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1. Introduction

Throughout this paper, let X be a real Banach space and E ⊂ X be a nonempty subset. Let T :
E → E be a mapping, the set of fixed points of T is denoted by F(T). If there exists a sequence
{kn} ⊂ [1, ∞) with limn→∞ kn = 1 such that

‖Tnξ − Tnη‖ ≤ kn‖ξ − η‖, ∀ξ, η ∈ E,

then T is said to be asymptotically nonexpansive. T is uniformly asymptotically regular,
if limn→∞ ‖Tn+1ξ − Tnξ‖ = 0, ∀ξ ∈ E. If kn ≡ 1, then T is said to be nonexpansive. Recall
that T is known as a contractive mapping on E if there exists a constant ρ ∈ (0, 1) such that
‖Tξ − Tη‖ ≤ ρ‖ξ − η‖, ∀ξ, η ∈ E.

An operator A : E→ X is called accretive if there exists j(ξ − η) ∈ J(ξ − η) such that

〈Aξ − Aη, j(ξ − η)〉 ≥ 0, ∀ξ, η ∈ E,

where J : X → 2X∗ is the normalized duality mapping on X. An operator A : E→ X is called α-inverse
strongly accretive if for α > 0 and j(ξ − η) ∈ J(ξ − η), we have

〈Aξ − Aη, j(ξ − η)〉 ≥ α‖Aξ − Aη‖2, ∀ξ, η ∈ E.

For any ε ∈ (0, 2], we denote the the modulus of convexity δX(ε) > 0 of X as follows:

δX(ε) = in f {1− 1
2
‖ξ + η‖ : ‖ξ‖, ‖η‖ ≤ 1, ‖ξ − η‖ ≥ ε}.

Symmetry 2020, 12, 36; doi:10.3390/sym12010036 www.mdpi.com/journal/symmetry

http://www.mdpi.com/journal/symmetry
http://www.mdpi.com
https://orcid.org/0000-0003-4079-2850
http://www.mdpi.com/2073-8994/12/1/36?type=check_update&version=1
http://dx.doi.org/10.3390/sym12010036
http://www.mdpi.com/journal/symmetry


Symmetry 2020, 12, 36 2 of 15

X is said to be uniformly convex if δX(0) = 0. Let ρX be the modulus of smoothness of X defined by:

ρX(s) = sup{‖ξ + sη‖+ ‖ξ − sη‖
2

− 1 : ‖ξ‖ = 1, ‖η‖ = 1}.

A Banach space X is said to be uniformly smooth if limn→∞ ρX(s)/s = 0. Moreover, X is uniformly
smooth if and only if the norm of X is uniformly Fréchet differentiable.

A mapping Q : X → E is called sunny if Q has the following property:

Q(sξ + (1− s)Qξ) = Qξ, ξ ∈ X, s ≥ 0,

whenever sξ + (1− s)Qξ ∈ X. A mapping Q : X → E is said to be a retraction if Qξ = ξ for all ξ ∈ E.
It is well known that a sunny nonexpansive retraction is also sunny and nonexpansive.

Variational inequality theory has played a significant role in nonlinear analysis and the
optimization problem. Many iterative methods have been used to solve variational inequality problems
due to the applications in some branches of applied science, convex optimization, mathematical physics,
and operator studies, see [1–9] and the references therein. In fact, the classical variational inequality
problem in Banach spaces is to find q ∈ E such that

〈Aq, j(x− q)〉 ≥ 0, ∀x ∈ E.

In 2010, Yao et al. [10] proposed a system to find (u, v) ∈ E× E such that:{
〈Av + u− v, j(x− u)〉 ≥ 0, ∀x ∈ E,

〈Bu + v− u, j(x− v)〉 ≥ 0, ∀x ∈ E,

which is called the general variational inequality system in Banach spaces. They proved a strong
convergence result of the following sequence to a solution of the variational inequality system:{

yn = QE(xn − Bxn),

xn+1 = αnu + βnxn + γnQE(yn − Ayn),

where QE is the sunny nonexpansive retract from X onto E.
Recently, many authors have focused their efforts on studying generalized variational inequality

systems with variational inequality constraints, see [11–17] and the references therein. Especially,
in 2019, Ceng et al. [11] studied a general system of variational inequalities in Banach spaces:{

〈λAv + u− v, j(x− u)〉 ≥ 0, ∀x ∈ E,

〈µBu + v− u, j(x− v)〉 ≥ 0, ∀x ∈ E,
(1)

and they considered an implicit composite extra-gradient-like iterative algorithm for countable family
Lipschitzian pseudo-contractive mappings and proved strong convergence results in Banach spaces.
Cai et al. [14] showed the following viscosity iteration method for the strict pseudo-contraction and
non-expansive mapping: 

yn = αn f (xn) + (1− αn)xn,

un = QE(yn − µByn),

zn = QE(un − λAun),

xn+1 = βnxn + (1− βn)Tαzn,

where Tαx = αx + (1− α)Tx. They proved that xn converges strongly to a common element of the
fixed point set and the set of solutions of the problem (1).
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Inspired and motivated by the work of researchers, we consider the following problem about the
general variational inequality system in Banach spaces:{

