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Abstract: In this paper, we investigate the co-amenability of compact quantum groups. Combining with
some properties of regular C*-norms on algebraic compact quantum groups, we show that the quantum
double of co-amenable compact quantum groups is unique. Based on this, this paper proves that
co-amenability is preserved under formulation of the quantum double construction of compact quantum
groups, which exhibits a type of nice symmetry between the co-amenability of quantum groups and the
amenability of groups.
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1. Introduction

Given a compact group G, denoted by C(G) the C*-algebra of continuous functions on G, one can
define a morphism
A:C(G) = C(G)®C(G),

by A(f)(g1,82) = f(8182), where f € C(G),g1,$2 € G, and C(G) ® C(G) is naturally identified with
C(G x G), which satisfies the co-associativity

(id ® A)A = (A ®id)A.

The morphism A is called a co-multiplication on C(G), under which the pair (C(G), A) comes
into being a compact quantum group defined in the sense of Woronowicz [1].

Definition 1 ([1]). Assume that A isa C*-algebra with an identityand A : A — A ® A is a unital *-homomorphism
satisfying the following two relationships,

(i) (dRA)AN=(ARid)A,
(ii)  the linear spans of (1@ A)A(A) and (A @ 1)A(A) are each equal to A ® A.

Then, the pair (A, A) is called a compact quantum group (CQG).
For an arbitrary CQG (A, A), by [2], there exists a unique state 14 on A so that for alla € A,
({d@hy)A(a) = (ha ®id)A(a) = hy(a)l,

which is called the Haar integral of (A,A). For the commutative CQG (C(G), A) associated to a
classical compact group G described as above, the Haar integral hi¢ () is the integral with respect to the
Haar measure on G, which has full support and, therefore, is faithful. However, the Haar integral on
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an arbitrary CQG (A, A) needs not be always faithful. Each CQG (A, A) has a canonical dense Hopf
*-subalgebra (Ao, Ap) linearly spanned by matrix entries of all finite dimensional co-representations of
(A, A), where Ay is given by restricting the co-multiplication A from A to Ag. In the article, we call
(Ao, Ap) the associated algebraic CQG of (A, A) (algCQG).

Let I be a discrete group, and let C;(I') and C*(T) be its reduced and full group C*-algebras.
I is called amenable if there exists an invariant mean on L*(T'). Endowed with co-multiplications
Ay and A, (G (T'),Ay) and (C*(T), A) come into being CQGs, which are called reduced and universal
CQG, respectively. The Haar integral of (C;(T), A,) is faithful, but that of (C*(T'), A) may not be;
the co-unit of (C*(T'),A) is norm-bounded, but that of (C;(T), A,) may not be. From [3], the Haar
integral of (C*(T'), A) is faithful if and only if the co-unit of (C*(T'), A) is norm-bounded if and only
if I is amenable. Under what conditions is the Haar integral on a CQG faithful and the co-unit
norm-bounded? In [3], Bédos, Murphy, and Tuset defined the co-amenability of CQG, which can
induce the faithfulness of its Haar integral and the norm-boundness of its co-unit. As the quantum
dual of group amenability, (C;(T), A,) is co-amenable if and only if I' is amenable. Denote C[T'] the
group algebra of T equipped with its canonical Hopf *-algebra structure. By [3], C;(T') and C*(T') are
the CQG completions of C[I']. Under what conditions, for an arbitrary algCQG (A, Ap), is the CQG
completion of (Ap, Ap) unique? Generally, it is not unique. However, in the co-amenable case, the
answer is affirmative [3]. Moreover, in [4,5], Bédos, Murphy, and Tuset studied the amenability and
co-amenability of algebraic quantum groups, a sufficient large quantum group class including CQGs
and discrete quantum groups(DQGs), which admits a dual that is also an algebraic quantum group.

