1. Suppose that T, is normal. For a sufficiently large k,

T¢T¢zk = T(PP(azmz”zk +bz°2°12F)
(11 + k)’ Zn+k—m +E(S +k+ 1)!Zk+1>

:T(P(ﬁ(n+k—m)! kt 1)
_ | |2 (n+k) (n+k) (n+k m+s) Zﬂ+k*ﬂl*1

Mo ke mi® T sk m) -k —m — 11

(s+k+Dm+k+1)! g 25 Hk+D)”
O e D k= 1)1 P 2

7
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and
TpTyz" = TgP(az"z"ZF + bz°2°T12F)

(4K n (5K
:T¢<”(m+k—n)!z Ry )

o m+R o (s m+k-1D
=l = T e i k= m 1)1
(m+k)!(m+k—n+s+1)! ghk—nt1
(m+k—n)!(m+k—n+1)!

(s+K)1 &

|b|27( ik

+ ab

Since T, is normal, we have that

(s+k+1)!(m+k+1)!  (m4+k)!(m+k—n+s+1)!
(k+D)!(m+k—n+1)!  (m+k—n)(m+k—n+1)!

for all sufficiently large k. By a direct calculation,

(s+k+1)!(m+k+1) (m+k—n+s+1)! 4
(k+1)! T (mtk—n)!

Since k is arbitrary, if

(s+M+1)!(m+M+1) (m+M-—n+s+1)!
(M+1)! N (m+m—n)!

for sufficiently large M, then

(s+M+2)!/(m+M+2) (s+M+1){(m+M+1) y (s+M+2)(m+M+2)
(M+2)! - (M+1)! (M+2)(m+M+1)
(m+M-n+s+1)! (s+M+2)(m+M+2)

mtm—n)l (M+t2)(m+tMt1)

and
m+M-n+s+2)! (m+M-n+s+1)! m+M-n+s+2

m+M—n+tD)l  (m+M—n)l = m+M-n+1

Therefore,
(s+M+2)(m+M+2) m+M-—n+s+2

(M+2)(m+M+1)  m+M-n+1

and, by a direct calculation, we have
ms — ns —n = 0 and m?s — mns — 2n — 2ns + ms = 0.

By the first equality, s = ", and so mn(m —n — 1) = 0. Therefore, m = 0orn =0orm =n+1,
a contradiction. Hence, T, is not normal

(iii)Ifm >n+1,t >s+1,setc; = 1and ¢; = 0 fori # 1, then by a similar argument as in (i),
m = t.

By (i)-(iii), m = t and so T, is normal if and only if

[ee] .
2 2 2 (s +1)! 2
b 4
lal Z‘ m+z |l| + [l Z;:S(S—H—m)l‘cl'

> m+m2 (m+i)! ©)
—lal* Y ﬁkip ‘b|22(7|ci|2:0

—m)!
(A= (nti—m m+i—s)!
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foranyc; € C (i =0,1,2,--+). If n # s, let n > s and from (5) with c; = 1 and ¢; = 0 with i # 1.
If m —n =1, then

|a|2(m+1)!2 _MZOHJW _wF(m+DP

(m—n+1)! (n—m+1)! (m—s+l)!:0'
or, equivalently,
Mﬂm+DP—M%ﬁ—WF(m+UP 0
2 ' (m—s+1)! )
By direct calculations with (3), we have
4
=m-1- ——"——.
s=m -2

Therefore, s is not nonnegative integer. If m — n > 1, then

(m+1)1? (m+1)12
|Mam—n+DY_Mam—s+D!_

By (3), we have n = s, a contradiction. Therefore, n = s and so

(e (2
||22((’”+”)| PR ¥ (W”!W

m—+i o= (n+i—m)!
2w (n+i)1? 22 (m 4 i)!? 2
o 5 e R L e =

or, equivalently,
> (m i) S (n+i)? )
P el = Y el =
<: (m+i— ) A= (nti—m)! )
and hence, if T,, is normal, then ¢(z) = a(z"z" + ¢!9z"z™) for some 6 € [0,277).

If ¢ is the form as ¢(z) = a(z"z" + ¢92"z™),i.e., m = t,n = s,and |a| = |b|, then, by the equalities
(2), Ty is normal. This completes the proof. [

Corollary 1. Let ¢(z) = az™ + bz™. Then, T, is normal on F*(C) if and only if |a| = |b|.

Next, we will prove the necessary and sufficient conditions for the Toeplitz operator with the sum
of the symbols as in Theorem 2 to become a normal Toeplitz operator.

Theorem 3. Fora,b € C, let ¢(z) = a¢g1(z) + bga(z) be of the form
91(z) = 2"Z" + 012", @y (z) = 2°F' + €22'7°,
where 61,0, € [0,27t), m >n > 0and t > s > 0. Then, Ty is normal if and only if either
abe'™ = gbe'®2

or
@(z) = a(14 %) |z*" + b(1 + €%2)|z|%.
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Proof. Let ¢(z) = a@i(z) + bg2(z); then, T, is normal if and only if

Tag: Tygy + Tog Tagr = Tagi Tog, + Ty Tagrs

or, equivalently,
abe" Ty, Ty, +abe™1 Ty, Ty, = abe™ Ty, Ty, + abe™ Ty, Ty,
we have
(@be™ — abe'®2)(Ty, Ty, — Ty, T, ) = 0.

Hence, T, is normal if and only if abe’® = abe®®2 or Ty, Ty, = T,,Ty,. By direct calculations,
Ty, Ty, = Ty, Tp, if and only if

m! (s+m*n)! Zs+m—n—t+ei91 m! (t+m71’l)! SM—ttt=s
(m—n)l (s+m—n—t)! (m—n)(t+m—n—s)!
_ s! (S+m_t)! Zs+m7n7t+ei92 s! (S+Tl—t)! SST—m—t
(s—=t)! (s+m—t—n)! (s—t)(s+n—t—m)! '

If m—n=s—t, then
m!(s +m—n)! =s!(2m —n)!.

Therefore, m = n and s = t and so
¢(z) = a(14 %) |z*" + b(1 + %2)|z|>.
This completes the proof. [

Example 1. Let ¢(z) = z°Z + izz> + 22%2 — 2iz2°. It follows from Theorem 3 withm = 2, n = s = 1,
t=3a=1b=20 =7,and 6, = 37”, T, is not normal since neither abel? * abe'®2 nor m £ nand
s # L.

If 9(z) = a(z’Z + i22%) + b(2%Z — iz2°), then T, is normal if and only if abi = —abi and so ab is a pure
imaginary number.

As some applications of Theorem 2 and 3, we get the following results. The proofs can be proved
in the same way as in [6].

Corollary 2. Let ¢(z) = a(z"z" + ¢92"z™) with m > n and nonzero a € C. Then, T2 is normal if and only
ifo=E%n (k=12).

Corollary 3. Let ¢(z) = Y1, a;¢;(z) where ;(z) = z™iz" + e0iz"z™ with nonzero m; and n;, and 6; € R.
Uaiﬁjelef = Eiajeief forall i, j, then T, is normal.
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