〈(I − λA)(tx† + (1− t)y†)− x†, j(x− x†)〉 ≤ 0, ∀x ∈ E,

〈(I − µB)x† − y†, j(x− y†)〉 ≤ 0, ∀x ∈ E.
(2)

When t = 0, this is the general system of variational inequalities (1). We present a viscosity
iterative algorithm for the general variational inequality system (2) and an asymptotically nonexpansive
mapping. Let {xn} be a sequence generated by x0 ∈ E and:

wn = QE(I − µB)xn,

zn = QE(I − λA)(txn + (1− t)wn),

un = δnxn + (1− δn)zn,

xn+1 = αn f (xn) + βnxn + γnTnun.

(3)

Then, the strong convergence theorem of this iterative scheme in Banach spaces is proven. Finally,
we give the numerical experiments to show the implementation and efficiency of our main theorem.
We study this viscosity approximation method to find a common element of the fixed point set of an
asymptotically nonexpansive mapping and the set of solutions of the general variational inequality
system in Banach spaces. Our results presented in this paper generalize and complement many recent
ones [3,5,6,9,10,12–14,17].

2. Preliminaries

In this section, we recall some lemmas which are needed in the proof of our main results.

Lemma 1 ([18]). Let X be a smooth Banach space. Assume that Q : X → E is a retract and J is the normalized
duality mapping on X. Then the following statements are equivalent:
(a) Q is sunny and nonexpansive;
(b) ‖Qξ −Qη‖2 ≤ 〈ξ − η, J(Qξ −Qη)〉, ∀ξ, η ∈ X;
(c) 〈ξ −Qξ, J(η −Qξ)〉 ≤ 0, ∀ξ ∈ X, η ∈ E.

Lemma 2 ([19]). Suppose that {vn} is a sequence of nonnegative real numbers satisfying:

vn+1 ≤ (1− bn)vn + bnσn, ∀n ≥ 0,

where {bn} ⊂ (0, 1) and σn ⊂ R satisfying the following conditions:
(i) limn→∞ bn = 0 and ∑∞

n=0 bn = +∞;
(ii) either lim supn→∞ σn ≤ 0 or ∑∞

n=0 |bnσn| < +∞.
Then limn→∞ vn = 0.

Lemma 3 ([14]). Let X be a real Banach space. Let ∅ 6= E ⊂ X be a closed convex subset. If the operator
A : E→ X is α-inverse strongly accretive, then we have:

‖(I − λA)ξ − (I − λA)η‖2 ≤ ‖ξ − η‖2 − λ(2α− cλ)‖Aξ − Aη‖2,

where λ > 0. If 0 < λ < 2α
c , then I − λA is nonexpansive.

Lemma 4 ([20]). Let X be a real Banach space and {xn}, {yn} be two bounded sequences of X. Let {βn} be
a sequence in [0, 1] with 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1 . If xn+1 = (1− βn)xn + βn pn for
all n ≥ 0 and lim supn→∞(‖pn+1 − pn‖ − ‖xn+1 − xn‖) ≤ 0 , then limn→∞ ‖pn − xn‖ = 0.
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Lemma 5 ([21]). Let X be a real Banach space. Let ∅ 6= E ⊂ X be a closed convex subset. And let T : E→ E
be an asymptotically nonexpansive mapping with a fixed point. Suppose that X admits a weakly sequentially
continuous duality mapping. Then the mapping I− T is demiclosed at zero, i.e., where I is the identity mapping,
i.e., if xn ⇀ x and ‖xn − Txn‖ → 0, then x = Tx.

Lemma 6 ([22]). Let X be a real Banach space. Let ∅ 6= E ⊂ X be a closed convex subset and T : E→ E be a
nonexpansive mapping with F(T) 6= ∅. Let f : E→ E be a contractive mapping. Then the sequence xs defined
by xs = s f (xs) + (1− s)Txs, s ∈ (0, 1) converges strongly to a point in F(T). Suppose Q : Πc → F(T) by
Q( f ) = lims→0 xs, f ∈ Πc, then Q( f ) solves the variational inequality

〈(I − f )Q( f ), j(Q( f )− p)〉 ≤ 0, ∀p ∈ F(T).

Lemma 7 ([23]). Let r > 0. If X is a real smooth and uniformly convex Banach space, then there exists
a continuous, strictly increasing and convex function g : [0, 2r] → R, g(0) = 0 such that g(‖x − y‖) ≤
‖x‖2 − 2〈x, j(y)〉+ ‖y‖2 for all x, y ∈ Br.