In the group case, a product of two discrete amenable groups is amenable; as a quantum counterpart,
co-amenability is preserved under formulation of the tensor product of two CQGs [3]. In [6], we constructed
the reduced and universal quantum double of two dually paired CQGs. Since the tensor product of
two CQGs is a special case of quantum double of CQGs when the pairing is trivial, inspired by
the underlying stability of co-amenability of CQGs and the symmetrical idea, in the article, we will
focus on studying the stability of the co-amenability in the process of quantum double constructions.
In Section 2, we first recall the definition of co-amenability of compact quantum groups, as well as some
related properties, and then briefly present the quantum double construction procedure. By symmetric
calculations, as used in the case of the group amenability, in Section 3, we show that the quantum
double of CQGs is unique when the paired CQGs are both co-amenable and that co-amenability is
preserved under formulation of the quantum double constructions of CQGs. Using this result, one can
yield a co-amenable new CQG from a pair of co-amenable CQGs.

In the article, all algebras are considered over the complex field C. For the details on CQGs
and C*-norms, we refer to [6-13]; and for the general conclusions for pairing and quantum double,
we refer to [2,6,14-17]. In our proofs, we make use of a large quantity of calculations by the standard
Sweedler notation.

2. Preliminaries

In this section, we first recall the definition of co-amenability of CQGs and some of its properties.
Let (A,A) be a CQG, (Ap,Ag) be the associated algCQG of (A,A), and h the Haar integral of
(A, A). As is well known, & is faithful on (A, Ag) but need not be faithful on the C*-algebra (A, A). Set

A, = A/Ny,
where Nj, is the left kernel of /. Then, A, becomes a CQG, where its co-multiplication A, is defined as

Ar(n(a)) = (1 @ n)A(a),
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foralla € A, wherer : A — A, is the canonical map. (A, A,) is called the reduced quantum group of
(A, A), where its co-unit ¢,, antipode S, and Haar state 4, are determined by

e=¢01, noS=S5,01n, h="hyom,

respectively. What needs to be pointed out is that the co-unit ¢, of (A,, A,) is faithful. However,
generally, the co-unit ¢, needs not be norm-bounded.

Definition 2 ([3]). A CQG (A, A) is called co-amenable if the co-unit €, of (A, Ay) is norm-bounded, where
(Ar, Ay) is the reduced quantum group of (A, A).

With the following proposition, one can obtain the co-amenability of (A, A) without reference to
the reduced quantum group (A;, A,).

Proposition 1 ([3]). Let (A, A) be a CQG, and h and € be its Haar integral and co-unit, respectively. Then,
(A, A) is co-amenable if and only h is faithful and e is norm-bounded.

Assume that (A, A) and (Ag, Ag) are described as above. Let || - || be a C*-norm on (A, A),
and let (A;, A;) be a compact quantum group completion of (Ao, Ag). || - || is called regular on Ay,
if it is the restriction to Ag of the C*-norm on (A, A.). Define || - ||, on Ay as

@]l == sup || (a)],
7T

where the variable 7 travels over all unital *-representations 7t of Ay. It is not difficult to find that || - ||,,
is the greatest regular C*-norm on Ap. Denote A, as the C*-algebra completion of Ay with respect to
|| - ||« and A, the extension to A, of A. Then, (A, Ay) is a CQG, which is called the universal quantum
group of (A, A). Define || - ||, on Ay as

lallr == Il (a)]],

for all a € Ag, which is the least regular C*-norm on Ap. Then, the underlying A; is the C*-algebraic
completion of Ay with respectto || - ||;.

Proposition 2 ([3]). Let (A, A) bea CQG, (Ao, Ag) be the associated algCQG of (A, A), and || - ||c a reqular
C*-norm on Ag. Then,

(i) Foralla € Ay,
lall- < llalle < [lallu.

(ii) (A, A) is co-amenable if and only if

(A, N) = (A, Ay) = (Ar, A).

Now, we recall the procedure of quantum double construction for CQGs simply exhibited in [11].

Definition 3. Let (A,A,) and (B, A) be two dully paired CQGs, and let (Ao, Aa,) and (Bo, Ap,) be the
associated algCQGs.

(1) Let Ay and By be two algCQGs, and < -,- >: Ag ® By — C be a bilinear form. Assume that they
satisfy the relations

(A(a), by @ by) = (a,b1b2), (a1 ®ax, A(b)) = (aa,b), (a*,b) = (a,Sp,(b)*),

(a,1p,) = €a,(a), (1ag,b) = e, (D), (Sa,(a),b) = (a,Sg, (D)),
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for all ay,az,a € Ag,by,by, b € By, where e, Sa,(resp.ep,, Sp,) denote the co-unit and antipode on

Ao(resp.By), respectively. Then, (Ao, Bo, (-, -)) is called an algebraic compact quantum group pairing.
(2) Let(-,-): A® B — Cis a bilinear form. If (Ao, Bo, (", )| ay2B,) is an algebraic compact quantum

group pairing, then the bilinear form is called a compact quantum group pairing, denoted by (A, B, (-, -)).

Let (A,A4) and (B, Ag) be two dually paired CQGs, and let (Ag, A4, ) and (B, Ap,) be described
as above. Denote by Ag © By . It is well known that Ay ® By, the algebraic tensor product of Ay and
By, can be made into a linear space in a natural way. Under the multiplication map, mp and involution
*p on Ag ® By defined as the following:

mp((a,b)(a',0")) ==Y (aaly), boyb') (a1, Sg, (b(3)))(a(z), bay).
(a")(b)

0(0,0) == T (i) big)) ol by Sigin) 2 (@)
(@)(b)
where (a,b), (a',V') € Ag ® By, Ay ® By turn into a non-degenerate associative x—algebra, which is
similar to the classical Drinfeld’s quantum double [18] in the pure algebra level, and then we denote it
by D(Ay, By). To avoid using too many brackets, we will simplify mp((a,b)(a’,b")) as (a,b)(a’, V") and
simplify S(a) as Sa in sequel.
Under the structure maps,

Apy(a,b) := Y (a@1), b)) ® (a2), b)), €Dy (a,b) := e, (a)ep, (b),

(a)(b)

SDO(Q, b) = Z (SAOa(z),SBOb(Z)) < a(l),SBOb(3) >< a(3),b(1) > .
(@)(b)
D(Ay, By) forms a Hopf *-algebra. Furthermore, we have:
Proposition 3. (D(Ag, By),Ap,) is an algCQG.
Define
D, (A, B) := D(A,, Bo)”'”“,
where for any (a,b) € D(Ayp, By),
I(a, b) || = sup || (a, b)]].
7T

By Theorem 5.4.3in [19], (Dy(A, B), Ap, ) is the universal compact quantum group of D(Ay, By),
where Ap, is the extension to D, (A, B) of Ap. Let hp, be the Haar state on D, (A, B) and (H, A, i) be
the GNS- representation of (D, (A, B), Ap,) for the Haar integral /ip, . Define

D,(A,B) := 7t(Dy(A, B)).

Denote Ap, the extension to D,(A, B) of Ap,. Then, (D,(A, B),Ap,) is the reduced quantum
group of D(Ay, By), and its Haar integral hp, is faithful naturally.

Proposition 4. (D, (A, B),Ap, ) and (Dr(A, B), Ap,) are both CQGs.

Definition 4. (D, (A, B),Ap,) and (D,(A, B), Ap,) are called the universal and reduced quantum double of
A and B, respectively.
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3. The Main Results

Theorem 1. Let (A, B, (-, -)) be a non-degenerate compact quantum group pairing. If (A, Ay) and (B, Ap)
are two co-amenable CQGs, then (Dy(A,B), Ap,) = (Dr(A, B), Ap,).