Lemma 8. Let X be a real Banach space. Let ∅ 6= E ⊂ X be a closed convex subset and A, B : E → X be
two nonlinear mappings. Suppose that QE is a sunny nonexpansive retraction. For ∀λ, µ > 0 and t ∈ [0, 1],
then the following assertions are equivalent:
(a) (x†, y†) ∈ E× E is a solution of problem (2);
(b) Let Ψ : E→ E be a mapping defined by

Ψ(x) = QE(I − λA)[tx + (1− t)QE(I − µB)x],

then let x† be the fixed point of Ψ, that is x† = Ψx†.
where x† = QE(I − λA)[tx† + (1− t)y†], y† = QE(I − µB)x†. Assume that A, B : E → X are α-inverse
strongly accretive operator and β-inverse strongly operator, respectively. If 0 < λ < 2α

c , 0 < µ < 2β
c , then Ψ is

nonexpansive.

Proof. From Lemma 1 and the definition of the sunny nonexpansive retraction, we have that (2) is
equivalent to {

x† = QE(I − λA)[tx† + (1− t)y†];

y† = QE(I − µB)x†,

which is a solution of problem (2). Hence x† = QE(I − λA)[tx† + (1− t)QE(I − µB)x†] = Ψ(x†).
From Lemma 3, for any x, y ∈ E, we find

‖Ψ(x)−Ψ(y)‖ = ‖QE(I − λA)[tx + (1− t)QE(I − µB)x]−QE(I − λA)[ty + (1− t)QE(I − µB)y]‖
≤ ‖(I − λA)[tx + (1− t)QE(I − µB)x]− (I − λA)[ty + (1− t)QE(I − µB)y]‖
≤ ‖tx + (1− t)QE(I − µB)x− ty− (1− t)QE(I − µB)y‖
≤ t‖x− y‖+ (1− t)‖x− y‖
= ‖x− y‖.

Thus, Ψ is nonexpansive.

3. Main Results

Theorem 1. Let X be a uniformly convex and uniformly smooth Banach space. Let ∅ 6= E ⊂ X be a
closed convex subset. Suppose that QE : X → E is a sunny nonexpansive retraction and T : E → E is an
asymptotically nonexpansive mapping satisfying the uniformly asymptotically regular condition. And A, B :
E → X are an α-inverse strongly accretive operator and β-inverse strongly accretive operator, respectively.
Let f : E → E be a contraction with coefficient ρ ∈ (0, 1) and Ψ be defined by Lemma 8. Assume that
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Ω = F(T)
⋂

F(Ψ) 6= ∅. Suppose that {αn}, {βn}, {γn}, {δn} ⊂ (0, 1), the sequence {xn} defined by (3)
satisfies the following conditions:

(i) αn + βn + γn = 1, lim
n→∞

αn = 0, Σ∞
n=0αn = ∞, kn − 1 = εαn, 0 < ε < 1− ρ;

(ii) 0 < lim inf
n→∞

βn ≤ lim sup
n→∞

βn < 1, lim
n→∞

|δn+1 − δn| = 0;

(iii) 0 ≤ t < 1, 0 < λ <
2α

c
, 0 < µ <

2β

c
;

(iv) βn + γnk2
n < 1.

Then {xn} converges strongly to an element x† ∈ Ω which solves the variational inequality:

〈(I − f )x†, j(x† − p)〉 ≤ 0, ∀p ∈ Ω.

Proof. Let x† ∈ Ω, from Lemma 8, we have x† = QE(I − λA)[tx† + (1− t)y†], y† = QE(I − µB)x†.
It follows from (3) that

‖un − x†‖ = ‖δnxn + (1− δn)zn − x†‖
≤ δn‖xn − x†‖+ (1− δn)‖zn − x†‖
= δn‖xn − x†‖+ (1− δn)‖Ψ(xn)− x†‖
≤ δn‖xn − x†‖+ (1− δn)‖xn − x†‖
= ‖xn − x†‖.

Then we compute:

‖xn+1 − x†‖
= ‖αn f (xn) + βnxn + γnTnun − x†‖
= ‖αn( f (xn)− f (x†)) + αn( f (x†)− x†) + βn(xn − x†) + γn(Tnun − x†)‖
≤ αn‖ f (xn)− f (x†)‖+ αn‖ f (x†)− x†‖+ βn‖xn − x†‖+ γn‖Tnun − x†‖
≤ αnρ‖xn − x†‖+ αn‖ f (x†)− x†‖+ βn‖xn − x†‖+ γnkn‖un − x†‖
= (αnρ + βn + γnkn)‖xn − x†‖+ αn‖ f (x†)− x†‖
≤ [1− (1− ρ− ε)αn]‖xn − x†‖+ αn‖ f (x†)− x†‖

≤ max{‖xn − x†‖, 1
1− ρ− ε

‖ f (x†)− x†‖},

which implies that xn is bounded, and so are zn,un, f (xn), Tnun.
From (3) and Lemma 8, we observe that