Proof. Suppose that (Ao, Ay,) and (By, Ap,) are the associated algCQGs, respectively. Let || - ||c be a
regular C*-norm and A, be the CQG completion of (Ag, A Ao ). As described in Section 2, A, and A, are
both CQG completions of (Ag, A Ao)' Because A is co-amenable, by Proposition 2 (ii), there is a unique
CQG completion for the associated algCQGs (Ag, A, ). Hence,

A=A = Ay

Analogously,
g y By — BC — Bu.
By Proposition 2 (i),
lallr < llalle < llallu, [0l < llalle < [[b]]u,

foralla € Apand b € By. Combining with the equations A, = A, and B, = B, one can symmetrically
obtain that

lally = lallu, 16]lr = {|b]lu-

So,

-l =1 lle = 1 [l ©)
on Ag and Bj. Moreover, Equation (1) also holds on Ay ® By. In fact, for any C*norm || - || on Ag ® By,
we have

la @bl = |lall[[b]l,
foralla € Ay, b € By. Then,

la @ bllu = [lallu][ollu = llall-|[bll: = lla @ bl

From Proposition 2 (i),
la@bl,=lla®b|.= |la®bl,

foralla®b € Ay ® By.
Considering the multiplication rule on the quantum double D( Ay, By) ([6]), for any (a,b) € D(Ao, By),

(a,b) = Y (ag1), Spyb()){(a(3), bis)) (a2) @ b)) )
(a)(b)

From the above expression Equation (2), one can find that each element (a,b) in D(Ay, By) is a
linear combination of elements as c ® d € Ag ® Bp. By the discussion in the underlying paragraph,
we have

a2y ®b)llu = [la@) @bl

where 4(7) and b(,) are as presented in Equation (2), which induces that

(@, b)[lu = [1(a, bl

i.e., Equation (1) holds on D(Ay, By). Hence, D(Ay, By) has a unique CQG completion. Therefore,
(Du(A, B), Ap, ) coincides with (D,(A, B), Ap, ), i.e.,

(Du(A,B),Ap,) = (D;(A,B),Ap,).
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In sequel, (D, (A, B),Ap,) and (D,(A, B), Ap,) will be denoted by (D(A, B), Ap).

Theorem 2. Let (D(A,B), Ap) be the quantum double of (A, Ay) and (B, Ag) based on a non-degenerate
compact quantum group pairing (A, B, (-,-)). Assume that (A,Ay) and (B, Ag) are both co-amenable.
Then, (D(A, B), Ap) is co-amenable.

Proof. By Proposition 1, we have to prove that the following two conditions hold.
(i) The Haar integral of D(A, B) is faithful.
Above all, we show that there exists a Haar integral /i, on it. For all (a,b) € D(Ag, By), we define

hDo (a, b) = hAO (ﬂ)hgo (b)
Denote bb* by k; then, we can obtain that

hp,((a,b)(a,b)*) = hp,((a k)(a* 15,))
= %k h((aafy, c2)))(a(y), Seok3)) (a(3), k(1))

(a) (k)

Considering hp, o Sg, = hp,, we have

hp,((a,b)(a,b)") = (&k)hAo(“”?z))(”zﬁl)’hBoOSBok(l)SBok(2)>
(u)):(k) ha,(aaiy) ) (afy), 1) iy (k)
= (&k) hay(aaly))ea, (agy)) s, (k)
= Iy (a0 ), (Bb*) > 0.

Again, for all (¢,d) € D(Ay, Bp), one can get

hp,((a,b)(c,d)*)
= hDg(((Z (a(1), Spob(1))(a(3), b3)) (a2) @b2))) (L {cy, Spod (1)) {c(3), d3)) (c2) @ d(2)))")

L (cfry Spydin)){c(z) d(3)) ¢y @ ()

<C(3)/ d(3) Y, (”(Z)sz))hBo (b(z)d?z))
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and
hp,((a,b)"(c,d))
= hp,(( a)%)(ﬂ(l)/SBOb( 1){a@3), b3)) (a2 ))*)((Czd (cay, Srod1)) (c3), A3y (c) @ d2)))
— hDo(((u§b)<“zl)’SEob*l)><” 3) ,b(g (ﬂfz ® b, )))<c§d)< 1) SBod (1)) (€3), d(3)) (c(2) ® d(2)))
- (a)(b§c)(d)<aza),szoba)><a§3 i) eqr), Snd1)) (€3 i) iy (aly) @ by iy (c(2) @ d )
- (a><b>z<c)<d><a?”'SEOba’W*‘“’ b)) €1y, Smo (1)) (e (3). i) o (912 2) V1o (b)),
which implies that

hp,((a,b)(c,d)* + (a,b)*(c,d)) >0

Therefore, hip, is positive on D(Ay, By). From the underlying formula, hip,((a,b)(a,b)*) = 0 if
and only if (a,b) = 0. Thus, hp, is a positive faithful linear functional on D (A, By). Considering the
invariance of 4, and hp;, we can get

(t®hpy)Ap,y((a,b)) = (hp, ® 1)Ap,((a,b)) = hp,((a,b))1,

for all (a,b) € D(Ay, By).

Define hp is the extension to (D(A,B),Ap) of hp,. It is easy to see that hp is a Haar state on
(D(A, B), Ap) by the fact hp, is a Haar integral on D(Ay, By). Denote by /4 and hp the Haar integrals
on A and B, respectively. Then, one can get that

hp = hy ® hp.

To prove hp is faithful, it suffices to show that the Haar integral hp, of D, (A, B) is faithful, since
the Haar integral of D, (A, B) is always faithful. Moreover, we just need to check the faithfulness of
hDu on Du(A, B) \ D(A(), BO).

Let (a’,V') € Dy, (A, B) \ D(Ay, By). From the definitions of D, (A, B) and D(Ay, By), we have that

(d,b') = liurcn(a,b),,(, 3)

= ) a4y, Spob(1)) (a(3), b(3)) (a2) @ b(a)), @)
(a)(b)

where (a,b) € D(Ay, By), &’s are in some index set, and the limit is taken with respect to the universal
C*norm || - ||, on D(Ag, By). Thus, (a’,b’) can be rewritten as the following:

(@) =}, {afa) Snobia)){a(s), Uls)) (a(z) @ bia)), 3)
(a")(¥')
where a,) is in Ay \ Ag or by, is in By \ Bo. If ip, (2, b)(2,b)*) = 0, then
hp, ((a',b")(a’,b")")
= o Tl St ey oty © ) B, oy Sy )y )y 1))
- hm(((ﬂ%}/)(aél),530b21)><a’(3) bis)) (a() ®b£2)))( %b/)@’(’{ysﬁobﬁ)ﬂ 5 bla)) (@) ®b(3))
- (a/§ )<a/(1) SBObE )>< (3)’ >< /* SEUbE*)>< /(E'k’)) bz3)>hDu (ﬂ/(2> ®b22))hDu( (2) ®b(2))
= (a/)z(:b,)@zl),SBObE )>< >< 1 Sggb/*)><a/(§)’b23)>hf4u (11’(2)11’(’5))113u (bzz)bg))
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Because (A, A,4) and (B, Ag) are both co-amenable, by Proposition 1, 14 and hp are both faithful.
Hence, h 4, and hp, are also faithful. Combining with the underlying equation, we obtain that “/(2) =0
and bzz) = 0; thus, by (5), we get

(d,b') =0,

which states that hip, is faithful on D, (A, B).

(ii) The co-unit of D(A, B) is norm-bounded.

First, we show that ep, defined as before Proposition 3 is a *-homomorphism. Using the definition
of ep,, we have

epy((a,0)7)

€, ((1A0/ b*)(a*,1g,))
€Dy (1ay, b")epy(a®, 1p,)
epy (b )sAo (a*)
(€4, (a)eBy (b))
= (eny(a,b))".

Let e 4 and ep be the co-units on A and B, respectively. For all (a,b) € D(A, B), we define

ep(a,b) :=¢ey(a)ep(b),

ie.,
Ep =€, Rep,

which can be regarded as the extension to (D(A, B),Ap) of ep,.

Considering the continuity of extension of ep, from D (Ao, By) to D(A, B), ep is a *-homomorphism
and then the co-unit on D(A, B).