‖zn+1 − zn‖
= ‖QE(I − λA)(txn+1 + (1− t)wn+1)−QE(I − λA)(txn + (1− t)wn)‖
= ‖QE(I − λA)(txn+1 + (1− t)QE(I − µB)xn+1)−QE(I − λA)(txn + (1− t)QE(I − µB)xn)‖
= ‖Ψ(xn+1)−Ψ(xn)‖ ≤ ‖xn+1 − xn‖,

then

‖un+1 − un‖ = ‖δn+1xn+1 + (1− δn+1)zn+1 − δnxn − (1− δn)zn‖
= ‖δn+1(xn+1 − xn) + (δn+1 − δn)xn + (1− δn+1)(zn+1 − zn)− (δn+1 − δn)zn‖
≤ δn+1‖xn+1 − xn‖+ |δn+1 − δn|‖xn − zn‖+ (1− δn+1)‖zn+1 − zn‖
≤ ‖xn+1 − xn‖+ |δn+1 − δn|‖xn − zn‖.
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Set pn = xn+1−βnxn
1−βn

, f or all n ≥ 0, we obtain

pn+1 − pn =
xn+2 − βn+1xn+1

1− βn+1
− xn+1 − βnxn

1− βn

=
αn+1 f (xn+1) + γn+1Tn+1un+1

1− βn+1
− αn f (xn) + γnTnun

1− βn

=
αn+1 f (xn+1) + (1− βn+1 − αn+1)Tn+1un+1

1− βn+1
− αn f (xn) + (1− αn − βn)Tnun

1− βn

=
αn+1

1− βn+1
[ f (xn+1)− f (xn)] + (

αn+1

1− βn+1
− αn

1− βn
) f (xn)

− (
αn+1

1− βn+1
− αn

1− βn
)Tnun −

αn+1

1− βn+1
(Tn+1un+1 − Tnun) + Tn+1un+1 − Tnun

=
αn+1

1− βn+1
[ f (xn+1)− f (xn)] + (

αn+1

1− βn+1
− αn

1− βn
)[ f (xn)− Tnun]

+ (1− αn+1

1− βn+1
)[Tn+1un+1 − Tn+1un] + (1− αn+1

1− βn+1
)[Tn+1un − Tnun].

Thus,

‖pn+1 − pn‖ ≤
ραn+1

1− βn+1
‖xn+1 − xn‖+ |

αn+1

1− βn+1
− αn

1− βn
|M

+
γn+1

1− βn+1
sup
x∈E
‖Tn+1un − Tnun‖+ (1− αn+1

1− βn+1
)kn+1‖un+1 − un‖

≤ [
ραn+1

1− βn+1
+ (1− αn+1

1− βn+1
)kn+1]‖xn+1 − xn‖+ |

αn+1

1− βn+1
− αn

1− βn
|M

+
γn+1

1− βn+1
sup
x∈E
‖Tn+1un − Tnun‖+

γn+1

1− βn+1
kn+1|δn+1 − δn|M

≤ [1− αn+1(1− ρ− ε)

1− βn+1
]‖xn+1 − xn‖+ |

αn+1

1− βn+1
− αn

1− βn
|M

+
γn+1

1− βn+1
sup
x∈E
‖Tn+1un − Tnun‖+

γn+1

1− βn+1
kn+1|δn+1 − δn|M,

where M > 0 is a constant satisfies:

M ≥ {supn≥0‖xn − zn‖, supn≥0‖ f (xn)− Tnun‖}.

By (i), (ii) , we can find,

lim sup
n→∞

(‖pn+1 − pn‖ − ‖xn+1 − xn‖) ≤ 0.

Applying Lemma 4, we have
lim

n→∞
‖pn − xn‖ = 0.

We know that
pn − xn =

xn+1 − xn

1− βn
,

and we obtain

lim
n→∞

‖xn+1 − xn‖ = 0. (4)

Next, we show that limn→∞ ‖xn −Ψxn‖ = 0 and limn→∞ ‖xn − Txn‖ = 0.
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From (3), Lemma 3, and the non-expansiveness of QE, we have

‖wn − y†‖2 = ‖QE(I − µB)xn −QE(I − µB)x†‖2

≤ ‖(I − µB)xn − (I − µB)x†‖2

≤ ‖xn − x†‖2 − µ(2β− cµ)‖Bxn − Bx†‖2.

Then

‖zn − x†‖2

= ‖QE(I − λA)[txn + (1− t)wn]−QE(I − λA)[tx† + (1− t)y†]‖2

≤ ‖(I − λA)[txn + (1− t)wn]− (I − λA)[tx† + (1− t)y†]‖2

≤ ‖txn + (1− t)wn − (tx† + (1− t)y†)‖2 − λ(2α− cλ)‖A(txn + (1− t)wn)− A(tx† + (1− t)y†)‖2

≤ t‖xn − x†‖2 + (1− t)‖wn − y†‖2 − λ(2α− cλ)‖A(txn + (1− t)wn)− A(tx† + (1− t)y†)‖2

≤ ‖xn − x†‖2 − (1− t)µ(2β− cµ)‖Bxn − Bx†‖2

− λ(2α− cλ)‖A(txn + (1− t)wn)− A(tx† + (1− t)y†)‖2,

and

‖un − x†‖2

= ‖δnxn + (1− δn)zn − x†‖2

≤ δn‖xn − x†‖2 + (1− δn)‖zn − x†‖2

≤ ‖xn − x†‖2 − (1− δn)(1− t)µ(2β− cµ)‖Bxn − Bx†‖2

− (1− δn)λ(2α− cλ)‖A(txn + (1− t)wn)− A(tx† + (1− t)y†)‖2.