To prove that the co-unit ep on D(A, B) is norm-bounded, it suffices to show that the Haar
integral ep, of D,(A, B) is norm-bounded with respect to the supremum norm, since the co-unit of
D, (A, B) is always norm-bounded. Moreover, we just need to check the norm-bounded-ness of ¢p, on
D,(A,B)\ D(Ay, By). Let (a/,b") € D,(A, B) \ D(Ay, By). By a similar discussion, in Equations (3)—(5),
we have

(@, b)) = D (@), Seabin))(@(s), bs)) (22) @ b)), (6)
(a')(@')
where a/ 5 isin A, \ Ap or bEz) isin B, \ By. Since A and B are co-amenable, by Proposition 1, € 4 and ¢
are both norm-bounded. Hence, £ 4, and ep, are norm-bounded, i.e., there exist two positive number
M and Mpg such that

lea, Il = “Sl‘lp |4, (a') |< My,
a|l=1
and
les, || = sup |ep, (V) |< Mp.
1/l-=1
Thus,
lep, I = supy(a =1 | ep, (@, 1)) |
= SUP(a)=1 | €D, <u/2<b/)<”/(1>'530b( Ha(a) Yia)) (i) @ b)) |
= |

!/
) )\ (3
SUP| (a7,b/)],=1 (a%b/) (@ly), Sob(y)) (@(3),b(5)) | €4, (aly)) |] €8, (by)) |
< / /
( (

S lh=t A | {afa) SBob{1)) (a3, bs)) | MM

IN

IN

KM Mg,
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where K represents the supremum of { ) | (a’(l), SBOb£1)><a’(3),b23)) | [|[(a’,b")]|; = 1} and is a finite
(a)(b)

positive real number, which states that ep, is norm-bounded. [O

Remark 1. Consider the trivial case where A = B = C(S'), the C*-algebra of continuous functions on the
circle group S'. Clearly, D(A, B) = C(S! x S') = C(T), where T represents the 2-torus. It is easy to know
that in this case A, B and D (A, B) are all co-amenable CQGs for their commutativity. In fact, we can also get
the co-amenability of D(A, B) by Theorem 2. The Haar integral hp on C(T) is the integral with respect to the
Haar measure pon T. Forall f € C(T), t = (g1,42) € S' x S! = T, we have

hp (f)() Jr f(B)du(t)

Jsiws1 £(81,82)dp1(81)dp2(82)
Js1 f(81)du1(g1) [s1 f(82)dn2(g2)
ha(f1)(g1)hs(f2)(82),

where f1, u1 and fo, yy are the restrictions of f and y on A and B, respectively. From the formula, since h 4 and
hp are both faithful, hp is also faithful.

The co-unit ep on C(T) is the evaluation map on the unit of T, i.e., for all f € C(T),

ep(f) = f(e) = fler, e2),

where e; and e are the units of S! and T, respectively. Thus, we have

lepll = supyg—1 [ en(f) |

sup =1 | fler e2) |

= supp=1 | (1 ® f2)(ere2) |

sup| (s, 5)l=1 | f1ler) [l f2(e2) |
|

= supysp=1 | filer) [| f2(e2)
1.

IN

By the formula, we have ep is norm-bounded.

4. Conclusions

Based on the research for quantum double construction arising from co-amenable compact
quantum groups and the C*-norms on quantum groups, in the article, using the C*-norm inequality and
norm-bounded-ness of the co-unit on algebraic compact quantum groups, we prove that co-amenability
is preserved under formulation of the quantum double construction of compact quantum groups.
The result not only presents the stability of the co-amenability of quantum groups in the quantum
double construction process but also exhibits the nice quantum symmetry between the co-amenability
of quantum groups and the amenability of group.
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Abbreviations

The following abbreviations are used in this manuscript:

CQG

Compact Quantum Group

CQGs Compact Quantum Groups
algCQG  algebraic Compact Quantum Group

DQG

Refe
1.

10.
11.
12.
13.
14.
15.
16.

17.

18.
19.

Discrete Quantum Group

rences

Woronowicz, S.L. Compact Quantum Groups. In Symétries Quantiques; North-Holland Publishing House:
Amsterdam, The Netherlands, 1998; pp. 845-884.

Guo, M.Z,; Jiang, L.N.; Zhao, Y.W. A Pairing Theorem between a Braided Bialgebra and Its Dual Bialgebra.
J. Algebr. 2001, 245, 532-551.

Bédos, E.; Murphy, G.J.; Tuset, L. Co-amenability of compact quantum groups. . Geom. Phys. 2001, 40, 130-153.
Bédos, E.; Murphy, G.J.; Tuset, L. Amenaiblity and Co-amenability of algebraic quantum groups. Int. ]. Math.
Math. Sci. 2002, 31, 577-601.

Bédos, E.; Murphy, G.J.; Tuset, L. Amenaiblity and Co-amenability of algebraic quantum groupsII. J. Funct. Anal.
2003, 201, 303-340.

Liu, M.; Zhang, X. Quantum double constructions for compact quantum groups. Acta Math. Sin. 2013, 29,
2973-2982. [CrossRef]

Chen, X. Bekka-type amenability for unitary corepresentations of Locally compact quantum groups.
Ann. Funct. Ansl. 2018, 2, 210-219. [CrossRef]

Abe, E. Hopf Algebras; Cambridge University Press: Cambridge, UK, 1977.

Jiang, L.N.; Guo, M.Z.; Qian, M. The duality theory of a finite dimensional discrete quantum group. Proc. Am.
Math. Soc. 2004, 132, 3537-3547. [CrossRef]

Jiang, L.N.; Li, Z.Y. Representation and duality of finite Hopf C*-algebra. Acta Math. Sin. 2004, 47, 1155-1160.
(In Chinese)

Liu, M.; Zhang, X. Characterization of compact quantum group. Front. Math. China 2014, 9, 321-328. [CrossRef]
Woronowicz, S.L. Compact matrix pseudogroups. Comm. Math. Phys. 1987, 111, 613-665. [CrossRef]
Zhang, X.X.; Guo, M.Z. The regular representation and regular covariant representation of crossed products
of Woronowicz C*-algebras. Sci. China Ser. A 2005, 48, 1245-1259. [CrossRef]

Arano, Y. Comparison of unitary duals of Drinfeld doubles and complex semisimple Lie groups. Commun. Math.
Phys. 2017, 351, 1137-1147. [CrossRef]

Guo, M.Z,; Jiang, L.N.; Qian, M. A pairing theorem between multi-parameter bialgebra and its dual bialgebra.
Sci. China Ser A 2001, 44, 867-876. [CrossRef]

Jiang, L.N.; Wang, L.G. C*-structure of quantum double for finite Hopf C*-algebra. |. Beijing Inst. Technol.
2005, 14, 328-331.

Xin, Q.L.; Jiang, L.N.; Ma, Z.H. The basic construction from the conditional expectation on the quantum
double of a finite group. Czechoslovak Math. J. 2015, 65, 347-359. [CrossRef]

Drinfeld, V.G. Quantum Groups; International Congress of Mathematicians: Berkeley, CA, USA, 1986.
Timmermann, T. An Invitation to Quantum Groups and Duality-From Hopf Aalgebras to Multiplicative Unitaries
and Beyond; European Mathematical Society Publishing House: Ziirich, Switzerland, 2008.

@ (© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://dx.doi.org/10.1007/s10114-013-2293-y
http://dx.doi.org/10.1215/20088752-2017-0044
http://dx.doi.org/10.1090/S0002-9939-04-07397-6
http://dx.doi.org/10.1007/s11464-014-0352-z
http://dx.doi.org/10.1007/BF01219077
http://dx.doi.org/10.1360/04ys0119
http://dx.doi.org/10.1007/s00220-016-2704-x
http://dx.doi.org/10.1007/BF02880136
http://dx.doi.org/10.1007/s10587-015-0179-0
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction
	Preliminaries
	The Main Results
	Conclusions
	References