Moreover, we know that

‖xn+1 − x†‖2

= ‖αn f (xn) + βnxn + γnTnun − x†‖2

≤ αn‖ f (xn)− x†‖2 + βn‖xn − x†‖2 + γn‖Tnun − x†‖2

≤ αn‖ f (xn)− x†‖2 + βn‖xn − x†‖2 + γnk2
n‖un − x†‖2

≤ αn‖ f (xn)− x†‖2 + βn‖xn − x†‖2 + γnk2
n‖xn − x†‖2

− γnk2
n(1− δn)(1− t)µ(2β− cµ)‖Bxn − Bx†‖2

− γnk2
n(1− δn)λ(2α− cλ)‖A(txn + (1− t)wn)− A(tx† + (1− t)y†)‖2,

which implies that

γnk2
n(1− δn)(1− t)µ(2β− cµ)‖Bxn − Bx†‖2

+ γnk2
n(1− δn)λ(2α− cλ)‖A(txn + (1− t)wn)− A(tx† + (1− t)y†)‖2

≤ αn‖ f (xn)− x†‖2 + (βn + γnk2
n)‖xn − x†‖2 − ‖xn+1 − x†‖2

≤ αn‖ f (xn)− x†‖2 + ‖xn − x†‖2 − ‖xn+1 − x†‖2

≤ αn‖ f (xn)− x†‖2 + ‖xn − xn+1‖(‖xn − x†‖+ ‖xn+1 − x†‖).

By the conditions (i), (ii), and (4), we deduce

lim
n→∞

‖Bxn − Bx†‖ = 0

lim
n→∞

‖A(txn + (1− t)wn)− A(tx† + (1− t)y†)‖ = 0.
(5)
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Applying Lemmas 1 and 7 to find

‖wn − y†‖2 = ‖QE(I − µB)xn −QE(I − µB)x†‖2

≤ 〈(I − µB)xn − (I − µB)x†, j(wn − y†)〉
≤ 〈xn − x†, j(wn − y†)〉 − µ〈Bxn − Bx†, j(wn − y†)〉

≤ 1
2
[‖xn − x†‖2 + ‖wn − y†‖2 − g(‖xn − x† − (wn − y†)‖)]− µ〈Bxn − Bx†, j(wn − y†)〉.

Hence, we have

‖wn − y†‖2 ≤ ‖xn − x†‖2 − g(‖xn − x† − (wn − y†)‖)− 2µ〈Bxn − Bx†, j(wn − y†)〉.

Further, we estimate

‖zn − x†‖2 = ‖QE(I − λA)[txn + (1− t)wn]−QE(I − λA)[tx† + (1− t)y†]‖2

≤ 〈(I − λA)[txn + (1− t)wn]− (I − λA)[tx† + (1− t)y†], j(zn − x†)〉
≤ 〈txn + (1− t)wn − (tx† + (1− t)y†), j(zn − x†)〉
− λ〈A(txn + (1− t)wn)− A(tx† + (1− t)y†), j(zn − x†)〉
≤ t〈xn − x†, j(zn − x†)〉+ (1− t)〈wn − y†, j(zn − x†)〉
− λ〈A(txn + (1− t)wn)− A(tx† + (1− t)y†), j(zn − x†)〉

≤ t
2
[‖xn − x†‖2 + ‖zn − x†‖2 − g(‖xn − zn‖)]

+
1− t

2
[‖wn − y†‖2 + ‖zn − x†‖2 − g(‖wn − y† − (zn − x†)‖)]

− λ〈A(txn + (1− t)wn)− A(tx† + (1− t)y†), j(zn − x†)〉,

noting that 0 ≤ t < 1, so

‖zn − x†‖2 ≤ t‖xn − x†‖2 + (1− t)‖wn − y†‖2 − tg(‖xn − zn‖)
− (1− t)g(‖wn − y† − (zn − x†)‖)
− 2λ〈A(txn + (1− t)wn)− A(tx† + (1− t)y†), j(zn − x†)〉
≤ ‖xn − x†‖2 − (1− t)g(‖xn − x† − (wn − y†)‖)
− 2µ(1− t)〈Bxn − Bx†, j(wn − y†)〉
− (1− t)g(‖wn − y† − (zn − x†)‖)
− 2λ〈A(txn + (1− t)wn)− A(tx† + (1− t)y†), j(zn − x†)〉
≤ ‖xn − x†‖2 − (1− t)g(‖xn − x† − (wn − y†)‖)
− 2µ(1− t)‖Bxn − Bx†‖‖wn − y†‖
− (1− t)g(‖wn − y† − (zn − x†)‖)
− 2λ‖A(txn + (1− t)wn)− A(tx† + (1− t)y†)‖‖zn − x†‖,

then

‖un − x†‖2

≤ δn‖xn − x†‖2 + (1− δn)‖zn − x†‖2

≤ ‖xn − x†‖2 − (1− δn)(1− t)g(‖xn − x† − (wn − y†)‖)
− 2µ(1− δn)(1− t)‖Bxn − Bx†‖‖wn − y†‖
− (1− t)(1− δn)g(‖wn − y† − (zn − x†)‖)
− 2λ(1− δn)‖A(txn + (1− t)wn)− A(tx† + (1− t)y†)‖‖zn − x†‖.
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We know that

‖xn+1 − x†‖2

≤ αn‖ f (xn)− x†‖2 + βn‖xn − x†‖2 + γnk2
n‖un − x†‖2

≤ αn‖ f (xn)− x†‖2 + βn‖xn − x†‖2 + γnk2
n‖xn − x†‖2

− (1− δn)(1− t)γnk2
ng(‖xn − x† − (wn − y†)‖)

− 2µ(1− δn)(1− t)γnk2
n‖Bxn − Bx†‖‖wn − y†‖

− (1− t)(1− δn)γnk2
ng(‖wn − y† − (zn − x†)‖)

− 2λ(1− δn)γnk2
n‖A(txn + (1− t)wn)− A(tx† + (1− t)y†)‖‖zn − x†‖

≤ αn‖ f (xn)− x†‖2 + ‖xn − x†‖2

− (1− δn)(1− t)γnk2
ng(‖xn − x† − (wn − y†)‖)

− 2µ(1− δn)(1− t)γnk2
n‖Bxn − Bx†‖‖wn − y†‖

− (1− t)(1− δn)γnk2
ng(‖wn − y† − (zn − x†)‖)

− 2λ(1− δn)γnk2
n‖A(txn + (1− t)wn)− A(tx† + (1− t)y†)‖‖zn − x†‖,

which implies that

(1− δn)(1− t)γnk2
ng(‖xn − x† − (wn − y†)‖)

+ (1− t)(1− δn)γnk2
ng(‖wn − y† − (zn − x†)‖)

≤ αn‖ f (xn)− x†‖2 + ‖xn − x†‖2 − ‖xn+1 − x†‖2

− 2µ(1− δn)(1− t)γnk2
n‖Bxn − Bx†‖‖wn − y†‖

− 2λ(1− δn)γnk2
n‖A(txn + (1− t)wn)− A(tx† + (1− t)y†)‖‖zn − x†‖

≤ αn‖ f (xn)− x†‖2 + ‖xn − xn+1‖(‖xn − x†‖+ ‖xn+1 − x†‖)
− 2µ(1− δn)(1− t)γnk2

n‖Bxn − Bx†‖‖wn − y†‖
− 2λ(1− δn)γnk2

n‖A(txn + (1− t)wn)− A(tx† + (1− t)y†)‖‖zn − x†‖.

It follows from (4), (5), condition (i), (iii), and the properties of g, that we have

lim
n→∞

‖xn − x† − (wn − y†)‖ = 0;

lim
n→∞

‖wn − y† − (zn − x†)‖ = 0.

So,

‖xn − zn‖
≤ ‖xn − x† − (wn − y†)‖+ ‖wn − y† − (zn − x†)‖
→ 0.

(6)

We can obtain

‖xn −Ψ(xn)‖ = ‖xn − zn‖ → 0, n→ ∞. (7)

Moreover, we have

‖xn+1 − Tnun‖
= ‖αn f (xn) + βnxn − αnTnun − βnTnun‖
= ‖αn[ f (xn)− Tnun] + βn[xn − Tnun]‖
≤ βn‖xn − xn+1‖+ βn‖xn+1 − Tnun‖+ αn‖ f (xn)− Tnun‖,
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which implies that

(1− βn)‖xn+1 − Tnun‖ ≤ βn‖xn − xn+1‖+ αn‖ f (xn)− Tnun‖.

Therefore

‖xn+1 − Tnun‖ ≤
βn

1− βn
‖xn − xn+1‖+

αn

1− βn
‖ f (xn)− Tnun‖.

From conditions (i), (ii), and (4), we find

‖xn+1 − Tnun‖ → 0, (n→ ∞). (8)

We obtain

‖xn − Tnxn‖ = ‖xn − xn+1 + xn+1 − Tnun + Tnun − Tnxn‖
≤ ‖xn − xn+1‖+ ‖xn+1 − Tnun‖+ kn‖un − xn‖
≤ ‖xn − xn+1‖+ ‖xn+1 − Tnun‖+ kn(1− δn)‖zn − xn‖.

By (4), (6), and (8), we have

‖xn − Tnxn‖ → 0, n→ ∞. (9)

Since T is an asymptotically nonexpansive mapping, we have

‖xn − Txn‖ = ‖xn − xn+1 + xn+1 − Tn+1xn+1 + Tn+1xn+1 − Tn+1xn + Tn+1xn − Txn‖
≤ ‖xn − xn+1‖+ ‖xn+1 − Tn+1xn+1‖+ ‖Tn+1xn+1 − Tn+1xn‖+ ‖Tn+1xn − Txn‖
≤ ‖xn − xn+1‖+ ‖xn+1 − Tn+1xn+1‖+ kn+1‖xn+1 − xn‖+ k1‖Tnxn − xn‖
≤ (1 + kn+1)‖xn − xn+1‖+ ‖xn+1 − Tn+1xn+1‖+ k1‖Tnxn − xn‖.

By (4) and (9), we have

‖xn − Txn‖ → 0, n→ ∞. (10)

Since E is a uniformly smooth Banach space and xn is bounded, there exists a subsequence of xn

which converges weakly to ω. We know that Ψ is nonexpansive by Lemma 8. From (7) and Lemma 5,
we deduce ω ∈ F(Ψ). It follows (10) and Lemma 5, and we deduce w ∈ F(T). Therefore, ω ∈ Ω.
From Lemma 6, the following holds:

〈(I − f )x†, j(x† −ω)〉 ≤ 0, ∀ω ∈ Ω.

Further, noticing that j is the weakly sequential continuous duality mapping, we have

limsupn→∞〈(I − f )x†, j(x† − xn)〉 = lim
k→∞
〈(I − f )x†, j(x† − xnk )〉 = 〈(I − f )x†, j(x† −ω)〉 ≤ 0. (11)
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Finally, we observe

‖xn+1 − x†‖2 = 〈xn+1 − x†, j(xn+1 − x†)〉
= 〈αn( f (xn)− x†) + βn(xn − x†) + γn(Tnun − x†), j(xn+1 − x†)〉
≤ αn〈 f (xn)− f (x†), j(xn+1 − x†)〉+ βn〈xn − x†, j(xn+1 − x†)〉
+ γn〈Tnun − x†, j(xn+1 − x†)〉+ αn〈 f (x†)− x†, j(xn+1 − x†)〉
≤ αnρ‖xn − x†‖‖xn+1 − x†‖+ βn‖xn − x†‖‖xn+1 − x†‖
+ γnkn‖un − x†‖‖xn+1 − x†‖+ αn〈 f (x†)− x†, j(xn+1 − x†)〉
≤ αnρ‖xn − x†‖‖xn+1 − x†‖+ βn‖xn − x†‖‖xn+1 − x†‖
+ γnkn‖xn − x†‖‖xn+1 − x†‖+ αn〈 f (x†)− x†, j(xn+1 − x†)〉
= [αnρ + βn + γnkn]‖xn − x†‖‖xn+1 − x†‖+ αn〈 f (x†)− x†, j(xn+1 − x†)〉

≤ αnρ + βn + γnkn

2
(‖xn − x†‖2 + ‖xn+1 − x†‖2) + αn〈 f (x†)− x†, j(xn+1 − x†)〉,

which implies

‖xn+1 − x†‖2

≤ αnρ + βn + γnkn

2− αnρ− βn − γnkn
‖xn − x†‖2 +

2αn

2− αnρ− βn − γnkn
〈 f (x†)− x†, j(xn+1 − x†)〉

= [1− 2(1− αnρ− βn − γnkn)

2− αnρ− βn − γnkn
]‖xn − x†‖2 +

2αn

2− αnρ− βn − γnkn
〈 f (x†)− x†, j(xn+1 − x†)〉

≤ [1− 2αn((1− ρ− ε)

2− αnρ− βn − γnkn
]‖xn − x†‖2 +

2αn

2− αnρ− βn − γnkn
〈 f (x†)− x†, j(xn+1 − x†)〉.

(12)

We have bn = 2αn((1−ρ−ε)
2−αnρ−βn−γnkn

and σn = 〈 f (x†)−x† ,j(xn+1−x†)〉
1−ρ−ε , then by the condition (i) and (11),

we have

∞

∑
n=0

bn =
∞

∑
n=0

2αn((1− ρ− ε)

2− αnρ− βn − γnkn
≥

∞

∑
n=0

αn((1− ρ− ε) = +∞

lim sup
n→∞

σn = lim sup
n→∞

〈 f (x†)− x†, j(xn+1 − x†)〉
1− ρ− ε

≤ 0.

Thus, applying Lemma 2 to (12), we have limn→∞ ‖xn − x†‖ = 0 . This completes the proof.

Corollary 1. Let H be a real Hilbert space. Let ∅ 6= K ⊂ H be a closed convex subset. Suppose that T : K → K
is a nonexpansive mapping. Let A, B : K → H be α-inverse strongly monotone operator and β-inverse strongly
monotone operator. Let f : K → K be a contraction with coefficient ρ ∈ (0, 1) and Ψ be defined by Lemma 8.
Assume that Ω = F(T)

⋂
F(Ψ) 6= ∅. Suppose {αn}, {βn}, {γn}, {δn} ⊂ (0, 1). If the sequence {xn} is

generated in the following manner:
wn = PK(I − µB)xn,

zn = PK(I − λA)(txn + (1− t)wn),

un = δnxn + (1− δn)zn,

xn+1 = αn f (xn) + βnxn + γnTun.



Symmetry 2020, 12, 36 12 of 15

satisfying the following conditions:

(i) αn + βn + γn = 1, lim
n→∞

αn = 0, Σ∞
n=0αn = ∞;

(ii) 0 < lim inf
n→∞

βn ≤ lim sup
n→∞

βn < 1, lim
n→∞

|δn+1 − δn| = 0;

(iii) 0 ≤ t < 1, 0 < λ <
2α

c
, 0 < µ <

2β

c
.

Then {xn} converges strongly to x† ∈ Ω which solves the variational inequality:

〈(I − f )x†, x† − p〉 ≤ 0, ∀p ∈ Ω.

Proof. In Theorem 1, we put kn ≡ 1 for each n ∈ N and replace Banach space X with Hilbert
space H.

Corollary 2. Let X be a uniformly convex and uniformly smooth Banach space. Let ∅ 6= E ⊂ X be a
closed convex subset. Suppose that QE : X → E is a sunny nonexpansive retraction and T : E → E is an
asymptotically nonexpansive mapping satisfying the uniformly asymptotically regular condition, and A, B :
E → X are an α-inverse strongly accretive operator and β-inverse strongly accretive operator, respectively.
Let f : E → E be a contraction with coefficient ρ ∈ (0, 1) and Ψ be defined by Lemma 8. Assume that
Ω = F(T)

⋂
F(Ψ) 6= ∅. Suppose {αn}, {βn}, {γn}, {δn} ⊂ (0, 1). If the sequence {xn} generated by the

following manner: 
wn = QE(I − µB)xn,

zn = QE(I − λA)wn,

un = δnxn + (1− δn)zn,

xn+1 = αn f (xn) + βnxn + γnTnun.

satisfies the following conditions:

(i) αn + βn + γn = 1, lim
n→∞

αn = 0, Σ∞
n=0αn = ∞, kn − 1 = εαn, 0 < ε < 1− ρ;

(ii) 0 < lim inf
n→∞

βn ≤ lim sup
n→∞

βn < 1, lim
n→∞

|δn+1 − δn| = 0;

(iii) 0 < λ <
2α

c
, 0 < µ <

2β

c
;

(iv) βn + γnk2
n < 1,

then {xn} converges strongly to an element x† ∈ Ω, which is also the solution of the variational inequality:

〈(I − f )x†, j(x† − p)〉 ≤ 0, ∀p ∈ Ω.

Proof. In Theorem 1, if t ≡ 0, then we obtain the corollary. If f = u and T is a nonexpansive mapping,
it is the main result of Qin et al. [6].

4. Numerical Examples

In this section, we provide a numerical example to support the validity and feasibility of our
proposed algorithm. The results are performed on a personal computer with Intel(R) Core(TM)
i7-4710MQ CPU @ 2.50 GHz and RAM 8.00 GB.
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Example 1. In the real number field R, we put Bx = 1
6 x and Ax = 1

4 x where x ∈ R. Let kn = 1 + 1
12n ,

δn = 1− 1
3n , αn = 1

3n , βn = 1
2 −

1
3n and γn = 1

2 for all n ∈ N. We take t = 1
4 , µ = 3,λ = 2. Let T and f

be defined by Tx = 1
4 x, f (x) = 1

3 x. This implies that ε = 1
4 and ρ = 1

3 . Then, starting x1 = 8 and x1 = 25
in (3). We have

xn+1 =
144n + 144n× ( 1

4 )
n − 33× ( 1

4 )
n − 64

288n
xn.

We obtain the following numerical results, as shown in Figures 1 and 2.

Figure 1. Exponential coordinate iteration.

Figure 2. Real coordinate iteration.

Remark 1. First of all, the parameters in Example 1 satisfy the conditions (i)–(iv) in Theorem 1, which shows
that the coefficients in our Theorem 1 are obtained. From Figure 1, we can see the convergence value of the
iterative sequence when the initial values are x1 = 8 and x1 = 25, respectively. From Figure 2, we can observe
the convergence speed of the iterative algorithm. Figures 1 and 2 show that {xn} converges strongly to 0, where
F(T)

⋂
F(Ψ) = 0. The convergence of {xn} in Example 1 shows the implementation and efficiency of our

proposed algorithm.
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5. Conclusions

In this paper, we provide a viscosity approximation method for a general variational inequality
system and fixed point problems in Banach spaces. Some strong convergence theorems are obtained
and the numerical experiments can be guaranteed by Theorem 1. We give an extension to the general
variational inequality system in Banach spaces and we generalize the Hilbert spaces to Banach spaces,
and the nonexpansive mapping to the asymptotically nonexpansive mappings of Imnang [5] and
Cai et al. [14], for the fixed point problem and variational inequality problem. In Theorem 1, if t = 0
δn = 0 in Hilbert spaces, this is the main results of Ceng et al. [3]. The results and methods presented
here also include some corresponding recent results of [6,9,10,12–14,17] as special cases.
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